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JUNG-TYPE INEQUALITIES AND BLASCHKE-SANTALO
DIAGRAMS FOR DIFFERENT DIAMETER VARIANTS
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(Communicated by M. A. Herndndez Cifre)

Abstract. There are numerous options for defining the diameter of a convex body that fall apart
when we consider non-symmetric gauges. We show that the most natural definitions correspond
to different symmetrizations of the gauge, i.e. means of the gauge C and its origin reflection
—C, which allow geometric inequalities between them. In addition, we study Jung-type and
more general geometric inequalities for those diameters with respect to the circumradius and
inradius, partly also involving the Minkowski asymmetry of the gauge. The completeness of
these systems of inequalities is also tackled by providing (major parts of) the according (r,D,R) -
Blaschke-Santalé-diagrams.

1. Introduction

Inequalities between geometric functionals, such as the inradius, circumradius,
and diameter, form a central area of convex geometry. They play an important role
in many classical works such as [4, 13, 14, 18, 26] and are still of interest today [3,
22,27, 30]. These geometric inequalities have proven to be useful for many results
in convexity and have many applications, too (for example, they provide bounds on
the size of so-called core-sets for containment under homothety [11]). One of the first
such inequalities has been given by Jung [32]. It provides a bound for the diameter-
circumradius ratio in Euclidean spaces. Variants and natural extensions, given e.g. in
[2, 12, 16], are typically subsumed under the term Jung-type.

A non-empty compact convex set is called a convex body. The family of convex
bodies in IR" is denoted by €™, the convex bodies in IR" excluding single points by
Z " and those which contain O in their interior, by %6’. Forany X, Y CR" and p € R,
let X+Y :={x+y:x€X,y €Y} denote the Minkowski sum of X and Y and pX :=
{px:x € X} the p-dilatation of X. We abbreviate {x} +Y =:x+Y and (—1)X =:
—X. If X = —X, the set X is called 0-symmetric. If there exists r € R" such that
—(t+X)=1t+X, we say that X is symmetric. Segments with endpoints x,y € R" are
denoted by [x,y] :={Ax+ (1 —A)y: A €10,1]}.

Mathematics subject classification (2020): 52A40, 52A10.
Keywords and phrases: Diameter, Blaschke-Santalé diagram, symmetrizations, Jung-type inequalities,
completion, asymmetric gauges.

This work expands upon the master thesis of Mia Runge, from which several results concerning the properties of
diameters and the Blaschke-Santalé diagrams have been adopted.
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Even when the gauge is not symmetric, the in- and circumradius have a unified
definition: The circumradius of K € €" with respect to C € € is defined as

R(K,C):=inf{p >0:3r € R" such that K C ¢+ pC}
and the inradius as
r(K,C) :=sup{p > 0:3r € R" such that 7 + pC C K}.

One should recognize that the inradius can be expressed as a circumradius: r(K,C) =
R(C,K)~! with the usual rules £ =0 and § = co.

However, there are several ways to interpret the diameter in the symmetric case,
and we consider different extensions to the non-symmetric case.

First, one may understand the diameter of K € €™ with respect to C € €] as a
kind of “maximal” segment. But how should this “maximality” be defined?

We could measure the distance between two points x,y € K using the gauge func-
tion ||]lc : R" — [0,%0], x = ||x||c := min{A > 0:x € AC} and define the diameter as
the maximal such distance:

Dyin(K,C) == gg;gllx—y\\c

We call it the minimum diameter. This definition has been first studied by Leichtweiss
[33].

If C is not symmetric the values of ||x —y||c and ||x —y||-c might differ. Instead
of taking the maximum of these two values, one may consider the arithmetic mean of
them:

Dum (K, C) :=;I;g>lg%(llx—y\\c+ [y =xlc)-

We call this the harmonic diameter.
Both definitions above differ from the most common diameter which has been
studied in [10, 12, 14, 25], where it is defined as twice the maximal circumradius of

segments in K:

Dam(K,C) ::;I;g);{ZR([x,y],C).

We call it the arithmetic diameter (or standard) diameter. It stems from interpreting
it as the best two-point approximation of K in terms of the circumradius (cf. [11]).
However, this arithmetic diameter can also be defined as the maximal distance between
two parallel supporting hyperplanes of K (i.e. the maximal breadth) relative to the
breadth of the gauge in the same direction. Using the support function he(-) : R" — R,
he(a) := max,eca' x one obtains

hK(a) + hK(_a)
aeR"\{0} 3 (hc(a) + he(—a))

Dam(K,C) =

Taking the maximum of h¢(a) and he(—a) instead of the arithmetic mean, we obtain
the fourth diameter we consider, the maximum diameter:

o hK(Ll) +hK(_a)
DMAX(K7C) T aerﬂl{lr?\)io} maX(hC(a),hC(_a>) .
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The diameters Dy and Dyviax have been first introduced in [7, Appendix]. If the
gauge C is O-symmetric, all these definitions lead to the same (classical) diameter:

hg(a) —l—hK(—a).

D(K,C) = max ||x — = max 2R(|x,y|,C) = max
(K,C) = max |x =yl = max 2R ([x)].€) = max ——

Thus, if we consider a symmetric gauge, we omit the index in D. It turns out that in all

of the four diameter definitions, the second argument can be replaced by a symmetriza-

tion of the gauge C: We define the minimum symmetrization of C by Cyyny :=CN—C,
O O o

the harmonic mean symmetrization by Cyy 1= (C EC ) , where C° denotes the po-

lar set of C, the arithmetic mean symmetrization by Cay := %, and the maximum

symmetrization by Cyvax := conv(CU—C).
Doing so, for each M € {MIN,HM, AM,MAX}, one obtains

Dm(K,C) =D(K,Cy),

see [7, Appendix] and Section 2. These symmetrizations and their relations are stud-
ied, for example, in [19, 35] and recently also in [6, 7]. The latter are motivated by
the objective of achieving a better understanding of these diameters, in particular by
relating them to each other through geometric inequalities. When considering the rela-
tions between different convex bodies, we use the following notation. For K,C € €™
we say that K is optimally contained in C if K C C and R(K,C) = 1, which is abbre-
viated by K C°P' C. The four symmetrizations can be ordered, and the first and third
containments are always optimal [6, 19].

PROPOSITION 1.1. Let C € 6. Then,

Cvin C%' Ciym C Cam C Cuiax-

Figure 1: The equilateral triangle (black) and its symmetrizations: minimum (blue), harmonic
mean (purple), arithmetic mean (red), maximum (orange) (cf. [6]).

In contrast to Can, the symmetrizations Cyiin, Cuam, and Cyiax depend deci-
sively on the position of C and thus the according diameters do, too. However, all
diameters and therefore the symmetrizations should coincide if C is symmetric. This
is achieved if and only if, in those cases, C is O-symmetric. Thus, it seems natural to
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consider in general only “somehow” centered gauges. We use the following measure of
asymmetry and centering of the gauge. The Minkowski asymmetry of C € € is defined
as s(C) := R(C,—C), and we say that C is Minkowski-centered if C C°P* —s(C)C. For
C € €™, the range of the Minkowski asymmetry is [1,7], where s(C) = 1 if and only
if C is symmetric and s(C) = n if and only if C is an n-dimensional simplex [24].

A first Jung-type inequality is that of Bohnenblust [2], comparing the circumradius
and the diameter in general Minkowski spaces. A generalization allowing also non-
symmetric gauges is shown in [12]. For K € €" and C € 6/, we have

2(s(K)+1) 2

Dam(K,C) = WR(K7C) >

-R(K,C
“RIK.C)
with equality from left to right if and only if C is an n-simplex and K = —C [12].

The following theorems collect several Jung-type inequalities for the different di-
ameters.

THEOREM 1.2. Let K € €" and C € 6. Then,

s(K)+1

Duin(K,C) > 5K

R(K,C).

Using s(K) < n, the Jung-type inequality by Leichtweiss [33],

1
Dan(K,C) > "Rk, ),
n

can be obtained from Theorem 1.2. For Dyy and Dyiax, we obtain non-tight bounds
using containment factors between the symmetrizations in the respective sections. For

Dwyiax , we provide a detailed analysis for the planar case.

THEOREM 1.3. Let K,C € €2.
i) If C is Minkowski-centered and dim(C) = 2,

DMAX(KaC> >R(K7C)
ii) If 0 € C and dim(C) =2,

Dyvax(K,C) >

W1 N

R(K,C).

As part of our investigation, we also consider the following question: given a
Minkowski-centered gauge C € %02 and values (r,D,R), is there a convex body K € %2
such that its inradius is r, its diameter is D, and its circumradius is R (all w.r.t. C)?
This kind of question can be answered by giving a system of inequalities such that
for every triple fulfilling these inequalities there exists such a convex body K. Such
systems have been considered first by Blaschke for the volume, surface area, and
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mean width in 3-space [1] and by Santal6 for some triples of functionals out of area,
perimeter, circumradius, inradius, diameter, and width for the Euclidean planar case
[38]. Later, systems for many triples from the list of Santalé could be completed
[5, 15, 28, 29] and even four of these functionals [8, 39] have been taken into account.
Other functionals, such as the first Dirichlet eigenvalue [21] or the Cheeger constant
[20], have been included as well.

To describe the values the inradius, circumradius, and diameter may have when
we consider a fixed, Minkowski-centered gauge, we study the following mappings.

DEFINITION 1.4. For M € {MIN,HM, AM,MAX}, define

r(K,C) DM(K7C))
R(K,C) 2R(K,C) )

M X EE - R, fu(K,C) = (

As with the diameter we simply write f if C is O-symmetric. The set fy(4",C) is
called the (r,Dy, R)-diagram — the Blaschke-Santalo diagram for the inradius, circum-

radius, and diameter (depending on the respective definitions) with regard to the gauge
C.

In [9] a complete system of inequalities for the (r,Dam,R)-diagram with trian-
gular gauge S is derived. It turns out that fam(%€",S) = fam(€", %), which means

that fAM(%;",S) provides inequalities being valid for all possible gauges. Likewise, we
describe the diagrams fyn(%",S), fum(%",S), and fuax(¢",S).

THEOREM 1.5. For every Minkowski-centered triangle S & €2, the diagram
fuax(€2,S) is fully described by the inequalities

Dvax(K,S) < 2R(K,S)
21(K, S) < Diax (K, S)
0< r(K,S)
R(K.,S) < Dyiax (K, S)
(DMAX(KS) - l) <§_ DMAX(K,S)) _r(K.S)
AV S R(K.S)

As it turns out, the descriptions of the diagrams for Dy and Dyn follow from
the ones of Dyax and Day, respectively, by using containment factors between the
symmetrizations of triangles.

COROLLARY 1.6. For every Minkowski-centered triangle S € €2, the diagram
fam(€2,S) is fully described by the inequalities
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2
R(K7S) < gDHM(KaS)7

(D) (o) e

R(K,S) 4

9

COROLLARY 1.7. For every Minkowski-centered triangle S € €2, the diagram
fvN(%2,S) is fully described by the inequalities

Duin(K,S) <3R(K,C),
2r(K,S)+R(K,S) < Duin (K, S),

DMIN(K,C)< _DMIN(K7C)> o IK.C)
3R(K,C) 3R(K,C) ) "~ R(K,C)’

The paper is organized as follows. Section 2 provides more details on the dif-
ferent diameter variants and Section 3 presents general properties of Blaschke-Santal6
diagrams. Sections 4, 5, and 6 each deal with one of the three diameter variants. In
Section 4, Dyax is discussed and Theorems 1.3 and 1.5 are proven. In Section 5, we
prove the results concerning Dy, including Theorem 1.2 and Corollary 1.7. Finally,
Section 6 provides the results for Dy, including Corollary 1.6.

2. Properties of the diameters
We give more detailed definitions which help to analyze the different diameters.
DEFINITION 2.1. Let K € ", C € 6, and a € R"\ {0}.
i) The a-length I, op is defined as

[ K.C):=2 R C).
a,AM( ’ ) xfyG(ane}();ﬁlin(a) ([xhy}, )

ii) The a-breadth b, sy is defined as

hg(a) +hg(—a)

baam(K,C) =2 Fhe(=a)”

In [12] the following properties of Dan, which are well known for symmetric
gauges (cf. [23]), are proven.

PROPOSITION 2.2. Let K € 6", C € 6}, and a € R"\ {0}.

Dam(K,C) = uelng?l\%} loam(K,C).

ii)

DAM (Kv C) = uErﬂg’?\?O} ba,AM (Kv C) .
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iii)

laam(K,C) = Iy am (Kam,C) = lgam (K,Cam)
= lg,aM (Kam,Cam) -

iv)
baam(K,C) = by am (Kam,C) = by am (K,Cam)
= ba,aM (Kam,Cam) -
v)
Dam(K,C) = Dam (Kam,C) = D (K,Cam)
= D (Kam,Cam) = 2R (Kam,Cam) -
Vi)

in lL,am(K,C)= min by am(K,C) =2r (Kam,Cam) -
cRM {0} a.am(K,C) L a.aM(K,C) = 2r (Kam, Cam)

Next, we introduce a-lengths and a-breadths for the other diameters.

DEFINITION 2.3. Let K € ", C € 6, and a € R"\ {0}.

i) The asymmetric a-length Ij, \py is defined as

I K,C):= max x—c.
a,MIN( ) X_ye(K_K)mpos(a)” vl

The symmetric a-length I, miN is defined as

l K,C):= — .
a,MIN( ) x—ye(l(r'rlallgﬁlin(a)”x ,VHC

ii) The a-length I, yum is defined as

1
l, K,C):= max =(||x— +lx—yll_¢)-
K0y = max (et o)

iii) The a-breadth b, max is defined as

hK(a) + hK(_a)
max(he(a),he(—a))

bamax(K,C) :=

The following lemma states analogous results to Proposition 2.2 for the three other
diameter definitions.
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LEMMA 2.4. Let K € 6", C € 6}, and a € R"\ {0}.

i)
D K,C max [ K.C max [, K.C
MiN (K, C) = Lo oM (K, C) = s MN(K,C),
DHM (K, C) = max la.HM(K,C),
acRM\{0}
DMAx(K7C) max baMAX(K C)
acR™\ {0}
ii) For M € {MIN,HM},
lu7M(K,C) = max Hx—y||CM = la7M(K,CM)

x—ye(K—K)lin(a)
= lym (Kam; Cm) = lam (Kam, C) = g am (K, Cyr).
iii)
h[((a) + hK(—a)

b, K.C)=
'MAX( ) hconv(CU(—C)) (a)

= bamax (K,Cuvax)
= baaM(K,Cvmax) = bamax (Kam,Cmax)) = bamax (Kam,C) .
iv) For M € {MIN,HM,MAX},

DyM(K,C) = D(K,Cym) = D (Kam,Cym) = Dym (Kam; C) -

Proof.

i) Since we maximize over the a-lengths to obtain the diameter, both, I/ and
lamiN » lead to the same diameter:

Duin(K,C) = l K.C)= I K.,C).
M~ (K, C) ae%{fl\ﬁo} «MIN(K,C) ae%{?\’io} v (K, C)

The remaining identities follow directly from the definitions of the diameters and
a-lengths.

ii) Since ||v||cn—c = max(||v||c,||—V||c) for every v € R", we obtain

max maxy (X — s —X max X —
x—y€(K—K)Npos(a) (ke =lle, ly —lle) = ve(K—K)nlin( H ylle
= max X— = max 2R x,y|,CN—C).
x—ye(K—K)lin(a) H y”Cﬁ Cc= —ye(K-K)nlin(a) ([ 7y]7 )

This shows the claim for M = MIN.

For the first equation in the case M = HM, we use the fact that §(||a/|c+||—al|c) =
[lal] % forany @ € R" and C € €. The remaining identities follow directly
2

from the definitions of the diameters and a-lengths.
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iii) The first equation follows from the fact that max(hc(a),hc(—a)) = hey,y (@) . The
remaining identities follow directly from the definitions of the diameters and a-
breadths.

iv) This follows from applying parts ii) and iii) for the different diameter defini-
tions. [

For all diameter definitions, we say that x,y € K is a diametric pair if Dy (K,C) =
DM([xvy}vc) .

REMARK 2.5. Width-definitions can be done analogously to those of the diame-
ters, using the different definitions of the a-lengths and -breadths. For g € {l,b} such
that g, v is defined, the corresponding width of K € €™ with respect to C € 6 is
defined as

wMm(K,C):= min g,m(K,C).
M(K,C) = min gan(K.C)
A segment L C K that attains wy (L,C) = w(K,C) is called a widrth chord of K . Please
note, in the standard case M = AM it does not make a difference whether we minimize
over the a-length or -breadth. Moreover, using Lemma 2.4 one could symmetrize the
arguments of the width as well.

The following proposition is taken from [11]. It characterizes optimal contain-
ment. We use the following notation: We write bd(C) for the boundary of a convex
body C. A half-space Hé gy = {xeR":a"x < B} supports aconvex body C in p €
bd(C) if C C Hé p) and a"p=PB. Apoint p € bd(C) is extreme if p ¢ conv(C\ {p}).
The set of extreme points in denoted by ext(C).

PROPOSITION 2.6. Let K,C € " and C be full-dimensional. Then K C°** C if
and only if

i) KCC and

ii) for some k € {2,...,n+ 1}, there exist touching points p',..., p* € ext(K) N

bd(C) and half-spaces H(i,- hela) supporting C in p' with affinely independent

outer normals a' € R"\ {0}, i € {1,...,k}, such that 0 € conv({a',...,a"}).

In the following, we study properties of the diameters and how concepts such as
completeness translate when using the different definitions.

REMARK 2.7. The inradius, circumradius and diameter are increasing and homo-
geneous of degree 1 in the first argument and decreasing and homogeneous of degree
—1 in the second argument.

For convex combinations of the first argument we obtain the next lemma.
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1

ii

ii)

i)

LEMMA 2.8. Let K|,K, € 6", C€ 6, and A € [0,1].

i) If ' 4+ rC CP Ky and ¢ + r,C CP K> for some ¢',c? € R* and ry,r» >0,
then
r(AKy + (1 —A)Ky,C) Z Arp+ (1L —A)r,.

Moreover, equality is attained if the optimal containment of the homothets of C
within K| and K is characterizable by the touching points c¢' + rip* and ¢* +
rapt, with p' € bd(C), and corresponding outer normals a' for i € {1,...,k},
for some k€ {1,...,n+ 1}, using Proposition 2.6.

ji) If Ki COPtc! + R C and Ky COP' ¢? + RyC for some c',c> € R" and ri,r, >0,

then
RAKi+ (1 =A)K5,C) < AR+ (1 —A)Ry.

Moreover, equality is attained if the optimal containment of the homothets of K
and K, within R\C and R,C, respectively, is characterizable by the touching
points ¢! +Ryp' and ¢* + Ryp', with p' € bd(C), with i € {1,...,k}, for some
ke {l,...,n+ 1}, using Proposition 2.6.

i) Forany M € {MIN,HM, AM,MAX}, if D; = Dm(K,,C) and Dy = Dy(K>,C),
then
Dy(AK + (1 —A)K,,C) K ADy+ (1 —A)Ds.

If the diameters are defined by the same a-breadth or a-length, we have equality.

Proof.

Obviously, /1;1 +(1 —/l)cz +(Ar+ (1 =2A)r2)C CAK + (1 —24)K. Let e+
ript, ¢+ rypt, with p' € bd(C), be the touching points and @' the corresponding
outer normals with i € {1,...,k} forsome k € {1,...,n+ 1} as in Proposition 2.6.
Then,

ki (1-ak (@) = A) T d + An(p) T + (1-2)(*) T + (1= A)n(p') Td

= hlcl+(lfﬂ,)cz+(lr1+(lfl)rz)c(ai)'

Thus, we have touching points in the intersection of bd(Ac! + (1 —A)c? 4 (Ar +
(1 —2)r)C) and bd(AK; + (1 — A)K3) with corresponding outer normals a',
i€ {1,...,k}, with O in their convex hull. This shows that we have optimal con-
tainment.

The statement for the circumradius follows analogously. Here, the outer body is C
in both cases, so we automatically have the same supporting hyperplanes.

Since Dy (K,C) =2R(Kam,Cwm), the inequality follows from part ii) . If the diam-
eters are attained by the same a-length, we have the same touching points in the
containments % cort WCM and @ cont MCM and thus the
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equality case follows again from part ii). If the diameter is attained by the same
a-breadth, we have
ADm(K1,C) + (1= A)Dm(Kz,C) = Abam(K1,C) + (1 = A)bam(K2,C)
atmenl@ g e k(@) Rk +(1-2)K)— (3 +(1-A)Ky) (@)
hCM (a) hCM (a) hCM (a)
Zb%M()LK] +(1=A)K,,C) < DM(AK + (1 = A)K;,C)

and equality follows. [

LEMMA 2.9. Let K € 6", C € 6, and a € R"\ {0}, and let A :R" — R" be
a non-singular affine transformation and Ly its corresponding linear transformation.
Then

R(A(K),A(C)) = R(K,C)
r(A(K),A(C)) =r(K,C)
Dm(A(K),La(C)) = Dm(K,C).

Proof. 1Tt follows from Proposition 2.6 that the in- and circumradius are invariant
under affine transformations. All symmetrizations interchange with linear transforma-
tions: (Lx(C))m = La(Cwm) (see [6], Lemma 4). However, we need to restrict the trans-
formation in the second argument of the diameter to be linear, since the symmetrizations
are not invariant under translations if M # AM. Since Dy (K,C) = 2R(Kam,Cm) , the
invariance of the diameter then follows from that of the circumradius. The position
of K does not change the diameter, and therefore we can apply a corresponding affine
transformationto K. [J

To analyze properties such as constant width and completeness we extend their
definitions to the different diameters.

DEFINITION 2.10. Let K,K* € ", K* DK, C€ 6.
i) K is of constant width if wy(K,C) = Du(K,C).
i) K is complete if Dy(K',C) > Dy(K,C) forall K" € 6" such that K’ D K.
iii) K* is a completion of K if K* is complete and Dy (K*,C) = Dy (K,C).
REMARK 2.11. Since Dy(K,C) = D(K,Cy ), we obtain the following from [17]:
i) K has constant width if and only if Kap = ACy for some A € R.

ii) If K is of constant width, it is complete.

iii) In the planar case, K is complete if and only if K is of constant width.



670 R. BRANDENBERG AND M. RUNGE

LEMMA 2.12. Let K € €. If K* is a completion of K, then K C°P' K*.

Proof. By definition K C K* and Dy(K*,C) = Dy(K,C). Now, assume there
exist c € R" and 0 < p < I such that K C°P' ¢+ pK*. Then, Dy(K,C) < Dv(c+
pK*,C) < Dy(K*,C), a contradiction. [J

REMARK 2.13. Let us observe two things:

i) Whenever the gauge is symmetric, the only (up to translation and dilatation) com-
plete and symmetric set is the gauge itself. Thus, when considering Dy with
respect to a possibly non-symmetric gauge C, the only complete and symmetric
set is always Cy.

ii) Inthe case that M = AM, the gauge itself is always complete. This is not necessar-
ily true when considering the other diameter definitions. In the following sections,
we will characterize when the gauge is complete and what the completion looks
like otherwise.

In the following the optimal containment factors between Cay and Cyy will prove
helpful in the analysis of the different diameters.

NOTATION. Let C € 4 be Minkowski-centered. By v := dm(C) and pyv :=
pm(C) we denote the dilatation factors needed, such that

oMCum com Cam com 5MCM~

Since all symmetrizations are 0-symmetric and full-dimensional, these factors always
exist. For better readability, we omit the argument C whenever it is clear from the
context.

While some of the values py and Oy depend at most on the asymmetry s(C),
some do not. The following proposition collects results from [6, 7, 19].

PROPOSITION 2.14. Let C € 6y be Minkowski-centered. Then,

s s 2 s
PMIN € [1, (C)—H}, PHM € [17%}, pMAX:S(2C>(C_;_)17
2
OMIN = S(C)2+ 1, Oum € [(S(:?(Z)l) 7S(C)2+ 1] ) Omax = 1.

The factors also appear as the width and diameter of the gauge.

LEMMA 2.15. Let C € 6 be Minkowski-centered.

i) wm(C,C) =2pm and Dy (C,C) = 28y.
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ii) For any segment L C°"'C

with equality on the right-hand side if and only if L is the convex hull of a diametric
pair of points of C and equality on the left-hand side if and only if L is a width
chord of C. All values in between are attained.

Proof. Part i): By the definition of dy as well as the diameter properties collected
in Proposition 2.2 and Lemma 2.4, we have

wm(C,C) = w(Cam,Cm) = 2r(Cam,Cm) = 2pm
as well as

Dy(C,C) = D(Cam,Cwm) = 2R(Cam, Cu) = 20m-

Now, for part i), let L C°P' C be a segment. From i), we see Dy (L,C) < Dy (C,C) =
28y and obviously equality is attained if and only if L is the convex hull of a diametric
pair of points. Since R(L,C) = R(L,Cam) = 3D(L,Cam) for segments L [12], we
obtain for segments L C°P' C

1
Dy(L.C) =D(L,Cy) <D (L, p_CAM)
M

= pmD(L,Cam) = 2pMmR(L,C) = 2pm.

If L is a width chord, we obtain Dy(L,C) = wy(C,C) = 2py from part 7). Finally,
all values in between are attained, since the a-length and a-breadth are continuous as
functions of @ on R"\ {0}. O

In the following, a segment L C°P' C is denoted by L,, if Dy (L,C) = 2py and by
Lp if Dy(L,C) =20y .

The containment factors between the symmetrizations of the gauge can be used to
improve this chain and to formulate new inequalities.

LEMMA 2.16. Let K € 6" and C € 6 be Minkowski-centered.

i) pmDam(K,C) < Dm(K,C) < duDam(K,C),

i) Sur(K,C) < M’
i) 2909 < 5urk ),
) Pu(s(C)r(K.C) + R(K.C) < (5() + 1) 2D g

V) r(K,C) —|—R(K,C) < R(CM,C)DM(K,C).
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Proof.
1) This is a direct consequence of Remark 2.7 and Proposition 1.1.
ii) Since r(K,C)C is contained in some translation of K, we obtain from Lemma 2.15
i)
1 1 Dy (K,C
Sur(K,C) = 3 Dm(C.O)r(K.C) = zDm(r(K.C)C.C) < %
iii) This follows completely analogously to ii).
iv) By [10, Theorem 1.1] we have

S(C)r(K.C)+R(K,C) < O+

Dam(K,C)

and
Dam(K,C)

2

Dyn(K,C)

(5(C)+1) o

< (s(C)+1)

follows directly from part i).
v) For the symmetrization Cy it holds r(K,Cv) +R(K,Cy) < D(K,Cy ). Thus,

1

Du(K,C) > r(K, R(K,Cy) > ——

(r(K,C)+R(K,C)). O

DEFINITION 2.17. Let K € 4" and C € €. The set

K% = ﬂ (x+Dm(K,C)Cy)
xek

is called the super-completion of K .

Let us remark that Moreno and Schneider [37] call K*'P the wide spherical hull.
It is shown in [17] for arbitrary Minkowski spaces (i.e. for 0-symmetric C) that a set
K is complete with respect to a symmetric gauge C if and only if K**P = K and in [36]
that K*'P is the union of all completions of K. All this has so far only been considered
for O-symmetric C, but it is easy to see that it all directly transfers to the general case.

DEFINITION 2.18. Let K € €™ be full-dimensional.

i) A boundary point of K is called smooth if the supporting half-space of K in this
point is unique.

it) A supporting slab of K is the intersection of two antipodal parallel supporting
half-spaces of K.

iii) A supporting slab is regular if at least one of the bounding hyperplanes contains a
smooth boundary point of K.
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iv) We say that @ € R"\ {0} defines a regular slab if there exists a supporting slab
such that the defining half-spaces have outer normals +a.

It is easy to argue that a lower-dimensional convex body K € €” is never complete.
On the other hand, every full-dimensional convex body is the intersection of its regular
slabs and completeness can be characterized by using these slabs [37, Theorem 1].

PROPOSITION 2.19. Let K € €" be full-dimensional. Then the following are
equivalent:

i) K is complete.
ii) For every outer normal a, defining a regular supporting slab of K, we have

hx(a) +h_k(a) — Du(K,C).

hey (a)

REMARK 2.20. Defining Ky := (\yex (x+Dm(K,C)Cym) for some X C K, we

obviously have K* C K*P C Kx. As mentioned after the definition of the super-

completion, K* = K*'P implies uniqueness for the completion K* of K. This means

that describing properties for such subsets X that imply K* = Kx in the following
implicitly guarantee uniqueness of the completion K*.

LEMMA 2.21. Let C € 6§, X be a closed subset of K € ¢", full-dimensional,
and Kx := Nyex (x+DMm(K,C)Cwm). Then the following are equivalent:

i) Kx is a completion of K.
ii) For every a € R"\ {0} that defines a regular slab of Cyi there exist a € {a,—a}

and p € X such that hg, (—a) = p' (—a) and hg, (@) = Pyt Dy(K.C)Cn (@)

Proof. Let us abbreviate D := Dy (K,C) for the proof. “ii) = i)”: In [37] it is
shown that D(Ky,Cy) = max {b,(Kx,Cy) : a defines a regular slab of Cy }. Using a
and p as described in ii), we have for any such a

_ iy (@) +hiy(=a) _ hpipey (@) +p'(=a)

ba(Kx,Cnm) = hey, (@) B hey (@)
_ p'd+Dhg,(a@)+p'(-a) -D
hey (@) .

Thus, DM(Kx,C) :D(Kx,CM) =D.

To show completeness of Ky using Proposition 2.19, we need that all the regular
slabs of Kx are of diametric breadth. However, by the construction of Kx , every a that
defines a regular slab of Ky also defines a regular slab of Cyy.

“i) = ii)”: Assume Ky is a completion of K and there exists some a € R"\ {0}
that defines a regular slab such that there is no p as defined in ii). By the construction
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DNTa4+ hDCM (a) and hKX(—a) =

of Ky there exist p!,p? € X such that hg, (a) = (p')"
)la < (p)Ta+ hpey(a), otherwise

(Pz)T(—a) + hpe, (—a). By our assumption (p
we could choose p = p*. Then,

g @)+ () _ (91) oy, (@) + ()T (—a) + oy (—a)
PO @ e @)
(1) a+ (1) (=a) + hocy(=0) _ hocu(—a)

- e @) " Theg@ DT PEO)

which contradicts Kx being a completion of K. [

Now, we consider the special case where the set X in Lemma 2.21 is a simplex.

DEFINITION 2.22. Let C € 6. We say that a subset X C K € ¢ is a diametric
simplex of K if

1) X is a simplex, and

il) Dm([x,y],C) = Dm(K,C) for all pairs of vertices x,y of X .

LEMMA 2.23. i) Let X be a diametric simplex of K € €*. Then, Kx is the
unique completion of K.

ii) Any triangle T for which X =T is a diametric simplex of K has a unique com-
pletion.

Proof.

i) We show that property ii) of Lemma 2.21 is fulfilled. Assume w.l.o.g. that
Du(X,C) = Dp(K,C) = 1 and let X = conv ({p',p?,p*}). Then, the transla-
tions —p'+ X with i € {1,2,3} are subsets of Cy, all with one vertex in the

p*+DCy p*+DCy

P] + DCy

Figure 2: If K contains a diametric simplex, its completion is constructed similar to the
Reuleaux triangle in the Euclidean case. It suffices to consider the extreme points, i. e. the vertices
of a diametric simplex.
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origin and the other two on the boundary of Cy; (cf. Figure 2). We have three pairs
of points +(p' — p/) on the boundary of Cy;. For each, we choose an outer normal
a*, k € {1,2,3} ordered as given in Figure 2. Now, the boundary of Ky = Kexi(x)
consists of three parts which are built by parts of the boundary of Cy; (colored
in blue in the left part of Figure 2). Then, if a € pos({a’,—a’}), i # j, prop-
erty ii) of Lemma 2.21 is fulfilled for Kx with p = p*, k ¢ {i, j}. Hence, for all
a € R"\ {0}, property ii) is fulfilled, and it follows that Ky is a completion of K.
Using Remark 2.20 we obtain the uniqueness.

ii) This follows directly from part ;). [

In higher dimensions, diametric simplices do not necessarily have unique com-
pletions. This is well understood for the three-dimensional Euclidean case, where the
Reuleaux tetrahedron is not of constant width. Examples of completions of the tetrahe-
dron are, e. g. the two so-called Meissner bodies [34].

From the containment chain in Proposition 1.1 we know

Dyax (K,C) < Dam(K,C) < Dum(K,C) < Dmin(K, C).

3. Blaschke-Santalé diagrams

In this section, we show some general properties of the Blaschke-Santal6 dia-
grams. It is shown in [9] that fAM(%_”,C), independently of the choice of C, is star-
shaped with respect to the vertex fam(C,C) = (1,1). This means that these diagrams
can be fully described by characterizing the boundaries of the set. In the following,
we prove similar (slightly weaker, but sufficient for our purposes) results for the other
diameters. One may note that all diagrams with respect to triangles that are described
in the following chapters are still star-shaped w.r.t. fy(C,C).

LEMMA 3.1. The diagram fy(€",C) with respect to C € 6§ is closed and if
there is a continuous description of the outer boundary, it is simply connected.

Proof. Assume there is a sequence (K, ),eny C €™ such that K, c°P' C for all
n€ N and r(K,,C) — r* and Dy(K,,C) — D* for n — oo. The sequence (K, )en is
bounded as all sets are contained in C. Thus, by the Blaschke-Selection-Theorem there
exists a converging subsequence K, — K* for k — oo. The inradius and diameter are
continuous and therefore r(K*,C) = r* and Dy(K*,C) = D*. Hence, fy(%€",C) is
closed.

As a consequence, we know that fy(¢",C) could at most have open holes and
therefore only full-dimensional holes. For K € %™ such that K COPt C, define K; :=
(1—1)K+1C for t € [0,1].

Then by Lemma 2.8,

r(K;,C) = (1 —1)r(K,C) +1,



676 R. BRANDENBERG AND M. RUNGE

R(K,,C) = (1—1)R(K,C)+1=1,

and
DM (K, C) < (1 —1)Dy(K,C) +tDy(C,C).

In the case M = AM, we also have equality for the diameter, but this does not neces-
sarily hold for the other variants. Since R(-,C),r(-,C), and Dy(-,C) are continuous
with respect to the Hausdorff distance and ¢ € [0,1] — (1 —7)K +¢C is continuous in
t, the composition I'g : [0,1] — R2, ¢ (r(KhC), M) is continuous as well.
Thus, for every such K there is a continuous curve 'k in the diagram from fy(K,C)
to fm (C7 C) .

Let (K"),ew be a sequence of bodies mapped to the boundary of the diagram,
converging to K, also mapped to the boundary. We show that the functions ['k» con-
verge uniformly to I'x . We can consider the components separately. For the inradius,
we get

|r(K:,C) = r(K]',C)|

[(1—-1)r(K,C)+1t—(1—1)r(K",C)—1]
(I=0)|r(K,C) —r(K",C)|
< |r(K,C)—r(K",C)].

Let € > 0. Since |r(K,C) —r(K",C)| — 0 for n — oo, there exists an N such that for
all n > N, |r(K;,C) —r(K]',C)| < € for all t € [0,1]. It is known that when convex,
continuous functions f, : [a,b] — R converge pointwise to a convex and continuous
function f, the convergence is uniform [31, Lemma 21]. The functions g, : [0,1] — R,
t — Dy (K]',C) are convex and continuous in 7, and they converge pointwise to the
convex and continuous function g : [0,1] — R, # — Dy (K;,C). Thus, this convergence
is also uniform, and the curves converge uniformly.

Dy
2R

=~

Figure 3: Proof of Lemma 3.1: K,, — K but Tk lies below the hole and Tk, above.

Now, assume the diagram has a hole. We call the boundary of the smallest closed,
simply connected set containing the diagram, the outer boundary of the diagram. For K
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on the outer boundary of the diagram we say that the curve I'x lies above the hole, if the
set enclosed by [fm(Lp,C), fm(C,C)], Tk and the outer boundary between fy(K,C)
and fum(Lp,C), which does not contain the segment [fy(Lp,C), fm(C,C)] does not
contain the hole. Analogously, we say that I'r lies below the hole if that set contains
the hole. Thus, I';,, lies above the hole and I'c below. Hence, there exists a converging
sequence (K,),en With K, — K of bodies on the outer boundary such that all T'g» lie
above the hole and I'x below or vice versa (cf. Figure 3). This contradicts the fact that
the curves converge uniformly. [

In [9], fAM(<€_2,S), with S being a triangle, is described, and it is shown that this
diagram is equal to the union of the diagrams over all possible gauges.

PROPOSITION 3.2. For every triangle S € €2, the diagram fAM(<€_2,S) is fully
described by the inequalities

Dam(K,S) <2R(K,S)
4r(K,S)+2R(K,S) < 3Dam(K,S)
DAM(K,S) I_DAM(K7S) < V(K,S)
2R(K,S) 2R(K,S) ) T R(K,S)
Moreover, fAM(‘Ka,S) :fAM(%ZZ,%OZ).
D Dam
2R 2R
L B3 L S
1 —= 1
V3 T RT
2
1
2
-8
; ;

1 1
3 V3i-1 1 : 1

Figure 4: The (r,D,R)-diagram w. r.t. the Euclidean disc IB% [38] (left) and the (r,Dam,R)-
diagram w. r. t. a triangle S (9] (right).

In the case of the standard diameter it was sufficient to describe the Blaschke-
Santalé diagram with respect to a triangle to obtain fAM(‘Kz,‘KOz). Thus, it seems
reasonable to look at the diagrams for the three other diameters Dyn, Dvax and
Dy in terms of triangular gauges first, which we do in the remaining sections.
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4. The maximum diameter

When we use the notions “equilateral”, “regular”, and “isosceles” in the following,
it is meant in the Euclidean sense. Unless otherwise specified, we fix the equilateral tri-
angletobe T := conv ({p',p?,p*}) CR? with p' = (0,1)", p*=(—v3/2,-1/2)T
and p® = (v/3/2,—1/2)". It is Minkowski-centered with s(T) = 2 and Tyax is the
regular hexagon conv ({p', p?,p*,—p',—p*,—p*}).

Figure 5: The equilateral triangle T and its maximum Tyax -

We know from Proposition 2.14, that for the maximum, the factors pyax and
dmax depend only on the Minkowski asymmetry s(C), namely, pmax = % and
Omax = 1. Thus, for K € " and C € %] Minkowski-centered, the inequalities from

Lemma 2.16 have the form:

LAXZ(K ) < rix.0), (1)
rik.c) < PaXIRC) e
S(C)I’(K7C)+R(K,C) <S(C)DMAX(K7C), 3)
and
0< I’(K7C). (@)

We obtain R(Cyax;C) = s(C), r(Cmax,C) = 1, and Dyax(Cmax,C) = 2 from
[7]. Inequalities (1) and (2) become equalities in the case of K = C while (2) and (3)
become equalities if K = Cyax -

It turns out that in the case of Dyax, asymmetric gauges are not complete, but a
completion is easy to find.

DEFINITION 4.1. Let C € 4 and A2® :=bd(C°) Nbd(—C°).
We define the outer symmetric support:

Co = () H

0SS
acA ¢
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LEMMA 4.2. Let C € 6} be Minkowski-centered.

i) Cvmax is always a completion of C. For every completion C* of C we have
R(C*,C) < R(Cmax,C) =s5(C).

i) Cmax C CSP C C°S,
iii) CMAX E X% ifand Only ifCMAX = (s,
iv) Cmax is always the unique 0-symmetric completion of C.

One should recognize that we need a scaling factor of up to n to cover the comple-
tion Cyviax by C here, while with the arithmetic diameter C is always already complete
itself.

Proof.
1) Cmax is a completion of C, since C C Cyiax and
Drnax(C,C) = 20uax = 2 = D(Cuax, Cmax) = Dmax(Cmax; C),
while for all K 2 Cyax we have Kayv 2 Cuax and
Dyvax (K,C) = D(Kam, Cvax) = 2R(Kam, Cyax) > 2.

The maximality of the circumradius can be seen as follows: Let C* be any com-
pletion of C. Then, from (3) and Lemma 2.12 we obtain

R(C*,C) < s(C)(Dmax(C*,C) — r(C*,C))
= S(C)(DMAx(CMAx,C) — r(CMAx,C)) = S(C) = R(CMAx,C).

ii) Next, we show that Cyjax C C5'P C C°. The first containment follows from the
fact that C5"P is the union of all completions of C. For the second containment it
suffices to show that csw (a) < hcoss(a) for all a € AZ®. For any a € A there
exists p € —=CNH(, . Since —p € C, we obtain C*** C —p +2Cyax , and since
a € bd(C°)Nbd(—C°),

hewn (@) < hpiacyyns (@) = —p @+ 2y (@) = 1 = heos(a).

iii) The backward direction directly follows from part ii). To show the forward direc-
tion, assume Cyax 7 C°*. Since Cyax is the intersection of its regular slabs,
there must exist some a € bd(C°) which defines a regular slab of Cyax but
he(a) > he(—a). There exists a smooth boundary point x of Cyax supported
by the hyperplane H(, ). Since hc(a) > hc(—a), the point x must belong to
bd(C) N H(,,1). Now, let us assume that x € bd(C*"?) as well. Then, there exist
an outer normal a, € bd((Cmax)°) and a point p, € C such that a x = hesuw (ay)
and (a,)" (x— p,) = 2. This means that H(4y hesup (ax) also supports Cyax , Which
implies ay = a, since x is a smooth boundary point of Cyiax. This contradicts
px € C, since he(—a) < he(a). Thus, x is not contained in the boundary of C'P
and therefore, Cyjax # C*P.
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iv) Finally, any O-symmetric completion of C must contain C and —C and therefore
Cvax. U

EXAMPLE 4.3. Trapezoids within the following family have completions besides
their maximum:

amen ({50 (D 0E D (5D )

with 4 € (0,1). Z, is Minkowski-centered with Minkowski asymmetry 2 — A and
(Z,)°% # (Z; )pmax» Which because of Lemma 4.2 means that (Z) )yax is not the
unique completion of Z; . In the extreme cases A € {0,1}, Z, is a triangle or a rect-
angle and (Z) )max = (Z,)'P = (Z;)°*.

Figure 6: For trapezoids Z),, A € (0,1), the maximum (Z, )Max is not their unique completion,
since (Z)L)MAX ;ﬁ (Z)L)OSS .

The first new inequality we provide is the one in Theorem 1.3 part i), a lower
bound for the diameter-circumradius ratio for C € 67 Minkowski-centered and K €
€*:

DMAX(KaC) > R(K,C)

Proof of Theorem 1.3 i). If K is a single point, R(K,C) = Dyax (K,C) =0. Thus,
we may assume K € €2 and K C°' C, which implies R(K,C) = 1. Then, there exist
touching points q',...,¢d € bd(K) Nbd(C) with k € {2,3} and corresponding outer
normals @' as described in Proposition 2.6.

If k=2 is possible, there exists a segment L C K with the same circumradius as K
and by Lemma 2.15 Dyiax (K, C) > Dmax (L, C) > 2pmax(C) = 25 > 1 =R(K,C).

For k = 3, the triangle conv ({¢',¢4% ¢*}) has the same circumradius as K and
Dyax(K,C) = Dyax(conv({¢',4*,q° }),C). Thus, it suffices to prove the claim in the
case that K = conv ({q',¢4*,4*}) is a proper triange.

Let S := ﬂi:l H (j",l) be the intersection of the three supporting half-spaces of C

s.t. gk € H 4 1) Denote the vertex opposite to the edge defined by a* by p*. Then,
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R(K,S)=R(K,C) =1 and Dyax(K,S) < Dmax(K,C). Due to invariance under linear
transformations we may assume that S = ¢+ T where T is the Minkowski-centered
equilateral triangle as defined at the beginning of the section. Hence, p* = ¢+ pF,
k= 1 2,3. In the following, indices are to be understood modulo 3. Let oy € [0, 1] be
s.t. ¢ = oy pF 4 (1 — oy) pF+2. Since C is Minkowski-centered, 0 lies in the interior
of C.

We split the proof into two parts. First, we consider the case where the origin is
close to the center c, i.e. 0 € int (conv ({c — 3 p¥, k=1,2,3})). Afterward, we care
about the case, where c is further apart from the origin.

Let us start with the case where 0 € int (conv ({c — 3 p*,k=1,2,3})), which is
equivalent to ¢ € int (conv ({$p*,k = 1,2,3})). Define 41,2, 43 > 0 with 33_| A =
% such that ¢ = 33, 4pF. Let 7/ € R? be defined as the direction such that

(@)Tp =1 and ()"p"? =1 and ic{1,2,3}, (5)
see Figure 7. This is possible as 0 € int(S). Since ¢ = %22:1 7, we have
()5 =3() e ©)
Inserting ¢ = 2,3(:1 Mep yields
. . 1.
7') szk (p"—c —3li(Z1)TC—li+1+li+2—E(ZI)TC,
which implies
; Aipp—Aist A — A
) =T T AT Ay
7 M i+2 + Ait1
Thus,
: 21,42 iNT 2)LiJrl
143 ) Te=—"" >0 and 1-3()Te=—T—>0 (7
#) Aig2 4+ i1 =) Aig2 +Aig1

and therefore by (6) ' '
(=) <L,
which shows that z' is an outer normal of conv(SU (—S)) with hgony(su(—s))(z') = 1.
It follows, using (5), (6) and (7), that

Dyvax(K,S) > .n}azxgbzi (K,Smax)
=1,z
i i+1 i i+2
> max ()'qd = (d)'q
=123 hconv SU(— ( l)
(

— ma o l+2
i=172>§3(Z) (Cti1P" "+

= max o1 (1-3(2)"e) + (1 — o) (14+3(2) Te)
=1,z

1= )p) — (&) T (02 p' + (1 — o0) )

. 2041 Aip1 +2(1 — 042) Ay
i=123 Aig2 + i1 '

|
=)
oo

®)
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Figure 7: Proof of Theorem 1.3 i). If 0 € int (conv ({c— %pi7 i= 17273})), then
max;=123 bzi(K7SU (=9)>1.

We show that if the last expression is smaller than 1 for i = 1,2, then its is at least 1 for
i = 3. Thus, let us assume

200A+2(1 —03)A3 <A+ A3 and
2063/13 +2(1 — 061)/11 < /13 + A1

By adding these inequalities we obtain
2A3+2002 +2(1 —ag)A <A+ 243+ A4
or equivalently

20041 +2(1— o)Ay > AL+ Ao,

which proves max;_; 23 20"'*M’f{:j&?ﬁf’“)k’” > 1. Thus, Dyax(K,C) > 1.

Now, consider the case that 0 ¢ int(conv ({c — $p,k=1,2,3})). Due to the
symmetries of T we may assume that 0 = Ei: L Bip* with 21%:1 Br=1, B3> %, and
B2 > B1 > 0 (cf. Figure 8). Then,

(—d") T p* = % for k € {1,2,3} )
k
and therefore
he(—a®) <h(—a) = (=) 7 = PPy pe@). o)
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Figure 8: Proof of Theorem 1.3 i). If 0 ¢ int (conv ({c — $p¥.k=1,2,3})), we may assume,
w. L. 0. g., that the origin is within the colored area. Then, max;—; 3b(K,conv(CU(-C))) > 1.

Thus, using o, o, 03 as above, we know, if o < 1 — B3 or o > P3, then
hi(—a®) = max {(~a) ", (~a") ¢}
= max { (=) (0 p* + (1 = )p*), (@) (e + (1 - 02) ) }

1-— 1—
:maX{—al +(1 _OCI)TB:%OQT& — (l —062)} >0
and therefore by (10),

hi(a®) +hg(—a®)
he(a?)

Dymax(K,C) = b3 (K,Cymax) = > 1.

Now, let oy > 1— 33 and o < B5. Since ) < B>, we have ] < 1_2& From (9),
we obtain

(—a")Tg? = on((—a") ) + (1 — ) (—a") ') = —orn + (1 _a2>(

ﬁzg-ll%)

1-p65

Using that C is Minkowski-centered, we see that he(—a') < s(C)hc(a') = s(C)
and

>—B3+(1—ﬁ3)<1+ 2P, ):1

(al)qu _ (al)qu
max {h¢(a'),hc(—a')}
1+1 2

5o ot "

Dymax(K,C) = b1 (K,Cymax) =
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Since Dyax is the smallest diameter, Theorem 1.3 i) also provides a lower bound
for all four diameters.

COROLLARY 4.4. Let K,C € €%, C Minkowski-centered. Then

If M # MAX, it follows directly from Proposition 1.1 and the translation invari-
ance in the arithmetic case that Corollary 4.4 stays true for non-Minkowski-centered
C € €. However, Dy (K,C) = R(K,C) for M = AM is obtained if and only if C is a
triangle and K is a homothet of —C [10, 12], and we will see in the next section that
this bound cannot be reached if M € {MIN,HM}.

If we omit the restriction of C being Minkowski-centered, Theorem 1.3 i) is not
necessarily true. However, for planar gauges containing the origin, we still obtain a
weaker Jung-type inequality:

Dyvax(K,C) = ZR(K,C).

W

Proof of Theorem 1.3 ii). We use the same notation as in the proof of Theorem 1.3
part i) and assume again that K is a triangle with K C°?* C. Since Dyax(K,C) =
D(K,Cmax) = D(K,Smax) for S as given in the proof of part i), it suffices to show
D(K,Smax) > 3.

W

Figure 9: Proof of Theorem 1.3. If oy < % or o > %, we have b, (K,conv(SU(-S))) >

T . T .
; 4Ll 2 i J with 44— ¢ 2 ;
If there exists o ¢ [%, %], there is an a/ with e > 3 (cf. Figure 9)
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and therefore,

a'g—al g
max {hc(al),hc(—al)}
N a'g—al g >2
~ he(@) +he(=al) ~ 3

D(K,Smax) = b,i (K, Smax) =

(1)

Now, consider the case where o; € [3,3] for all i € {1,2,3}. There exists i €
{1,2,3} such that 7', defined as in the previous proof, defines a supportmg hyperplane
of Smax with sy, (7)) =1, w.l.o.g. i =3. Thus, 1 = hsy,, () = ()T (£p?) =
+3(z%) "¢ and using (8) we obtain

D(K,conv(SU(=S))) = b3 (K,Smax)
> o (1-3() )+ (1- ) (1+3(2) T¢) (12)
> 213 )+ 3143 9 =2. O

REMARK 4.5. Equality can be attained for some K if and only if C is a triangle
with one vertex at the origin. To obtain equality in the last inequality chain (12) we
need oy = 1—ap = é Now, we see from (11) that b3 (K,Smax) = 2 if and only if
0e { p } U [p', p%]. However, z3 cannot define a supporting hyperplane as described

2

above if 0 € [ ,P~]. Thus, 0 remains to be a vertex of S to reach equality. Moreover,
for Dyax(K,C) = % to be true,

bz3 (K7CMAX) = bz3 (K7SMAX) = -

is necessary which is only possible if p' € C or p*> € C. Assuming only one of
these vertices to be contained in C, it would follow that %(q2 —q') ¢ Cmax imply-
ing Dyax(K,C) > 2. Thus, p', 5?, p* € C, which means C = .

In total, We see that equality can be obtained if and only if C is a triangle with a
vertex (say p°) at the origin and K = conv ({q .¢%,q*}) with o = (1 — o) = £ and

o3 € [3,3]’e-g'K—C0nV({3P 73[7 ,2(p +p )}).Inthatcase

Dyvax(K,C) = b3 (K,Crax) = b3(K,Cuax) = 5

(cf. Figure 10).

For fixed C, we refer to any K that fulfills DRNE%I%)

extremal. If C =T, we have equality in Theorem 1.3 ii) for the following family of
triangles.

Du(K,C)
= mingegn (é o as Jung-
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Figure 10: The equality case in Theorem 1.3: C = conv({O,ﬁl,ﬁz}) and
K =conv ({3p', 5% 5(5' +7)}).

EXAMPLE 4.6. Let T be the equilateral triangle as defined at the top of the sec-
tion and

Ty :=conv({ap' + (1 —a)p*,ap*+ (1 —a)p’,ap® + (1 —a)p'})

for oo € [§,3] (cf. Figure 11). Then, all T, are dilated rotations of 7 (and therefore
equilaterals) with

Dyax(To,T) =R(Ty,T) and r(Ty,T) = (1-30+3c*)R(T,,T).

Figure 11: All the equilateral triangles Ty, are Jung-extremal w.r.t. T .

By construction Ty, C°P' T'. The diameter of T, is attained between two of its
vertices and since Tyax is a regular hexagon which has rotational symmetry of order
six, it does not matter which of the edges of T,, we consider. Let ¢' = ap™™! + (1 —
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a)p't?. By using p® = —p? — p! we obtain

F—q'=ap’+(1—a)p'—ap*— (1-a)p’

=(2-3a)p' + (Ba—1)(-p?)
C [p',—p?] C bd (Tuax) -
Hence, Dviax(Te,T) = [lg* = q' |70 = 1.
The triangle conv ({w!,w?,w*}) with w' := ag"™ + (1 — ot)¢'*! is optimally
contained in T, by Proposition 2.6. Furthermore,
W= agt? + (1 — a)gt!
=a(ap'+(1—a)p™) + (1 —a) (ap™ + (1 - a)p)
= (1 —20+20)p +a(l —a)p™ +a(l —a)p™?
and therefore
Wl —wi= (1 =2a+20>)p™ +a(l—a)p' — (1 —2a+2a%)p' — a(1 — a)p™!
=(1-3a+3a?)(p - p').
Thus, conv ({w!,w?,w}) is a translation of (1 —3a+3a*)T implying r(T,,T) =
1-3a+3a?.
Special cases are T% = —%T (rotated by %), and T% ,T% , rotations of dilated T

by % and 7, respectively. The latter are especially interesting: they are complete since
their arithmetic mean is a dilatation of Tyax. Since the symmetrization Tyjax of T
is also Jung-extremal, there are at least two complete Jung-extremal bodies, Tyax and
T, , with different inradius-circumradius ratios.

’ Now, we compute the values of the functionals for a second family of triangles
for which we will later see that they are mapped to the boundary of the (r,Dyax,R)-
diagram with respect to triangular gauges.

LEMMA 4.7. Let T be the equilateral triangle as defined at the beginning of the
section and S, := conv ({q',4*,¢*}) with ¢" := 1 (p*+p*), ¢* ==Ap' + (1= 1)p>,
and ¢* == Ap' + (1 —A)p?* for some A € [%,1]. Then, R(S),,T) =1, Dmax(Sy,T) =
A+%and r(S;, T)=A(1-21).

Proof. S; C°P'T and therefore R(S;,T) =1 is obvious by construction. More-

over, ||¢? —q3HTMAX <1 and qu_quTMAX =4’ —qIHTMAX. Using p* = —(p' +p?)
we obtain
1 1 1
F=d =+ =205 = L ) =20+ 3 )+ (5 4) (0 =)

- <2A = %) pl+(1-2A)(-p)) € (ﬂ + %) conv ({p',~p?})

C ()L + %) bd(Tyiax)-
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Since A+ 3 > 1 for A € [4,1], it follows Dyax(S;,T) =24 + 3.

Now, we show the formula for the inradius. For K € €2, an inradius (circumra-
dius) triangle of K is a triangle 7’ of the form ¢+ pT with ¢ € R? and p = r(K,T)
(p =R(K,T)) such that 7" CP' K (K C°P' T”). Let conv ({w!,w?,w?}) be the in-
radius triangle of S, (cf. Figure 12). By axial symmetry of 7 and S; we know that
wl = %(q2 +¢°). Denote the Euclidean edge length of the inradius triangle by a. Since
T has edge length v/3, we obtain 7(S;,T) = % The segments [¢°,4%] and [p?, p°]
are parallel and the corresponding edges of the inradius and circumradius triangle are
parallel as well. Thus, the triangles conv ({w!,w?,¢*}) and conv ({p?,¢%,¢'}) are

2
similar, implying %= = % . We obtain
le*=p*ll, — p

2
0= 2= = (1= =9l = (= 2 ! 7], = V3G - ),

and therefore r(S;,T) =

—A(1-A).

%

Figure 12: Calculating the inradius of S;, .

O

One may observe that S| =T = —%T is Jung-extremal and S is a segment.

[S]
(]

LEMMA 4.8. Let T be the equilateral Minkowski-centered triangle as given at
the beginning of the section and K = conv ({ql g }) be a triangle that is optimally
containedin T, s.t. ¢' belongs to the edge of T opposite to p'. We say that (q',q°) is
steep if Hq3 —p1H2 < qu —p3H2. Define K := conv({ql,q37572}) COP' T, a triangle
such that §* is on the same edge of T as q* and Hq2 —p1| , < Hc}z —pluz. If (q17q3)
is steep, r(K,T) > r(K,T).

We call this property “steep” since it implies that the segment [¢',4%] is steeper
than [p?,p'] (cf. Figure 13). By symmetry of T we can generalize this result to
all choices i,j € {1,2,3}: (¢'.q7). i,j € {1,2,3}, i # j is steep if ||¢/ —p|[, <
llg' — p’||, - Atleast one of the ordered pairs (¢',47) or (¢/,q') is always steep.
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Proof of Lemma 4.8. Let Hy and H, be the two lines parallel to [p', p?] sup-
porting the inradius triangle conv ({w!,w?,w3}) of K (that necessarily touches all
three edges of K), s.t. H; contains the edge [w1 , w3} and H, the opposite to vertex w>
(cf. Figure 13). Since (¢',¢?) is steep, the part of H, below w? intersects K. By the
Thales intercept theorem with the two parallel lines H; and H, and the points ¢ or
G, the segment of H| contained in K is greater than or equal to the one contained in
K. Thus, we can move the inradius triangle of K within the slab between H; and H,
until it touches [¢',?]. The resulting translations of w!,w? w? are all contained in K,
the translation of w? due to the steepness of (¢',¢*). Thus, r(K,T) < r(K,T). O

Figure 13: Proof of Lemma 4.8. Since (q',q°) is steep, the inradius triangle can be translated
along the orange hyperplanes.

THEOREM 4.9. Let K € €2 and T be the equilateral Minkowski-centered trian-
gle as given at the beginning of the section. Then,

(DMAX(K,T) 1) (3 DMAX(K,T)> < r(K,T)

2 R(K,T) R(K,T)

RK,T) 2

with equality for the triangles S;,, A € [%, 1], as described in Lemma 4.7.

Proof of Theorem 4.9. The equality case follows directly from Lemma 4.7. So it
suffices to prove the correctness of the inequality.

Let K C°P' T. As already shown in the proof of Theorem 1.3 i), we either have
Dyax (K, T) > % or three touching points {ql,qz,q3} of K and the boundary of T,
each one situated on a different edge of 7. In the first case, the left-hand side of
the inequality in Theorem 4.9 is non-positive while the right-hand side is always non-
negative. Hence, in this case the inequality is fulfilled.

In the other case we consider the triangle S := conv ({¢',4%,4°}), where ¢’ €
K belongs to the edge of T opposite to p', i = 1,2,3. Assume w.l.o0.g. that the
diameter of S is attained between ¢' and one of the other points and that ||¢' — p*||, <

||q1 —p2||2. Our goal is to show that there exists a triangle S, C®' T, A € [%, 1], as
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defined in Lemma 4.7 with at most the same diameter and inradius as S. Using the fact
that (Dyax — 3) (% — Dmax) is decreasing in Dyax for Dyax > 1, which is the case
by Theorem 1.3 i), we conclude

(DMAX(K,T) 1)(3 DMAx(K,T)>

RK,T) 2)\2  R(.T)
Dwax(S,T) 1) (i - DMAX(S,T)>
<(m ) G
R(S,T)  2)\2 T R(S.T)
_ (DMAX(SA,T) B 1) (g B DMAX(S;“T)>
S\ R(S,,T) 2)\2 R(S;,T)
B r(S;,T) - r(S,T) < r(K,T)

" R(S,,T) " R(S,T) ~ R(K,T)’

In the following, we distinguish between the two cases if the diameter is at-
tained by [¢',4°] or by [¢',4’] and show that one may always assume that both seg-
ments are diametric. In the case of Dyax(S,T) = Dmax([g',¢%],T) our assumption
qu —p3H2 < qu —p2H2 implies that qu—plﬂ2 < qu—p3H2 (cf. Figure 14). To
see this assume the converse. Then, one would obtain

[g".4%] C conv ({p3, %(p2 +p7), %(p1 +p3)}> = %(ﬁ +7)

with [¢',4%] not being an edge of 3(7 + p*). It would follow
1
Duax(lg'. 4’1, T) = 2R(lg",¢°], Tuax) < 2R <§T7 TMAX) =1=R(K,T),

contradicting Theorem 1.3 i). Hence, [|¢*> — p! H2 <V3/2< qu —p2| ,» Which im-
plies the steepness of (¢',4¢?). Since [¢',¢%] is diametric, ¢> lies inside the hexagon

q' + Dnmax (S, T) Tviax

Figure 14: Proof of the first case of Theorem 4.9: The diameter is attained between q' and q*.
In that situation one may replace ¢° by quw such that the diameter is attained between ¢* and
¢ as well since (q",q%) is steep.
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g+ Dymax (S, T) *|I, < |l¢* = p?||, now implies the existence
of an intersection point between [p!, p?] and the boundary of ¢' 4+ Dyax (S, T)Tvax
which is not farther from p! than ¢>. Choosing this point as our new ¢ neither in-
creases the diameter nor the inradius (the latter because of Lemma 4.8). Doing so,
[¢',4%] becomes diametric, too.

For the second case Dyax(S,T) = Dvax([q',¢°],T) we need to consider three
subcases:

il

a) The case Hq3 — p2H2 < Hq3 —p! H2 corresponds to Case 1 with ¢° in the role of ¢'
and ¢> being the vertex that is moved.

b) In the case of ||¢> — p?||, > ||¢° — p'||, and (¢',4?) being steep one can move 4>
in the direction of p' such that [¢',4%] becomes diametric, too.

¢) The case ||q3 —sz2 > Hq3 —p! ||2 and (¢3,¢") being steep again corresponds to
b) with the roles of ¢! and ¢ interchanged. Thus, we may move ¢> towards p? s.t.
[4%,4°] becomes diametric.

Altogether, we see that assuming ||¢> — ¢ =4’ —4' HTMAX is justified and doing

g
50, the points ¢ and ¢* do not only belong to the boundary of g' 4+ Dyax (S, T) Tauax »
they essentially belong to the (translated and dilated) edges [p!,—p?] or [p!,—p?] of
Tvmax . For g? this follows from the fact that it has to be closer to p' than to p>. As
described in the proof of the first case, the boundary of q1 + Dpax (S, T)Tyax intersects
[p1 , pz] once or twice. However, it is not possible that it only intersects with the segment
q' 4+ Dmax (S, T)[p?, —p?] as this would contradict our assumption that Dyax (S, T) =
Dumax([¢",¢%],T). If we have two intersection points, we can replace ¢* (if necessary)
by the upper one without increasing the inradius since (¢',4?) is steep. Thus, we may
assume ¢> € ¢' + Dyax(S, T)[p", —p?].

Next, we show that we may additionally assume ¢> € g' + Dyax (S, T)[p!, —p?.
This is not the case if and only if g} > g7 (cf. Figure 15). But then, we know g3 < ¢3
and therefore (¢°,¢°) is steep. Thus, replacing g' by ¢' such that ¢} = g7 does
not increase the diameter or the inradius, achieving this way that ||g* —§'||7y =
qu - ‘?1 I Tiax -

Now, we consider the triangle S; = conv ({3',4%,4°}) as in Lemma 4.7 with A
such that it has the same diameter as S. Due to our assumptions about the positions of
q and q we see that the distance between the parallel segments q1 + [pl, — p3} and

G'+[p',—p?] is equal to the distance between ¢ +[ ] and g' +[ } Fur-
thermore, itis also equal to the distances between g +[ ] and g +[ p’] and
between ¢*> 4 [—p', p*] and ¢*+[-p', p?. Consequently, q' —g H2 = Hq —q2H2 =
||q —q3||2 (K (cf Figure 16).

By using the intercept theorem and the law of sines we will show in the following
that, possibly after a suitable translation, all vertices of the inradius triangle of S, are
contained in S, which proves r(S,,T) < r(S,T). We denote the vertices of the inradius
triangle of S5 by w' (cf. Figure 18) and the Euclidean distance in the horizontal direc-
tion between w' and the segment [¢/,¢*], {i,j,k} = {1,2,3}, by I;. If K # 0, every
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¢+ Duax (S, T) Tuax

§' + Dyax (S, T) Tvax

pZ

Figure 15: Proof of Theorem 4.9. We can assume that ¢ lies on q' + Dyax (S, T)[p", —p’]
and ¢* lies on q +DMAX(S T)[p',—p?]. In the case the latter is initially not fulfilled, we can
consider the triangle S = conv ({ql *.q }) which has smaller or equal inradius and diameter.

g+ Duax (S, T) Tvax

3"+ Dyax (8, T)Tuax 1

Figure 16: Proof of Theqrem 49 Transformation of S (black) into S, (blue) with the same
diameter. The distances ||q' —G'||» are all equal.

edge of S intersects the corresponding edge of S, in a unique point v' (cf. Figure 17).
We will show that if we translate the inradius triangle of S, by distance /3 in direc-
tion (—1,0)", it is completely contained in S. To do so we compute all the values /;,
i=1,2,3 and prove that we have I3 <[;, j=1,2.

Computation of /; (cf. Figure 17): We use the intercept theorem for the segment
[qZ, q3] and the two lines parallel to it through ¢> and ¢, respectively. The intersection
of [p',p?] with the horizontal line through ¢? is called r. Since T is an equilateral
triangle of edge length /3, conv ({p',4°,4%}) is also equilateral with an edge length
of (1 —A)+/3 due to the definitions of ¢, . Furthermore,

1 1 1 -
17° =Vl = 3llr =4l = 5lIp" = ¢*lla = 5(llp" = 2l = ).
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Figure 17: Proof of Theorem 4.9. Computation of 1,. The triangles defined by p' and the
intersection points of the parallel lines are all three equilateral.

It follows that w! is always contained in S and

1 1
L= —llpt — 2l —115% — |y = k.
1 2||P Gla=Ng —v'll 7

Computation of I, (cf. Figure 18): Let ap = /V*¢°G°, Bo = £v?q'p?, and 1, =

~3— 2 . . .
ZG"*q" . We compute the fraction HZN' 7:2H§ using the law of sines, first for the triangles

conv ({»?,¢4",4'}) and conv ({1?,4°,4’}), and then for conv ({p?,4",4° }).

||673—V2H2 _ sin(y2) _ Ksin(op) _ sin (o)
lGt =23  «sin(By) sin(p) sin (f2)

sin(r—op)

sin(B2)  VBA—k

Furthermore, we know from Lemma 4.7 that r(S;,7) = A(1 — A). Together with the
intercept theorem we obtain

P e -4

1g'=w?lla  (B—a)— (wh—w3) A

. Bk -1 1 2 . 1 2 :
Since \/%/FK > 5% for A € [5,1], v is closer to §' than w~, which proves

2
weSs.
Using the intercept theorem, the distance of w? to [¢',4°] in direction (—1,0)7

calculates to

P Ve U N il e sl
14" —v2[|2 14" =22

Computation of 3 (cf. Figure 18): If w? is also contained in S, we have that the
complete inradius triangle of S, is contained in §, and we are done.
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Figure 18: Proof of Theorem 4.9. Computation of I, and I5.

Otherwise, ||G! —v3|2 < ||g' —w?||2 and we need to show that we can translate
the inradius triangle to be contained in S. To do so, we compute the distance /3 of
w3 to [¢',4%] in direction (—1,0)", which can be done completely analogously to the
computation of I, above: Let az = Zq'¢>p?, B3 = £ ¢' p?, and y3 = £§'v*¢" . Then,

|2 =2 _ sin(ys) ksin(o) _sin(a) P«
1g" =v3 2 xsin(Bs) sin(ys)  sin(m—P5)  VBA+k

122wl _ 12
and T Thus,

142 =12 _ 1 = vl
~ ~ ~ .
' —v3l2 = 1lg" —v?|2

Together with ||gZ — g'||> = ||G° — "|l» we obtain ||g' —v?||2 < ||g" —?||2 as well as
1g° =vIl2 < [|g° = v?[|2- Hence.

h:K_£:££:K<MLW3TWf—W2>
12" =2l la =32
f—ﬂm—f—wz)
<K- — ZZZ~
h ( gt =2

Moreover, since Kk >0 and A € [%, 1] it follows

2 3 1523 2 3 2 3
e R (= =y

13" = v3]l2 13" =Vl 114" = w?ll2

At S 2 WS TS T 5 W U 1 WO S
N\ Vi 2 ) \ar A )T 22 ) S22 0
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Hence, if we translate the inradius triangle of S, by (l3,0)T ,itis contained in S, which
proves r(S,,T) < r(S, 7). O

The collected inequalities are now sufficient to provide a full description of the
diagram fyax(%2,S) (cf. Figure 19).

Proof of Theorem 1.5. 1t suffices to show the claim for the equilateral triangle T,
since all Minkowski-centered triangles can be linearly transformed into 7. We give
a continuous description of the boundaries described by the inequalities (1), (2), and
(4), as well as those given by Theorem 1.3 i) and Theorem 4.9. First, (1) is attained
with equality for (1—A)Lp+AT, A € [0,1] where Lp and T are the extreme cases.
Secondly, (2) is attained with equality for (1 —A)T +ATuax, A € [0,1] by Lemma 2.8
where T and Tyax are the extreme cases. The boundary induced by (4) is filled by
segments from L,, to Lp. Next, since Tyax is the completion of —7, the boundary
from Theorem 1.3 i) is filled by all sets T, € ¢ fulfilling —T C T, C Tyax . Finally,
the inequality in Theorem 4.9 is fulfilled with equality by the triangles S as introduced
in Lemma 4.7. Since we have presented a continuous description of the boundary, we
can apply Lemma 3.1 and infer that the diagram is simply connected. [

Dyiax
2R

=S SMAX

=i~

1
y

Figure 19: The diagram fMAX(%—2,S) w. . t. a Minkowski-centered triangle S (black) as de-
scribed in Theorem 1.5 and an upper bound for the union over all Minkowski-centered gauges
bounded by (13) (additional purple region).

While the inequalities (1), (2), (4) and the boundary corresponding to Theorem 1.3
i) are valid for all choices of planar, Minkowski-centered gauges, the inequality from
Theorem 4.9 is only proven for triangles. Using the result from Proposition 3.2 and

Dam(K,C) < %DMAX(K ,C) which follows from ng()g)lCMAX C' Cam, see Proposi-




696 R. BRANDENBERG AND M. RUNGE

tion 2.14, we are able to provide another general inequality

2 Duax (K, C) <1_%DMAX(K7C)> < r(K,C)
3 R(K,C) 3 R(K,C) ) " R(K,C)

13)

—2
which enables us to give a bound for the union of the diagrams fiyax (¢ ,C) with C
Minkowski-centered (depicted in purple within Figure 19).

CONJECTURE 4.10. For the maximum diameter f(€2,T) is dominating, i.e. for
every Minkowski-centered C € ‘502 we have fMAX(‘gZ,C) C fMAX(‘gz,T).

5. The harmonic diameter

In the case of Dy, the inequalities from Lemma 2.16 have the following form.
For K € ¢" and C € ¢ Minkowski-centered,

D K.C
% < SumR (K, C), (14)
Sir(K,C) < M (15)
S(C)r(K,C)+R(K,C) < S(zch;lDHM(KC) < S(C)2+ Loim(K,0),  (16)
25(C)
and
0< r(K,C). (18)

Now, we know from Proposition 2.14, that for the harmonic mean, the factors
puMm and Syy do not depend solely on the Minkowski asymmetry s(C). However, the
following bounds are known.

(s(C) +1)? s(C)+1
W < 8um < ) .

I < pum <

However, if we take K = Cyym, we obtain R(Cym,C) = Sfé(%, r(Cam,C) = ﬁ,
and Dyp (Cym,C) = 2 from [7]. Thus, whenever we choose C, s.t. dyv = % then
Cum fulfills (15) with equality while for each C with pyy = Hﬂigﬁ Cuwm fulfills the
left inequality in (16) with equality. Unlike with the maximum diameter, (a dilatation

of) the Cypm is not always a completion of C. Instead, we obtain the following lemma.
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LEMMA 5.1. Let C € 63 be Minkowski-centered. The following are equivalent:

l) 6HM — S(C2)+1 i

i) @CHM is a completion of C w.r.t. C, and

ii) D(C,Cum) = 2R(C,Cum).

Proof. We know from [7] that C C°P! %CHM and therefore @CHM is a
s(C)+1

complete set containing C with R(C,Cym) = ==

i) = ii): I Sum = YL then

Dine (M5 i€ ) =5(0)+1 = 281 = Dy €.0),

implying that > @)+t )

Cywm is a completion of C.
i) = iii): If %CHM is a completion of C, then

D(CaCHM) = DHM(CaC) = S(C) 1

Dum(Cum;, C)
= S(C) +1= 2R(C,CHM).

iit) = i): Assuming (iii) it follows

20um = 2R(Cam,Cum) = D(C,Cm)
= 2R(C,Cym) = s(C)+1. O

Note that if $*1 ) CHM is a completion of C, then it is also a completion of —C

and since R(—C,C) =s5(C) = R((T)CHM,C), it is even a Scott-completion of —C
(i.e. a completion also preserving the circumradius).

EXAMPLE 5.2. The Reuleaux triangle RT := ()2_, (p'+ V3B3), where the p;
are the vertices of T and ]B% is the Euclidean disc, is the completion of the equi-
lateral triangle T in the Euclidean case. Omitting the detailed calculations, we have

3 (RT)+1 _ (s®RT)+1)?2
(RT) \/7 1 ~ 1.3606, 5HM— \/ﬁ*\[N1093< and pHM—W—
@ ~ 1.025. Thus, by Lemma 5.1 this is a case where the (dilated) harmonic mean

RTpym is not a completion of the gauge RT. Since T C RT is diametric, we obtain
from Lemma 2.23 that the unique completion of RT is RT* := ﬂl 1 (pi+20mv RTam)
(cf. Figure 20).
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S=—="

Figure 20: The Reuleaux Triangle RT, its completion RT* (dashed), and its harmonic sym-
metrization RTyp .

Using the symmetries of the Reuleaux triangle we obtain R(RT*,RT) = (s(RT) +

1)- % —s(RT) and thus RT* fulfills the left inequality in (16) with equality, which is

also true for RTyy. See Figure 21 for the diagram fHM(<€72,RT) .

Dym
2R
Lp RT
Oum »
PHM ® _ RT*
Ly, ™~ N RT
5 LT
S(RT) ;’ --e 7RT* RTum

=~

1 _1 1

1
2(RT) 5(RT)?  5(RT)

Figure 21: In addition to the known inequalities (14), (15), (16), (18) and the points we have cal-
culated above, the remaining part of the boundary as (approx.) conjectured is depicted (dashed).
Keep in mind that the (dilated) harmonic symmetrization of the Reuleaux triangle is not its com-
pletion.

: . _s(h)+1 3
Proof of Corollary 1.6. For the equilateral triangle, we have dgy = ——5— = 3,

T)+1)?
PHM = % = 3 and Tyw = 3Tvax [6]. Thus, Dum(K,T) = 3Dmax (K, T) for
all K € ¢? and we can transfer all inequalities concerning triangles from the previous

section. [

REMARK 5.3. The bound Dy (K,C) > R(K,C), derived from Corollary 4.4 for
the planar case, cannot be reached for M = HM. If Dy (K,C) = 2, we obtain from
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the containment chain

1 1 2s5(C)
5 (1+m)KCKAMCCHMC S(C)—f—lC,
that 45(K)s(C) 4
REOS G DGO 1D S w1 e
Thus, )
Da(k.0)> " pi ).

which for n =2 gives Dum(K,C) > %R(K ,C) > R(K,C). Furthermore, equality in (19)
can only be reached if K and C are simplices, but we have shown that for Minkowski-
centered triangles Dy (K, S) > %R (K,S). Finally, one may observe that if we consider
0-symmetric planar gauges, (19) also yields D(K,C) > %R(K ,C).
The following system of inequalities provides an upper bound for the union of the
diagrams fizm (€2, C) over all Minkowski-centered gauges C € % (cf. Figure 22).
0< r(K,C)
(K,C) <R(K.C)
2r(K,C) < Dgm(K,C)
9R(K,C) < 8Dym(K,C)
DHM(K7C) _DHM(K7C) V(K,C)
2R(K,C) 2R(K,C) R(K,C)
Moreover, the following parts of the boundary described by the above inequalities
are reached:

r

<
<

N

i) r(K,C) =0 for segments K = Lp and gauges C with all possible values s(C) €
1,2].

i) r(K,C) =R(K,C) for K = C and gauges C with all possible values s(C) € [1,2].

iil) Dam(K,C) = 3R(K,C) with C being a Minkowski-centered triangle and K as
described for the diagram fiv(%72,S).

The first two inequalities are trivial. The third and fourth follow from Lemma 2.16
and the fifth from Remark 5.3. The last inequality follows from Proposition 3.2 to-
gether with Remark 2.7. The equality cases follow from Lemma 2.8, Lemma 2.15 and
Corollary 1.6.

REMARK 5.4. Since Oy is not the same for every C, as it is in the arithmetic
case, the diagram for the equilateral triangle cannot be dominating. For every C,
Sam(C,C) = (1,8um) and this is always the only combination where inradius and cir-
cumradius coincide. Thus, we cannot find a single gauge C which defines the union of
the diagrams.
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DM Dum
2R 2R
Lp S Lp Sim(S,S)
3 3 o
2 2
L,
3
1 e S (Sum; Sum )
R .
I SHM \\ :
-5
9 o
16
I I
R I3
1 1 1 9
1 2 7 16

Figure 22: The diagram fipn(C?,S) w. r. t. a Minkowski-centered triangle S (left) and an upper
bound for the union of the diagrams over all Minkowski-centered gauges C € (602 (right). The
dotted lines correspond to the boundary of fim(C 28 ) while the dashed, purple ones correspond
to the upper bounds given above. The points fum(S,S) and fam(Sum,Sum) for a Minkowski-
centered triangle S are vertices of this diagram.

6. The minimum diameter

The inequalities from Lemma 2.16 have the following form. For K € 6" and
C € 6§ Minkowski-centered,

Duin(K,C) < (s(C) + 1)R(K,C) (20)
(s(C)+ 1)r(K,C) < DMin(K,C) 1)
S(Or(K.C) +R(K.C) < pu(5(C)r(K.C) + R(K.C)) < (s(C) + 1) NI )
r(K,C)+R(K,C) < Duin(K,C) (23)
0<r(K,C). (24)
In the case of the minimum, dyN depends solely on the asymmetry of C but pyN
not. We obtain 1 < pyn < S(Cz)H = Svun from Proposition 2.14.

Moreover, choosing K = Cyn, we obtain R(Cyin,C) = 1, r(CviN,C) = s(lcw

and Dyn(Cmin,C) = 2 from [7]. In case of Dy the (dilated) symmetrization only
yields a completion of C in the case that C is 0-symmetric.
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LEMMA 6.1. Let C € 6 be Minkowski-centered. pCyin is a completion of C if
and only if p =5(C) = 1.

Proof. Since C is Minkowski-centered, we have C C°P' 5(C)Cyn , Which shows
that p must equal s(C) by Lemma 2.12. Thus,

Duin(pCvin, €) = 5(C)Dmin (Cmin, €) = 25(C) = 5(C) + 1 = 28uix = Dvin (€, C),
with equality if and only if s(C) =1. O
Next, we show a Jung-type inequality for Dyn which sharpens the inequality of
Leichtweiss [33] by including the Minkowski-asymmetry s(K).

Proof of Theorem 1.2. Tt follows from the containment chain
1
(1 + m) KCK—-KC DMIN(K7C)CMIN C DMIN(K7C)C
s

that R(K,C) < 7527 Dvin(K,C). O

REMARK 6.2. For every sx € [1,n] and sc € [1,n], there exist K,C € 6" with
$(K) = sk and s(C) = s¢ such that we have equality in Theorem 1.2. Let S be the
Minkowski-centered regular simplex. Choosing K := (sgS)N—S and C:= 8N (—scS),
we fulfill s(K) = sk and s(C) = sc. Note that K and C are Minkowski-centered. Since
R(K,C) = sk and Dyin(K,C) = sk + 1, we obtain equality. Leichtweiss also showed
that Dyin (K, C) = “ELR(K) is only possible if K is a simplex [33]. This can be also
seen from Theorem 1.2 since it is necessary that s(K) = n.

Proof of Corollary 1.7. In the planar case, Dyn(K,S) = %DAM(K,S) since we
have Syn = %SAM. The inequalities from Proposition 3.2 can be transferred to de-

scribe fun(%2,S). O

As in the case of the harmonic diameter, since Syn is not the same for every
gauge, the diagram for the equilateral triangle cannot be dominating. The following sys-

tem of inequalities provides an upper bound for the union of the diagrams fyin (%2,C)
over all Minkowski-centered gauges C € ‘502 (cf. Figure 23).
0<r(K,C)
(K,C) <R(K,C)
Dvin(K,C) < 3R(K,C)
r(K,C)+R(K,C) < DuiN(K,C)
<

r

3R(K,C) < 2Dyn (K, C)
Dun(K,C) (1_DMIN(KaC)) o IK.C)
2R(K,C) 2R(K,C) ) ~ R(K,C)’

Moreover, the following parts of the boundary described by the above inequalities are
reached:
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Dvin Dmin
2R R
, L S , Lp SN (S, S)
2 2 |
1 ¢ Lp AMIN(SMIN, SMIN)
3 3 .
! _s b ANG=S.8) - A (=S, Svin)
r r
I R

1 1
4 2
Figure 23: The diagram fyun(62,S) w.r.t. a Minkowski-centered triangle S (left) and an
upper bound for the union of the diagrams fMIN(%27C) over all Minkowski-centered C € (602
(right). The dotted lines in the right diagram correspond to the boundaries of fyviN (%2,S) and
the dashed one to the given upper bound. The points fiyuN(S,S), fmN(=S,S), fmN(—S,SMmIN)
and fyin (SmIN, SMIN) for a Minkowski-centered triangle S are depicted.

i) r(K,C) =0 for segments K = Lp and gauges C with all possible values s(C) €
[1,2].

ii) r(K,C)=R(K,C) for K =C and gauges C with all possible values s(C) € [1,2].
iii) Dyin(K,C) = 3R(K,C) with C being a triangle as in fyun (%2, 5).
iv) 3R(K,C) =2DmN(R,C) for K = —S and C = SNs(—S) with s € [1,2].

V) V(K7C) +R(K,C) = DMIN(K7C) for K = /’{,(—S)—l— (1 _/’L)SMIN with A € [0,1]
and CZSMIN.

The first two inequalities are trivial. From Lemma 2.16 we obtain the third and the
fourth ones and from Theorem 1.2 the fifth one. The last inequality follows from Propo-
sition 3.2, Remark 2.7, and the fact that R(K,C) < Dvin(K,C) . The equality cases fol-
low from Lemma 2.8, Lemma 2.15, Corollary 1.7, and the fact that R(—S,Smn) = 2.
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