athematical
nequalities
& fapplications

Volume 28, Number 4 (2025), 541-575 doi:10.7153/mia-2025-28-34

NAGY’S PERTURBATION OF A NON-SELFADJOINT OPERATOR AND
APPLICATION TO A GRIBOV OPERATOR IN BARGMANN SPACE

INES FEKI, AREF JERIBI® AND RIDHA SFAXI

(Communicated by C. P. Niculescu)

Abstract. The purpose of the present paper is to formulate some new supplements to perturbation
theory of linear operators [16] by considering a non-analytic perturbation involving more than
one perturbation parameter. An application to a Gribov operator in Bargmann space illustrates
the mathematical problem involved in this paper.

1. Introduction

Perturbation theory of linear operators has been pioneered by L. Rayleigh [17] and
E. Schrodinger ([19] and [20]) and is the object of many researches until now [12]. In
[17], L. Rayleigh has given a formula for computing the natural frequencies and modes
of a vibrating system deviating slightly from a simpler system which admits a complete
determination of the frequencies and modes. Mathematically speaking, the method was
equivalent to an approximation solution of the eigenvalue problem for a linear operator
slightly different from a simpler operator for which the problem is completely solved.
E. Schrodinger ([19], [20]) has developed a similar method, with more generality and
systematization, for the eigenvalue problems that appear in quantum mechanics. Later,
T. Kato [14] and F. Rellich [18] have been mainly concerned with the regular pertur-
bation of self-adjoint operators on a Hilbert space, while some attempts have also been
made towards the treatment of non-regular cases which are not less important in ap-
plications. Another generalization of the theory has been given by B. Sz. Nagy [16].
By his elegant and powerful method of contour integration, he has been able to transfer
most of the theorems for self-adjoint operators to a wider class of closed linear oper-
ators in Banach space. More precisely, let A(€) be a perturbed operator on a Banach
space X, depending on a complex parameter € as a convergent power series

A(e) :=Ag+ €A +e* A+ -+ AL+, (1.1)

where € € C and Ag,A;,A,,A3... are linear operators on X, having the same domain
2 and satisfying the relative boundedness condition

1Akl < 4" (allol| +bllAve]) (1.2)

Mathematics subject classification (2020): 26D15, 26A51, 32F99, 41A17.

Keywords and phrases: Gribov operator in Bargmann space, eigenvalue, eigenvectors, entire series,
spectrum.

* Corresponding author.

© M, Zagreb 541

Paper MIA-28-34


http://dx.doi.org/10.7153/mia-2025-28-34

542 1. FEKI, A. JERIBI AND R. SFAXI

forall ¢ € & and for all k > 1, with a,b,q > 0. Among basic results already obtained
by B. Sz. Nagy [16], we focus our attention on the following:
(i) The series

Aop+eA 1P+ 2 Ay 4+ e A+ -

converges for all ¢ € 2 and for all |e| < g~ !. Setting A(g)@ its limit, we have A(g)
is a linear operator with domain Z.

(if) If A is closed, then A(¢) is also closed, for |¢| < (g +b)".

(iii) Suppose that the unperturbed operator Ay has an isolated eigenvalue A, with
multiplicity one. Then A(¢€) has a unique eigenvalue A,(€) in the neighborhood of A,
for sufficiently small |&| and this eigenvalue can be expanded into a convergent series

An(€) = A+ €Ay + 2 Apa+ -

Moreover, the eigenvector ¢,(€) of A(g) corresponding to the eigenvalue A,(g) de-
pends analytically on € near O :

On(€) = P+ €@u1 +E* Qo+

Here ¢, is an eigenvector of Ay corresponding to the eigenvalue A,,.

Later, the basis of eigenvectors property was confirmed for the operator A(€) in
order to describe the radiation of a vibrating structure in a light fluid and to study strong
interactions in the context of Reggeon theory (see [3], [6], [7], [8], [1 1] and [13]). After
that [5], it has been proved that the family of exponentials associated to the eigenvalues
of the operator A(¢e) forms a Riesz basis. This result was of importance for application
to a non-selfadjoint problem deduced from perturbation method for sound radiation.

We now ask what conclusions can be drawn if we consider a more general type of
non-analytic perturbation involving more than one perturbation parameter?

Indeed, we investigate under this question and we give new variants to B. Sz.
Nagy’s results [16]. To this end, we consider the operator

TE)=To+&TN+&ED+ 4+ &I+ (1.3)

where & = (& )i>1 is a sequence of complex numbers such that 7(&) = Y7 [&| < oo,
Ty is a closed linear operator on a Banach space X with domain 2(Ty) and (T} )i>1
are linear operators on X , having the same domain & such that 2(Ty) C £ and

1Tko|l < all|| + bl Top||, forall ¢ € Z(Tp), (1.4)

where a, b > 0. We emphasize on the fact that under those considerations, we give
an essential improvement to the results developed by B. Sz. Nagy [16] since we deal
with a non-analytic perturbation involving more than one perturbation parameter and
covering cases where the results developed in [16] can not be applied.

Based on the analysis started in [16], we study the behavior of spectral properties
of T(&). More precisely, we prove that:
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(i) The series

Too+&To+&ETo+ -+ ETip+ -

converges forall @ € 2(Tp). If T(§)@ denotes its limit, then T () is a linear operator
with domain Z(Tp). Moreover, T (&) is closed if 7(§) < 3.

(ii) Let A, be the eigenvalue number n of Ty. If A, is isolated with multiplicity
one, then for 7(£) enough small, 7(£) has a unique simple eigenvalue A,(£) in a
small neighborhood of 4,,. Setting ¢,(&) an eigenvector of T(£) associated to A, (&),

then one can develop A,(£) and @, (&) into series:

(&) = An+ A1 (8) + An2(E) + -+ Ani(E) + -+ (1.5)
and

Pn(S) = Pt On1(S) + @u2(E) + -+ Pni(E) +---. (1.6)

Notice here that if in particular we take & = eX¢*~! and T} = qk%lAk (k>1) in Egs.
(1.3) and (1.4), we recognize the B. Sz. Nagy’s perturbation model of linear operators
(see [15], [16]). Moreover, we regain the spectral study of the operator A(g) (see Egs.
(1.1) and (1.2)) investigated in [13, 16]. The main novelty in this paper is that we give
the exact expressions of the coefficients (A4,;);>1 and (¢,,);>1 in Egs. (1.5) and (1.6)
(see Theorems 7 and 8).

The key tool here was the following equalities,

n=1 k=1 =l l= iptip+..+ip=l

and

n=1 niy+iy+...+ip=Il

where (ag)i>0 is a complex bounded sequence and (s )r>0 (resp., (Ag)i=0) is a com-
plex sequence (resp., is a sequence of bounded linear operators in a Banach space)
satisfying some convergence conditions (see Section 2).

To illustrate the applicability of the abstract results described above, we consider
a Gribov operator in Bargmann space (see [1], [2], [9], [10] and [13]) originated from
Reggeon theory. This theory was introduced by V. N. Gribov [9] in 1967 to study
strong interactions, i.e., the interaction between protons and neutrons among other less
stable particles. It is governed by a non-selfadjoint Gribov operator constructed as a
polynomial in the standard annihilation operator A and the standard creation operator
A*, defined in the Bargmann space:

E= {(p : C — C entire such that / e_|z‘2|(p(z)|2dzdz_ <ooand @(0) = 0}.
o

More precisely, we deal with the operator

Hyn oy = A"(A*A)? + AAA® + UA"A +iAAT(A+AY)A, (1.7)
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where A”, A", u and A are real numbers. The Bargmann space E is a Hilbert space for
the scalar product (.,.) defined by

(,.):EXE—C
{ (9, w) %<<p,w>=/ce*‘z'2<p( )W (2) dzdZ,

and the associated norm is denoted by || . ||
The annihilation operator A and the creation operator A*, are defined by:

A:2(A)CE—E
0 — A0 =)

dz
P(A) ={¢@ € E such that Ap € E'}

and
A" 9(A")CE —E
¢ — A(z) =20(2)
P(A*)={¢@ € Esuchthat A*p € E}.

So, the expression of Hyr ;: , 5 becomes

49 .

"3 d (p " N2 . d2(p "
Hyn g =2A"z e (2)+ (BA"+ A2 +irz) —=(2)+ (A2 + (A" + u)z) Iz

dz?
Regarding the aforementioned theoretical part, we give a characterization of the spec-
trum of Hyn s 4
The paper is organized as follow: in Section 2 we develop some preliminary re-
sults for future use. Section 3 constitutes the main results of the paper. An illustrative
application to a Gribov operator in Bargmann space is the topic of Section 4.

2. Preliminaries

The objective of this section is to establish the equalities

n
Zan (Z sk> = Z 2 Z iy Siy * Siy 2.1
n=1 k=1 n=1 Il=nij+iy+...4+ip=l

and

n
Sa (zAk) “3ul T A
n=1 k=1 n=1 I=nij+iy+...+ip=Il
where (ag)i>0 is a complex bounded sequence and (s )r>0 (resp., (Ag)i>0) is a com-
plex sequence (resp., is a sequence of bounded linear operators in a Banach space)
satisfying some convergence conditions.

To attain this goal, we shall first introduce the following technical results for future
use.
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LEMMA 1. Let s = (sg)k=0 be a sequence in C and s* = (sy)x=0 be the trans-
formed sequence given by

k-1
so=1, sg= 2 Sy Sk—vy, forevery k> 1. (2.2)
v=0
Then,
k
sp = 2 2 Si\SiySis - - Siy, forevery k> 1. (2.3)

=1 iy+ip+...+ij=k
(Here 1 < iy <k, forevery l=1,2,--- k and k> 1.)

Proof. Let us proceed by induction on k > 1. For k = 1, the recurrence property
is valid, since s7 = sj51 =51 = 211:1 Yi,—15i; - Suppose that the recurrence property is
valid up to the order k£ (k > 1) and let’s show that it remains valid to the order k+ 1.
From the recurrence hypothesis and the fact that s = 1, we get

k

* *

Sk+1 = Z SySk+1-v
v=0

k

* *
= SoSk+1+ 2 SySk+1—v
v=1

\4

k
:5k+1+2 2 2 iy SiySiz - Sip | Sk1—v

v=1 \U=1 ij+ir+...+ij=V

k k
_Sk+1+2 (2 2 s,-lsiz...sil> Sk+1—v
=1

v=l ij+ip+...+i=V

k+1 k
= Sg+1t+ 2 Z SiySiy -+ Sij_y | Sk+1—v

v=[—1 l‘l“rl-z“r...Jrl-],l:V

= Sk+1t+ 2 2 i\ Siy -+ - Sy

1=2 iy +ip+...+ij=k+1

= Z SiySiy - Sy

=1 i +12++l]:k+1

This finishes the proof of the lemma. [l
REMARK 1. 1. For any fixed A in C, let sy = A, for all k > 1. By an easy
induction, we can show that s; = A (1 + AL forall k> 1.

2. Due to (2.2), for any sequences s = (sx)x>1 and 7 = (f)r>1 in C satisfying
Isk| < |t], forall k > 1, we have

Isg| < ||, forevery k> 0. (2.4)
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LEMMA 2. For any fixed x and y in C, the following properties hold.

(i) Ifwe set tp =yx*, forall k > 1, then tf = yx*(1+y)*~1, forall k> 1

y! D 1 =y(14+y)¥1, for every integer k> 1.
1 i+t +i=k

M=

(if)

[

(iti) X tiptti=k | = C,l;ll,for every integers 1 <1<k and k> 1.

(iv) Let s = (sg)i=1 be a sequence in C. Suppose there exist 2 >0 and 0 < g < %H
such that |sy| < Aqk, for every integer k > 1, then

g\sk\ l_q» Z\k\ m

Proof. (i) If #; = 0, for all integer k > 0, it is clear that #; = 0, for all integer
k > 1. Assume that x and y are non zero complex numbers and let #;, = yx*, for all
integer k > 1. By induction on the integer k > 1, let us show that #; = yx*(1 +y)k!
for all integer k > 1. For k = 1, the recurrence property is true since 7 =1 = yx.
Suppose that the recurrence property is valid to the order k (k > 1), and let’s show
that it remains valid to the order k + 1. By the recurrence hypothesis and Eq. (2.2), we
obtain

i1 = X0 tpiov
=

k
= tp1 4+ 2 Y (1y) Y Y

v=1
k
_ yxk+l +xk+1y2 2 (1 +y)v—l
v=1

+1 _xk+1y2 1-(1 "‘)’)k

y
k+1 (1 + y)
(ii) Due to (i) and Lemma 1, we get
k
1—|—y 2 2 1, foreveryinteger k>1 andevery y in C.

=1 ij+ir+..+i=k

(i) From (ii) and the binomial expansion formula, we have

k—1 k
Yoo ¥ 1=Yaq =Yoo

1 i+t +i=k =0 =1

DM~

—
Il
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By identification, it follows that

D 1=C"}, foreveryintegers 1 </ <k and k> 1
i1+ir+...+ij=k

(iv) Let (sx)k>1 be a sequence in C satisfying |s;| < Ag¥, forevery integer k > 1,
where 4 >0 and 0 < g < 14%1 Clearly, 37, |si| <A, ¢¢ = ﬂ < +-oo. Besides,
Isk| < |te|, for every integer k > 1, where #; = A¢, for every 1nteger k > 1. By (i) and
Remark 2.1, (Eq. (2.4)), it follows that |st| < |t]* = A¢*(1+A)*"1, for every integer
k> 1.

Thus,

2|5k| 1+Z\tk\*

k=0

1+L Y (g(1+1)
1+1 4
Aq

1—q(1+A)

l—q

= I—g(1+A)

N

<1+

Now, let’s recall the Fubini’s absolute convergence inversion criterion.

LEMMA 3. Let (Uy,)n =1 be a double sequence in C satisfying:
(i) For every fixed integer n > 1, the series Y~ |Uy, | converge.
(if) The series Y,>1 Y>1 |Uni| converge.

Then, we can interchange the order of summation in a doubly indexed infinite series:

DR

HMS

Having obtained these results, we are ready to prove Eq. (2.1) when (a;); = 1.

THEOREM 1. For any sequence s = (s;)x>o in C such that t(s) =5 |s¢| <1
and Y7o |si| < oo, where s* = (s})i=0 is given by (2.2), the following properties
hold.

<i>i<i> =33 Y s

n=1 \k=1 n=1I1=1i1+ir+...+ij=n

(if) If Xp_o Isk|* < oo, then we have
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Mz

(a) 2 (2 sk> 2 2 Siy Siy +* Sip -
k=1 I=1k

n=1 =lij+ir+...+ij=k
Z Sk 2 Si\Siy =+ 8y, for every integer | > 1
k=1 :lll+12+ A=k

(Z ) ( Z Siy Siy *- 'Si,> 2, for z in C such that lz] <1
k=1 :l i1+ir+...+ij=k

and every integer 1 > 1.

Proof. (i) Setting
© n
_22 2 SiySip = Sip -

n
k=1 ) n=11=11i1+ir+...+ij=n

By Eq. (2.3) and the fact that sj; = 1, we can write

S = 2 (Zsk> — Zs;
n=0 \k=1 n=0

Putting s9 = 0 and applying the Cauchy product formula of two absolutely convergent
series, we obtain after taking (2.1) into account,

A(54)-5(5

k=1 n=0 \k=1 n=0 k=0
n
=2 <2Sk> 1= <st Sn—V)
n=0 \k=1 n=0 \v=0
oo oo n oo n—1
:2<2Sk> —1—2<25:5nv>
n=0 \k=1 n=1 \v=0
n
:2<2Sk> —I—ZSZ
n=0 \ k=1 n=1
~5(Zs) -Zu-
n=0 \k=1

Hence, . (¥ sk —1) = 0. Since |X7_;sk| < Xp_;|se| < 1, it comes that . = 0.
Accordingly, we get

n=1 li=lij+ip+...+ij=n
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(if) Assume that Y7 |sg|* < +eo. Due to (i), we have

k=1 n=11=1ij+ir+..+ij=n n=11

Mz

nl7
1

where Uy i = X1 (D) Zi; 4ip+...+iy=n Siy Sip * - iy, for every n,l > 1 and (|1, is the
characteristic function of [| 1,n || ={1,2,...,n}.
For any fixed integer n > 1, we have

n

DCATES>

=1

Z SiySiy - Siy | < oo,
i\ +ip+...4+ij=n

Besides,

=

oo n
2|n1| Y3 ballsullsil < 3l < 4

n=11l=1ij+ir+...+ij=n n=1

HMS

Using Lemma 3, it follows that

=
N———
=
I
Ms
Mg
=

3
Il
_
-
Il
-

Ms
o
s

3
Il
—

Il
Mg
DM s
£

~
Il
—_
3
Il
—_

2 s,-lsiz---sil.

liy+iy+...+ij=n

I
Ms
Ms

N
Il
-
3
Il

Hence, (a) holds.
Let z be a fixed complex number such that | z |< 1. Setting v, = zsy, forall k> 1.
Clearly |v| < |s| for every k > 1. From Eq.(2.3), we have |v[* < |s¢]*, Vk> 1.
By the assumption, it comes that

2 <Y el <1 and Y " <Y s < e

k=1 k=0 k=0

8

So, while using (a), we obtain

n=11=1iy+ir+...+ij=n Lk=liy+iy+...+ij=k

k=1 k=l iy +ipttiy=

forevery z in C with |z|< 1.
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By identification, we infer that

(2 ) Z Y, sisiy---si, foreveryinteger [ > 1

k=1 k=lij+ir+...+ij=k

Hence, (b) holds.

For a fixed z in C, with |z] < 1, let (wg);~, be the sequence in (c), given by
wy = Zksy, for every k > 1. Clearly, |wi| < |s¢| for all k > 1. By Eq. (2.3), we get
[wiel* < |se|*, V= 1.

By the assumption, it comes that

Y wi 2|sk|<l and Z\wk|* Z\sk\*<+°°.
=1

Due to (D), it follows that

1
k k
Zskz = Z 2 Silsiz'”sil ,
k=1 it \iy+inbotiy=k

for every z € C with |z < 1 and every integer [ > 1
Hence (c) holds. O

More general, we have the following result.

THEOREM 2. Let a = (ay)x>1 and s = (sg)i=1 be two complex sequences such
that a = (ag)r>1 is bounded, t(s) = Y |sk| < 1 and X7 |se|* < oo, where |s|* =
(Ise[*)i=0 is defined as:

|SO|*:1’

|Sk|* Z Z |Si1|‘si2""‘si1‘a k>1.

111+12+ +l] k
Then, we have:

n
Sk) =D an) > Siy Siy *** Siy

n=1 l=ni|+iy+...+ip=I
oo ]

Zzzan Z s,-lsiz---sin.
[=1n=1 i\ +ir+...4i=l

Proof. The first equality can be deduced from Proposition 1 (b). To prove the
second equality, we write Yo a, (Zr_; s¢)" as
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with

Vit = an Koo (D) D0 SiySiy S
i gt tin=l

for every integers 1,1 > 1 and where x|, .|| is the characteristic function of [| 7, +oof|.
From the assumption and Proposition 1 (), we have

Sl <laal Y X Isullsi] e Isi,| = lan] (2(5))" < +eo,
=1

[=nij+iy+...+ip=l

for every integer n > 1.
Besides,

2”21|an| Z\an\ ()"

Taking nto account the fact that a = (an)@l is a bounded sequence, i.e., there exists
M > 0 such that |a,| < M, forevery n > 1 and since 7(s) < 1, we obtain

Zg|nl|<M2 ”=MT—T((Z)<+«>

n=1

By virtue of Lemma 3, this implies

Se(2) -

|M8
DM s
Mg

3
Il
—_
—
Il
—_

I
DM s
DM s
=

N
Il
-
3
I
_

I
Mg
[\gN

Z s,-lsiz---sil.

1 iytigte.tin=l

N
Il
—
3
Il

Hence, the second equality holds.

Lemma 1, Proposition 1 and Theorem 2 remain true if we replace the complex
sequence (sg)r=0 by a sequence of bounded linear operators (Ay)i>0 on a Banach
space X. To this end, let (A})i>o denote the transformed sequence defined as:

k=1
o=1, A= ZA:‘,Ak,V, forevery k>1. O (2.5)
v=0

Then, we can deduce the following results:

LEMMA 4. Let (Ar)i=0 be a sequence of bounded linear operators on a Banach
space X and (A})i=o the transformed sequence defined in Eq. (2.5). Then, we have

k
= 2 2 Siy SiySiy - -+ Siy, forevery k>1

=1 iy +ir+...4+ij=k

(Here 1 < iy <k, forevery l=1,2,--- k and k > 1).
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Proof. The proof is similar to that of Lemma 1. [

THEOREM 3. Let (Ap)i=0 be a sequence of bounded linear operators on a Ba-
nach space X and (A})x>o the transformed sequence defined in Eq. (2.5). If ¥, || A«||
<1 and ¥ o ||A%|| < 4o, then the following assertions hold.

i (gAk>n: i }n: Y ALAL A

n=11=11ij+ip+...+ij=n

(i) If Xp o JAkll* < 4o, then we have

Z(ZA) 555

n=1 =lk=lij+ir+...+ij=k

g

Proof. (i) The proof can be sketched in a similar way to that in Proposition 1 (i)
since the Cauchy product formula of two absolutely convergent series remains true for
series with terms in a Banach algebra.

(if) To prove (a), it suffices to apply the Fubini’s absolute convergence inversion
criterion for double sequences of a Banach space (see [2 1, Theorem 12]) to the sequence
of operators (A )ni>1, Where An; = X1 (1) Zi) 1iy+...+iy—nAiAiy -+ Aiy, for every
n,l > 1 and |1, denotes the characteristic function of [| 1,n || = {1,2,...,n}.

To show (D), we apply (a) to the sequence of operators (By)r>1, where By = zAy,
V k> 1, with z is a complex number such that |z| < 1.

Finally, the equality of (c¢) can be deduced from the one of () by considering the

sequence of operators (Cy)i>1, with Cy = Ay, Vk>1, and z is a complex number
such that [z < 1. O

T

Ag 2 2 A A, -+ Ajy, for every integer | > 1
k=liy+iy+...+ij=k

T

iy +iy+...+i=k
and every integer 1 > 1.

AiZ ) = ( 2 AilAiz"'Ail> . for z in C suchthat |z| <
k=1

We close this section by the following result.

THEOREM 4. Let (ai)i>1 be a bounded complex sequence and (A)i>o a se-
quence of bounded linear operators on a Banach space X such that Y. | ||Ag|| < 1
and Y7o ||Ak|* < oo, where (||Ag||*)iso is defined as:

”AOH*: L,
k
=3 Y llAalllAnll--- Ayl k=1

I=1ij+ip+...+ij=k
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Then, we have:

ilan<iAk>n=2 Z Y AjAL A,

I=nij+iy+..+iy=l

o 1
= 2 Zan Z AilAiz"'Ai,,~
I=1n=1 ij+ip+...4+ip=l
Proof. The first equality follows immediately from Proposition 3. To prove the

second equality, it suffices to apply the Fubini’s absolute convergence inversion crite-
rion for double sequences of a Banach space (see [21, Theorem 12]) to the sequence of
operators (B )n>1, Where By = an X[jn ool (1) i, +iy+..+ip—1 Aiy Ay - Aj, , foOr every
integers n,/ > 1 and |, 1| is the characteristic function of [| n,+eof| . [

3. Main results

Throughout this section, we will consider the following hypotheses:

(H1) Let Ty be a linear operator on a Banach space X with domain Z(Tp) such
that 7 is closed and has isolated discrete eigenvalues.

(H2) Let T}, T», T3, ... be some linear operators on X having the same domain 2
and satisfying:

2(Ty) C 2 and there exist a,b > 0 such that for every k> 1

| Txo|| < allo|| +b||Toe||, forall ¢ € Z(Tp). (3.1

(H3) Consider (& )i=0 a sequence of complex numbers verifying & = 1 and

T(8) = |G| <o
The first result of this section is formulated in the following theorem.

THEOREM 5. Assume that the assumptions (H1)—(H3) hold. Then the series
Yis0 &k T converges for all ¢ € P(Ty). If T(E)@ denotes its limit, then we define

a linear operator T(E) with domain 9 (Ty). In addition, if ©(§) < § then T(&) is
closed.

Proof. Let ¢ € 9(Ty) and n € N*. Using Eq. (3.1) we get
n

< Y &I Tvol|

k=0

< [ Tooll + Zlék\HTkwll

< || Too|| + Z|§k| ol + 2l Toe|l)

< (é)aprll+(1+T(§)b)HTo<pH-
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Hence, the series ;-0 & Ti@ is convergent. Setting 7'(&)¢ its limit, we define a linear
operator T (&) with domain Z(Tp). Similarly, by Eq. (3.1), we obtain

(T (&) —To)ell < 2(&)alloll +2(E)b]Top|, forall ¢ € 2(Tp).

Since Tp is a closed operator and 7(&) < %, we deduce in view of [16, Théoreme 1]
that the operator T (&) is also closed. [

In particular, if we take & = ¢!, Ty =A¢ and T} = qk%l Ar YV k> 1, where
q >0, € is a complex number and (A;)i>; are linear operators on X verifying Eq.
(1.2), we regain the analytic perturbation A(g) (see Eq. (1.1)) considered by B. Sz.
Nagy in [16]. More precisely, we have the following result.

COROLLARY 1. Let Ay,A1,A2,As,... be linear operators on X such that Ag is
closed with domain 2(Ao) and A1,A;,As, ... are with the same domain 9 D 9D (Ag)
and verifying:

Al < " (all@|| +blAoe|), forall ¢ € Z(Ao), (3.2)

where a,b and q are strictly positive numbers. Then the series Y~ eXAr@ converges
forall ¢ € 2(Ap) and for |e| < é If A(e)op denotes its limit, then we define a linear

operator A(€) with domain 9(Ao). For || < the operator A(€) is closed.

q+b )

Proof. We have 7(§) = 3¢ |&| = [e| S o(lelg)*. If [e] < 1. then 7(§) =
g < oo Hence, the series Yk>0 ekAr@ converges for all || < é Moreover,
T(if) L if and only if |¢| < 735+ So. A(g) is closed for |e| < q+b O

REMARK 2. Notice here that Corollary 1 was first cited in [ 16, Theorem 3]. Then,
we can say that the perturbation T(£) is more general than the one adressed in [15],
[16] where B. Sz. Nagy dealt with an analytic operator with one perturbation parameter
€.

Let n € N*, A, the isolated eigenvalue number n of the operator Ty with multi-
plicity one, d, = d(A,,0(To) \ {A,}) : the distance between A, and o(Tp) \ {A,} and
Cn =€ (An, 1) : the closed circle with center A, and radii r, = % Since (Tp—zl)~!
is a regular analytic function of z € p(Ty), ||(To —zI)~!|| is a continuous function. So,
we denote by:

My i= max || (T —2u) ™.

n€ 7n

Ny i= max (| To(To —2af) " || = max |11+ 2(Ty —2l) |
ne%n Zne%)n
and

oy, := aM,, + bN,,.
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THEOREM 6. Assume that the assumptions (H1)—(H3) hold. If 1(§) < ai’” then

the resolvent of T(&) at z, € 6, is well defined. Let R,, (&) := (T(E) —z,1)"", then
Jor t(€) < ain, the following assertions hold:

(i) the operator R, (&) can be developed into a series

R, (&) =Ry 0(8) + R, 1(E) + R, 2(8) R (E)

R, &)=Y ¥ && &R, TR, TR, - TR, VI>1
k=li\+ig+-+ij=k

(3.3)
(ii) we have
IR, 1 (E)|| < My(onT(E))!, forevery 1>0.

Proof. (i) Let z, € 6,. Using Eq. (3.1), we infer that for all g € X\ {0} and for
all k> 1,

|(To —zal) ™' gl + DI To(To — zal) ™ g
al|(To = zul) ™| + b To(To — zal) 1) 18]l -

| Tu(To — zad) |

<a
<

So,
Tk (To — zud) Y| < 01, forall k> 1. (3.4)

We claim that %, C p(T(&)). Indeed, for z, € 6, we have

TE) -zl =To+&ETI+ET+ ... —zad
= ([+&T(To—zd) "+ &ED(To—2al) ' +...) (To — 2ul)

= <I+ iék’I}(RZn> (To —zal)

= (I+38)(Ty—zal), (3.5)

where S =37 | & TiR,,. In view of Eq. (3.4), we have if 7(&) < oan then

oo

IS < Y NETiR:, || < nT(€) < 1.

Hence, I+ S is invertible with bounded inverse. Since z, € 6, C p(Tp), then Eq. (3.5)
implies that T(&) — z,/ is also invertible with bounded inverse. Hence z, € p (T(&)),
which ends the proof of the claim.
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Now Eq. (3.5) yields

Ry (&) = Ry (1+5)"!
—R, 3 (-5)
v=0

=

v
=R, (Z - ifkaRzn>
0 \k=1

V=

\%
= RZn +RZ)1 2 (2 - ékaRZn> .

v=1 \k=1

Since Y77 || — &TkR;, || < 1, then by Proposition 3 (ii) (a) we get

RZn (é) = RZn +Rznz Z 2 (_51'1 ’TilRZn) (_5i2’TiZRZn) T (_51'[7}1Rzn)
I=1k=li+ip+-+ij=k
= RZn +R2n2 2 2 (_l)l 5i1 éiz T 51'1 Tilen TizRZn "'TilRZn
I=1k=li+ip+-+ij=k
= ZRZn,l(g)a
=0
where

RZmO(&) =Ry, = (To _an)_l

R (&)=Y Y  &&, &R, TR, TR, - TyR,,, VI>1.
k=l iy +ip+-+ij=k

(ii) By the fact that ||R, || < M, and || TyR,, || < o, forevery k > 1 (see Eq. (3.4))
and using Proposition 1 (ii) (b), the following estimations hold

HRz,,,z(é)lKMni DI AT AR BRI

k=Liy+ig+-+ij=k

<SMuon, Y, X Gl &l 18]
k

=] i1+i2+-~-+i]:k
< M"arll(r(g))l7

for every [ > 1. This implies that
1R,.1(E) | < Mu(0T(&))', forevery 1> 0.

Consider the operator A(€) := Ao+ €A; + €Ay + 3A3 + - + ekA; + - -+ defined in
Corollary 1. Analogously, let A, be the isolated eigenvalue number n of the operator Ag
with multiplicity one, d,, = d(An, 5(Ao) \ {As) : the distance between A, and o(Ag) \
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{)L } and %l = <5(/1,1, rn) : the closed circle with center /fn and radii 7, = %. Denoting
by Mn, N and o, the following numbers

M, = max || (Ao —zuI) '],

N 20 EGn
N, := max ||Ao(Ao —z,,l)_1|| = max || +z,(Ao —an)_lH,
Znegn Zne(@ﬂn

A —aM —|—an,

we can see the following result. [

COROLLARY 2. Suppose that the assumptions of Corollary 1 hold. Let ﬁzn (¢):=
(A(g) — z,I) ™" denote the resolvent of A(€) at z, € %n. If €| <a , then:

(i) the operator R.,(€) can be developed into an entire series

RZn (8) = ﬁZn7O + gﬁzml + €2§2n72 + T + ElRiZml + )

where

RZmo = ﬁZ)z = (AO _an)il

k
R, =Y (-1) D R, AiR, AR, ---AiR,, VI>1, (3.6)

=l it ity =k
(if) we have
IR, < M0 (qg+0p) =", forevery 121
Proof. (i) Let & = kg, Ty = Ag and T} = qk%l Ag, ¥V k> 1. In view of

Proposition 6, we obtain

Zn(é)

=

2 2 gll 51’2 o gll ﬁZﬂ T;-lﬁzn T;ZR o EIRZ)I
k=liytip+tij=k

!

IMsnMs

=R, + (_l)l 2 Ellqil—l Eizqiz—l . Eilqil_l ﬁzn
IS ~k:l il+i2t"+i1:k
X All Zn AiZRZn . AiIRZn
qll—l qi2 1 qil_l
= iéZn + 2 (_ l)l 2 gk 2 iéZn Ailﬁzn Ai2§1n o 'Ailk;n
=1 k=l iy +ip+e+i=k
oo k
= RZn + 2 Ek 2(_1)1 2 RZn Ai1RZn Aiszn t 'Ai,Rzn
k=1 =1 ijtip++i=k
= 2 ngka ’

T
f=l
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where
ﬁZmO = ﬁZ)z = (AO - an)71
k

RZn:k = 2(_1)1 Z RZ AilRZn AiZRZn”.AilRZrﬂ VkZ 1.
=1 iy i +ri=k

(ii) In view of Eq. (3.2), we get [|AxR,, || < ¢*~'a,. So, by Lemma 2 (ii) we have
forevery k> 1

_ k o o
[[Re, il < 2 D M, (¢"'G) (¢°7'a) - (q"'a)

& a\!
n

<M, q 2 <_)

I=1iy iy t+ti=k \ 4

& raN!
<ankz(—") Y
i1+ip+-+ij=k

REMARK 3. (i) Notice that Corollary 2 improves [16, p. 133]. Indeed, in [16],

B. Sz. Nagy has proved that the resolvent R., (€) of A(g) at z, € %, can be developed
into an entire series without giving the explicit expression of the coefficients of this
series. Besides, he has given the estimation of these coefficients by comparing them to
those of an other series. The main novelty here, is that we give the explicit expression
of the coefficients (R, «)i>1, which allows us to estimate them.

(ii) Proposition 6 extends [16, p. 133] since in our considerations, we deal with
a non-analytic perturbation including more than one parameter, whereas in [16], B. Sz.

Nagy has dealt with an analytic operator with one perturbation parameter €.

Having obtained these results, we are now ready to investigate under the spectral
properties of the perturbed operator 7'(£). In that line our first result asserts:

THEOREM 7. Assume that hypotheses (H1)—(H3) hold. Let @, (respectively,
¢, ) be an eigenvector of Ty (respectively, Ty : the adjoint of Ty ) associated to the

eigenvalue A, (respectively, A, ) suchthat ||@,| = || @ || = 0, and @, (@,) = 1. Then,
the following assertions hlod.
) If t(&) < m, then T (&) has a unique point A,(&) of its spectrum in
the neighborhood of A, and this point is also with multiplicity one,
.. 1 . .
. @) If (&) < PR EETAL then the eigenvalue A, (&) can be developed into a
series

An(&) = A+ An1(E) + An2(E) + -+ AniE) + -+,
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where

anl Cntl )foralli>1

with

bn,O(é): L
&)=Y D Bi, Bi, -+ Biy, YI=>1

k=l iy +ip+tij=k
Br ——<p;( «(E)pn), Yhk=1,
/Rz,, Ydzn, Yk 1, 3.7)
cn,k(@:cpn( K(E)on), V=1,
Bub(®) = 57z || o= AR a(8) i, V> 1

2im J

and (R, x(§)),, is defined in Eq. (3.3),
(iii) We have

(&) < Lt (L= ct(E)) ((w'%’"M"“"T@)i—(anr@))f), vis1

o t(E) — 1+ wZraM, 1—0o,7(8)

Proof. (i) Let P,(&) (resp., P,) be the spectral projection of T(&) (resp., Tp) cor-
responding to the eigenvalue A4, (&) (resp., A,) and %, (&) (resp., %, ) the eigenspace
for A,(&) (resp., A,). In view of Proposition 6, we have

P8 = 5 || Ra®)
_1 o
- % ~/‘(7n <Rzn +I<§=:1Rznvk(§)> dZn
— Pt Y B(E),
k=1
where
Pus(®) = 5 [ Res(@) s, VI 1
Since

Pl < 57 [ IR k(&) dan < bt (0uT(E)
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then, for 7(&) < we have

1
O (141, My)

1Bn(S) = Ball =

Y P,

k=1

i ‘Pnk
ir,, 0T ))k
k=1

rnMnanT(é)
S 1= (@)

< 1.

8

Consequently, dim%, (&) = dim%,, = 1. So, T(£) has a unique eigenvalue 4,(&) in
G, for (&) < Moreover, A, (&) is with multiplicity one.

(ii) Let

1
O (14+rpMpy)

_ Pn(é)(l’n
[0 (Pu(E)@)]2

be an eigenvector of T(&) associated to the eigenvalue A,(&). We have

@, (u(&))
(&) = An = (An(§) — An) 0! (on(8))
_ 9n (Aa(8) = An) @u(8))
@ (0a(8))
_ 9 (T(E)@n(8) = 2na(8))
@5 (0a(8))
_ ¢:((T(§)—)Ln1)Pn(5)¢n)
@ (Pa(&)Pn)

Since @; (P,¢s) = ¢, (¢,) = 1, then Eq. (3.8) implies that

(Prf ((T(é) _)LnI)Pn(é)q)n)
1 +¢;((Pn(§) _Pn)(pn) .

(3.8)

An(8) = An = (3.9)

1
Or, for T(&) < m we have

10, (Pa(E) = Pa)@u)ll < 10,11 |(Pa(E) = Po)ou
< ”Pn(é)_PnH Hq)n” ”(PZH

rnMnanT(é)

@)

1.

N

A
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So,
1 < V[ ok . v
1+ ¢ (P.(E) = P)on) :vgo(_l) [0 (Pu(&) = Pa)@n)] (3.10)

On the other hand, we have
(T(E) = Aul) Pa(&) = T(E)Pu(E) — AnPu(E)

— 2_7111/ R, (&) dzn— Ay (2_—;) /%nRzn(if)dZn

S / (20 — An)Roy (€) dzy

27i J&,

_ ! / (20— ) (Rz,, + f‘,Rzn )dZn

2mi

1 1
_ Z_m/ (20— AR, dzn+ 2 (Tmé R, dzn>

where

Bn,k(é) = __l/ (Zn _)Ln)Rzn,k(é) dzy.

27i Jg,
Consequently, Egs. (3.9), (3.10) and (3.11) imply that

(&)~ = io<—1>V[<p:((&(é)—&)%)}” 0 (iBnJ@qon)

(2%( ))v gw; (Bui(E)04)

V:O
= 20 (2 0, (P, é)%)) i(p;f (Bui(&)@n) - (3.12)
V= k=1 =1

Denoting by B = —@; (Px(E)@n), V k> 1, we can easily check that if 7(£) <

1 '
m, then 2k:1|Bk‘ < 1 and Zk:OB]: < +°°7 Where

k
= X Bl Bl 1Byl

I=1iy+ip+-+ij=k

Hence, in view of Proposition 1 (i) (b), we get

55

HMS

(0% ( mk(g)(pn)) = an7l(€)7
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where b, 0(8) =1, (&) = X5 i, +iyt+-tiy—k Biy Biy -+ By, V1> 1. So, using Eq.

(3.12) we get

oo

_)Ln = anl(g) icn,k(g)
k=1

=0

where ¢, (&) = @ (Bix(€)@n), YV k> 1. By the Cauchy product of two series, we

get

— D= ixn’i(g), where A,,;(& anz cni—1(8).
i=1

(iif) In order to estimate the coefficients (|A,i(&)|)i>1, we shall first estimate

(16,1 (€)])iz0 and (Jeni(E)e1-

Indeed, in view of Proposition 1 (ii) (b), we have for I > 1

_ , I
<Y Y IBllBul uw(g )

k=Liy+ig+-+ij=k

Since
1Bl < 1@ [11Pus ()| | @nll < 07 Mura(onT())*, Vi =1,

we obtain

I
02 M1, 04, T(E)

Ibn,z(§)|<< T oo(E) ) , Vi1

As byo(E) =1, we get

2M.r l
(@)l < (BEEBIE) iz,

On the other hand, we have for [ > 1
len i (O < 110y 11Bni ()] Nl @nll
1
<ol 5z| [ GnARe i@z,

< M, (a,t(E))".

Consequently, combining Egs. (3.13) and (3.14), we get

i—1
&)l < Z, 1bua(E)] leni-i(E)]

O Myr, 0, T(€) : il
M, 2(—an a ) (oe(E)) .

(3.13)

(3.14)
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Regarding that M, > - and @7 > 1, we obtain 1 — w;M,r, <0. So, 7(&) # o (1 -

©F My 7, 0 T

®>M,r,). Hence, 1—a,1r(§)(§) # 0, 7(€) and then we get

1-0,7(8)

;%rnMn n é
wch:(g)() —o,t(€)

022M, (1 — 0u,7(E)) [ { 02raMuan, (€)' i
= 0T(E) — 1+ wZraM, (( 1—oy,t(€) ) _(O‘nf(g))>-

ofraMont(e) ' ;
Ani(E)] < @2riMyonT(E) ( ) (0nT(8))

We have the analogue of Theorem 7 if we consider the analytic operator

A(e) :=Ag+ €A +e* A+ -+ A +---. O

COROLLARY 3. Suppose that the assumptions of Corollary 1 are satisfied. Let
@n (respectively, @, ) be an eigenvector of Ay (respectively, Aj: the adjoint of Ay )

associated to the eigenvalue A, (respectively, Ay ) such that ||@u|| = | @] = @n and
0, (@) = 1. Then:
. 1 . DY . .
(i) for |e| <~ P A(€) has a unique point A,(€) of its spectrum in the
neighborhood of A, and this point is also with multiplicity one,
LN s 1 Py . . .
(i) if e < A then A, (€) can be developed into an entire series

In(€) = A+ €yt + € A A E Dt

where
nk = D, buiCpi—i-, forall k>1,
i=0
with
by =Y (—1) D Bi, Bi, ---Biy, Yk=1,
=0 iy+ip+-+ij=k
Ek = @:; (E,k@n)v Vk> 17
~ 1 ~
7k 2”.[ /6;;, ka Z ( )

Emk = (Aﬁ; <§Hk¢n> , Vk>1,

_ 1 _
Bn,k = ﬁ[g’l(Zn _Arn)Rka dZy“ vk 2 1,

and (I?z,hk> is defined in Eq. (3.6).

k>1
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(iii) we have
o < @270, 0 ((q+&n+637nﬂ7ln&n)k’l —(q+&n)k*1), forall k>1. (3.16)

Proof. (i) The result is an immediate consequence of Theorem 7, it suffices to
take Ty = Ao, Ty = qk%l Ag and & = eXg*~1, V k > 1. In this case, we have

€ 1 1
i —— if and only if |e| <

(&) = <= = —==
1—elg 0y (1 +7aM,) q+ oy + 1M,

(i) Let P,(€) (resp., P,) be the spectral projection of A(g) (resp., Ag) corre-
sponding to the eigenvalue A,(€). Consider

an eigenvector of A(€) associated to the eigenvalue A, (€). Making the same reasoning
as the one in the proof of Theorem 7 (ii), we obtain

s @ (@) -2 P(e)d)
In(€) — Ay = _ S— (3.17)
1+¢;((Pn(8>_Pn)(pn)

1

So,
1
L+ @ ((Pu(€) — Pu) @n)

Mg

= Y1 (6 (Pute) - Pan) |

0

g<i —&* g ( nkcpn)>v-

<
Il

L —, we get in view of Proposi-

1, for |g —_———
<5 ‘ ‘< GO+ @27, My, Oy

Since ¥, ‘81‘@;‘ <ﬁnk¢n>

tion 1 (i),
oo Bl v o
D (2 —ékqp (Pmk@n)) = > bur, (3.18)
v=0 \k=1 k=0

where byo=1and by =Xf_, (=)' % iy iy By By -+ By and B =y <ﬁ”’k(ﬁ"> ’

Vk>1.
On the other hand, in view of Corollary 2 and proceeding as in Theorem 7, we get

SO o _ -1 ~
(A(s) —)L,,I) P,(e) = kgﬂ sanJﬁ where B, ; = Z_m/ (zn—An)Ry i dzn, V=1
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So we deduce that,

®n ((A(E) —inl) f’n(s)fﬁn) = i €“C, 1, where &,z = ¢; (ﬁmk@) . Vk>=1. (3.19)
k=1

Consequently, Egs. (3.17), (3.18) and (3.19) yield

= = =

/1,,(8) —/1,, = 2 Skbn’k EEkEn,k = 2 Ekln.’k, where A'n,k = 2 bn,i En,k—i~

k=0 =1 k=1 i=0
(iii) We have

_ k
bakl <Y 1Bl IBal - |Bil-

I=1ij+ip+-+ij=k
(pn ( n, k(pn>

‘bn,k| g wy%?nMnanz 2 (4+0¢n)l'71(CI+ an)1271"'(q+a")”71
l=1i1+i2+~'~+il=k

< 07F,M, ocnz Y (gt
=lij+ir+---+ij=k

e o w1

< a)nr,,M,,OCn(q—l—O(,,) 27,\,[ 2 1.

Slaton) S

Or,
-1

1Bkl = O M O (g + O )

Hence,

Using Lemma 2 (ii), we deduce that

bu| < ©FFuMy0y(1+ g+ )" (3.20)

®, ( n, k<Pn)

Consequently, Egs. (3.20) and (3.21) imply

On the other hand, we have

@272 M, 0 (q + 05 )< 1. (3.21)

|En,k} <

kel
gl < 1bnil |G s—il

i=1

N

k=1 i—1
~ ~n ~ ~)~ T~ k—1—
iR Y (q+an+w3rnMnan) (q+a) "
=1

~ |~ ~ \ K N
q -+ Oy + O 7, M, Oty —(qg+on)

N

D7, M, Gy

027 M,, 0,

D~ U i1
< w,r,M,0 <q+06,,—|—wnrnMna,,> —(q+ ) O
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REMARK 4. (i) Asin [16, p. 136], we prove that the eigenvector A, (&) of A(e)
can be developed into an entire series. The main contribution here is that we give the
explicit expression of the coefficients (4, ;);>1, which enables us to estimate them:;
whereas in [16], the author has given the estimation of these coefficients by comparing
them to those of an other series. This approach can’t be applied if we consider the
non-analytic operator 7(&).

(if) Its is clear here that Theorem 7 is more general than [16, p. 136] since we
deal with a non-analytic perturbation including more than one parameter.

Now, setting @,(&) an eigenvector of T(£) associated to the eigenvalue A,(&),
we prove the analogue of Theorem 7 for ¢,(&).

THEOREM 8. Assume that the hypotheses (H1)—(H3) hold. Let ¢, (respectively,
¢, ) be an eigenvector of Ty (respectively, Ty : the adjoint of Ty ) associated to the

eigenvalue A, (respectively, A, ) such that ||@,|| = ||| and @} (@,) = 1. Then, for
T(é) < m we have:

(i) the eigenvector @,(&) can be developed into a series

On(&) = O+ Pu1 (&) + u2(E) + -+ @ui(E) +--,
where
(pn,i(é) = 2 dn,k(é)Pn,ifk(é)(pna Viz1
k=1
dno(§) =1,
dnJ(é):ZCl_l 2 %1%2"'%[7 Vl>l7
k=l % ijtipttij=k
Y= (p:(Pn,l(é) (Pn), Vi>1

and (P"7k(5))k;1 is defined in Eq. (3.7).
(ii) the coefficients (¢ni(8));5, satisfy

W32 M2 02 M 0,7(E) ' ;
i@ < s [( s )—(anr@))].

Proof. (i) We have

Pn(&)(l’n
[0 (P(&)gn)]
= [0 (Pu(E)p)] 2 Pu(E) s

= (149 (P(E) = P)on) 2 S Pus(E) s

=0

(pn(é) =
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where (B, x(&))i>1 is defined in Eq. (3.7). Since for 7(£) < m, we have
19 ((P.(E) — Pa)@a)|| < 1 then

(L+ @i ((P(&)—P)gn))) 2 = i
So,

wi€) = € (03 (&)~ PIo)” TPulE)on

P %<<p;‘ (I;Pnk )) ZPnz (3.22)

Setting ¥, = ¢;F (P,,7k(if)(pn) , Vk>1, we can easily check thatif 7(&) < m7

then I [y <1 and ¥y < 4o, where ¥ = Zé{=IEi1+i2+~~+i1=k Vi | [Yia | - (¥ |-
Consequently, in view of Theorem 4 (i), we get

ZCV (Z(Pn nk ) Zdnl
where
dno(8) =1,
dmlé 772 2 %1%2"'%[7 Vl}l

k 1 i +ip+-+ij=k

By the Cauchy product of the two series we get

0u(E) = Sdni(&) S P(E) o = T oni(E)
i=0

=0 =0
where
(pnO(é) = Qn,
i
q’nz Zdnk nzké)q)m Vi}l
k=1

(ii) Since |C¥ | < 5, Vv >1, then forevery [ > | we have
~1

k I i +ip+-+ij=k

Denoting that for all / > 1

1] = |0 (Pai(€) )| < 0FraMy (00T (E))
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we get in view of Proposition 1 (ii) (b),

@] <3y Y (o) (@)

k=L iy+ig+-+ij=k

L)' S S (@)

<
k=l ij+ip+---+ij=k
i
1 o
< ) (wr%rnMn)l <Z (anr(g))k>
k=1
1 2 l O(,,T(’é) :
< ~ nMn T _eN .
3 i (255
Hence, z
1 [ 0r.M,o,T(&)
dn( — | 2————>2% |, forall [>0. 3.23
ldna(E)] < 2( —ar@ ) (329
On the other hand, we have
1 and Vk>0. (3.24)

HPnJ—k(é)q)nH < WMy (OC,{L'(&)) , Viz

Consequently, Egs. (3.23) and (3.24) imply that for all i > 1

1001 < 3 drsE)IEws 4(E)or]

1—o,7(8)

k
< o, 3 (D) (g

wr?r%ananT(g) 4 (J)r%rnMnOCn’L'(é) k-1 .
1—a,1(8) ,{;( 1— 0,7(E) ) (0nT(€))™". (3.25)

Now, making the same reasoning as the one in the proof of Theorem 7, we have

% # 0,7(E). So, Eq. (3.25) yields for every i > 1

1—opt
i@’ (g, 7(8))

0 r2M? o, 7(€) < T—o7()

loni()]] < 22 L
L-ot()  iplhrld) g ()
)

W3 raM? 02 ru M0, T(E l.
S o, T(E) — 1 + 02r,M, (( 1—o,t(&) ) (anf(i))>.

k
< 2 (M) OnraMy (0 T(E))*

Let us consider the analytic perturbation A(€) (see Eq. (1.1)) and let @,(€) be an
eigenvector of A(€) associated to the eigenvalue A, (¢&). Then, we can see the following

result. [
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COROLLARY 4. Suppose that the assumptions of Corollary 1 are satisfied. Let @y,
(respectively, @, ) be an eigenvector of Ay (respectively, Ajj: the adjoint of Ay ) asso-
ciated to the eigenvalue A, (respectively, Ay ) such that ||@,|| = || @] and @ (n) = 1.

S S
Then, for |e| < i e have:

(i) the eigenvector @, (€ ) can be developed into an entire series
Pu(€) = Pu+ EPu1 + E Puo+ -+ E Qi+,

where

U ~ ~
(’ﬁn,i = 2 dn,k Pn,i—k(Pn; Vix1
k=1

~ k —_ o~ —

dn,k:CIilz 2 Yilyiz"'yi]a Vk>1
21 1 iy+ig+-+ij=k

)7k (pn( n.k (Pn) Vk>1

and (13,,’;{>k>1 is defined in Eq. (3.15).
(ii) the/coeﬁ‘icients (@ni)iy satisfy
~ e~ ~ N\ ~ \i
_ <Q+an+wr%rnMnan> —(q+ o)

||¢n,i|| <7nMnan q+& . (326)

Proof. (i) We have
N G
) e B

Making the same reasoning as the one in the proof of Theorem 8 and using Theo-
rem 4, we get

(130 -2 = 3 e

where _
dn,() =1,
~ k —~ o~ —~
dn,kzzcil 2 YiYio -+ Yips Vk>17
= 2 i Figteti=k
Ve =0 (P @), Vk=>1,
E’Z: 217[/ RZn,k dZna Vk > 1
So, we have

Zé‘kdn k 28 P,, k(p,, zgian,h
i=0

=0 k=0
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where

(Aﬂn,O = (Aén;

! rg ~ -~ .
(ﬁn,i = 2 dn,k Pn,i—k(pna Vix1

(ii) We have

- k o B

I=1 ij+ip+-+ij=k

Since

Te| < @27MyGin(q+ G )1, V> 1,
then using Lemma 2 (i) (b) we deduce that for all k > 1

k _ !
o] < 3 (@) Y (g+a)
=1

= i1+i2+-~-+i]:k

!
4+ 5) z": 7 r,,M ly ¥ |
n
=1 q+ Oy i Fiat i =k

BN
< (gt O27,M,, 0, (l—i— w,frnMnoc,,>

q+a, q+ oy,

(3.27)
Noting that

o N =
< 02FM,, 0, <q+an+w3rnMnan> .
Pnk

) , ‘ <FullyGin(q+ )<, V> 1,
we get in view of Eq. (3.27) that forall i > 1,

N i o~ Nk o
| @nill < 2M2 2 2 (q—l—ocn—l—a),%rnMnO!,,) (g+ o) kl

2202 2
<7
q-+ 0y

MN.

k-1 o
<q+ Oy + @27 M, an> (g+ ) k
k=1

02r2M2 o2 <q+ &,,+6,§’r“,,]l71,,&n> — (q+5c,,)i
q+ oy,

OF M, 0

. o o~ \! s
| (a+ e+ @imsa) —(g+a)
g rnMnan q+an

O
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REMARK 5. (i) In Corollary 4, we give some supplements to [16, p. 136]. Indeed,

in [16] has proved that the eigenvector A,,(€) of A(e) can be developed into an entire
series of € and he has given the estimation of the coefficients (¢, ;)i>1, by comparing
them to those of an other series. In our considerations, we estimate the coefficients
(@J) i>1 by means of their expression. The obtained estimations are more precise than
the one given by B. Sz. Nagy since Eq. (3.26) implies that

- e o~ _\
o (q+ an+w,§rnMnan>
”(pn,iH < Mo,

q+a,
~ . e~ i
<M, <q+ an+w§rnMnan>
— o~ . e~ i
< M, (q + o+ w,?rnMnan> .

(ii) Theorem 8 extends [ 16, p. 136] to a new type of perturbed operator depending
on many parameters. This new situation is much wider in the scope of applications.

4. Application to a Gribov operator

In this section, we consider the Gribov operator H, / ,, ; defined in Eq. (1.7).
Let S, Hy and H; be the operators defined by:

S:9(S)CE —E
¢ — Sp(z) =A7A%¢(2)
2(S) ={¢ € E such that Sp € E},

Hy: 2(Hy) CE —E
¢® — Hop(z) = A"A0(z)

P(Hy) ={¢ € E such that Hyp € E}
and

H :9(H)CE—E
¢ — Hip(z) =A"(A+A")Ao(z)

P(H,)={¢ € Esuchthat Hi¢p € E}.

REMARK 6. Due to [10, Lemme 3 p. 112], Hy is a self-adjoint operator with
compact resolvent. Moreover, {e,(z) = \j—%}‘f is a system of eigenvectors associated

to the eigenvalues {n}. So, the spectral decomposition of Hy is given by:

Hy = 2 n{.,en)en.

n=1
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Let G =H; . So, G is defined by
G:9(G)CE—E

0 —Go=Y n*(p,e)en

n=1
2(G) = {q) € E such that ¥ n°[(@,e,)|* < “} :
n=1

The expression of Hyr ;1 ; becomes then:

H/V’JL’,/JJL =A"G+ 'S+ UHo+ iLH;.

Regarding [10], we can see the following result:

THEOREM 9. We have the following assertions:

(i) G is a closed linear operator with dense domain.

(ii) The resolvent set of G is not empty. In fact, 0 € p(G).
(iii) G is a self-adjoint operator with compact resolvent.
(iv) The eigenvalues of G are simple and isolated.

Let To:=A"G, 2=2(S)N2(Hy)N2(H,) and T; (respectively, T and T3 ) the

1
T " : A A" _ —133||°
restriction of A"S (respectively, ~Hp and mH 1)to &, where ¢ = H (HO ) .
Hence, the operators (T;)i<k<3 have the same domain & and we have Z(Ty) C 2.

Moreover, the operator Hy» ;s , ; can be written as:

Hyn g0 up i =To+ & T+ &+ &T5,
where & =27, &H =% and &= (+2v2)ch
The first result of this section is formulated in the following proposition.
THEOREM 10. The operators (Ty)1<k<3 Satisfy the following estimation

Tkl < all@|| +b||Top|, forall ¢ € Z(Ty),

n
where a:% and bz%.

Proof. Due to [4, Lemma 4.1, (ii)], we have

2 1
[Soll < IGell3 |l@]|3, forall o € 2(G).

Using Young’s inequality, we obtain

2
ISell < 5 llell+ 3 [Gel, forall ¢ € Z(G).

[OSHIE

Hence,
1

A 2
1Tl < - ol +3 I Togll, forall ¢ € Z(Tp).



GRIBOV OPERATOR IN BARGMANN SPACE 573

Moreover, we have

Hofp=<§, (¢.en)] )

< <2n3|<<p,en>|2> <|

Taking into account Cauchy Schwartz’s inequality, we get

3
So, Eq. (4.1) together with the fact that & (H3) C 2 (HOZ) yield

=

8

3
Hj o

3
, forall (pE@( 02> 4.1)

2

3 3 3
H] ¢ =<H&¢,H&¢>=<H3<p,¢><H8<p||||<p, forall ¢ € 7 (Hg).

1 1
IHoo || < |Hg |12 [l@]|2, forall ¢ € 7 (H). 4.2)

On the other hand, since 0 € p(Hy), we get for ¢ € 7 (Hg)

1
HHSanZ o3

|50l ol = H

Consequently, Egs. (4.2) and (4.3) imply that

\Ho<p|\3 o3 (4.3)

|Hoo|| < CHHocoH3 g%, forallgp € 2 (H3),

1
316

where ¢ = H (HO’ 1) . Now, using Young’s inequality, we obtain

c 2
1Hooll < 3llell+3 c lIGoll, forallg € Z7(G).

Hence,
1

A 2
120l < - lloll +3 [IToell, forall ¢ € 2(T).
Now, let us prove the third inequality. In view of [7, Proposition 6.3], we have
3
Il < (142v2) |H; ], forall € 7 (H7).

Making the same reasoning as above and using Young’s inequality, we infer that for
¢ €2 (Hy)

2 1
Il < (1+2v2) cliHioli o]}
1 3
§(1+2\/—>c||(pH+ <1+2f2)cuHo<p||.
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Consequently, we have

A" 2
Il < 5 lloll+3 I Toell, forall ¢ € 2(T). O

THEOREM 11. If 7(§) < %, then the operator Hyn 31, ;. is closed.

Proof. The result is an immediate consequence of Theorem 5, Propositions 9 and
10. O

Now, we are in position to state the objective of this section.

THEOREM 12. (i) For ©(&) enough small, the operator Hyu ;.1 ,, ; has a unique
point A, (&) of its spectrum in the neighborhood of A, = n® and this point is also with
multiplicity one. Moreover, A,(&) can be developed into a series

An(E) =1+ X1 (E) 4+ A2 (E) + oo+ Ai(E) ...

(i) Let @, be an eigenvector of Ty associated to the eigenvalue A,. Then, setting
@n(&) an eigenvector of Hyn 31, ;. associated to the eigenvalue A,(&), we have for &
enough small @,(&) can be developed into a series

Pu(&) = ent u1(8) + @n2(8) + .. + Pui(E) + ...

Proof. The result follows from Theorem 8, Propositions 9, 10 and 11. [J
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