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THE CLOSURE OF THE ANALYTIC TYPE TENT
SPACES IN THE WEIGHTED-TYPE SPACE AND
GENERALIZED WEIGHTED COMPOSITION OPERATORS
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Abstract. In this paper, the closure of analytic type tent spaces within the weighted-type space is
characterized. The boundedness and compactness of generalized weighted composition opera-
tors on the closure of analytic type tent spaces in the weighted-type space are studied. Addition-
ally, the boundedness, compactness, and essential norm of generalized weighted composition
operators from the weighted-type space to analytic type tent spaces are also investigated.

1. Introduction

Let D be the open unit disk in the complex plane C. Define H(D) as the set of
all analytic functions defined on D. For 8 > 0, the weighted-type space HE consists

of all f € H(ID) for which

£l = sup(1 =[P £(2)] <.
zeD

The weighted-type space HE’ is a Banach space with respect to the norm || - || H - The
little weighted-type space HE‘:O, which is a subspace of HZ, includes all f € H(D) that
satisfy limp, i (1 — [2[)P|f(z)| = 0. If f' € Hg, we say that f belongs to the Bloch
type space AP . In particular, when =1, %P is the classical Bloch space, denoted

by Z. As usual, H” represents the space of bounded analytic functions in D.
Letn €T and § > % The non-tangential approach region Iz (7)) is defined as

L(n)=T¢(m)={zeD:z—n| <{(1 -z}

For 0 < p <o and o > —2, the tent space T;" (), introduced by Coifman, Meyer and
Stein [9], consists of all measurable functions f on ID for which

1
15 gy = esssupper sup ——m5 [ [F@IP(1=[2P)*HdAR) < =,
7@ e ertm L= 1 Jsw)
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where
1—r

S(reie)z{)tei’:|t—6< ,l—lgl—r}

for re'® € D\{0}, $(0) =D and dA(z) = % dxdy is the normalized Lebesgue area mea-
sure on I. In the above definition, the aperture ¢ of the non-tangential region I'z(n)
is suppressed because any two apertures yield function spaces with equivalent quasi-
norms. We denote the intersection 7,°(ar) NH(ID) by AT, (cx), called the analytic type
tent space.

Let X be a subspace of the space Y. Denote Cy(X) as the closure of X in the
Y -norm. Anderson, Clunie and Pommerenke [1] posed the following question: What
is the closure of H* in the Bloch norm? This problem remains unresolved. Ghatage
and Zheng [12] characterized C4(BMOA) and presented a detailed proof of Jones’s
Theorem. Specifically, a Bloch function f belongs to C4(BMOA) if and only if for
every € >0,
1 —Joa(z)?
2P Jouip TR 4D <

where 04(z) = = and

Qe(f)={zeD:(1-[z)|f )| >}

When 1 < p < e, Monreal Galdn and Nicolau investigated C»(H? N %) in [18]. Zhao
[34] studied the closure of a certain Mobius-invariant space in the Bloch space. Bao and
Gogiis [3] characterized C (22 N %) in the Bloch space. Liu and Riittyi described the
closure of the weighted Bergman and Dirichlet spaces in the Bloch norm in [17]. For
more results, see [4,7, 11,21] and the references therein. Inspired by these, the first
purpose of this paper is to investigate the closure of the analytic type tent space in the
weighted-type space HE’.

Let N be the set of all positive integers. Let ¢ be an analytic self-map of D, and
u € H(D). In order to extend the weighted composition operators and the products of
composition and differentiation operators (see, e.g., [14,23,26]), in [37] the first author
introduced the following operator

(Dyf)(2) = u(@) " (9(2), z€D,

which is called the generalized weighted composition operator or the weighted differ-
entiation composition operator [25]. When n = 0, the operator Dj , is precisely the
weighted composition operator uCy. Specifically, when u = 1, the operator uC, is
exactly the composition operator C, . The theory of generalized weighted composition
operators on analytic function spaces has been extensively investigated. For further in-
formation and results on generalized weighted composition operators, their sums and
extensions, one may consult the references [15, 16,25,27-31,37-41].

In [13], He and Jiang studied the composition operator C, on weighted-type
spaces and little weighted-type spaces. In [33], Wang and Liu gave some necessary
and sufficient conditions for the operator uC, to be bounded, compact, and weakly
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compact on weighted-type spaces. See [10] for additional results of composition oper-
ators on weighted-type spaces. The second purpose of this paper is to provide char-
acterizations of the boundedness, compactness, and essential norm of the operator
Dy, Hy — AT (at).

Aulaskari and Zhao [2] studied composition operators from the Bloch space to the
closure of certain Mobius invariant spaces in the Bloch space. Qian and Li [21] investi-
gated composition operators from the logarithmic Bloch space to the closure of Dirich-
let type spaces :@é in the logarithmic Bloch space. However, to the best of our knowl-
edge, no prior research has investigated generalized weighted composition operators or
even weighted composition operators acting on the closure of certain function spaces.
The final purpose of this paper is to study the boundedness and compactness of the
operators D, :HZ’;(HE‘:O) — CHZ; (AT () DHE‘) and D , :CHE (AT (o) DHE‘) —
CHE (AT;O(O() QHE) .

The paper is organized as follows. In Section 2, we describe CHE (AT, (o) NH),
the closure of AT° (&) in the weighted-type space. In Section 3, we characterize the
boundedness, compactness, and essential norm of the operator Dy, , : Hg — AT (a).
In Section 3, we study the operators D, , : Hg' (Hf ) — CHE (AT (o) NHE) and Dg , -
CHE (AT () DHE") — CHE (AT, () DHE’) .

Throughout this paper, we assert that E < F if there exists a constant C such that
E < CF. The notation E < F signifies that both E < F and F <E.

2. CHE(AT;O(Q)QHE)

First, we state some necessary notations and lemmas, which will be used in the
main results of this section.
A positive measure p on D is said to be an s-Carleson measure for 0 < s < oo if

p(s1))
icr P 7

where |I| is the arc length of subarc I of T, and S(I) denotes the Carleson box

S(I)Z{ZED:%ELI—|I|<|Z|<I}.

When s = 1, a 1-Carleson measure coincides with the standard Carleson measure (see
[5,6]). It is well known that u is a Carleson measure if and only if for each (or some)
t>0,

1— 2\t
wp [ (=al)

P Jo T —agrer () <= ™

The following lemma is repeatedly used in the proof of main results in this paper.
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LEMMA 1. [19,Lemma2.5] Let s > —1, it >0. If r <s+2<t, then

(1— |2y |
B Gl Y YRS
L WS @2

|1 —az|"|1 — bz|f

forall a,beD.

We are now in a position to state and prove our main result in this section.

THEOREM 1. Let 0 < p,f3 < oo, ot > —2. The following assertions hold.

(i) If B < %32, then Chiz (AT, (@) NHE) = H.

(ii) If B > 2, then Cuz (AT, (@) NHE) = H .
(iii) If B = O‘T”, p>1and f € HY, then fECHE(AT;“(a)OHE’) if and only if for
any € >0 andt >0,

(1— a2y
dA(z) < oo, 2
SUP Job () T 1 (1~ o) ) @

where

Qg(f):{ze]]) (1—‘Z| )B‘f( )‘ >8}

Proof. First we observe that a function f € AT;”(a) if and only if the measure
[f(2)|P(1—[z]*)*"" dA(z) is a Carleson measure. By (1), we see that f € AT;*(c) if

and only if
—lal?)
Sup/ 11— az‘t-&-l FRIPA =2 dA(z) <o 3)

acD

for any t>0.
et B < and f € Hy . Choose ¢ > ot +2 — pf. Using [36, Lemma 3.10],
Let B ‘”2 d feHg. Ch 2 —pf. Using [36, L 3.10]

we obtam

|a\ p 2\o+1
sup [ RGP~ P )

acD
—lal?) (1 — [z PP

Sl sup [ S ance

SIA e sup(1 = |al)* 2 PP S |15 < oo,
B aeD B

which implies that Hg’ € AT, (). Consequently, CHE (AT (o) OHZ’;) =Hp.
(ii) Let B > O‘T”. Applying [8, Lemma 3.1], for any f € AT;"(ax), we get

£ S <”f”7> €D,
(1— )"
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which implies that limy, 1 (1 —[z|*)P|f(z)| = 0. Thus, AT;*(cr) C Hg,. Since poly-
nomials lie in A7,”(c), we get that CHw (AT (o) NHE) = Hg .

(iii) Necessity. Let = O‘+2 and f € Hg . Suppose that f € Cpzy (AT, (o) NHE).
Then for any € > 0, there ex1sts g EAT ()N Hpg' such that

1~ gl <

which implies that QE (f) C Qg (g)- Hence, for any ¢ > 0, we obtain

(1P | et s
oo 1-— dA
ssup [ 0 R g1~ et
ssup [, L e o) taage
aeD |1 az ‘t+l
eyr (1~ JaPY
2 N dA )
(2> 2 Jopin Tae (1 40

as desired.

Sufficiency. Let € >0 and f € HZ’;. Assume that (2) holds. Choose y > 3 large
enough. For any z € D, by [36, Theorem 4.24] we have

=(y+1) /f (L= WPy dA(w).

1 —zw)2+Y

Write f(z) = fi(z) + f2(z), where

_W2
@ = [, L0

dA
iy (1—zw)> )

and

w — W2
2@ =0+1) [ o SO W) .

(1—zw)>+y

Using [36, Lemma 3.10], we get
I = filla = sup(1 — 2P| (2)]
zeD

— |wl|?)Y
o I = wi?)
S S P T

L= wP)P (1 —|wP)7P
o1 L o »
jlel]g( <) »\Qf () |1 — zw| > )

1—|w| )y
<esup( z ﬁ/ dA(w) < e.
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Hence, f) GHE’.

To complete the proof, it suffices to show that fi € AT;"(cx). Consider 0 <t < f3.
Using Fubini’s theorem, we deduce that

sup [ S @ - o aaco)

acD
(A —laP)

=sup | — T Q@I AEI = [2?) " dA()
aeD D‘ |
B 1— ‘a|2)t(1 _ ‘Z|2)a—pﬁ+l+ﬁ
< [)wl ( dA
Sy i @A)
- L—a]?) (1 [zf2) PPHIHh f(w)[ (1 — w]?)"
< pl ( / ————————dA(w)dA
N||f1 ||Hﬁ Sllp D |1 _az‘pr] Qﬁ(f) ‘1 —ZW‘2+Y (W) (Z)
SIfill 1l
1_ |Z| Oc pﬁ+l+BdA( )
X su 1 2y B/ dA(w).
2D Jogep ! TN iz A
Recalling that y > B = , and applying Lemma 1, we obtain
1 — |z|2)e—PB+1+P 1
Gl 2 o dA(R) S —— S—
D |1 — @zt 11— zw|>Y |1 —aw[t (1 — |w|2)r-B+1
Therefore,
sup [ LD (1 - 2Ry
ach/D |1 aZ|t+1
Sl g sup [, I —aai) <
g VI b wwm—w% '

It follows that fi € AT,”(x). The proof is complete. [J

3. Dy, Hy — AT (a))

In this section, we study the boundedness, compactness and essential norm of the
operator D, : Hy — AT,"(cr). Based on the well-established result that H = P+
and the hlgher-order derlvatlves characterization of the Bloch type space (see [35]), the
following lemma is obtained.

LEMMA 2. Let p >0, n€N and f € H(D). Then f € Hg if and only if

sup(1—[z")P 7] 1" (2)] < eo.
zeD
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Moreover, Hf”H;; is equivalent to Hf||H;,n, where

n—1
1fllgon = X 1F90)] +sup(1 = 2P| £ (2)].
B j=0 z€eD
The following lemma will play a crucial role in the proof of our main theorem. It

can be found in [20, Lemma 3.1].

LEMMA 3. Let 0 < T <oo, | <A < oo and e "* <ry < 1. Then there is a
positive constant C, depending only on A, T and ry, such that

i/lj)”.r/l_/#l > C
j=1 (1—r2)*e

forall ro <r<1.

THEOREM 2. Let 0 < p,ff <o, n € NU{0}, o> -2, u € H(D) and ¢ be an
analytic self-map of D. Then Dy, , : Hy — AT, (a) is bounded if and only if

qup [ (L=l Je@IP(1— P!
acb o [T=@*T (1= [p(@) )P+

dA(z) <o
forany t > 0.

Proof. Sufficiency. Let f € HE’ . Using Lemma 2 we obtain

(1 — ‘a|2)t 7 p 2\a+1
sup Diu_adml(l)(p,uf)(@l (1=[z])*" dA(2)
ac

2225 D |(11 a:||r421| (z )Ip\f(”)((p(z))|l7(1_|Z|2)a+1dA(Z)

<||prmnsup (1—1al?) |u(z)|P(1—|z?)2+!
achD /D |1 —az|t+1 (1 — ‘(P(Z)|2)P(ﬁ+n)

dA(z)

< oo
forany ¢ > 0. Hence, Dy, : Hg — AT;"(ct) is bounded.
Necessiry. Foreach 0 < ff <o, 0< 0 <2mand 0 <s< 1, set
fos(z 22/ﬁ (sé' )2Jz217 z€D. 4
j=0

From [32, Lemma 2], we see that fp,; € Hy and | fo.sl|a= < 1, which is independent
of 0 and s. For simplicity, denote fp | by fp. Using Fubini’s theorem, we get

do
V2 [ Dol
do

27 —la
<swp [ ([ S yog a1 - ey aaio)) 2

acD aZ|H_l
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o —|aP)’ () do
_ p| £\n 4 (XJrldA
sop [ ([ @I w@)r - ) aa)) 5
A—laP) 2y0t1 /2” (n) do
sup [ T @I (= [ 01, ) dat)
for any ¢ > 0. Using the following inequality (see [42] or [20, Lemma F])
n—1 2nj )
H(Zf—k)>—', neN, jeEN, 2/ >n
0 n!
we have
21 do 21 o n—1 ) ) ; 00 pde
JRRCR ==Y [T -2 e |
0 28700 g1k 2

P
- 1 2 . 2
-3 (H(zf—k)) 28] () 2
j2liogn+1 \k=0
P

o ) 2
z( > 22f<ﬁ+">|<p<z>|2<2’">> :
[

J>[logyn]+1

Using Lemma 3, with ry = ¢~ 7/2

and n, such that

, there is a positive constant C, depending only on 7

C
(1= lp(2)2)2P+m

3 220 ()2 >
j=1

forall e=7/2 < |@(z)| < 1. Hence,

Sup/ (1—la?)" [u(z)|[P(1 —[z]*)* !
aeD o) ze 72 |1 =@zl (1—|g(z)[?)P(B+n)

dA(z) S'1

forany 1> 0. Since D, , : Hy — AT;" () is bounded, we get that u € AT, (o). Hence,

w Ul [P0 )

S Jpaiee 2 1@ (1= o Ry A = iz

for any > 0. Therefore,
o [ A=) @)~ [zt
achJo [T—az ™1 (1~ [p()2)rF+

for any ¢ > 0. The proof is complete. [

dA(z) <o

Next, we consider the compactness and essential norm of Dj , HE" — ATy (a).
Recall that the essential norm of 7 : X — Y is defined by

ITlex—y = i%f{HT—KHX_y : K is compact from X to Y},
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where (X,]|-||x) and (Y,]| - ||y) are Banach spaces and T : X — Y is a bounded linear
operator. It is clear that 7 : X — Y is compact if and only if |||, x—y = 0.
For each m € N, set

80,5(2) = 2" fo.5(2).
Here fy ; represents the test function defined in (4). Given that
itis evident that {g }men € Hf, and the norm ||gg | w5 is uniformly bounded with

respect to 0, s and m. By [32, Lemma 4], for every A € (HE‘)*,

sup IA(gh )| — 0

as m — oo. This shows that {g}j },,en converges weakly to 0 in Hg . By the complete
continuity of compact operators, we get the following lemma. We omit the detail of the
proof.

LEMMA 4. Let 0 < p, <o, m € NU{0} and o > —2. For any compact oper-

ator T : Hy — AT, (o), it holds that

. m frd
Tim sup 1785 llazs(c) = O,

where the supremum is taken over all 0 < 0 < 2w and 0 < s < 1.

The following compactness criterion for the operator Dy , : Hg — AT7 (o) is
available (see [10, Proposition 3.11]).

LEMMA 5. Let 0 < p, <o, n € NU{0}, ot > =2, u € H(D) and ¢ be an
analytic self-map of D such that Dy, , : Hg — AT, (o) is bounded. Then Dy, , : Hg —
ATy (o) is compact if and only if for every bounded sequence {f;} in HE’ which con-
verges to 0 uniformly on compact subsets of D, we have

tim 1Dz () = 0.

THEOREM 3. Let 0 < p,ff <o, n€ NU{0}, o> -2, u € H(D) and ¢ be an
analytic self-map of D. Suppose that D, ,, HE" — AT (a) is bounded. Then it holds
that

. (1=la)" Ju(z)|P(1 = [z*)**!
D oP . =< limsupsu
|| (p,u“eﬂﬁ —AT (o) o padl; lo()|>r ‘1 _az|t+l (1 _ |(p(z)|2)p(ﬁ+n)

dA(z) (5)

forany t > 0.
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Proof. First, we prove the lower estimates in (5). It is clear that the norm ||g’ng H

is uniformly bounded on 6, s and m. For any compact operators K : HE" — ATy (a),
we deduce that

1D, = Kl 2 11D — K)o sllars (@) = 1D 88 sllar (o) — 1K 88 s

()

forany 0, s and m. By Fatou’s lemma we have that

n o _m ||P
S;E) HD((J,ugB,SHAT;“(a)

o (L= al?)
>1 f| ———
e D |1 —az|+!

> o U ool 1A8” (o) (1 — )+ A ()

@[>r ‘1 _ az\t‘*‘l

@I 1(5.)"™ (@)1 (1= 2*)* T dA(2)

forany r € (0,1) and 7 > 0. By integrating these inequalities with respect to 6 from O
to 27 and using Fubini’s theorem, we get

do
7)o

a m
>/| ( aZ||t_21| ( )|P|(p(z)|P’ﬂ(l - |z|2)oc+1 </0 |f(§ )((P(Z))|p§> dA(z)

@l>r |1 -

2
[ soplipg

for any ¢ > 0. From the proof of Theorem 2, it follows that

2n (n d@ 1
U 0O S 2 T

for any z € D with |@(z)| > e~ /2. Hence,

p/ —laP)" Ju()”(1 \le)“ldA(Z)

sup HD(p u89, \”ATDo @l>r ‘1 —aZ‘H'l (1—|o(z )| )P(ﬁ+n)

forany r € (¢=%/2,1) and > 0. Letting  — 1, we have

. (1~ [P’ @I (1~ [sP) "
Dy NP
S WPbustialry S ISP foo, Tl (1~ (@)

dA(z)
for any ¢ > 0. Note that this estimate does not depend on m. Given that

r}lij}osgf K86 sllars(a) =0
for any compact operator K : HE" — AT (a) by Lemma 4, it follows that

. (1—a)" |u(z)[P(1 = [z])*+!
N |
D (pu”eH ATy (o) SNMSIPSUD | TG T (1= (o) R)rB

dA(z)
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forany r > 0.
Now, we prove the upper estimates in (5). For each positive integer j and f €

H(D), set .
cr=r(25):

It is easy to see that C; is bounded on HE". Using Lemma 5 to the case u =1 and

0(z) = %, we get that C; is compact on HE’. So,

HD u”eH 5 ATy (o )<hJIE>glfHD$u_D$uCJH

=liminf sup [|Dg ,(id = Cj) [l ars ()

J—reo Fllyeo<1
1l

where id denotes the identity operator on HE’. Fix a positive integer j and an f € HE"
with Hf”HE < 1, we have

HD:'M(id—C-)fHﬁTm
(1—la]?)’
< )4
Nzl;g/‘ u(z)|

@l>r |1 — aZ|t+l

+SUP/‘ (1_‘a| ) ( )|p

aedJlo()<r |1 _aZ|H_1

—[z)**H1dA(z)

() -1 (2

7)o

() - (L)

forany r € (0,1) and 7 > 0. Using Lemma 2 we get

. W (i9() Al
'f( (o) =1 (i‘fl ) ' S T le@mr

(1= [z*)**1dA(z)

This implies that

AlaPY,
Su
S (oo 11—z 1 )

(1—al)" |u(z)[P(1 —[z])**!
S dA
”225/ e 1= T (1 [p ) A

forany r € (0,1) and 7 > 0. It should be noted that this estimate is independent of ;.
Now let us prove that

(1—[z]*)* 1 dA(z)

1—|a ; p
imeap [ S e g -0 (222 1 ey tanco
=0

forany r € (0,1) and # > 0. Let p = ¢(z) and denote the radial segment by [%,p} )

By integrating f**1) along [%,p] , we have

‘f(”)(p) _ g (ﬂ) '

22| < Lo

j+1
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for some &(p {J T ,p} An application of Cauchy’s estimate to f (+1) on the circle
with center at &(p) and radius R € (0,1 — r) shows that

Hence,

ap [ L el

ach/|p(2)|<r 1 _aZ‘H_l
r’ 1

[ e
RP(j+1)P [1 — (R4 r)2]p(B+n) 1HAT; ()

“ip(e) -1 (22) ‘pu ) dAG)

forany 7 > 0. By the assumption, we see that u € AT, (). Hence,

1—|a ; p
imeap [ S o gt -0 (222 1 ey tanco
=0

for any > 0. Therefore,

. (1~ JaP)’ Ju@)|P (1~ [z2)*+!
1D 1 o S limsupsup

= dA(z
r—1 aeb/|p(z)|>r 11 _aZ‘H_l (1— |(p(z)|2)P(B+’7) (2)

for any ¢ > 0. The proof is complete. [l

COROLLARY 1. Let 0 < p,f <o, n e NU{0}, ot > -2, u € HD) and ¢
be an analytic self-map of D. Then Dy, : HE’ — AT,;? (o) is compact if and only if
Dy, - Hg — AT (at) is bounded and

. (1= |af?) [u(2)]?(1 = |z)*+!
limsupsu —
LT oeb Jipr =@l T (1— [@(z)R)r+

dA(z) =0
forany t > 0.

4. Djy,: Hy — Cyz (AT () NHE)

In this section, we study the boundedness and compactness of Dy, , : Hg (HB"_O) —
CHE (AT;"(oc) ﬁHE") and DZ,’M : CHE (AT;"(oc) ﬁHE") — CHE (AT;"(oc) ﬁHE"). Through-
out this section, for the simplicity of the notation, we use (pE’n (z) to denote

u(z)(1— )P
(1= lp()P)P+
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THEOREM 4. Let 1 < p<e, n€ NU{0}, x> -2, B = O‘T”, ue€ H(D) and
¢ be an analytic self-map of D. Then Dy, , : Hg — CHE (AT (o) OHE’) is bounded if
and only if for any € >0 and t > 0,

(1—la?)
su — dA(z) < ee. 6
aes/w;;w% a1 - ) 4 ©

Proof. Necessity. Suppose that Dy, , : Hg — CHE« (AT (o) NHE) is bounded.
Since

(L= 2P @1+ 1F0) = (L= 12P)PIf ),

by Theorem 3 in [22] (see also [24, Lemma 7]) it easily follows that there exist g;,g2 €
HE’ such that

81(2)]+82(2)] = -, z€D.

1
(1= [z2)P+

Following this rule, we see that there exist h,hy € HE such that

K ()] + |1 (z)| > zeD.

1
(1= [zf2)fen

By assumption, we have Df, 1, Dj, ,ha € CHE (AT, (ex) QHE’). Thus, for any € >0,
by Theorem | we get

(1—al?)
sup | T
aeD Qg (D) |1 —az 1 (1 [z]?)

dA(z) < oo

and

_ a2t
sup/Q ( (1~ |a) dA(z) < e

web ot og ) T THT—T2P)

for any 7 > 0. Furthermore, when [¢;"(z)| > &, we obtain
(1D ) @) +1 (Dl 1) 2)]) (1 = [

= (K" (@) + 11" (@) ) [u(2)| (1 — 2P

u(@)|(1 - |P)P
Z U Jo@Ppm = °

which implies that either

(D 1) (@) (1= [P >

N ™
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or
|(Dguh2)(@)|(1 = 12*)P =

N ™

Therefore, for any € > 0,

(1—laP)
Sup/ = dA(z
acD |¢E.n(z)‘>8 |1 _aZ‘IJrl(l . |Z|2) ( )
(1—laP)
<su { Az
MEHI:])) Qﬁé(D’(}Luhl) ‘1 _aZ|t+l(1 — ‘Z|2) ( )
2
(1—laP)
+ sup 1 Az
ach 98 0ty o) 1 =l 1 (1= [2P?) (2)
oo

for any ¢ > 0. The desired result follows.
Sufficiency. Let f € HE‘. Then

(D) @I(1= 217 =" (@(@)I(1 = o)) 05" ()] < 1f 1z 105" (2]

Hence, given any § > 0, it follows that if (D} ,f)(z)|(1—|z[*)? > & then 9" (2)] >
€, where € = HI‘H% Therefore, for any # > 0,
Ty
B

(1—lal?)
sup/ { Al
ach Qg(D’(})A,uf) |l _aZ‘H_l(l — |Z|2) ( )
(1—lal)
,Ssup/ { A~
aeD gy @)z |1 —az[ T (1 - [2]?) ()

Using Theorem 1, it follows that D, f € CHE (AT, (o) NHg). Thatis, Dy, - Hg —
CHZ; (AT, (o) NHp) is bounded. The proof is complete.  [J

THEOREM 5. Let 1 < p <o, n€ NU{0}, a > -2, f = O‘T”, uc H(D) and ¢
be an analytic self-map of D. Then Dy, : Hg y — CHEO (AT (@) NHE) is bounded if
and only if u € CHE (AT (o) NHE) and

sup |@p" (2)] < o
zeD

Proof. Necessity. Assume that D, : Hf', — CHE (AT,?(c) NHf) is bounded.
Observing that f(z) = 2" € Hg ), we get

u="Dj,.f € Cyz (AT () N H).
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Since CHE« (AT (o) NHp') is a subspace of Hg and Dy, : Hy , — CHE« (AT (o) NHE)
is bounded, we have that Dy, , : HEO — HE‘ is bounded. For any a € D, by taking the

test function
1—|af?

(1—az)B+’

and using the fact that u € Hy , after a calculation, we see that sup,cp \(pg’" (2)| < oo

fa(Z) = zeD,

Sufficiency. Suppose that u € Cpz (AT, (0t) NH) and sup_cp, 95" (2)] < C < eo.
Let f € HE"O. For any € > 0, there is a constant » (0 < r < 1) such that

QI PP < 2

whenever |z| > r. Let z € Qf (DY..f)- Then,

pin 12| (1~ [2*)P

e <|(Dpuf) @1 =21 = [F"(0(2)I(1 - 9(2)]*) 1= o@D

<CI (DI~ o) )P,

which implies that |@(z)| < r. Hence,

1
e < NI~ )" < G @I —1)"
Let § = 8(\\17‘_\(# Then |u(z)|(1 — |z|*)P > & . Therefore,
B

QL (D . f) C 9 ().

Since u € CHE« (AT, (o) NHf), using Theorem 1, we have

(1= laPy
sup/ - dA(7)
acD QE(D’(})A,uf) ‘1 _aZ|t+1(l - |Z|2)
1— 2\t
<sup (1 |al") dA(z) < oo

aeDJOf ) |1 — a1 (1 [z]?)
for any ¢ > 0. Using Theorem 1 again, we have
Dy .f € Ch (AT, () NHE).
Therefore, Dy , - Hf , — CHE (AT, (ex) OHE") is bounded. The proof is complete. [J

Similarly to the proof of Theorem 2.3 in [39], we have the following lemma. We
omit the details.
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LEMMA 6. Let n € NU{0}, u € H(D) and ¢ be an analytic self-map of D. Then
the following statements are equivalent.

(i) Dy, : HE’ — HE’ is compact.
(ii) Dy : HE,O — HE’ is compact.

(iii) ue Hy and limjp. . |95" ()] =0.

THEOREM 6. Let 1 < p <eo, n€NU{0}, &> =2, B=%2, uc H(D) and ¢
be an analytic self-map of D. Then the following statements are equivalent.

(i) Dy, HE — CHE (AT, (o) OHZ’;) is compact;

(ii) Dy, :Hgy— CHE (AT (o) NHE) is compact;
(ifi) u € Cu (AT, (@) NHF) and limygcy 1 |0} (2)] = 0.

Proof. (i) = (ii). Itis obvious.

(ii) = (iii). Suppose that D, , Hg ) — CHE (AT, (o) OHZ’;) is compact. Then
Dy Hpg— CHE (AT () OHZ’;) is bounded. From the proof of Theorem 5 we have
that u € CHZ;(AT;"(a) NHg). Since CHE(AT;“(OC) NHg) C Hy, we get that D, :
HE‘:O — HE" is compact. Using Lemma 6, we get the desired result.

(iif) = (i). By assumption, there exists an r (0 < r < 1), such that

€
05" ()] < 5, when [g(w)| > r

Let z € D be such that [¢"(z)| > €. Then it follows that |¢(z)| < r. Hence,

Ju(@)|(1 — [z*)P

€ <|pg"(2)] < (1—p2)B+n 7

which implies that
(1= )P < Ju()| (1 - [2)P.

Let § = (1 —r2)P*" . Then z € Qg(u) Since u € CHE (AT () OHE‘), by Theorem
1, we obtain

(1—aP)
sup/ — dA(z
aeDJlop" @)ze |1 =@l 1 (1—|z?) @
1— 2\t
<sup U=lal) 4 <o

aehJ9Gw) |1 =@zl ™+ (1 —[z]?)

for any 7 > 0. Using Theorem 4, we have that Dy, , : Hg' — CHE« (AT () N HE) is
bounded. By Lemma 6, we get that Dy, , : HE‘ — HE‘ is compact. Hence, Dy, , : HE‘ —
CHE (AT, (o) NHp) is compact. The proof is complete. [
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As an immediate consequence of Lemma 6 and Theorem 6, we have the following
corollary.

COROLLARY 2. Let 1 <p <o, o> -2, f=%2 uc Crz (AT (o) N HE),
n € NU{0} and ¢ be an analytic self-map of D. Then Dy, : Hy (Hg ) — Hy is

compact if and only if Dy, , : HE’(HE’O) — CHE (AT (e) OHE) is compact.

THEOREM 7. Let 1 < p <eo, n€NU{0}, &> =2, B=%2, uc H(D) and ¢
be an analytic self-map of D. Then Dy, , : CHE (AT, (ex) OHE’) — CHE; (AT, () OHE’)
is compact if and only if u € CHE (AT (o) NHE) and limyg(;)| -1 |(pgvn(z)| =0.

Proof. Suppose that D , CHE; (AT (a) NH) — CHE (AT, (o) N Hp) is com-
pact. It is clear that u € CHE (AT (e) HHE). Since Hy is the closure of all polyno-
mials in HE’ and the space AT" (&) contains all polynomials, we obtain Doyt HE‘:O —
CHE (AT, (o) NHp) is compact. The desired result follows from Theorem 6.

Conversely, suppose that u € CHZ; (AT (o) NHp') and limg ;) \<PE"(Z)| =0.
By Lemma 6, Dy, , : HE" — HE" is compact. Using Corollary 2, we know that D , :
Hp — CHZ; (AT (o) NHp) is compact. Since CHE (AT (o) NHg) € H , we have
that Dy , : CHE« (AT (o) NHE) — CHE« (AT, (o) NHp) is compact. The proof is com-
plete. 0
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