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Abstract. The indefinite Sturm-Liouville operator A = (sgnx)(—d?/dx*> + q) is studied. It
is proved that similarity of A to a selfadjoint operator is equivalent to integral estimates of
Cauchy type integrals. Some simple sufficient and necessary conditions for the similarity to
a selfadjoint operator in terms of Weyl functions are given. For operators with a finite-zone
potential ¢ , the components Aess and Agise of A corresponding to the essential and the
discrete spectrums, respectively, are investigated. The main result of the paper is a criterion
of similarity of the operator A (resp. Aess ) With a finite-zone potential ¢ to a normal (resp.
selfadjoint) operator. It is given in terms of the Weyl functions corresponding to the Sturm-
Liouville operator —d> /a’x2 + g. Jordan structure of the operator Agisc is described. An
example of a non-definitizable operator A that is similar to a normal operator is presented too.
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1. Introduction

The main object of the paper is a nonselfadjoint indefinite Sturm-Liouville operator

d2
A = (sgnx) <_ﬁ + q(x)) =:JL, domA = domL, (1.1)
X
where J : f — sgnx-f(-) and L := —;—; + ¢g(x) is a selfadjoint Sturm-Liouville

operator on L?(R) with a real continuous potential g(-). Note, that both ordinary and
partial differential operators with indefinite weights have intensively been investigated
during two last decades (see [31, 4, 8, 57, 61, 9, 11, 17, 63, 18, 33, 16, 55, 38]).
The operator (1.1) on a finite interval subject to selfadjoint boundary conditions has
discrete spectrum. The Riesz basis property of Dirichlet and other boundary value
problems for Sturm-Liouville operators with indefinite weights has been investigated in
[31,4,8,57,61,55,5].

In general, the operator (1.1) considered in L?(R) has continuous spectrum. In
this case, instead of the Riesz basis property for operators with simple spectrum one
considers the property of similarity to a normal operator (to a selfadjoint operator if the
spectrum o(A) is real).

Let us recall that two closed operators 77 and T, in a Hilbert space $) are called
similar if there exist a bounded operator V with the bounded inverse V~! in § such
that Vdom (7}) = dom (72) and T, = VT, V~!.

Using the Krein-Langer technique of definitizable operators on Krein spaces
Curgus and Langer [8] have obtained the first result in this direction. In particular,
their result yields that the J -selfadjoint operator (1.1) is similar to a selfadjoint opera-
tor if L is uniformly positive (i.e., L > 8 > 0). Similarity of the operator (sgnx)j—;
to a selfadjoint one was proved by Curgus and Najman [9]. Later on, one of the authors
[32, 33] reproved this result using another approach. More precisely, using the resolvent
criterion of similarity to a selfadjoint operator [50, 46] (see also Theorem 3.12 below) he
proved in [33] that the operator A = (sgnx)-p (—i %) is similar to a selfadjoint operator
if and only if the polynomial p(-) is nonnegative. Further, Faddeev and Shterenberg
[16] investigated operator (1.1) with decaying potential. They showed, that A is similar
to a selfadjoint operator if L > 0 and [, (1 + x?)|g(x)|dx < oo.

Analysis of the results mentioned above motivates the following conjecture:



INDEFINITE STURM-LIOUVILLE OPERATORS 303

Is J-positivity of the differential operator A in L*(R) necessary for its similarity
to a selfadjoint operator in a Hilbert space.

However, it easily follows from our considerations that this conjecture is false even
in the case of a one-zone potential g. Namely, Example 8.2 with & € [—1/2, —?|
shows that this conjecture is false.

The present paper consists of two parts. In the first part (Sections 3—5 and partially
Section 6) we investigate the operator A assuming only that g(-) € LL_ (R) (or it
is continuous). We investigate this operator in the framework of extension theory
considering it as a (nonselfadjoint) extension of the minimal symmetric operator

Amin = ArJrrun D A;m LrJrrun D (_L;in)7

where L}, and L_; are minimal Sturm-Liouville operators generated by the differ-
ential expression L in L*(R,) and L*(R_), respectively. Here domLE = {f €
domL: Pyf € domL} where P is the orthoprojection in L*(R) onto L*(Ry.).

With operators LE one associates the Weyl functions m4 (A) corresponding to
the extensions LN of LE. . generated by the Neumann problems on R, and R_
respectively, dom L = {f € domL: f’(£0) = 0}.

We obtain necessary and sufficient conditions for the similarity in terms of the
Weyl functions M4 (A) :=my(A) and M_(A) = —m_(—A). Note, that M4 (-) are R-
functions (Nevanlinna-Herglotz functions), hence the limit values My (¢) := My (1+i0)
exist a.e. on R.

It is worth to note that the similarity problem for the operator A gives rise to
two weight estimates for the Hilbert transform H in L*(R). If fact, we show that the
following estimates

/ImMi()—&-ImM:F 1% (1)
M (1) = M_(1)]?

Lei (1) +i(H(g* - dz2))(1)] dr

<K / S (OPdze (1), (12)

(see Theorem 5.2) are necessary for the operator A to be similar to a selfadjoint operator.
Here d%,(-) stand for the (spectral) measures from the integral representations of
My(-) (see (2.9)).

We show that, in turn, conditions (1.2) yield several (weaker and simpler) necessary
conditions for the similarity of A to a selfadjoint operator. One of them reads as follows

(I NEL| / IITAA/I/I: +Im1(V1)2( )dt) ' (ﬁm /zImMi(t)dt> o O?17.3)

where Z (C R) is any interval, E1 stand for the topological supports of the functions
ImM4(t) =ImMy(r+i0), r € R, and C does not depend on 7.

Besides, condition (1.2) implies the following simpler necessary condition for the
similarity

ImM, (1) + ImM_ (1)
M. (1) —M_(1)

€ L=(R). (1.4)
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Note also, that (1.4) is implied by (1.3) so, the necessary condition (1.3) is stronger.
We mention also that (1.2) yields one more necessary condition for the similarity that
is formulated in terms of the Poisson integrals and is stronger than (1.3) (see Corollary
5.6).

Moreover, we show (see Lemma 5.7) that inequalities (1.2) are equivalent to the
following ones involved only Hilbert transform

/ Im M (1) + Im M= (1)
M. (1) = M_(1)[?

|(H(gi.dZi))(t)|2dt<Kl/R\gi(t)\dei(t). (1.5)

So, necessary conditions for the similarity are reduced to two-weight estimates of the
Hilbert transform only. In particular, all necessary conditions listed above are implied by
(1.5). We conjecture, that if additionally both measures d%, and dX_ are absolutely
continuous, Xy = ¥, , and Ogs = (J, then conditions (1.5) are also sufficient for A
to be similar to a selfadjoint operator.

We also show that the (stronger) condition

p M) + M (2)
S ML) = M)

is sufficient for the similarity to a selfadjoint operator though it is not necessary (see
Remark 8.1).

The second part of the paper (Sections 6 and 7) is devoted to the spectral analysis
of the operator (1.1) with a finite-zone potential g(-).

Recall that a quasi-periodic (in particular, periodic) potential g(-) = ¢(-) is called
a finite-zone potential if the spectrum o(L) of the (selfadjoint) operator L has a finite
number of bands (equivalently, the resolvent set p(L) has a finite number of gaps, that
are called also forbidden zones).

(1.6)

We show that the operator A = (sgnx) (— %:2 + q) with a finite-zone potential g

has a finite number of eigenvalues, and it has no embedded eigenvalues in the essential
spectrum Oeg (A) , thatis 0,,(A) N Ouss (A) = 0 (equivalently, the essential spectrum of
A coincides with purely continuous spectrum). Moreover, we show that the operator A
admits the following direct sum decomposition:

A= Adisc 'i‘Aess 3 (17)

where Ags is a part of the operator A corresponding to essential spectrum Oeg (A) of
A.

We summarize our main results (Theorems 7.1, 7.2 and Corollary 7.4) as follows:

If the potential q is finite-zone, then the part Aess of the operator A is similarto a
selfadjoint operator if and only if condition (1.4) is satisfied. Besides, in this case Acss
is similar to a selfadjoint operator with absolutely continuous spectrum.

Moreover, A is similar to a normal operator if and only if condition (1.4) is satisfied
and all the eigenvalues of A are simple.

In connection with latter statement we mention extremely interesting recent pub-
lications [20], [21] where a criterion for a nonselfadjoint Hill operator L (i.e., operator
L with periodic g # ¢) to be similar to a normal operator have been obtained.
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The paper is organized as follows. In Section 2 we present some necessary informa-
tion on finite-zone Sturm-Liouville operators, boundary triplets and the corresponding
Weyl functions, and briefly discuss a functional model for a symmetric operator. Some
information on Hardy classes and two-weight estimates of the Hilbert transform is
presented too.

In Section 3 we establish some new results on similarity of a nonselfadjoint (in
particular J -selfadjoint) operator to a selfadjoint one in terms of characteristic functions
0r(-) and their J -forms wg(-) := J — O0r(-)T05(-) and we=(-) := T — 05(-)TOr(-).
For example, we show in Proposition 3.4 that if a completely non-selfadjoint operator T
without eigenvalues is similar to a selfadjoint operator Ty = T;; and the 7 -form wg(-)
isboundedin CUC_ outside arbitrary small neighborhoods of a finite (for simplicity)
number of spectral singularities, then Ty is purely absolutely continuous. We compute
also a characteristic function 0,(-) of the operator A and show that the upper diagonal
entry of 0,(-) is precisely the function (M(-) + M_(-))(M+(-) — M_(-))~" appeared
in (1.6).

In Section 4 we compute the resolvent and investigate the eigenvalues of the
operator A. Moreover, we prove the known fact that the spectrum of A isrealif L > 0.
Our proof, however, is based on Weyl function technique and differs form the known
ones.

In Section 5 we find some necessary and sufficient conditions for A to be similar
to a selfadjoint operator. In particular, based on the resolvent criterion of similarity (see
[50, 46]) we prove that integral conditions (1.2) are necessary for similarity. Moreover,
we show that much simpler conditions (1.3) and (1.4) formulated in terms of the Weyl
functions are necessary too and indicate a stronger necessary condition (see Corollary
5.6) formulated in terms of harmonic continuation of two weights appeared in (1.4).
Besides, we show that condition (1.6) is sufficient for similarity to a selfadjoint operator.

In Sections 6 and 7 we prove the main result stated above. In particular, we show
in Corollary 7.4 that the continuous part Ae, of J-nonnegative operator A with a
finite-zone potential ¢(-) is similar to a selfadjoint operator with absolutely continuous
spectrum. Moreover, we demonstrate in Example 8.2 that J-nonnegativity of the
operator A is not necessary for its similarity to a selfadjoint operator even in the case
of one-zone potential g .

Note in conclusion, that indefinite Sturm-Liouville operators with finite-zone po-
tentials are useful in spectral theory allowing one to construct different counterexamples.
Say, neither characteristic function ,(+), no the corresponding 7 -forms g« (-) and
wy(-) of any operator A with a finite-zone potential is bounded in C; U C_, while
the operator A may be similar to a selfadjoint one. Besides, we show using a one-zone
periodic operator that condition (1.6) is not necessary for similarity to a selfadjoint
operator (see Remark 8.1). Moreover, we present an example (see Example 8.3) of
J -selfadjoint one-zone periodic operator A that is not definitizable (hence is not J -
positive), though it is similar to a normal operator and its “continuous part” A (see
(1.7)) is similar to a selfadjoint operator.

We emphasize that all general results of the paper contained in Sections 3-6
are stated with respect to the operator A, though they are valid (without changes in
the proofs) for a special nonselfadjoint extension (a nonselfadjoint coupling of two



306 I. M. KARABASH AND M. M. MALAMUD

symmetric operators S; and S,, ny(S1) = ny(S2) = 1) of the operator § = S| & S,
(see Remark 3.3).

The main results of the paper have been announced in our short communication
[38] and published as a preprint [39].

NOTATIONS. Throughout the paper $) and H denote Hilbert spaces, C () ([9])
stands for the set of closed (resp. bounded) linear operators in $. The domain,
kernel and range of an operator T € C(%)) is denoted by dom(7T), ker(T) and
ran (T) respectively; o(T) and p(T) denote the spectrum and the resolvent set of
T € C(9) respectively; Ry (A) := (T —AI)~", A € p(T), stands for the resolvent
of T eC(9).

As usual, oy (T) denotes the discrete spectrum of T € C($), that is, the
set of isolated eigenvalues of finite algebraic multiplicity; the essential spectrum is
Ocss (T) := 0(T) \ Ouisc (T); 0,(T) stands for the set of eigenvalues. The continuous
spectrum is defined by

0.(T) = {Ae€C\o,(T):ran(T —A) #ran(T—A) =9 }.

If T = T* is selfadjoint, then 0,.(T) and oy(T) stand for the absolutely continuous
and singular spectra of T respectively. Lat7 stands for the set of (closed) invariant
subspaces of T € C(9). span{fi,f2,...} is the closed linear hull of vectors fi,
fauen

For any interval Z in R and any Borel measure d% on Z we denote by L*(Z,dX)
the Hilbert space of measurable functions f on Z satisfying fI [f|?dZ < 0o. If T or
dx is fixed, we will write L?(d%) or L*(Z). The topological support suppdZ of d%
is the smallest closed set S such that dX(R \ S) = 0. The indicator function of a set S
is denoted by xs(-): x+(2) :== xry(2)-

We say f € Hol (D) if f(-) is a holomorphic function on a domain D . As
usual H*(C,) and N "(C,) stand for the Hardy space and the Smirnov class on C..
respectively (see [19, 42] and Subsection 2.6.). For any interval Z in R and o € (0, 1]
denote by Lip*(Z) the Lipschitz class on Z (see, for example, [19]).

We write f(x) < g(x) (x — xp), if both % and £ are bounded in a small

neighborhood of the point x; f(x) < g(x) (x € D) means that % and £ are

bounded on the set D.

2. Preliminaries
2.1. Indefinite Sturm-Liouville operators (sgn.x) (fj; + q(x))
Denote by J the multiplication operator by sgnx in the Hilbert space L*(R),

J: f(x) — sgnxf (x). Next we consider in L>(R) the differential expression

2
7% +q(x), (2.1)

with a real continuous potential g. Suppose additionally that the minimal operators
L., L. (see[51], [52]) associated with (2.1) in L*(R,) and L*(R_), respectively,

‘min > ~min

L=
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have the deficiency indices (1,1). Denote also by L the Sturm-Liouville operator
generated in L?(R) by the differential expression (2.1). It is clear that L is selfadjoint
in L2(R).
The main object of our paper is an indefinite Sturm-Liouville operator
d2
Cax?

in L?(R). Itis easy to see that A # A*. Indeed, the operator A* = LJ is defined by
the same differential expression (2.2) on the domain, dom (A*) = JdomL # dom (A),
containing functions discontinuous at zero together with the first derivative.

A:=JL = (sgnx) ( + q(x)) , dom(A) :=dom (L), (2.2)

DEFINITION 2.1. Let J be a signature operator on a Hilbert space $), that is
J=J*=J"'. Anoperator T in § is called J-selfadjoint if JT = (JT)*.

It is clear that A is a J-selfadjoint operator. We will investigate the operator A in
the framework of extension theory of symmetric operators. For this purpose we recall
the following

DEFINITION 2.2. ([1]) Let S be a closed symmetric operator with equal finite
deficiency indices (n,n), n < co. A closed operator S is called a quasi-selfadjoint
extension of § if

ScScs* and dim (dom (8)/dom (S)) = n.
Let
Amin :=ANA*  and AL =4LE (2.3)

‘min*

It is easily seen that
Amin = A © AL dom (Apin) := {y € dom (L) : y(0) =y'(0) =0}. (2.4)

It is clear that A, is a simple symmetric operator with deficiency indices (2,2) and
A is its quasi-selfadjoint extension. Indeed,

dom(A) := {y€dom ((Afn)*) @ ((Am)”) :
¥(+0) = y(=0), y'(+0) = y'(-0)}, (2.5)

and dim(dom (A)/dom (Apin)) = 2.
Note in conclusion that if ¢ is bounded, then dom (A) := dom (L) = W3(R), the
Sobolev space, and dom (Amin) = Wa'(R) := {y € W2(R) : y(0) =y

/\\
(e]
=
Il
(@]
—

2.2. Weyl functions

Recall definition of the Weyl functions of the Sturm-Liouville operator (2.1) as-
suming as before, the limit point cases at +oo. Denote by s(x,A) and c¢(x,A4) the
solutions of

=" (%) + q(x)y(x) = Ay(x)
satisfying the following initial conditions

50,4) = 4 %S(O,/l) = ¢(0,4) = 1.

EC

(O’A‘) =0,
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According to Weyl theory (see [45]) there exists the function my (1) on C, UC_ such
that

S 1) F e (el 2) € I2(Ra). (2.6)
+

‘min

The functions my are called the Weyl function of L
condition y'(0) = 0. The functions

Mi()t) = :i:mi(:i:l) (2.7)

corresponding to the initial

are said to be the Weyl function of AL~ (corresponding to the initial condition y’(0) =
0).

Define
— (s2(+A) = M2 (A)e(-,£4)), x€ Ry,

2.8
0 x € Re. (28)

e~ {
It is easily seen that wu(-,A) € L*(Ry) for A € C;, UC_ and (AL )'ya(x,A) =
A ZE2 (X, A‘) :
Recall that a function m(A) is called an R-function (Herglotz or Nevanlinna
Sunction) [1, 29] if it is holomorphicin C; UC_,

ImA -Imm(A) >0 for A e CLUC_ and  m(A) =m(R).

The set of all R-functions is denoted by (R) (see [29]).

The functions m (-), as well as My () are R-functions (see [45]). Moreover, it
follows from (2.7) and the known integral representation of m4 (-) (see [44, 52]) that
M (-) admit the following integral representations

Mi(2) = /R dffgf) and /R ‘izjj(;) < . (2.9)

with (nonunique) nondecreasing scalar functions £ (-). Note that 24 (-) in (2.9) are
uniquely determined by the following normalized conditions:

254 (1) =2ZL(t+0)+2L(r—0), ZL(0)=0.

Note also that (2.9) gives a holomorphic continuation of My (-) to C\ suppdZy .
Moreover, the known asymptotic relations for m4 (-) (see [44]) yield

Mi(d) = i\/%—kO(%), (A —o00,0<8<argh<m—38) (2.10)
() = j:%\/E + 34 (£00) +o(l), t— Foo. (2.11)

Here and below /z is the branch of the multifunction on the complex plane C with
the cut along R, , singled out by the condition /—1 = i. We assume that VA =0
for A € [0, +00).

Consider the operator

Ay = (AE,)" [dom (AF), dom (A7) = {y € dom ((Anfm)*):y’<i0>=t()}. |
2.12
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Clearly, AT = (AF)*. The functions X are called the spectral functions of the
operators AS‘L [45, 52]. Tt is known that the generalized Fourier transforms F .,
defined by

(F+f)() := Lim. :t/ S (x)elx, £1)d (2.13)

vc1~>:|:oo

are isometric operators from L*(R4) onto L*(R,dZ.). Here Li.m. denotes the strong
limitin L?(R,d2.).

The operator ffoi =F iA(}L}' ;1 is the operator of multiplication by ¢ in L*(R,
dZi (1)), AF: g(t) — 1g(r) (see [45,52]). Note that 0(AT) = suppd=.. .

Suppose f € L*(R). Let f1 := P4f € L*(Ry) where Py is the orthoprojection
in L?(R) onto L*(R.). The following two representations of the resolvent R AE are
known (see [45, 52]):

ROy = [ CHELIOE, (.14)
+x
(R G 2)) = Fwslscd) [ clnth)f (s F el
+oo
/i Wi (s, A)f (s)ds. (2.15)

2.3. Definitizable operators

The spectral theory of linear operators in Krein spaces can be found in [3], [43].
Here we give some basic definitions.

Consider a Hilbert space $) with a scalar product (-,-). Let J be a fundamental
symmetry in §, thatis J = J=! = J*. We put [-,-] := (J-,-). Then the pair
K = (9,],]) is a Krein space (see the literature cited above). If J # I, then the
sesqulinear form [-, -] is indefinite.

Let T be a densely defined operator in $). Then J-adjoint operator T is defined
by

[Tf, 8] =[f,T"g],  f €dom(T), g€ dom(T™)).

Clearly, TU) = JT*J, where T* is the adjoint operator with respect to the scalar
product (-,-). An operator T is called J-selfadjoint if T = T*). Evidently, this
definition is equivalent to Definition 2.1 and T = T"*) <= T =JT*J .

DEFINITION 2.3.  ([43]) A J-selfadjoint operator T is called definitizable if p(T) #
() and there exist a real polynomial p such that

p(T)ff] >0 for f € dom(p(T)) .

Definitizable operators have spectral functions with critical points. Thus theirs
spectral properties are close to spectral properties of selfadjoint operators in some sense
(see [43]).



310 I. M. KARABASH AND M. M. MALAMUD

Operators of the form (2.2) are J-selfadjoint. In this case, $ = L*(R) and J
is a multiplication operator by sgnx. Such operators can be nondefinitizable. The
following theorem gives a criterion of definitizability.

THEOREM 2.1. ([36,37]) Let A = (sgnx)(—d?*/dx* + q(x)) be an operator of the
form (2.2). Then A is definitizable if and only if the sets suppdZ, and suppdZ_ (see
Subsection 2.2. for definitions) are separated by a finite number of points, i.e., there
exists a finite ordered set

{aJ ]221—1’ _OOZO‘O<051<052<'“<052n_1<052n:+oo7
such that
n—1 n—1
suppdX_ C | [0k, o1, suppdy C U[O‘2k+17a2k+2].

k=0 k=0

Several conditions of definitizability in abstract terms were given in [27] and [28].
Spectral properties of some classes of definitizable differential operators were
studied in [8, 17, 11]; see also references in [11].

DEFINITION 2.4. An operator T is called J-nonnegative if
[Tf.f] =20 for f €dom(T).

Denote the root subspace (the algebraic eigensubspace) of T for A by £,(T),
that is
£,(T) := span {ker(T — A)*: k€ Z,}.

PROPOSITION 2.2.  ([56], see also [3, 64]) Let T be a J-nonnegative operator. Then

(i) o,(A)N(CLUC_) =0.

(if) If A € 6,(T) and A # 0, then the eigenvalue A is semisimple, i.e., £, =
ker(T — A).

(iii) If 0 € 0,(T), then £y = ker T? (in general, £y # kerT ).

2.4. Finite-zone potentials

Following [44] we recall a definition of Sturm-Liouville operator with a finite-zone

1 r
potential. Let N € Z, := NU {0}. Consider sets of real numbers {uj}jvzf)l T
{&}Y such that

] r ] r l r l
—00 = o < Ho < U1 < Hp < - < Uy < Uy < Uy = 100,

g e [ﬁj,ﬁj] ,j=1,...,N . Define polynomials R(1), P(A) by

N N
H A=), R(A)=(A - o H A— HJ (A — HJ) (2.16)
Jj=1 j=1



INDEFINITE STURM-LIOUVILLE OPERATORS 311

Then there exist (see [44, Lemma8.1.1]) real polynomials S(A) and Q(4) of degrees
degS =N + 1 and degQ = N — 1 respectively and such that

N

S) =T[* —5), we(—oohl, 7€yl je{l. N}, (217)
j=0

and such that the following identity holds
P(A)S(A) — Q*(A) = R(A). (2.18)

According to [44, formulas (8.1.9) and (8.1.10)] (see also [45, formulas (5.1.8)])
the functions

L PR
Q(A) Fiy/R(4)
are the Weyl functions corresponding to the Neumann boundary value problems on

R for some Sturm-Liouville operator L = —d?/dx* + q(x) with a bounded quasi-
periodic potential ¢ = ¢. Here the multifunction /R(-) is considered on C with

mi(A) = (2.19)

cuts along the union of segments [[10, ;111] U [[11, ;112] U---u [ﬁN_l,/.lLN} and the semi-
axes [[JN, +00). The branch \/m of the multifunction is chosen in such a way that
R(xo +i0) > 0 for some xy € (fty,+o0). In this case Imm, (x + i0) > O for
X € (ﬁo,,llll) U (;11,,1112) U U (ity, +00) and both m (-) are R-functions.
DEFINITION 2.5. A (quasi-periodic) potential ¢ = ¢ is called a finite-zone

potential if the Weyl functions my(-) of Ly defined by (2.6) admit representations
(2.19).

Assume ¢ to be a finite-zone potential. Then ¢ is an analytic function, and
. . n .
the nth derivative %q is bounded on R for any n € N. Moreover, the spectrum of
L = —d?/dx* + q(x) is absolutely continuous, and

ro 1 ro 1 r
0(L) = Oac(L) = [to, 1] U [11, pio] U -+ U [y, +00).
Combining (2.19) with (2.7), we get
Mo(A) = P(=2) (2.20)

Q(£A) F iy/R(EA)

Using (2.18), we rewrite (2.20) as

O(£2) + ir/R(EA)

M) = =—5)

(2.21)

2.5. Boundary triplets and abstract Weyl functions
2.5.1. Weyl functions and spectra of proper extensions.

Let $ and H be separable Hilbert spaces.
DEFINITION 2.6. A closed linear relation © in H is aclosed subspaceof H &H .
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EXAMPLE 2.1.  For any closed operator B in H its graph G(B) is a closed
relation in H .

Let S be a closed densely defined symmetric operator in § with equal deficiency
indices n (S) = n_(S), where ny(S) := dim9; and 9, := ker(S* — A).

DEFINITION 2.7. ([1]) A closed extension S of S is called a proper extension if
S C § C S* . The set of all proper extensions is denoted by Exts.

Recall the definition of a boundary triplet.

DEFINITION 2.8. ([23]) A triplet IT = {H,T,I'1} consisting of an auxiliary
Hilbert space H and linear mappings I'; : dom (§*) — H, j € {0,1}, iscalleda
boundary triplet for the operator S* if the following conditions are satisfied:

(i) The second Green formula

(8°f,8) = (f,57¢) = (NWf, Tog)yy — (Taf, T1g)py,  frg € dom(S¥), (2.22)

holds;
(i) The mapping I' : dom (§*) — H @ H, I'f :={[of,T'\f} is surjective.

Definition 2.8 allows one to describe the set Extg in the following way (see
12, 13)).

PROPOSITION 2.3. ([12,13]) Let I1 = {H ,To,T'1} be a boundary triplet for S*.
Then the mapping T establishes a bijective correspondence S — © := I'(dom (5))
between the set Extg and the set of closed linear relations in H .

By Proposition 2.3 the following definition is natural.

DEFINITION 2.9. Let IT = {H , T, 1} be a boundary triplet for the operator S*.
(i) Denote Sg = S, if ©® = I'(dom (§)) that is

Seo := §*|Dg, where dom (Sg) = De := {f € dom (S*) : {T'of,I'1f} € ©}. (2.23)

(ii) If ® = G(B) is the graph of B € C(H ) then dom (Sg) determined by the
equation dom (Sp) = Dp := Dg = ker(I"; — BIy). We set Sp := Seo .

Let us make the following remarks.

REMARK 2.1. 1) The deficiency indices ny(S) are equal to the dimension of
H ,ie., dim(H ) = ni(S).

2) There exist two self-adjoint extensions S; := S*|ker(I';) which are naturally
associated to a boundary triplet. According to Definition 2.9 §; = Se,,j € {0,1},
where ©9 = {0} x H, ©; = H x {0}. Conversely, if Sy is a self-adjoint extension of
A, then there exists a boundary triplet IT = {,T,I';} such that Sy = S*| ker(T) .

3) O is the graph of a closed operator B if and only if § and S, are disjoint, i.e.,
dom (§) N'dom (Sp) = dom ().

4) © = G(B) with B € [H] if and only if § and S, are transversal, i.e., § and
So are disjoint and dom (S) + dom (Sy) = dom (S*).
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DEFINITION 2.10. ([14]) A proper extension S € Extg is called an almost solvable
if there exists a boundary triplet IT= {H , T, T';} and an operator B € [H] such that

dom (§) = dom (Sp) := ker(I'; — BIy). (2.24)

The set of almost solvable extensions is denoted by A sy .

Note that the class Asg is sufficiently wide. A proper extension 7 having two
regular points A1 € Cy belongsto Asg, T € Asg. All quasiselfadjoint extensions
are in Asg.

In [12, 13] the concept of Weyl function was generalized to an arbitrary symmetric
operator T with infinite deficiency indices n;(A) = n_(A). Recall some basic facts
about Weyl functions.

DEFINITION 2.11. ([12, 13]) Let IT = {H,T[y,I'1} be a boundary triplet for S*.

The Weyl function of T corresponding to the boundary triplet {H , T, 'y} is a unique
mapping

M(): p(To) — [H] (2.25)

satisfying
Tifa = MA)Tofs, fa €M =ker(S* —AI), A € p(So). (2.26)

Itis well known (see [12, 13]) that the above implicit definition of the Weyl function
is correct and M(-) is an operator-valued R-function satisfying 0 € p(Im (M(i))) (see
[15]). The Weyl function immediately provides some information about the “spectral
properties” of proper extensions. We confine ourselves to the case of almost solvable
extensions of the symmetric operator S.

PROPOSITION 2.4. ([13, 14]) Suppose that T1 = {H ,To,T'1} is a boundary triplet
for §*, M(-) is the corresponding Weyl function, A € p(So) and B € [H]. Then:

1) A € p(Sp) ifandonlyif 0 € p(B— M(A));

2) A € 0i(S) ifandonlyif 0 € 0;(B—M(A)), i€ {p,rc}.

We demonstrate applicability of Proposition 2.4 by describing a discrete spectrum
of the operator A .

PROPOSITION 2.5. Let S := Amin be a (minimal) symmetric operator defined by
(2.4) and let My (-) be defined by (2.7). Then
(i) TI={C? Ty, I} defined by

Ty, Ty : dom (A%;,) — H = C?, (2.27)

min
f(+0)7) (f'(+0) >
Iy = , ryf = ,
o = (1) V= o)
forms a boundary triplet for the operator S* = Ay, ;
(ii) The corresponding Weyl function is

M(A) := Mp(A) = diag (—-M'(A),M_(1)); (2.28)
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(iii) The operator A = JL defined by (2.2) is a quasi-selfadjoint extension of S
and it is determined by

A = S*|domA, domA = ker(I'; — Bl'y), where B= <01 (1)> ,  (2.29)

thatis A = Sp;

(iv) p(A) # 0 and Ay € p(A)NCy ifand only if M1 (Ay) # M_(A). Moreover,
pP(A)NR = Uj(oy, B) where (o4, B;) is such an interval that both My and M_ admit
holomorphic continuation trough (o, Bj) and M (x+i0) # M_(x+10), x € (¢4, ).

(v) Thesets 6,(A)NC4 are at most countable with possible limit points belonging
to RU {oo}. Moreover, Ay € 0,(A) N Cy if and only if M (Ay) = M_(Ao). In the
latter case dim £,,(A) = m(Ag), where m(Ag) is the multiplicity of Ay as a zero of the
analytic function My (L) — M_(A);

(vi) The spectrum o(A) is symmetric with respect to the real line, that is Ay €
0,(A) <= Ao € 0,(A) and dim £;,(A) = dim L3 (A) (equivalenily Ay € 6(A) <=
Jo € 6(A*) and dim £;,(A) = dim £, (A*).

Proof. (i)-(iii) These statements are obvious.
(iv) By Proposition 2.4 Ay € p(A) if and only if 0 € p(B — M(A), thatis

det(B—M(%)) = det<M+_lfM —Mi(?t)>

= M) [Mi(A) — M_(A)] #0. (2.30)

Note that due to (2.10) M, (-) and M_(-) have different asymptotic behavior along
any semi-axes ¢ - ¢'?, t > 0 with ¢ € (0,7/2). Hence M, (-) — M_(-) # 0, that is
the determinant det(B — M(-)) does not vanish identically and p(A) # 0.

The last statement follows from Proposition 2.4 and the identity

L ML GOM-(2) ML (3)
(B~ M(A)) ‘M+<A>—M_<A>< M, (2) ! >

(v) By Proposition 2.4 o(Sg) N C1 coincides with the set of zeros of the
determinant det(B — M(-)) in C. Due to (2.30) o(Sg) N C4 coincides with the set
of zeros of M (-) — M_(-) in Cy since M, (-) has no zeros in C4. The analytic
function M, (-) — M_(-) does not vanish identically, hence it has at most countable set
of zeros in both C; and C_. The remaining statements follow from analyticity of
M (-) — M_(-) and Proposition 2.4.

(vi) Note that M (Ag) — M_(Ag) = 0 yields

M. (Fo) ~ M_(%o) = M. (ha) — M— (o) = 0.

A similar implication is valid for jth derivative. This completes the proof. [
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2.5.2. A functional model of a symmetric operator.

Next we recall construction of a functional model of a symmetric operator following
[15], [48] (see also [22]). We need only the case of the deficiency indices (1,1).
Let X(¢) be a nondecreasing scalar function satisfying the conditions

1
——dX(t) < o0, dX(t) = o0,
/Rmz (1) < oo / (1) = o

(1) = %(Z(l _0)+2(t+0)), =(0)=0. (2.31)

The operator of multiplication Qs : f (f) — tf (¢) is selfadjointin L?(R,dX). Consider
its restriction

Ty = Qs [dom(Tx),  dom(Ty) = {f € dom Qs : /f(t)dZ(t) = 0}.
R

Then Ty is a simple densely defined symmetric operator in L*(IR,dX) with deficiency
indices (1,1). The adjoint operator 75 has the form

dom (T3) = {f =fo+1(?+1)"'h : fo € dom(Qs), h € C},
Tif =tfo— P+ 1)"'h

Let C € R. Define linear mappings I3, I"f’c : dom(fg‘) — C by

O5f =h, IYSf=Ch+ / fo(t)dZ(1), (2.32)
R
where
f=fo+t#+1)"hedom(Ts), foedom(Qs), heC.

Then {C,T3, T} is a boundary triplet for 7% . The function

1 t
Msc(R) == C+/IR <ﬁ - W) dx(t), A €C)\ suppdz, (2.33)

is the corresponding Weyl function of Ts.

2.6. Some facts from Hardy spaces theory
2.6.1. The Hilbert transform in weighted spaces

Let us recall some facts of Hardy spaces theory following [19] and [42].

Let y be a Borel measure on R satisfying [, (1 + ) ~'du(z) < oo. As usual
we denote by u(A) = P, (u) its harmonic extension (the Poisson integral) at the point
A=x+iyeCy,

i) = Palu) = (s m)(0) o= ¢ [ —esan(. @39
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For any function ¢ € L'(dt/1 + 1*) we put P (@) := P, (1) where u = @dx.
Moreover, assuming that [; (1 + |¢])'du(z) < oo one introduces the harmonic
conjugate u(-) of u(-) by setting

u(x + iy) == 1 / x;tzd,u(t). (2.35)

T Jr (.x — t)z + y
Here we require the normalization lim,_, | u(x + iy) = 0. By Fatou theorem for a.e.
x € R the limit limy_,o u(x, y) =: u(x+i0) exists and u(x+i0) = u’(x). Moreover, the
limit lim,_,o #(x +iy) =: u(x+i0) exists a.e. and coincides with the Hilbert transform
of u,thatis

(x4 i0) = (H)(x) = - lim L. (2.36)

If f € I7(R) with p € [1,00), then by definition (Hf )(x) := (Hu)(x) with u = fdx.
The operator H is a unitary operator on L*(R).
Recall the Helson-Szego theorem [25] (see also [19]).

THEOREM 2.6. (Helson, Szego) Let du be a positive Borel measure on R which
is finite on compact sets. There is a constant K such that

/ Hf (0)2du(x) < K / I ()P (x)
R R

forall f € L*(R) N L*(R,du) if and only if u is absolutely continuous, du(x) =
w(x)dx, and

logw(x) =u+Hv, ueL>®R), [v|iom) <m/2. (2.37)

Theorem 2.6, the Helson-Szegd theorem, provides a necessary and sufficient con-
dition for the Hilbert transform to be bounded on L?(du).

Another solution to this problem has been obtained by Muckenhoupt [49] and Hunt,
Muckenhoupt and Wheeden [26].

THEOREM 2.7. (Hunt, Muckenhoupt, Wheeden) Let du be a positive Borel mea-
sure on R which is finite on compact sets. Then the inequality

[ 17 0)Pau(s) < e [ 1Pt

with K, independent of f € L*(R) N L2(R,du) holds if and only if du(x) = w(x)dx
and the density w(x) satisfies the following (A;) -condition:

sup <Il/ (t)dt) (é/( b)dr) < 0. (2.38)

In (2.38) sup is taken over the set of all (closed) intervals Z C R.

We will write w € (A,) if (2.38) is satisfied.

It is well known that the necessary part of the condition (2.38) remains valid (with
the same proof) for two-weight estimates of Hilbert transform.
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More precisely, suppose that wi(-) and wy(-) are two nonnegative functions
(weights) and E = suppw, = E is a topological support of w,. Then the two-weight
inequality

/ |Hf (x)|* - wi (x)dx < Kz/ If (x)]? - wa(x)dx (2.39)
R R

implies the estimate

w (g L) (g () @) <= 00

In turn, inequality (2.40) yields

esssup e [wi (x) - wa(x) '] = C < 0. (2.41)

In fact, inequalities (2.40) and (2.41) are not equivalent, that is (2.40) is stronger than
(2.41).
In what follows, w; ' (-) stands for the quasi-inverse of w;(-), that is

1 .
, f 0

wy ! (x) = { ve ()i () # (2.42)
0, if wy(x)=0.

Note, that two-weight estimate (2.39) is equivalent to boundedness of the operator

wi/szz_l/2 in L*(R).

Following [54] we mention one more consequence of two-weight estimate (2.39).

PROPOSITION 2.8. Let wy, wy = 0 be two nonnegative measurable functions on
R. Then for the two-weight estimate (2.39) to be valid it is necessary that

sup (P (wi) - Prw; ")) = C < oc. (2.43)
AeCy

D. Sarason has conjectured that the converse is also true, that is condition (2.43)
is also sufficient for the two-weight estimate to be hold. Later on F. Nazarov (see [54])
showed that it is false.

It is easily seen (and well known) that condition (2.43) is stronger than (2.40).
Indeed, if x is the midpoint of Z, y = |Z|/2 and A = x + iy, then || 'xz(z) <
nPy(x — t) (cf. [19, Theorem VI.1.2]). Hence for any nonnegative ¢ € L, (R)

loc

1
T/I(p(t)d‘ < /IPy(x—typ(t)dt—Pa((P) (2.44)

Also we will use the following result.

PROPOSITION 2.9. (cf. Theorem 4 in [25]) Letr {; JN: \ be a finite set of real

numbers. Assume that a (positive) weight function w(-), t € R, has the following
properties:

w(t) <%, |t = o0, where —1< 0o <1, (2.45)
wt) < |t—14%, t—1t, where —1<ao;<1,je{l,...,N}, (2.46)
w(t) <1, t—1, forany tp € R\ {tj};»vzl. (2.47)

Then w € (A), i.e., the weight w(-) satisfies (2.38).
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Proof. A letter C will be used to denote a positive constant not necessarily the
same at each occurrence.

If w ¢ (Az), then there exists a sequence of intervals Z, = [a,, by], n € N, with
the following properties:
(S1) {a,}2, and {b,}22, are monotone;
(S2) there exist limits a = lima,, b=1imb,, —oco<a<b< +o0;

)t (o) ()

Let us suppose now that assumptions (2.45)—(2.47) hold true and let the sequences
{an}52, and {b,}5°, have properties (S1), (S2). We will prove that property (S3)
does not hold in this case, i.e.,

1 1 1
B = <1n| /In w(t)dt) (IIn /In Wdt> < C forall neN. (248)

First note that assumptions (2.45)—(2.47) yield that w(-) € L}, (R) and 5 €

w(

L} .(R). Hence it suffices to show (2.48) for sufficiently large n.

We will consider 7 cases.

Case 1. Let a = b = +00 (the case a = b = —o0 is similar).

By (2.45), w(r) < Clf|** and 7 < Clr|=®> for sufficiently large 7 > 0.
Hence, for n large enough, we have

1 by by 1 1 bn bn
— Ooo —Ooo
mﬂ = m/ﬂ W(f)d[/a Wdt < Cm/ﬂ t d[/a t d[.

Since 0 € (—1,1), we have

(P B ) by bl
(by—an)* (1400 ) (1—0so) b2+aZ—2b,ay,

B, < C

(it is assumed that a,, b, > 0). By the Cauchy inequality,
by~ ay 0 4 b a9 > 2byay.

Thus B, < C for n large enough.

Case 2. Let a= —00, b = +00.
By (2.45), there exist a constants ay < 0 and by > 0 such that

1
w(t) < Clt|*° and w0 < Clp| 7% for t€ (—o0,a9) U (by, +00).

Therefore,

B, < C ! /a0;|°food;+/bo (r)dr+/b" 1900 iy
n< Crmos w -
(bn - an)z an a bo
ap bo 1 bn
. / |t\*"‘°°dt+/ —dt+/ 1= %odt
an ap W(t) bo
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for n large enough. Taking into account the fact that f 1)dt < oo and j dt <
00, we get

(|an‘H%"f‘ao‘1+a°°+C+b,1,+a°°7b(l)+a°°) (‘a,1|17a°°f‘a0‘17%"+C+b,1fa°°fb(l)_a°°)
(bn*an)2
|an‘1+0600 + brllJrocoo) (‘an‘l_a” 4 brll—aoo)
(b — an)2

B < C

<C( < C.

Case 3. Let —oco <a=b < 400, a, | a,and b, | a(=Db).
By (2.46)—(2.47), there exist a € (—1,1) such that

1
w(t) < |t —al*, — =<|t—a|”% t—a.

w(t)

So, for n large enough,

(b,,i (/ i aadt+/ab"(t a“dt) (/ i—a|” O‘dt+/abn(t a)” ad;)

((a—a)™™ ™+ (by — @)'*%) ((a — an)' =%+ (by — a)' ~%)
((bn —a) + (a— an))z
(a _an)Z + (bn _a)z + (a _an)l oc(bn _ a)1+(X + (a _ an)l+a(bn _a)l—oc
(a—ay)?*+ (by — a)? +2(a — a,) (b, — a)
(a _ an)l—a(bn _ a)l+a + (a _ an)lJroc(bn _ a)l—a
max{(a — a,)?, (b, — a)?}

B < C

<C

=C

<C.

<C+H+C

Case 4. Let —0o < a < b = +o0 and a, | a (the case —oco =a < b < +00,
b, 1 b is similar). By (2.45)—(2.47),

1
w(t) < Ci*e, w0 < Ct %o for 1€ (by, +00), (2.49)

where by is a certain positive constant. Since

/ab w(t)dt < /ab w(t)dt < C and /b e / WEI) dt< C

for all n € N, we clearly have

1 bo bn
B, < B —a? (/a w(t)dt+ ) ( dtJr/bo Wdt>
1 bn oo " —Ooo
<Cm <C+/b t dr) <C+/b t dr)

i Ot it

c
< 2~ 2buay + @2
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It follows from limb,, = 400 that 3, < C for n € N.
In the same way one can treat the following cases:

Case5. —co<a=b< 40, a, | a,and b, | a(=>b) (thecase a, 1 a, b, T a
is similar);

Case 6. —o00 <a<b=+00, a, | a (thecase —oo =a <b < +o0, b, | b is
analogous);

Case7. —oco <a<b<+oo.
Thus property (S3) does not hold. This shows that w € (A). O

2.6.2. The Smirnov class

We denote by A/ *(C,) the Smirnov class on C, . Recall that N'*(C, ) consists
of holomorphic on C; functions U(-) admitting the following factorization

U(z) =cB(z) F(z) S(z), z€Cy,

where B(-) is a Blaschke product, F(-) is an outer function, S(-) is a singular function,
¢ is a constant, |c| = 1 (see [19, Corollary I1.5.6 and Theorem I1.5.5]).
The following lemmas are well known.

LEMMA 2.10. Iff,g € N (C), then f + g€ N 7 (C).

LEMMA 2.11.  Let {t}}| be a finite set of real numbers. Let U(z) be a
holomorphic function on C. such that

U(z) = 0(z"°), z— o0,
Uz—1t) =<|z—4% z—1, je{l,...,N},
Ulz—2)=0(1), z—z, w¢€(C:iUR)\ {4},

where doo €ERy, 0 €R_, j€{l,...,N}. Then U(-) € N (C.).

3. Similarity conditions

3.1. Characteristic functions and similarity

Let S be a symmetric operator in a Hilbert space § with finite deficiency indices
(n,n), n € N. Let T be a proper extension of S. Then by Definition 2.10 (see also
2.5. and [15]) there exists a boundary triple {H ,T,I'1} for $* such that dom7 =
ker(I'; — BTy) with some B € [H], thatis T = Sg. Let M(-) be the Weyl function
corresponding to the boundary triple {#,I'o, "1 } . The characteristic function 67(-) of
almost solvable extension T(€ Extg) is determined and investigated in [14], [15] (see
also [64]). In the sequel we need only the following formula for 67(-) obtained in [14].
It express the 67(-) by means of a boundary operator B and the corresponding Weyl
function M(-). One may consider it as a definition of 67(-).
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THEOREM 3.1. ([14]) Let II = {H ,T0,I"1} be a boundary triple for S*, M(-)
the corresponding Weyl function, B € [H], and E an auxiliary Hilbert space. Then
for any factorization By == (B — B*)/2i = KJK* of B; with K € [E,H] and
J = J* = J ' € [E], the characteristic function O(A) := Oa,(L) of the extension
Ap(€ Extg), domSp = ker(I'y — BTy), admits the following representation

Or(A) = I+ 2iK*(B* — M(A)) " 'KJ. (3.1)

It is shown in [14] that if ker(B — B*) = {0}, then

0r(A) = (B—M()) (B = M(2)) ™.

It is well known that the characteristic function 67(A) satisfys the following properties
(J -properties):

{ (Dg(l) =J - QT(A)jGT(A) 0, AE (C+,
(Dg(l) =J - QT( )jGT( ) 0, AeC._.
(A

The second J -form wg=(A) := J — 05(A)T0r(A) has the same properties.

Next we recall some (sufficient) conditions for the similarity to a selfadjoint
operator in terms of the characteristic function 6r(A4) and the corresponding 7 -forms
wp () and we«(-).

(3.2)

THEOREM 3.2. ([47]) Let T be a solvable extension of S, that is domT =
ker(I'y — BI'y), with B € [H], B; := (B — B*)/2i = KJK* where J := sgnB
and my == (I £ J)/2. Suppose that o(T) C R and at least one of the following two
conditions is satisfied

(i) maX{ sup [|7467(2) T 0r(A)7y ], sup |ﬂ9T(7L)79?(7L)ﬂ|} < oo (33)

reC_ A€ECy

) max{ sup ||m—67(A)TO0r(A)m_||, sup ||7r+9T()L)\79;()k)n+||} < 0. (3.4)

AeCy AeC_

Then T is similar to a selfadjoint operator Tg. Moreover, if T is completely non-
selfadjoint then Ty has purely absolutely continuous spectrum.

The next result has originally been obtained in [60]. It is immediate from Theorem
3.2, other proofs can be found in [50, 46, 47].

THEOREM 3.3. ([60]) Let T be a quasi-selfadjoint extension of S and the spectrum
o(T) isreal, o(T) CR. If

sup  [|0r(4)]| < oo, (35)
AEC,UC_

then T is similar to a selfadjoint operator To. Moreover, if T is completely non-
selfadjoint then Ty has purely absolutely continuous spectrum.
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According to the B.S. Nagy and C. Foias result (see [62]) condition (3.5) is also
necessary for a dissipative operator 7 to be similar to a selfadjoint operator.

To the best of our knowledge the weakest sufficient conditions for the similarity
of a non-dissipative operator to a selfadjoint one in terms of characteristic functions, is
contained in Theorem 3.2. Some previous results in this direction can be found in [62],
[60], [46], and [47] (see also references in [47]). We mention also recent publication
[41] and [30].

Note that under the conditions of all mentioned results a completely nonselfadjoint
part of T is similar to a selfadjoint operator Tp = 7T;; with absolutely continuous
spectrum. In this connection we mention that V. Kapustin [30] found some sufficient
conditions for an almost unitary operator 7' to be similar to an operator U, @ Ty where
U, is an absolutely continuous unitary operator and 7T is some singular almost unitary
operator. Recall, that T is called an almost unitary operator, if o(7) 2 D and (at least
one of) non-unitary defects I — T*T and I — TT* are trace class operators.

DEFINITION 3.1. Let T be aclosed operator on $) with real spectrum. We say that
apoint a € RU{oo} is a spectral singularity of T if at least one of the 7 -forms wp(+)
and wg~=(-) of the characteristic function 6r(-) is unbounded in any neighborhood of
a, that is for any €

sup (|7 = 0r(A)TOF(A)]| + 1T = 07(2)TOr(A)]]) = oo,
AEDe(a)
where Dg(a) = {A € CLUC_ : [A —qa| < &} for @ € R and D,(c0) = {4 €
CUC_: |A] > 1/€}.
Next we present sufficient condition for an operator 7 with a finite number of
singularities to be similar to a selfadjoint one with absolutely continuous spectrum.

PROPOSITION 3.4.  Let a closed operator T on $) be similar to a selfadjoint
operator Top = T, VTV~ =Ty, and let Et,(+) be the spectral measure of Ty. Then

(i) For any Borel subset § C R the subspace $r(8) = V7191,(5), where
91,(8) := E1,(0)% is a regularly and ultra-invariant (see definitions in [62]) subspace
for T;

(ii) The operator T(8) := T[H7(8), domT(8) = V~'dom To(8) is similar to
the operator To(0) := E1,(8)T;

(iit) Suppose additionally that T is completely non-selfadjoint, c,(T) = () and
there exists a closed at most countable set {a;}\ C R, N < oo, such that for any

domain D := UIIVID)EJ.(aj) U De,(00) with sufficiently small €, €, &, ..., the
following inequality holds
sup  lwp(A)[| = sup [|T = 6r(A)T6r(A)]| < o0. (3.6)
rec,uc_\D rec,uc_\D

Then the spectrum of Ty is purely absolutely continuous, that is T is similar to the
selfadjoint operator Ty with absolutely continuous spectrum.

Proof. (i) It is clear that $7(0) € LatT, that is $H7(5) is invariant for 7.
Moreover, 7(8) € LatT is regularly invariant, that is (T — A1)~'97(8) = H7(8)
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since

Er(8)9 = (To—A)"'Er(8)H = V(T —A)"'V 'Eg(8)$
V(T — 1)1 97(8). (3.7)

The last statement is a partial case of Proposition 5.1 from [62], part II.

(ii) Itfollows fromtheidentity VTV~ = Ty that V(T—A)~'V~! = (T—A)~!
Introducing block matrix representations of the operators V, T(8) and Ty(8) with
respect to the orthogonal decompositions § = H7(5) @ H7(8)L = H1,(8) ®H7, (R\S)
we rewrite the above identity in the block-matrix form

i V) (&) -2)" T
(Vzi Vzi) (( 0 ) Tzi)
_ (To(5)*/1)71 0 (Vi Vi
_< 0 (To(R\ &) —4) " (Vzl sz)’ G8)

where V; = P;V[$;, i,j € {1,2}, P is the orthoprojection in ) onto $7(d) and
P, :=1— Py. Hence Vi (T(8) — A)~! = (To(8) — A)~'Vy;. To complete the proof
it remains to note that dom Vy; = $7(8), ranVy; = H7,(0) and ker Vi = {0} by
definition of Vi;.

(iii) First we prove that the operator T5 := P,T[$7(8)" is similar to the operator
To(R \ 8). Note that T; = T*[$7(5)* and

(VY T*Ve =Ty = T (3.9)

By statement (ii) the operator T; is similar the operator To(R \ ) since $H7(5)* =
V*9r,(R\ 8) € LatT*. Hence T, is similar to the operator To(R \ 0) = T5 (R \ §)
too.

Now, let (a,b) be any component interval of the (open) set R\ {a;} and
0 =(a+¢€b—¢), € >0. Itisclear that T is a coupling (see [6, 14, 15]) of
Ty = T(8) and T, = P,T[$H7(8)%. Therefore 67(-) admits a factorization (see
[14, 13])

QT(A) = 91"1 (A) . QTZ(A) = 61(&) . 92(&), A€ C.ucC_, (310)

where 6;(-) = Or,(-) is the corresponding characteristic function of the operator
T;,j € {1,2}. Since T, is similar to To(R \ ), then 6:(-) = 6O7,(-) admits a
holomorphic continuation through (a + €,b — €).

It easily follows from (3.10) and the first 7 -property of 87, and O, (see (3.2))
that

wp(A) = J —0r(A)TO7(X) (3.11)
= J = 0n,(A)J6,(A) 4 61,(4) - (T — 0, (1) T 67,(4)) - 67, (4)
> J—0r,(A)J0;(A) >0 for AcCyU(a+eb—e).
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In turn, it follows from (3.6) that we(-) is bounded in a small neighborhood G} (C
Ci) of & = (a+ €,b — €). Therefore (3.11) yields the estimate sup ||wg, (1)] <
sup [lwg, (A)]| < oo red;
A€ Gy

On the other hand, 0,(A) = 67,(4) is bounded at infinity since 7} is bounded.

Therefore Cy := sup ||wg, (A)]] < oo.
AEC
Similarly, starting with (3.10) and using the second 7 -property (3.2) of 07, and
Or, we get

wg(A) = T —0r(A)T07 (1) (3.12)
= J=6n(A)J65,(A) +6r,(4) - (T = 6r,(2) T 67, (%)) - 67,(4)
< J-06n(A)J67;(A) <0 for AeC_U(a+eb—e).

By (3.6) wg(-) is bounded in a small neighborhood G5 (C C_) of § = (a+¢&,b—¢)
and due to (3.12) so is g, (-). Since 6;(A) is bounded at infinity we have C_ :=

sup |lwg, (A)]] < oo. Summing up we get
AeC_

sup |67, (A)T 67, (A)]| < oo. (3.13)
AEC,UC_

Note that 7; is completely nonselfadjoint because so is 7. Since T3 = T(§) is
completely nonselfadjoint and it is similar to the selfadjoint operator Ty(8), then
condition (3.13) imply absolute continuity of the operator To(8) (see [47], Theorem
1.4). Since (a,b) is any component interval of R\ {a;}}, § = (a+¢&,b —¢€), and
€ > 0 is arbitrary, then the singular spectrum oy (7y) of Tj is supportedon {a;}), that
is 0,(Ty) C {a;}). Thus, o,(Ty) is at most countable, hence oy(Ty) = 0,(T;). But
according to our assumption 0,,(7y) = @ and 7, is purely absolutely continuous. [

COROLLARY 3.5. Let a closed operator T on $ be similar to a selfadjoint
operator Ty = T . Suppose additionallythat T is completely non-selfadjoint, c,(T) =
(0 and there exists a closed at most countable set {a;}} C R, N < oo, such that for
any domain D := UIIVID)gj(aj) U Dg (c0) with sufficiently small €, €1, &, ..., the
following inequality holds

sup  [|6r(A)] < oo (3.14)
AEC,UC_\D

Then Ty is purely absolutely continuous, that is T is similar to the selfadjoint operator
Ty with absolutely continuous spectrum.

REMARK 3.1. It is shown in [47] that conditions (3.3) and (3.4) are equivalent
to each other and even are equivalent to similar conditions obtaining by dropping the
corresponding orthoprojections 74. Note, however that in general condition (3.13) is
weaker than each of the (equivalent) conditions (3.3), (3.4) and it is not sufficient for
similarity to a selfadjoint operator (cf. [47]).
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3.2. Characteristic functions and similarity of J -selfadjoint operators

In the case of J-selfadjoint operators conditions (3.3), (3.4) and (3.5) can be
weakened. The following two results are immediate from Theorem 3.2 and Theorem
3.3 respectively.

PROPOSITION 3.6.  Suppose additionally to the conditions of Theorem 3.2 that
T is a J-selfadjoint operator. Assume also that o(T) C R and at least one of the
following four conditions is satisfied

(i) Ci:= sup 167 (A)T6r(4)]| < oo, (3.15)
eC,
(if) Cy:= sup [[67(A)T0r(4)|| < oo,
AreC_
(i) Cy:= sup [10(2)T05(2)] < . (3.16)
eC_
(iv) Ca:= sup [|0r(4)T07(A)] < oo,
AEC

Then T is similar to a selfadjoint operator To. Moreover, if T is completely non-
selfadjoint then Ty has purely absolutely continuous spectrum.

Proof. 1f two operators 71 and T, are unitarily equivalent, then any characteristic
function Or, (-) of T) is at the same time the characteristic function of 7.

We prove only that conditions (i) and (iii) are equivalent and C; = Cs. The
equivalence (ii) <= (iv) and the equality C; = C4 can be proved in just the same
way.

Since T is J-selfadjoint it is unitarily equivalent to T*, T* = JTJ~!. Hence
0r(A) = Or=(A). On the other hand, it easily follows from (3.1), that

0;(%) = T0r-(A)T (= T6r(A)~'T), A ep(T).
This relation yields

TOF (M) TOr(A)T = Or« ()T 05 (A) = Or(A)T 05 (A). (3.17)
It follows that C; = C3. To complete the proof it suffices to apply Theorem 3.2. [

COROLLARY 3.7. Suppose additionally to the conditions of Theorem 3.3 that T
is a J -selfadjoint operator. If o(T) C R and

sup [|67(4)[| < o0, (3.18)
AeCy

then T is similar to a selfadjoint operator Ty. Moreover, if T is completely non-
selfadjoint then Ty has purely absolutely continuous spectrum.

REMARK 3.2. Note, that four conditions (i), (if), (iii), (iv) in Proposition 3.6 are
equivalent. This statement is implied by combining identity (3.17) with Proposition 1.4
from [47].
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In fact, it can be proved using some reasonings from [47] based on the resolvent
criterion (see below) that for J -selfadjoint operator T only “half” of either conditions
(3.3) or conditions (3.4) is sufficient for T to be similar to a selfadjoint operator. Say,

the condition sup ||7;07(A)T6r(A)m,|| < oo is sufficient for T to be similar to a
AeC_

selfadjoint operator.

Next combining Proposition 3.4 with Proposition 3.6 we arrive at the following
result showing that in the case of J -selfadjointness of the operator T condition (3.6)
can also be weaken.

PROPOSITION 3.8.  Let a closed J -selfadjoint operator T on $) be similar to
a selfadjoint operator Ty = T;. Suppose additionally that T is completely non-
selfadjoint, 0,(T) = () and there exists a closed at most countable set {a;}Y C R, N <
oo, such that for any domain D := U)Dy,(a;) U D, (00) with sufficiently small &,
€, &, ..., the following inequality holds

sup [wg(A)[| = sup [T —6r(A)TO7(A)]| < o0  (3.19)
AeC\D A€C\D

Then Ty is purely absolutely continuous, that is T is similar to the selfadjoint operator
Ty with absolutely continuous spectrum.

Proof. Since T is J -selfadjoint, then combining condition (3.13) with identity
(3.17) we get

sup @+ (A) = sup [T = 67(A)TOr(A)]| < oo, (3.20)
AeC_\D AeC_\D

Following [47] it can easily be shown that both conditions (3.19) and (3.20) together
yield condition (3.6). It remains to apply Proposition 3.4. [

The following proposition is immediate from Proposition 2.5 and formula (3.1).

PROPOSITION 3.9. Let S := Amin be a (minimal) symmetric operator defined
by (2.4) and A = JL. Suppose that conditions of Proposition 2.5 are satisfied and

0 1
B = (_1 0). Then

(i) Br = (l) Bl =: J and the characteristic function 64(-) of the operator

A admits the following representation

_ ! M (A)+M_(A) 2M(A)M_(4)
) = o (i) 62D
(ii) The corresponding J -forms are

4-Im (M M- - (My+M_)) 4iM . M_ —iM, +M_J
iMy +M_|> — 4iM . M_ 4-Im(M; +M_) '
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1

_ 4-Im (M, +M_) 4iM M_ —ilM. +M_|?
My +M_|>—4M M- 4-Im (M M_-(M;+M_)) )’

(iii) The determinant det O4(A) defined originally on p(A*), admits holomorphic
continuation to the complex plane C and

deto(A) =1, AeC. (3.24)

REMARK 3.3. Here we briefly explain a general abstract scheme allowing us to
consider the operator (1.1) in the framework of extension theory.

Let S+ be symmetric operators in $4 with deficiency indices ny(Sy) = 1. Let
also Iy := {C,,IJ,I'[} and IT" := {C,I}{,T}} be boundary triplets for S* and
S* respectively and m (-) the corresponding Weyl functions. Setting I'j = —I7
and Il =TI'}, we obtain a boundary triplet IT_ = {C,T';,I'; } for the operator —S* .
The corresponding Weyl functionis M_(A) = —m_(—A). Itis easily seen that IT :=
I, o ={C, Ty &y, &} =: {C*Toy, I} is aboundary triplet for S* =
§*% @ (—S* ) and the corresponding Weyl functionis M(-) = diag (—M )
where M (-) := my(-). Define a quasi-selfadjoint extension A of S S+ ® (
by setting

A = S"|domA, domA =ker(I'| — B[)), where B= <01 (1)) . (3.25)

If 9+ = LZ(R:E) St = me’ and FJrf 7f(+0) F+f 7fl(+0) F_f 7f/( )
I'[f = —f(—0), then according to Proposition 2.27 the operator A defined by (3.25)
co1nc1des with that defined by (1.1). It is natural to call A a nonselfadjoint coupling of
two symmetric operators Sy and S_.
We emphasize that under the assumption M. (-) # M_(-), Proposition 3.9, as well
as the biggest part of the results of Sections 3-6, remain valid for the operator A defined
by (3.25).

Combining Theorem 3.2 with Proposition 3.9 and Remark 3.3 we arrive at the
following statement.

COROLLARY 3.10. Let A, S+ and My be asin Remark 3.3 and let S+ be simple.
Then the operator A is similar to a selfadjoint operator with absolutely continuous
spectrum if the following two conditions hold

(@ su Im (M (A)4+M_ (X)) +|M(A)? - ImM_(A)+|M_(A)[* - ImM+(/l)<oo
ret, M (2)—M_ () ’
(3.26)
ImM_ (A)-ImM_(A)

A TV S B V7S E (327)
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1 Fi . . a b
— _ 1
Proof. Notethat 7y := (I+7)/2 = 5 (:ti 1 > . Setting for brevity <c d)
:=J — wp~(A) and noting that 7 — wg(A) = (i 2) we easily get
1 [k —ik
T g+ (A,)TC+ = Ty — Z (lki k++> s (328)

1 k_  ik_
T_wp(A)m- = —7m_ — 1 (ik L ) ,

where k. =a—ic+ib+d and k- = a+ic —ib+ d. Hence both k, and k_ are
bounded in C, if and only if so are a +d = ky +k_ and b — ¢ = i(k_ — k). Note
that

c—b M{A)+M_(A)]>—4Re (M, (A)-M_(X)) 1+81mM+(/l) -ImM_(A)
2 M (R) = M_(A)] T M) —M_(A)P

Im (M (A)-M—(A)-(My-(A) + M—(2)) = My (A)Im M—(A)+[M_ ()] Im M. (2).

Next we show that A is completely non-selfadjoint. First we note that § =
S; @ (—S_) is simple because so are S; and S_. If A is not completely non-
selfadjoint, then A = Ty @& T, where Tp = T;. Hence, A* = To @ T} . Since
dom (A) N dom (A*) = dom (S) due to the definition given by (3.25), we see that
To C S. Thus, $) := dom (Tp) reduces the operator S, and Ty = T = S|$o. This
contradicts the fact that S is simple.

To complete the proof it remains to apply Theorem 3.2. [

REMARK 3.4. (i) A weaker sufficient condition for the similarity is implied by
Theorem 3.3. Namely, combining Theorem 3.3 with formula (3.21) we conclude that
the condition

M (A)+M_(A 1 M (A)M_(A
max{ M () +M_(3) wp M) <>||}<Oo

ret IM_(A) =My (A)] st M_(A) =M, (A)] sew. M—(A)—M. ()

(3.29)
is sufficient for the operator A to be similar to a selfadjoint operator with absolutely
continuous spectrum.

(i7) Itis interesting to note that due to asymptotic behavior (2.10) of M (-) neither
conditions (3.29) nor (weaker) conditions (3.26)—(3.27) are satisfied for any operator
A of the form (1.1). Indeed, (2.10) yields

Im (M, (ip) + M_(ip)) = p~ ">+ 0(p™"),
M (ip) =M _(ip)* = p~" +0(p™*?) as p— oo.

So, neither Theorem 3.2 nor Theorem 3.3 can be applied to operators A of the form
(1.1), though some of them are similar to selfadjoint ones.
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(iif) A counter part of identity (3.24) for a discrete part Agisc of the operator
A, dety,, (A) = 1, is immediate from symmetry of its spectrum (see Proposition
2.5(vi)). However, identity (3.24) is not predictable for operators with absolutely
continuous spectrum. In the latter case 64(+) is J -outer function while det 64(A) = 1.

Alongside the operator A we consider its “dissipative and accumulative parts”.
More precisely, we consider extensions A of S = Ay, determined by

dom (A4 ):={y € dom ((S) : 2y'(+0)=y'(—0)=iy(+0), 2y(—0)=y(+0)Fiy'(=0)} .
(3.30)

PROPOSITION 3.11. Let S := Amin be a (minimal) symmetric operator defined by
(2.4) and let My (-) be defined by (2.7). Let also T1 = {C?,T,T'1} be a boundary
triplet defined by (2.27). Then

(i) The operators Ay defined by (2.2) are quasi-selfadjoint extensions of S and
they are determined by

Ay = S*|domAyL, domAy = ker(T'y — B1Iy), and

1 (£ 1
By =mn.B= 3 (_1 :|:i> , (3.31)

thatis Ay = Sp_, where

0 1 (0 —i
B—(1 0), J——lB—(l. 0), and

o 11 F
. .—(Iﬂ:j)/2—2<ii 1). (3.32)
(ii) Some of the characteristic functions of the operators Ay are
_ l—-M (AM_A) (1 =i
Oa, (A) =1- A (L) o) (3.33)

where AL(A) :==1— M (A)M_(A) F2iM_(A).
(iii) The operator Ay (resp A_ ) is similar to a selfadjoint operator if and only if

Jinf |1 —id()| =& > 0, (3.34)

where
®(-) :=2(MZ'(-) - M.(-) 7" € (R).
Proof. (i) This statement is obvious.

(ii) This statement is implied by combining formula (3.1) with (3.31) and (3.32).
(iii) First we note that by (3.34)

1—M+(/1)M—<’”‘= p ‘%q)@)‘

su
et | A:()
Therefore it follows from (3.33) that condition (3.34) is equivalent to the boundedness
of the characteristic function 64, () in C_.
Now the result is immediate from the B.S. Nagy and Foias [62] criterion. [

== < 00.

AeC_ €
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3.3. Resolvent criterion

It turns out, that in general conditions (3.5), (3.3), (3.4) are not satisfied for the
operators of type (2.2), though such operators may be similar to a selfadjoint operator
(see [47]).

Our approach is based on the resolvent similarity criterion obtained in [50] and
[46] (under an additional assumption this criterion was obtained in [7], another proof
has also been obtained in [24]).

THEOREM 3.12. ([50, 46]) A closed operator T on a Hilbert space ) is similar
to a selfadjoint operator if and only if 6(T) C R and for all f € § the inequalities

sup & [ [Rn +ielf | dn < K I P
R

>0

sup € - / IR (n+ ie)f |2dn < Koo | (3.35)

>0

hold with constants K, and K, independent of f.

The following proposition is immediate from Theorem 3.12.

PROPOSITION 3.13. A J-selfadjoint operator T on a Hilbert space $) is similar
to a selfadjoint operator if and only if o(T) C R and the following inequality holds

sup € - / IR+ ie)f Pan <K IFIF.  f e (3.36)
R

>0

with a constant K| independent of f .

Proof. If T is a J-selfadjoint operator, then 7% = JTJ and the second inequality
in (3.35) is equivalent to the first one. [J

In the case of a bounded operator T we can slightly clarify Theorem 3.12 in the
following way.

COROLLARY 3.14. Let T =Ty + iT, where Ty =T} and T, = Ty € [9)]. Then
T is similar to a selfadjoint operator if and only if 6(T) C R and forall f € § the
inequalities

sup € / IR r(n+ie)f | dn < K ||,

0<e<2|| Ty ||

swp e [ [RemrieyPan<gilyl’s (37
0<e<2||Tn || R

hold with constants K, and K. independent of f € 5.

In particular, a bounded operator T on $ with o(T) C R is similar to a
selfadjoint operator if and only if inequalities (3.37) are valid with 2||T;|| replaced for
any & > 0.
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Proof. (i) Ttis clear that
(T—2)'=(T—2) ' = (T1 -2 Th- (T—2)7', zeC,.
It follows that

(T =2 'FIP <27 =27 f P+ 20T —2) 7 T - (T —2) 7|
_ 2|| 7 _
<2 -9+ ARy gy, cecy ses
[Im 2|
In turn, this inequality yields [|(7 —z)~'f||* < 4||(T\ — 2)"'f||* for Imz >
(2||T5])?. Hence

swp e [ [Ry(n-+ie)/ P dn < de- [ [Royn e | an = amly . (339
R R

£22||Tx ||

Combining this inequality with the first of inequalities (3.35) we arrive at the first of
inequalities (3.37). The second one can be proved similarly. [

REMARK 3.5. If T is a closed unbounded operator, then conditions (3.35) and
(3.37) are not equivalent, in general. In fact, there exists an operator T such that:

(i) o(T)CcR;

(ii) conditions (3.37) are fulfilled with any bounded C in place of ||T2]| ;

(iii) conditions (3.35) do not hold and, consequently, 7' is not similar to a self-
adjoint operator.

Consider in L*(R) the operator D,, = —iyry 4 with the weight w(-) defined by

{ w(x) =1, if |x]>1,
w(x) = —1, if |x <1,

It is shown in [35] that the operator D,, has the properties (i) and (iii) . Itis not difficult
to check that conditions (3.37) are fulfilled for D,,.

4. Eigenvalues and their multiplicities

Here we recall following [36, 37| the functional model of J-selfadjoint operator,
which is a quasi-selfadjoint extension of a symmetric operator with deficiency indices
(2,2). The model is based on classical Sturm-Liouville spectral theory and the func-
tional model of a symmetric operator described in Section 2.5.

Let . be the spectral functions of AZ (see (2.9)). It follows from (2.11) that they

t ~ ~
satisfy (2.31). Let Cp = / T We denote TF =, TF o= I,
R
From the definition of C1 and (2.32), we get

1T
?+1

I5f = Culof + /R (f(t) ) dZy (1) = /R f()a=£ (1)
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for f € dom (T, ). Consider the operator A in L>(dZ,) ® L*(d=_) defined by

=)

= T3, @ Ts_[dom(A), (4.1)
dom(A) = {f =f,+f_ :fredom(T3,), Tjfy =Tof, Iifs =T7f}
(for the definition of T . see Section 2.5.).

PROPOSITION 4.1. ([36, 37]) The operator A of type (2.2) is unitary equivalent
to the operator A. Moreover,

(F_.aF)AF'oaFrH)=A. (4.2)
Note that we can write the Weyl functions of A in the form
Mi(A)=Ms c,(A), A cC\suppdZs

(see (2.33) for the definition of Ms_ ¢, ).

Now we classify eigenvalues of T; Let us introduce the following mutually
disjoint sets:

_ ) a2 — o
Ao(Z) = {x € 6.(0s) /R\; A|2ds() }
2,(3) = {A 2 0n0s) ¢ [ -z < oo} L %) = 0,(05).

Observe that C = y(Z) U A, (Z) UA,(Z) and

A(E) = {1 €C : ker(A; —A)={0}},
A((Z) = {2 €C: ker(Af — A1) ={c(t—A)"", c€ C}}, (4.3)
Q(p(Z) = {A eC: ker(A§ — )k) = {C%{;L}(l), cE (C}} . (4.4)

The following theorem gives a description of the point spectrum of A.

THEOREM 4.2. ([36,37]) Let A be given by (4.1).
(1) If A € Ao(Zy) UAo(Z_), then A & 0,(A).

2) If A eA,(Z4)NAL(Z2), then

(i) A is an eigenvalue of A the geometric multiplicity of A equals 1;

(ii) the eigenvalue A is simple (i.e., the algebraic and geometric multiplicities
are equal one) if and only if at least one of the following conditions is not fulfilled:

S (A4+0)—2_(A-0)=3,(A+0)—Z,(A—0), (4.5)

1

1
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(iii) if conditions (4.5), (4.6) and (4.7) hold true, then the algebraic multiplicity
of A equals the greatest number k (2 < k < 00 ) such that the following conditions

1 1
———dZ_(1) < o0, / ———dZ (t) < 0, 4.8
/R\{A} [t — A ® r\[2} [t — A% +() (48)

! 1
/R\{A} md“) B /R\m G AyT dz.(1), (4.9)

are fulfilled forall j € NN [2,k—1].
(3) Assume that A € A,(Z,) NA(Z.). Then A € 0,(A) if and only if

/Rt—;dzﬁt):/nxﬁdzi(t)' (4.10)

If (4.10) holds true, then the geometric multiplicity of A is one and the algebraic
multiplicity is the greatest number k (1 < k < 00 ) such that the following conditions

1 1
/D\Qm dZ_(t) < o0, /D\Qm dZJr([) < 00, (411)
1

1
/R(tfﬂt)j dz_(1) = /Rmd&(t) (4.12)

are fulfilled for all j € NN [1,k].
@A) IfAeA,CE)NAE) or A € A,(Z_)NAL(Xy), then A & 0,(A).
It follows from Theorem 4.2 (as well as from Proposition 2.5) that

{2 €p(@s)Np(Qs ) : M (A) =M_(1)} = 6(A) N p(Qs. & Qs ) C Gy(A).

(4.13)
It is easy to see that (4.13) and Theorem 4.2 yield the following description of the
essential and discrete spectra.

PROPOSITION 4.3. ([36, 37])

(1) Oess (A) = Oess (QZ+) U Opss (QZ, );
(2) Gaise (A) = (Ouise (Qx,) N Guise (Qs_)) U{A € p(Qs.)Np(Qs_) : Mo(A) =
M_(A)}; A

(3) the geometric multiplicity equals I for all eigenvalues of A;

4) if A € (O'disc (0s,) N Odisc (Os_ )) , then the algebraic multiplicity of Ay is

1 1
equal to the multiplicity of Ay as a zero of the holomorphic function M—W — M——W ;
(3) if Ao € p(Qs,) NP(Qs_) then the algebraic multiplicity of Ay is equal to the
multiplicity of Ay as zero of the holomorphic function M (A) — M_(A).

PROPOSITION 4.4. Let A be the operator defined by (2.2) and Ay € C\ R. Then

(i) p(A)# 0 and A € p(A) N Cx if and only if M. (ho) # M- (o).
(ii) The resolvent of A has the following form

RAGN () =R = 0s A () + G~ (AW, 2) + GT (M) (- 4), (4.14)
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I 1 ¢ (VdZ_ () —g* (dZ. (1)
6 =60 = ), i B

where AT are defined by (2.12), g*(1) = (F+f+)(1), f+ := P+f € L*(Ry), and P,
and P_ are the orthoprojections in L*(R) onto L*>(R,) and L*(R_) respectively.

Proof. (i) This statement has already been proved in Proposition 2.5.
(i) Let now A € p(A) and y(-,A) = (A — AI)7!f(-). It means that y €

dom (A¥;,) and y is a solution of the equation
(sgnx) (=" (x) + g(x)y(x)) — Ay(x) = f (x) (4.16)
subject to “glue” boundary conditions
¥(=0) =y(+0),  ¥(=0)=)'(+0). (4.17)
Hence,

Y0 2) = (R - s BU)) + G~ ()Y (1, 4) + G (A (5,2,
where G* (1) are the scalar functions. It is clear that
Y(£0,4) = (R 1= (A)f £)(20) + GF(A)y (0, 4).

By (2.8), we get

Ve0.2) = Ma(h), y(0.4)= 1. (4.18)

Resolvent representation (2.14) yields

+
gr(t)dE4(t
(R sy )z0) = [ EUEAD,
R
It follows from R ,«(4)f+ € dom (A7) and (2.12) that 4 (R ,+(A)f4),—s0 = 0.
Taking into account (4.18), we see that conditions (4.17) take the form
- +
/ g~ W2 | G- (m_(a) = / SR | oM, (A)
R t—A R I—A .
G~ (A)=G"(2)
Since M. (A) # M_(A),problem (4.16)—(4.17) has the unique solution y € dom (A};;,)
and it admits a representation (4.14)—(4.15). O

Next we clarify Proposition 4.4 in the case of J-nonnegative operator A, i.e., if
L>0.

PROPOSITION 4.5. If the operator L = —d*/dx* + q(x) is nonnegative, then the
spectrum of the operator A = JL is real.
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Proof. Since L > 0 we have Af{lm =LL, >0and A, = —L}, <0. Itis
known that the Friedrichs extension LF of LE. is generated by the Dirichlet boundary
value problem, that is

Li = (Ly)"[dom (L), dom (Li = {f € dom (Liy,)" :f(0) =0}.  (4.19)

Setting [Xf = f(£0) and I'Tf = =+f'(40) we obtain the boundary triplets T =
{C,TF,TF} for ( £2)* such that ker [ = dom (L) . Therefore the corresponding
Weyl function m7 belongs to the Krein-Stielties class S~ (see [15]). Hence, it admits
the following integral representation (see [29]).

mEQ) = Ca +x/ dc’i , /0 dl"j(?@o, (4.20)

with C+ < 0. On the other hand, it follows from definitions that
—M'A) =—m'A) =mEA),  MZYA) = —mZH(=A) = mp (=A) (4.21)
Combining (4.20) and (4.21) we get
M=YA) =M (A) = mp(=A) +miE(A) (4.22)
B C_+Cy doy(t) /°° do_(1)] . =
=4 { p) +/0 —A ), A THAMA)

where M () € (R) since Cx < 0. To complete the proof it remains to note that

Mi(A) =M_(A) = My(A)-MZ'(A) = M (A)]-M_(A) (4.23)
= M (A)-AM() -M_(A) #0

for A € Cy,since My, M € (R). O

REMARK 4.1.

(i) Statement (i) of Proposition 4.4 is implied by (4.13). However, we presented
an elementary proof based on Proposition 2.4.

(ii) Note that Proposition 4.5 follows immediately from Proposition 4.4 and
Proposition 2.2. However, we presented another proof that is in a spirit of our paper and
demonstrates applicability of Weyl function technic. Note also that in turn, Proposition

2.2 can be proved by using Weyl function technic similarly to the proof of Proposition
4.5.

5. Similarity conditions for the operator A. General case.

5.1. Similarity criterion in terms of Weyl functions.

In the sequel we write A = n+ i€, thatis n =ReA, e =ImA.
Combining Proposition 3.13 and Proposition 4.4, we arrive at the following crite-
rion.
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THEOREM 5.1.  The operator A = (sgnx)(—d*/dx* + q(x)) is similar to a
selfadjoint operator if and only if for all € > 0 and g* € L*(R,dZ4) the following
inequalities hold:

2
Im My (n + i€) /g‘(t)dZ_(t) o
dn < K . (5.1
J M (n+ie) = M_(n+ i) |J 1= (n+ie) n NI CRY
ImMi T]—l—l&‘) / gt)d=. (1) [* o
dn < K . (52
J Mo+ ie) =M (n+ie)P S = (n -+ ie) n I Nzzas.)s (5:2)

where K* are constants independent of € > 0 and g*.

Proof. Tt is known (see [59]) that for any selfadjoint B = B* with resolution of
identity E? the following identity holds:

. / IRa(n+ief Pdn=xlf |, e>0, fes  (53)
R

It follows from (4.14) that
IRAGW P = 2R = 0c AU P < 267 (A (A) + GT(A)we ()P

SHURAQS P +4IR - s QI

On the other hand, it follows with account of (5.3) and with B replaced by Ay ® A
that

€ [ 1Rt iey Pan P
R
8/ |G~ (n +ie)w_(n+ie) + G (n + ie)y, (n + ie)||*dn
<2 / IR a(n + ie)f |Pdn + 27|f | (5.4)

Since wi(,A) € L*(Ry,dx) and ”V/i('v/l)”iz(ﬂai) = ImMy(A)/ImA (see [45,
Lemma 2.4.2]), we have

IG™(A)y—(2) + GT(A)we (-, A)|?
=G M)PIy=CDIP + 6T A) Pl ()2
2

B 1 / g~ (D= (1) — g* (VAT (1) | ImM.. () +ImM_(2)

ML (A) —M_(L))? J t—A Im A
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Combining this relation with (5.4) one concludes that (3.36) is equivalent to the fol-
lowing condition

/ Im M (n+ie)+ImM_ (n+ie) dn < Ci|[f |I?

/g-u)dz_ (n—g* (a=. (1) |?
|M (n+ie)—M_(n+ie)|? R

t—(n+ie)

(5.5)
where C; is a constant independent of f and €.
By definition, [g*||r2wsy) = |ftlli2ry), where fo = Pif. Thus, condition
(5.5) holds if and only if both (5.2) and (5.1) are satisfied. O

5.2. Necessary conditions for the similarity in terms of the Weyl functions and
Hilbert transforms.

Let 2y =20t + 21 = 2pet + 2ot + g+ be the Lebesgue decomposition of
the measure X1 into a sum of absolutely continuous, singular continuous, and pure
point measures (see, for example, [58]).

Denote by S,.(Z+) and S}(24) mutually disjoint (not necessarily topological)
supports of measures %,.+ and X,y , respectively.

Note that for almost all 7 € R the nontangential limits

lim My (A) =: M4 (¢)

A—t

exist (see [19]). By the Luzin-Privalov uniqueness theorem (see e.g. [42]), the relation
M (L) ZM_(A) for A € C; yields

My (1) := My (¢t +1i0) # M_(t + i0) =: M_(¢) forae.r € R. (5.6)

THEOREM 5.2. Let the operator A be similar to a selfadjoint operator. Then, the
following inequalities hold

Im M (2) + / : + 2 +/ +(£)12
_— NZ, ()+i(H(g" -dZy)) (1) dt <K 0|7dZ (1),
| P O it )0 < K s 0Fem-0
(5.7)
Im M (1) et . _ 2 —/ — (2
_— 02, _()+i(H(g™ -dZ_))(1)| dt <K 1|d2_(1),
(5.8)
with constants K, and K| independent of g* € L* (R,dZ.).
Proof. Applying Fatou’s theorem and using (2.36) we get
. g:t(t) + ’ . +
lim 2y (1) = 7- [ (M)ZL(n) + iH (g dZx)(n)] (5.9)

elo Jgpt — (n+ie)

Passing to the limit in (5.1) (resp., (5.2)) as € — 0 and taking (5.9) into account we
arrive at the inequality (5.7) (resp., (5.8). O
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COROLLARY 5.3. Let the operator A be similar to a selfadjoint operator. Then
Im M (1)
M (1) —M_(1)
Proof. Let A be similar to a selfadjoint operator. Then inequalities (5.7) and (5.8)
hold. By Fatou Theorem 7%, () = ImM4 (¢ +i0) =: ImM4 (1) forae. t € R.

Taking this relation into account and substituting in (5.7) (resp. (5.8)) any real-valued
gt (resp. g..) with g£(r) =0 for 1 € S/(Z4), we easily get

/Mfl(m)]‘i:t]g?)z )|2‘ ( )‘2 ;Cﬂ: /|gac ‘2 ch:i:()
R

€ L®(R). (5.10)

Since this inequality holds for any gt € L*(R, dZ,.+), we have

(Im M (1))*
M (1) = M_(1)]?

Inequality (5.11) yields (5.10) since InM4 (1) =0 fora.a. r € R\ §,.(Z4). O

e L=(S, (1)) (5.11)

COROLLARY 5.4. Let the operator A be similar to a selfadjoint operator. Then,
forall

%,R) with h=(t) =0 for teS(Z4),

!

Wt e P(R)NL? (
act t

the following inequalities hold:

ImM 1
/ m M (1) |(HRY) t\zdtglq/\h*t JP—dr,  (5.12)
M (1) — M_(1)]2 Im M., (1)

ImMi() N
/\M+ “M_ |2‘ ’dl K /|h ()dt, (5.13)

where K| and K; are constants independent of h*.

Proof. Inequality (5.7) yields
Im
[ v e e o ar< k7 [l 0Pz, (519

Choosing any gt with gf(f) = 0 for t € S/(Z,), and setting in (5.14) h* :=
g% - (X..) we arrive at the inequality (5.12). The inequality (5.13) is implied by (5.8)
in just the same way. [J

COROLLARY 5.5. Let Ey = suppdZ,.+ be the topological supports of measures
Zact - If the operator A is similar to a selfadjoint operator; then

7 <I NE| / IITAA;[: )) +1{4m](‘f)_|2(t) dt) ' (ﬁ /zImMi(t)dQ =

(5.15)
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Proof. If A is similar to a selfadjoint operator, then by Corollary 5.4 two-weight
estimates (5.12) and (5.13) for the Hilbert transform are valid. Due to (2.40) the result
is immediate from (5.12) and (5.13). O

Due to the Lebesgue theorem inequality (5.15) yields (5.10) and therefore gives
another proof of Corollary 5.3. In fact, it gives a new necessary condition for the
similarity to a selfadjoint operator and is stronger than (5.10).

The following corollary gives one more necessary condition for the similarity.

COROLLARY 5.6. Let A be similar to a selfadjoint operator and let

ImM. (1) + ImM_(1)
0= TR MR

Then
sup (P (w1) - ImMe4 (A)) = Cx < o0, (5.16)
AEC

where Myc+ (A) ::/M, AeC,.
R t—A

Proof. Notethat Im M4 (¢) isfinitefora.e. + € R and P, (ImMy) = ImM,.4 (A).
We complete the proof by combining Corollary 5.4 with Proposition 2.8. [J

Inequality (2.44) shows that condition (5.16) is stronger than (5.15).
Finally we show that inequalities (5.7) and (5.8) are equivalent to (simpler) in-
equalities involved only two-weight estimates of the Hilbert transform.

LEMMA S5.7. If A is similar to a selfadjoint operator, then the following inequalities
hold

/ ImM_ (1) + ImM_ (1)
M. (1) = M_(1)[?

|m@hanme<K;4wWWa4m (5.17)

ImM (1) + ImM_(z) _ 2 _ PN
(H(g™ - az )0 di <Ky [ ¢~ ()Pd=_(1), (5.18)
[Sweo o sk,
where constants Ky and K; are independent of gtel? (R,d=y).
Moreover, the inequalities (5.7) and (5.17) as well as the inequalities (5.8) and
(5.18) are equivalent.

Proof. Substituting in (5.7) (resp. (5.8)) real-valued g* € L? (R,dZ) (resp.
g~ € L*(R,dX_)) we obtain (5.17) (resp. (5.18)) (first for real-valued, then for
complex-valued g% ).

To prove the converse statement we put

1/ImMi(t), if ImMi(t) 7& 0,

wat (1) = { 0, if ImMy(¢) = 0. (5.19)
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By Corollaries 5.4 and 5.5 the inequality (5.17) implies the upper of the estimates
(5.15) (with ImM in place of ImM_ ). In turn, it yields (see (2.41)) the inclusion
wi(-)way (-)7! € L*°(E,), that is with some C; > 0 the following estimate holds

wi(t) < Cyway (1) for ae. r€E,. (5.20)

Hence, and taking into account (5.19), (5.20) and the equality 7%/, (1) = ImM_ (1),
we have

/ 6" (O, (O wi (1) = / 6" (L, (O wi(0)dr
R

E.UE_

= [ 1&" 0= O wiar

2
<G [ 18" 0% ) war (e

E;
Cy 5 )
S / lg"(1)PdZi(r),  g" e L*(R,dZ,).
R

Combining this inequality with (5.17) we arrive at (5.7). The implication (5.18) =
(5.8) is proved similarly. O

We complete this subsection by the following conjecture.

CONJECTURE 5.1. Suppose that 0gs. (A) = 0 and both measures d%, and d%_
are absolutely continuous, X1 = 2,1 . Then conditions (5.12) and (5.13) are sufficient
for A to be similar to a selfadjoint operator.

5.3. Sufficient conditions for the similarity in terms of Weyl functions.
Consider an operator A givenby A = A%, [dom (A),

dom (A) = {y € dom (AL;,) : ¥(+0) = y(=0), Y'(+0) = ='(=0)} .~ (5.21)

PROPOSITION 5.8. The operator A is selfadjoint. For A € C\ R the resolvent of
A has the form

RA =Ry gue (A + G~ (A= (2) + G Ay (1), (5:22)
TN 1 g (NdZ- (1) + " (NdZ. (1
G'(A) = -G (A)_M+(A)+M,()L)/R e . (5.23)

where g (t) = (F1f+)(t), f+ = P+f € *(Ry).

Proof. Let T1 = {C? T, T} be a boundary triplet for S* := A*. defined by
(2.27). Clearly, the extension A of Api, determined by (5.21), admits the following
representation

A = §*|domA, domA = ker(I'| — BI;), where B= <_01 _01> . (5.24)
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Thus, A is selfadjoint since so is B.
The representation (5.22) for the resolvent R +(A) can be obtained in just the
same way as representation for R 4(A) in Proposition 4.4. O

THEOREM 5.9. Suppose that
qp M)+ M_(2)]
sec, M (A) =M_(A)]

Then the operator A is similar to a selfadjoint operator.

(5.25)

Proof. Since A and Ay @A, are selfadjoint operators, we obtain from (5.22) and

(5.

5.3)
e [1G-(n+ie) w-(n+ie) + G (n+ ie) ye(n + )| Pan < x| (520
R

On the other hand, it follows from (5.23) with f = f1 that

IG*(n + ie)ys (n + ie)||
~ ImM(A) +ImM_(A) gt (1)dZ4 (1)
T ImA - M, (A) + M_(A)] /R I

Combining (5.26) with (5.27) we arrive at the following inequalities

/ g*(1)d=4 (1)
R t—A

2

(5.27)

2

ImM ImM-—(A
mMy +ImMz(4) dn < 4zl = 4xllg]>

ML) + M_(A)P
R

Combining these inequalities with (5.25) we arrive at estimates (5.1) and (5.2).
Thus, by Theorem 5.1, A is similar to a selfadjoint operator. [

REMARK 5.1. The condition (5.25) is not necessary for similarity to a selfadjoint
operator (see Remark 8.1)).

REMARK 5.2. Note that sufficient condition (5.25) for the similarity is weaker than
either conditions (3.26)—(3.27) or conditions (3.29) obtained from Theorem 3.2 and
Theorem 3.3, respectively. However, the latter conditions guarantee a stronger result:
similarity of A to an operator B = B* with absolutely continuous spectrum.

Finally, we apply Theorems 5.3 and 5.9 to the case of the operator A with a
constant potential. Consider a family of such operators

A(a) == (sgnx)(—d*/dx* +a), a€R, (5.28)
depending on a parameter a.

PROPOSITION 5.10. (i) The operator A(a) is similar to a selfadjoint operator if
andonlyif a > 0.

(ii) The operator A(0) is similar to the multiplication operator Q : f — xf (+)
in L*(R).
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Proof. (i) In the case under consideration the functions My (A) are given by

i

ML(A) = iﬁ . (5.29)
Since
M+()‘)—M—(’l):(;Lfa)l/ﬁ(,,l,a)l/ﬂéo for A ¢ R,

Proposition 4.4 yields that the spectrum of A(a) is real for any « € R (see also [10]).
It is clear that M, and M_ are holomorphic on C \ [a,+00) and C\ (—o0, —q],
respectively. Hence, by Proposition 2.5 (iv) , we have 0(A(a)) = (—o0, —a]U[a, +o0),
thatis 0(A(a)) =R for a < 0 and 0(A(a)) =R\ (—a,a) for a > 0.

If a > 0, then the function

M, (A)+M_(%)
M. (%) — M_(%)

is bounded in C . Thus, by Theorem 5.9, A is similar to a selfadjoint operator.
Now let a < 0. Setting A = i¢ and ie — a = pe’® we get

M, (ie) — M_(ig) = ip~'/? - [e779/% — £19/2] = 2012 5sin(9/2),

and
Im M, (ig) = Im (ip~"/2e/2) = p~12 cos(9/2).

Hence
Im M, (ie)(M, (ie) — M_(ie))~" =27 cot(¢/2)

is unbounded in any neighborhood of zero. Thus, by Corollary 5.3 the operator A is
not similar to a selfadjoint operator.

(ii) Letnow A = A(0). Substituting expressions (5.29) in formula (3.21) for
04(-) and using the relation VA /v/—A = —i, we arrive at the following formula for
the characteristic function

Oa(A) = <(i__1’)'\//T (i_l)_/i\/_x) . (5.30)

It follows that 64(-) is unbounded only near zero and infinity. Since the operator A is
completely nonselfadjoint (see the proof of Corollary 3.10) and has no eigenvalues, then
by Proposition 3.4 (or by Corollary 3.5) it is similar to a selfadjoint operator Ty = T
with absolutely continuous spectrum, 6(7y) = 0,(To) = R, 0,(Ty) = 0,(Ty) = 0. It
is easily seen that the multiplicity of spectrum of A(0) is one. Therefore Tp is unitarily
equivalent to the multiplication operator Q. [

REMARK 5.3. Using the Krein-Langer spectral theory of definitizable operators in
Krein spaces Curgus and Langer [8] investigated the critical point oo of differential
operators with an indefinite weight. Their results imply similarity of the operator A(a)
to a selfadjoint one if only a > 0.
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The case a = 0 is more complicated since A(0) has two critical points: zero and
infinity. Similarity of A(0) to a selfadjoint operator was established by Curgus and
Najman [9] in the framework of Krein space approach.

Other proofs of the latter result have been obtained by several authors (see [32, 33,
16, 30]). In full generality statement (i) of Proposition 5.10 has originally been proved
by one of the authors [34, 33], by using the resolvent criterion of similarity (see Theorem
3.12). The proof given above is similar to that contained in our short communication
[38]. Proposition 3.4 makes it possible to prove statement (ii).

6. Restrictions of A to invariant subspaces corresponding to Ogis. (A)
and O (A)

In this section we consider the operator A of the form (1.1) under the following

ASSUMPTION 6.1. Suppose that the set Ogisc (A) is finite.

Under this assumption the problem of similarity of A to a normal operator is
basically reduced to the same problem for A¢s . Moreover, we show in Section 7. that
Assumption 6.1 is fulfilled if a potential ¢ is finite-zone.

Since dist (Oess (A), Ouisc (A)) > 0, the theorem on spectral decomposition ([40,
Theorem I11.6.17]) implies that there exists a skew direct decomposition L?(R) = §) =
9.+94 such that

A= Aess J"Adisc 5 Aess =A f (dOIl’l (A) N f)e)> Adisc =A f (dom (A) N fjd)a (61)
and G(Adisc) = Odisc (A)7 O-(Aess) = Oess (A)

Denote by P, and P, the skew projections in ) onto ), and §),, respectively.
Since Oy (A) is finite and each eigenvalue of A is of finite algebraic multiplicity,
we see that Agisc is an operator on a finite dimensional space (i.e., dim$); < o).
Jordan normal form of Ay is described in Proposition 4.3 (3)—(5). By Proposition
4.3, we have Ogss (A) = Oess (A3 ) U Oess (A7) . Thus, 0(Aess) C R.
Here we investigate similarity of A.s to a selfadjoint operator.

PROPOSITION 6.1. Let Assumption 6.1 be fulfilled. Let G, be the closure of an
open bounded set G,(C C) such that G4 N Ocss (A) = 0 and 0gisc (A) C G,. Let X+
be dense subsets in L*(R,dZ+). Then the following conditions are equivalent:

(i) the operator Aess in $, is similar to a selfadjoint one;

(ii) the operator Aess P, in $ = L*(R) is similar to a selfadjoint one;

(iii) the following inequality holds with some constant C5

spe [ [RamtierPan < GlILl foesa  (62)
e>0 R
(iv) forall € > 0 and g* € X* the following inequalities hold:
Im M, (n+ig)+Im M_ (n-+ie) / gE)dzs (1) | S
<C ; (6.3
/ (v ie) M+ ieF | Je —(nrie) | 7S ey, (63)

n+ieZGy
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where C;E are constants independent of € and g .

Proof. The equivalence (i) < (ii) is obvious.
Let us show the equivalence (ii) < (iii). It can easily be checked that Acgs P, is
a J -selfadjoint operator (see [43]). By Proposition 3.13, (if) holds if and only if

sup € - / IR ap,(n +ie)f ||Pdn < Ci|If >, f €%, Ci=const. (6.4)
R

>0

Clearly, (6.4) is equivalent to (6.2).
Now we prove the equivalence (iii) < (iv). Let f € L*(R), f. = P,
fa = Pg4f . Clearly, there exist constants C,, C3 such that

IR afall = IR agefall < A +IANT"Ifall, A € C\ Gy,
and ||R afell = IR awSell < Callfe| for A € G, . Therefore (6.4) is equivalent to

e [ IRatmtierPan<lf P S P®, e>0 (65)
n+ie¢Gy
Arguing as in the proof of Theorem 5.1, we see that condition (6.5) is fulfilled if and
only if the inequalities (6.3) hold for all g* € L?(dZ+) and € > 0. We show that it
suffices to check (6.3) only for dense subsets X .
Let € > O be a fixed positive number, Z an open bounded set in R. Denote
Te:={n+ie: neZl}. Assumethat Z, NGy = (. Then (M (A) —M_(A))"!is
holomorphic on Z .. By the Schwarz inequality, the operators

e M) O
Le My (n+ie) = M_(n+ie) Jp t — (n+i€)’
are bounded from L*(R,dZ,) to L*(Z,dn).

Suppose that X* is dense in L>(dZ,) and (6.3) is fulfilled for g* € X*. Then
HK% | < €5 forall € >0 and for all Z. This implies (6.3) for all g € L*(dZy)

and € > 0. O

Recall that o0,.(T) and oy(T) stand for the absolutely continuous and singular
spectra of a selfadjoint operator T . Itis known (see [45, 51]) that the spectral functions
>, (-) completely characterize the spectra of the operators AOi . In particular,

Ouc(AT) = supp dZgcs, 0,(AE) = supp (dZss + dZqz).
Note that o (Aoi) C Opgs (A(")*L) . Therefore, by Proposition 4.3, we have
SUpp dZge— U SUPp dZcy = Ouc(Ay B AY) C Oess (A). (6.6)

PROPOSITION 6.2. Let Assumption 6.1 be fulfilled. Suppose the operator Aess is

similar to a selfadjoint operator. Then

ImM,.+ (t)
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Proof. With account of (6.6), this result is immediate from Corollary 5.3. O

ASSUMPTION 6.2. In what follows we assume additionally that both Aj and Ay
have no singular continuous spectrum, that is

dS_ = dSe +dSs, suppdZi = {6, },%, Ny < oo,

and
dS: = dSer + dZ4e, suppdZes = {6/ 1%, N§ < oo,

Then My (A) = Myer (A) + Mgy (A), where

NE
dZ et (1) il +(6F + 0 —2:(67 - 0)
Mac A) = — d M A
Zt( ) /]1\% P A, an d:t Z J A
Let us introduce the sets
) vE NE
{6511° = {67},° \ ouice (A): (6.8)

here ﬁf,t < oo (these sets appear in Theorem 6.3).
Recall that we denote by A" (C,) the Smirnov class on C; (see Subsection
2.6.).

THEOREM 6.3. Let Assumptions 6.1 and 6.2 be fulfilled and G, the compact set
Sfrom Proposition 6.1. Suppose additionally that there exist functions UL(-) on C,
such that the following conditions hold with some constants C%. :

ImMuci()t)

VO op S CHUsWE, - AeCGy, (6.9)
Us(A) e NF(Cy), (6.10)
g_i—(_t)IELZ(R)7 je{l?"'7N(9_}; é{riit)IELz(R% jE{l,-'-,Ng}.

(6.11)

Suppose additionally, that there exist functions wi.(-) and w_(-) on R, wy(t) >
0 a.e., and constants CY. such that the following conditions hold:

wi(t) < CLEL.L(1)™" ae on suppdZ,+, (6.12)
wi(t) and w_(t) satisfy the (A2) condition (see (2.38)), (6.13)

L®(R), Z:Eg € L®(R). (6.14)

W4 (l)
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N
Suppose also that for every point 9 of the set {Gi}l there exist a function

Uji( ) € N(C,) and a neighborhood Dj of the point 9] such that with some
constants C% and C¥ the following conditions hold:

|M+()L)—1M E™ < GlUF (M) for A eDfNCy, (6.15)
U* (1) ]2 Ux (2
|vi+((?) c I™(R), Mi((tt)) 1), 6.16)

N

1
cM L eDFNC,. 6.17
T Ay I A (617

Then Acss is similar to a selfadjoint operator.

Proof. Let us show that (6.3) holds.
Let A=n+ic, n=ReA, e=ImA.

1) Denote
N ImMuci(A) g+(s)d2+(s) 2
0= [ prorsiorl S

dn, g"eL*(dz(1)).

ner
n+ieZGy

Let
X! = {g" € *(R,dZu (1)) : (g72}..) € L*(R,dt)}.

Then the set Xt := X, @ L*(R,dZ,, ) is dense in L*(R,dZ(¢)).
First we show that

T+(e) < C2+H8+H%2(dz+) forg" e X" (6.18)
Let us denote
k() = va) [ EOBe 0 ey m v [ OERO,
Kal2) = KEG) + KL = Ua(a) [ SUE0
y (6.9), we have
To(e) < [ IKe(2)Pan, (6.19)
R

It follows from Uy (-) € N/ *(C,) that UL(-) are holomorphic in C, and have
the nontangential limits Uy (n) = Ux(n + i0) for almostall n € R (see [19]). Since
gt €X', wehave g"(-)X, () € L*(R,dr). Therefore,

/Rg (t3i2§+(t) EHZ((C+)~
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It follows from [19, Corollary I1.5.6] and [19, Corollary I1.5.7] that K4 (1) € N'*(C,).
Note that (6" — A)~! are the outer functions in C . Therefore [19, Corollary I1.5.6]
and Lemma 2.10 yield K4(1) € N"(C,). Hence K%(1), KL(A), and K4 ()
belong to V' "(C,) and have the nontangential limits K% (1), K4 (n) and K4 (n) for
a.a. n € R. Note also that

KE(Mm) == nU+(m) (8" (MZe () + H(gTZ,)(n)) forae.neR.  (6.20)

Assume that the following inequality holds
[ 1K IPdn < e i (621)
Then, by [19, Section I1.5], we have K4 (1) € H*(C) and forall € > 0
/RHKi(n +ie)|[dn < K (M. = 1K MIfe) < Gl 17, -
Combining this with (6.19), we see that (6.21) yields (6.18) with a constant C;

independent of g* € XT.
Let us prove (6.21). By (6.11), we have

Ny

1/2

HKi(n)HLZ(R) < cf Zg+(9j+) (Z+(9j+ +0) -2, (6 — 0)) /
j=1

< Cy/Ng llgt s, (6.22)
where
U
C3i = max (Z+(9j+ +0)— 2+(9j+ _ 0))1/2 +i(n) < .
i O = L*(R)

It follows from (6.12) that

g™ () Zaes ONZ2 00, 9y < CLIS NP azaer) < CEIE Ngas,) - (623)

Since w. (f) € (A;), we have

1H (8 e ) O 220, (i) < Callg™ (0 Zes ONZ2 0w, 10 (6.24)

where C; is a constant independent of g* . It follows from (6.24) and (6.20) that

ac n
+ X 8 ac+ ac+ Wy
K& (n)Pdn < ) | n) +H (g Z, ) (M) Pwi(n)dn
R Loo
Ui(n) + / 2
<2040 \WM) o 18 O O - (625)
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Combining (6.25), (6.14), and (6.23), we get

AMMWM<®W%@w

where the constant C, is independent of g*. Taking (6.22) into account we obtain
(6.21). In turn, (6.21) yields (6.18).

2) Denote
Im My (A) / gt (s)dZ. ()]
A = dan.
w0 = [ mrm i L
ner
n+ieZGy
Let us show that
Tas(e) < Gillg" 72gs,) for g" eX* (6.26)

with a constant C; > 0. It suffices to prove inequality (6.26) for each summand, i.e.,

2

1 1 g7 (s)d2 (s)
I dn < C4llg™||]
/ |M+(A)*M7(A,)|2 mejj:—l /D; S*A n 4||g HLZ(dEJr)
R
nﬁeeng
(6.27)
forje{l1,..., Nf}.

Assume that Bji € Odisc (A) . Then

Im Q:I:1 A < C5ImMaci(A)7 Ac C+ \ Gy .

J
Thus (6.27) follows from (6.18).

Assume 6_,i & Odisc (A). In this case, Bji € {gki}llv6 Let k be such that

Bji = gki . By assumptions of the theorem, conditions (6.15), (6.16), and (6.17) hold.
It is easy to see that

1 +
Imé]?:j < C6ImMuci(A), A€ (CJr \Dk .

Therefore (6.18) implies

2
dn < C4||8+||i2(d>:+)~

S—A

/ g (s)dZ  (s)
R

1 1
Im =
/ My (A)-M_(A) " oF -2
nerR
n+i£€(DzEUGd)

(6.28)
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By (6.17), we have
2

1 1 g (8)dZq:(s)
Im = d
/ M () —M_(F "6 — A / s— A k
ner
n+ie€Dk
_ / £ 1 @2 / gt (s)dZa, (s)|° .
~ - ~ k
o (6 —n)2+e? M. (A)~M_(2) 2|65 2|2 RS54
n+iseDki
5 (s5)dZas (s) [
<cH / S (ei—z)/ g (5)d%a(s) " ) (6.29)
= +_ 2 g2 | K —2
nerR (6 —n)+e R s
n+i£€DzE

We may assume that
N _ N ~
pE 0 (19707 U1 ) = (@)
Therefore,

+
< Glet sy, + €DE-

(0F — 1) /R g*(ss)ciZ?(S)

If we combine this with properties of Poisson kernel (see [19, Section 1.3]), we get

(ékif/l) /R g (s)dZa; (s)

2

| <78t Iz, (6:30)

€
UG/R (6F —n)*+¢
n+ieeD;‘:

Using (6.30) and (6.29), we get
2

1 ! 8" (5)dZqy (s) M
Im = dn < nC¥ ¢y gt|? .
/ M () —M_(OF -2 / s—A <G Cllg Il ax, )
ner
n+ie€[)2:
(6.31)
The inequality
1 g (5)dZuc (s) | o
Im = dn < C
/ M+(/1)M(/1)2m3]§t_;t/R ) N < Gllg" 2w,
nerR
n+is€DI§t

(6.32)
follows from (6.15), (6.16), and (6.13) in the same way as (6.25) follows from (6.9),
(6.11), and (6.13).
Combining (6.32), (6.31) and (6.28), we arrive at (6.27). Thus (6.26) is proved.
So, inequalities (6.3) are proved and Proposition 6.1 yields similarity of Ae to a
selfadjoint operator. [
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7. Indefinite Sturm-Liouville operators with finite-zone potentials

7.1. Spectral properties of A, and Agisc

Throughout this section L = —d?/dx* 4+ ¢(x) is a Sturm-Liouville operator with
a finite-zone potential g. We keep notations from Section 2.4.. In particular, {&}V
and {7;}} stand for the sets of zeros of the polynomials P(-) and S(-) (see (2.16) and
(2.17)) respectively.

It follows from the form of the Weyl functions (2.20), (2.21) that in the case under
consideration the spectra of the operators ASE defined by (2.12) and (2.3), are described
as follows

Oess (Aoi) = Gac(Aoi)> O'(A()i) = o'uc(Aoi) U Gdisc (A()i)a (7.1)
0uclAf) = ~0ue(Ay) = 6(L) = [fto, i) U [fun, o] U+ - U [fiy, +00),  (7.2)

Guse (AF) = {£7: 5 & (YUY, (5)+iy/R(z) # 0} = {9;?:}?; (7:3)

It follows from (2.18), (2.20) and (2.21) that Ggisc (AZ) can equivalently be described
as

Guase (AF) = {51 7 & (Ui}, Q(m)Fi\/R(z) = 0} = {Qki}llvét- (7.4)

Let a = a be an (isolated) algebraic branch point of order n > 1 for M(-)
(for n = 1 we assume that a is a either a regular or a singular point of a single-valued
function M(-) ). Then in a small deleted neighborhood of a the (multi-valued) function
M(-) admits the following expansion

+oo

M(z) = Z mi(z — a)k", O<|z—al<r

k=—o0

DEFINITION 7.1. Let a = a be a branch point of order n € N for M(-) and let
p = inf{k : my # 0} (p := —inf{k : my # 0}).

We say that a is a generalized zero (generalized pole) for M(-) of the generalized
order p/n.

We emphasize that according to Definition 7.1 the generalized order of a general-
ized zero (pole) may be negative (resp. positive).

Recall that the functions M. () are holomorphicin p(AZ). For n € 6(AF), we
set My (n) := M1 (n+10). Itis known that in the case of a finite-zone potential g the
Weyl functions M (A) admit meromorphic continuations on the Riemannian surfaces
of the multifunction /R(-). Let us denote these continuations by M. (). Then

{0} U {j:/.lt,}llv are the sets of branch points for M (A);

{£EW N ({20} U {j:/.lt,}ll\' ) are the sets of zeroes of the generalized order
1/2 for M+(A);
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{£7}'n ({:i:,&j}f)v U {:I:;li]}llv) are the sets of poles of the generalized order 1/2
for M+ (A);

+ _
{jS}ll"e are the sets of poles of the first order for My (1) ;

{£&:& ¢ {,&k}g U {;Zik}llv, 0(&) Fi/R(&) # 0} are the sets of zeroes of the
first order for M (A).

We denote by M4 (-) the meromorphic continuations of M () from C; on the
domain

C\ {/1 : ImA <0, ReA € {+i;}) U {iﬁj}ff}. (7.5)

In other words, we consider the multifunction y/R(-) on the complex plane C

r [
with cuts along vertical half-lines in C_ with vertexes at the points {£u;} U{£u;}Y,
and choose the branch of \/R(-) in such a way that \/R(xo +i0) > 0 for some

Xg € (,&N,Jroo). Then we define My (-) by formulas (2.20) in the domain (7.5).
Note, that both functions have non-negative imaginary parts in C, and do not preserve
Nevanlinna property in C_.

Note that that both Definition 7.1 and definition of M (-) are substantially used
in the statement of Theorem 7.2 and in its proof as well.

THEOREM 7.1. Let L = —d?/dx* + q(x) be a Sturm-Liouville operator with a
finite-zone potential q and A = (sgnx)(—d*/dx* + q(x)). Then:

(1) The operator A has finite number of eigenvalues,

op(A) = ({e,*}’fg n{g e ) U A €p(Af ®AT) ML (M) =M_(A)}. (76)

(2) The eigenvalues of A are isolated and have finite algebraic multiplicities. The
geometric multiplicity of any eigenvalue is one.

(3) If Ao € p(A]) N P(Ay), then the algebraic multiplicity of Ao is equal to
the multiplicity of Ay as a zero of the holomorphic function M () — M_(-); if
Ao € {9}*}11\]5 n{6" }11\/6 , then the algebraic multiplicity of Ay is equal to the multiplicity
of Ay as a zero of the holomorphic function M'(-) — M~"(-).

(4) There exist a direct skew decomposition L*(R) = $,+$4 such that
A = Ay HFAdisc, Aess =A [ (dom(A) N H,), Agse =A T (dom(A)NH),
0(Adisc) = Odisc (A), O(Aess) = Oess (A). (7.7)
Besides, $, is a finite-dimensional space.

Proof. 1t follows from (2.20) that the spectral functions X (-) of the operators
AZ have the following forms 4 (f) = Zyet (7) + Zqx(z) , where

\/R(+ N oro
ﬁ, re+ L_J()(Mjaﬂjﬂ)
e (1) = I (7.8)
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Here the branch of multifunction \/R(£A) is chosen such as it is explained in Subsec-
tion 2.4..

Consequently,
N ro 1
et () =1 (t—=10), 1€+ i), (7.9)
Jj=0
e () < |t —10] Pyt —10), =10, 1€ {ZWIN\{ETH,  (7.10)
1
rei (1) = |t — 10 Pyt — o), 1= to, to € {FW Y\ {F7}0, (7.11)
S () =t — 10| VPralt —10), 110, 10 € {0 {2}, (7.12)
1
rei (1) < |t = 10| 7Py (t —t0), t—to, to € {Eu}Y N {E}. (7.13)
Therefore,

1 ,
| om0 =e e H (ol i) Ul 09) )
R\{mo}

Combining this with Theorem 4.2 (1), we get

0p(A) C C\ (0uc(A )UO-aC( 1)) =C\ 0ess (A).

Thus, Proposition 4.3 yields (7.6).
Taking (2.20) into account we rewrite the equation M (A) = M_(A) in the form

P() _ P(=4)
A)—iV/R(A)  Q(=A)+iy/R(=A)
where P, Q,and R are polynomials. Thus the equation M, (A) = M_(A) has a finite
number of zeros. Therefore the set 0,(A) is finite. Statement (1) is proved.

Statements (2) and (3) follow from Statement (1) and Proposition 4.3. Statement
(4) follows from statements (1), (2), and (6.1). O

THEOREM 7.2. Let L = —d*/dx> + q(x) be a Sturm-Liouville operator with a
finite-zone potential, let A = (sgnx)(—d*/dx* + q(x)). Then the following statements
are equivalent:

(i) The operator Aess is similar to a selfadjoint operator;

(ii) The following conditions are satisfied

Im M (r)

(iii) The function 1\*4+ (A) — M_ (A) has no generalized zeroes in

r

1 r ! r
(=00, —pn) U (—fn, —pn—1) U+ U (=1, — o)V
r ] r ] r
U (HO,H]) U (.ulnu2) U---u (MN>+OO) )
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has no zeroes of the generalized order more than 1/2 in the set
(i o B\ (538 ) U (-l 0 I\ (o))

has poles of generalized order greater than or equal to 1/2 at the points of the set
(i o i o) u (=i U -h n -5

Combining Theorem 7.2 with Corollary 3.5 we arrive at the following result.

COROLLARY 7.3.  Under the conditions (7.14) the operator A is similar to a
selfadjoint operator with absolutely continuous spectrum.

Proof. Consider the decomposition (6.1) and note that the subspace ), in (6.1) is
invariant for the operator A, ), € LatA. Alongside the skew decomposition (6.1) we
consider the orthogonal decomposition § = §,®$HL. According to this decomposition
the characteristic function 04(-) of the operator A admits the factorization 64(A) =
01(L) - 6,(A) where 6;(-) is the characteristic function of the operator Aes = A[$.
and 6(-) is the characteristic function of the operator A, := P,A[$);-, where P, is the
orthoprojection in $) onto $;-. Note, that 6,(-) = 64,(-) is a finite Blaschke product
since 0(Agisc ) is finite.

It follows from (2.21) that M, (-) (resp. M_(-)) admits a continuous extension
M, (- +i0) (resp. M;(-+i0) from C; to the real line with exception of the set of
(real) zeros {7}y (resp. {—7}Y ) of the polynomial S(A) (resp. S(—A)). Moreover,
it is clear from the formula (3.21) for the characteristic function 04(-), that the real
singularities (resp. poles) of 64(-) coincide with the set of real (resp. non-real) roots
of the function

F(A) = P(A)Q(~A) + iP(A)/R(=A) — P(—A)Q(A) + iP(—A)/R(A).  (7.15)

In particular, the numbers of real singularities and poles of 6, (-) are finite.

Note, that A5 = A*[$7 and 6, (1) = 04 (A) is a finite Blaschke product too.
Therefore the sets of real singularities of functions 0(-) and 6;(-) = 6(-) - 6, (")
coincide. In particular, 6;(-) may have only finite number of singularities. To apply
Proposition 3.4 it suffices to note that the operator A is completely nonselfadjoint (see
the proof of Corollary 3.10) because the minimal operator A, is simple. There-
fore, combining Theorem 7.2 with Proposition 3.4 we obtain that A is similar to a
selfadjoint operator with absolutely continuous spectrum. [

COROLLARY 7.4. Let L = —d*/dx* + q(x) be a nonnegative Sturm-Liouville
operator with a finite-zone potential q. Then the operator A = (sgnx)L is similar
to a selfadjoint operator, the operator Aes is similar to a selfadjoint operator with
absolutely continuous spectrum.
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Proof. By (7.8), we have suppdZ,.+(f) C Ry and ImMy (1) = nX)., (¢) for
almost all ¢ € R. Therefore,

|Zac:i:( )‘2 < ‘Zaczl:( )|2 < i
M. (1) = M_(1)]2 = m? [ () + [Re M (1) —ReM_(1)2 = m?’

for almost all + € R. Thus, by Theorem 7.2, A is similar to a selfadjoint operator.

The operator A is J—nonnegative. Besides, L has absolutely continuous spectrum
(see, for example, [44]). Hence, ker L = 0. Combining this fact with Proposition 2.2,
we get that all the eigenvalues of A are real and simple. Therefore, by Theorem 7.1, the
operator Agjsc 1S similar to a selfadjoint operator. Thus, by Corollary 7.3, A is similar
to a selfadjoint operator and A is similar to a selfadjoint operator with absolutely
continuous spectrum. [

7.2. Proof of Theorem 7.2

The implication (i) = (ii) follows from Proposition 6.2.
(i) = (iii) It follows from (7.10) and (7.14) that there are no generalized zeroes

of the function M+()L) - M_()k) in the set UY, 0(#}7 M;+1) Likewise, it follows from
(7.10) and (7.14) that there are no generalized zeroes of the function M, (A1) —M_(A)
. 1 r

in the set UY. o (—ftjp1, —1;) .

It follows from (7.11), (7.12), and (7.14) that the function ]\*4+ (A) — M_ (A) has
no zeroes of generalized order greater than 1/2 in the sets

r [ r [
s V) \ g} and  ({—}5 U {—3)\ {~5}0.
It follows from (7.13), (7.13), (7.14), and (7.14) that all the points of the sets

(i O ) 0 {dy and ({3 U {1 0 {138

are generalized poles of ]\*Lr()L) M (A). The generalized orders of these poles are
greater than or equal to 1/2.

(iif) = (i). By Theorem 7.1 (1), Assumption (6.1) is fulfilled for the operator A .
It follows from (7.1) that we can apply Theorem 6.3.

Let Statement (iii) be fulfilled. We construct the functions U4 (), w (1), UF

J
and the sets Gy, DjlL such that all the conditions of Theorem 6.3 hold true.
Let G, be any compact set such that 0.5 (A) N Gy = () and all the points of the
set Ogisc (A) are interior points of G, .

The set Ogisc (A) N C.. is finite. Besides,
Oaisc (A)NC ={A €Cy : My (A) —M_(A) =0}

Let Bc(A) be a finite Blaschke product (see [19]) with the same zeroes in Cy as
M (A)—M_(A). Then M (A) —M_(A) = Bc(A)M,(A), the function M, (A) being
holomorphic on C, . Besides,

Mi()"' €Hol(C,) and M;(A) = (M (A)—M_(X)), AeC, \G}, (7.16)
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where G is any compact subset of G, N C, such that all the points of the set
Ouise (A) N C are interior points of G .

The set Ggisc (A3 ) N Ouise (A5 ) = {6]+}11V9 n{6" }11v9 is finite. By Theorem 7.1,
this set is a subset of Ogisc (A) . Let

{6,}°) = Ouise (A7) N Caise (A3 ), Np < 0.

Each point of the set {Qj}sz"l is either a pole of the first order or a removable singularity
of the function M, (A) — M_(A). By k; denote the generalized order of a zero of
My (A)—M_(A) at 6;. Then x; € {—1,0} UN, j€ {1,...,Ng}. By Theorem 7.1,
we have

@0 = (o) \ (g

ot
(the sets {(9ji}11v" are defined by (6.8)).

Put

" ﬁg Ng
{6:}1" = (RN uise (A) \ {6}, -

The functions My (A) are regular at 5] and M+(§J~) - M_(gj) =0,je{l,...,Ng}.
Let us denote generalized order of 6; as a zero of M. (A) — M_(A) by K; (clearly,
K €N).

Put My(A) := M,(L)/Beg, where

- gy 104 - 6)"
Bo(2) := Ng —~ Ng - %
[T = (6 =)™ Tf (A~ (6 —ier))”
J j=1

Here and below ¢ is an arbitrary fixed positive number. Taking (7.16) into account,
we get

My(-)"' € Hol(C.) and My(A) < (M (A)—M_(A)), A€C;\Gy (7.17)
Denote

pr:=p(L)Up(-L).
If )Lg is a generalized zero of AZ+(A) 71;1,( A) and Ay € py, then Ay € {9}

{9 }J | - Moreover, it follows from Statement (i) that the function M+()L) M _()k)
has no generalized zeroes in the set oy := 6, U 0] , where

N
ro1
o =+ U(HJG Wj+1)
Jj=0
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are the sets of interior points of the spectra o(£L). Therefore the definition of By
implies that

My' (M) =0(1), A—hl, AEPmUO, (7.18)
My(A) =< (6F—2)"",  A—6F  je{l,... Nf} (7.19)

Let us explain formula (7.19). If jS € {9]}11\]" , the formula (7.19) follows from the
o
definition of the function By . If Gji € {Gji}llve , the asymptotics
My(2)= (67 —2)7", Mz()= (67 -2)""-0(1), 21— 6",

and (7.16) imply (7.19).
Let us denote

NE r * *
{Cji}lé . {Z € {tu}u {:I:;li]}llv : zis a generalized zero of M (A) M(?L)}.

By Statement (iii), the generalized orders of all the zeroes Cji are equal to 1/2. It
follows from Statement (iii) and asymptotics for M4 (A) that

+ TN LN Ny
{67 € ({£wdo U{xw}) \ ({67}1,° Uor). (7.20)

Denote
. _ I +
AR (o WY (o W TR W R (e IR T ST )
Statement (iii) implies Q/’JI ¢ o7 . Besides,
-~ N Ni r l
G {Gh " = {5 n({Fwy v {Fu),

therefore Cji € p, where

j=0
Put
Nét(7L 6" a A—GF
us(A) = R(£A) =1 ’ j:1( i) (7.22)
T US(EA) N N S
(A — (67 —ier)) T[(A— (&F —ier))
Jj=1 j=1
Now we define Uy by
ug(A)
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Let us check conditions (6.9), (6.10), and (6.11). All the asymptotics given below

are considered on C, , unless otherwise is specified.

LEMMA 7.5. Let Statement (iii) be true. Then condition (6.9) is fulfilled, i.e.,

ImMaci(/l) <
M (A) = M_(A))2 =

CLIUL (AP, A€ Ci\Gy.

Proof. By (7.17), condition (6.9) is equivalent to

ImMesr(A) =0 us(X), AeCy\ Gy

Since
Mur(A) =Mi(A) = |A|7Y?, A — o0
and
us(2) = A7 2 = oo,
we have I Moy (3)
m Mge+ _ N

If 40 € (C+ \ Ga) \ ({iﬁj}{)" U {i Y U {5}?2[) , then

ImMer(A) =0(1), A —X, us(A)=1, A— .

Let Ao € ({41} U {£it}Y) \ {£7}Y . Then (2.21) yields
ImMyet () < ImMi(A) = O(A — A|'?), A — Ag;

besides,

ur(A) = A —20V2, A — Ao
Let Ao € ({5} U {£1;}%) 1 {£5}Y . Then (2.21) yields
ImMaer(A) < ImMy(A) = O(JA — Ao|V3), A — Ao
besides,

ur(A) = A =2 7V2 A = A

—~ NT
Let A € {7 },° . Then (7.20) and (2.9) yield

ImMaes (A) < ImMy(A) = O(ImA) = O(A — ), A — Ao.

On the other hand,
ugp(A) <A —2Al, A — .

If we combine all these estimates, we get (7.23). Thus (6.9) is proved. [

LEMMA 7.6. Condition (6.10) is fulfilled, i.e., Ux(A) € N 7(C,).

(7.23)

(7.24)

(7.25)
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Proof. The functions Uy (A) are holomorphic on C; by definition. Since
Mo()~M_(A) = [A|7'2, A= o,
then (7.25) implies
Us(A) < |AIV4 A — . (7.26)
Condition (6.10) follows from (7.26) and Lemma 2.11.

LEMMA 7.7. Let Statement (iii) be true. Then condition (6.11) is fulfilled, i.e.,

Us(t) . _ Uy (1)
—— L (R 1,--- ,N, }; —
Gj_—te ()7J€{a a@} 6]+_t

cL*(R),je{l,--- ,NJ}.

Proof. The definition of the polynomial S(A) yields

I1 A — Ao|'/?
+2o LN l. N AN
‘ui(l)‘ = ( >€({H]}O U{H]}l )\{T]}O Ni
2]
11 A = AolV/2 1:[1\7‘—(9,*—1'81”
(o) € {mIN (Ll Y ULy} =
ﬁZF N
[114 - &7l
j=1

(7.27)

'ﬁ? _
[ [t = (§F —ien)]'/?
=1

It follows from (7.27), (7.18), (7.22), (7.19), Statement (iii), and the definition of

~ NTF
{CF},° that

Us(A)=0(1), A —A, A€ofUc Upt (7.28)
Us(A) = (A—6F), A—0F je{l,... N}, (7.29)
Ur(A)=0(1) | — 0T/, A —6F, je{l,...,Nf}, (7.30)

Us(A) = O(A~Aa| ™), & > Ao, doe ({iﬁj}f_ou{iﬁj}f_l) T, (7.31)
Us(2) = O(A—40"), 4 — Ao, Aoc ({iﬁj}f_ou{iﬁj}f_l) {5} (732)
U (4) = O3 ~Al'). & = 20, e (L0 ) nfa)le. (133)

Us(t
L) 12 (R). Combining this with (7.26),

—1

Ui(t
Therefore, Gi() € L7 (R) and

+ —t loc :
J
we get (6.11). O
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Let w4 (¢) be defined by

N oo /
B _FF\I2
1 |/R(£1) J=1(t %) J'I:—[l(/l +)
we) | S wE o
[0 = (67 —ie0) T[(2 — (&7 —ien))”
j= 7=

Let us check conditions (6.12), (6.13), and (6.14).
Since the points Bji, ¢ belong to pif(= R\ suppdZ.), formulae (7.10)-
(7.13) imply (6.12).

LEMMA 7.8. Condition (6.13) is fulfilled, i.e., the weights wy and w_ satisfy the
(A2) condition.

We give two proofs. They are based on the Hunt-Muckenhoupt-Wheeden theorem
and the Helson-Szegé theorem respectively. Note, that [25, Theorem 4] can also be
applied.

The First Proof of Lemma 7.8. 1t is clear that the functions wy satisfy all the
conditions of Proposition 2.9. Thus, wy € (A2). O

The Second Proof of Lemma 7.8. The Helson-Szego condition (see (2.37)) is
equivalent to the (A;) condition. Let us prove that condition (2.37) is satisfied for w. .
Obviously,

I1 |1 MII/ZHV (6; *lel)ll'[\t ( & —ier)|'?
Ao (TN Oy K UL IY)
W+(l) = ~_
N
I1 t=Ao[V2 T =& [1/2
’ =1
A€ (i KUy PO\ (5 Y /
(7.34)
Consequently,
1 Y
logw, (1) = 5 > 10g|t7/'\4)|+210g|t7 — ig))|
j=1

xoe{rj}Nrw({ﬁj}Nu{ﬁ,-}N

C
_ 1
Zog\t— T a5 > log |t — Ao

A€ (UL I N5}y

l\)l'—*

N

—% Zlog 0= &7 = (Hv)(0) +c1, (7.35)
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where ¢; is a constant, H is the Hilbert transform (see Subsection 2.6.), and

1 1 =~
vilt) =3 3 arg(t — A0) + 5 ) _arg(t — &)
r :1
A€ (LN UL {3 !
N+

Z arg(t — Ao) — Z arg(t — (19J+ —igy))

Ao {m Y (i Y UL Y

N =

ﬁg -
Zarg(tf (& —ier)).

N =

Note, that the branch of argz is fixed by argz € (—m, 7], z€ C.
The function v, is bounded and piecewise smooth; the set of jumps of v, is

r [ = Ne
(s v u{g "
The absolute values of all the jumps are equal to 7/2. Moreover,
1
t

1 T 1 1
vi(t) = arctan — < (t = 400), and vy(r)+ = =<arctan — < i (t — —00),

2 l

. . r r
v4+(f) monotonically increases on ¢ € (—oo,lUp) and (Uy,+o0). Therefore, v
admits a representation

v (1) = vi(r) + va(t) — /4,
where v; is a piecewise continuous function such that

v1(0)[|zee < /2, (7.36)

. : PN b e
vy has jumps at the points {1} U {i;}7 U{E"}

vy isa C! function on R such that

v(1) =0 fort ¢ [lto — &, iy + &J; (7.37)

here &, is a specified positive number.
It follows from (7.37) that

(Hv2) (1) < [f] =" (|t] = o0) .

Next, it follows from v, € C!(R) that v, € Lip*(Z) for any compact interval
Z C R and any a € (0,1). If we combine this with Privalov’s theorem (see [42])
and (7.37), we get Hv, € Lip*(Z), 0 < o < 1. Hence, Hv, is a continuous
function on R and (7.37) implies Hv, € L>°(R) . Taking into account (7.35), we get
IOgWJr(l‘) = (Hvl)(t) + (HVQ)(I) + ¢y, where Hvl‘lLoo < 775/2, Hv, + ¢, € LOO(R) .
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In other words, w. satisfies the Helson-Szegé condition and (6.13) is proved for w, .
Condition (6.13) for w_ is proved similarly. [

LEMMA 7.9. Let Statement (iii) be true. Then condition (6.14) is fulfilled, i.e.,

Ui(t) V() _ o
@ B oy SR
Proof. Note that
wil (@) =< i 77 (] — o0). (7.38)

It follows from (7.26), (7.28)—(7.33), (7.34), Statement (iii), and (7.17) that
UZ(t)wi'(r) € L°(R) and UZ(H)wi'(t) = O(1) (t — 1)

for
_ _ r 1
€ {—oo}U{+oc}Upy Uoy Uoy Ui Ui}y,  (7.39)
Note that

R\ (pr Uoy U U {fy} U {ﬁj}i”> = (— W U =) npf. (7.40)

If Ay is a generalized zero of ]\*4+(/l) M- (A) and Ao € ({—;}Y U {—;11]}’1") npy,

~ N ~ N,
the definition of the set {Cf}f imply that 49 € {{ }, * and the generalized order
of A equals 1/2. Thus, by (7.17) and the definitions of w,, U_, we have

V(w0 = 01) (1 1), 10 € ({—hhy U -} N}
Taking into account (7.39) and (7.40), we get
U2 (t)wi' (1) € L (R).
One can prove U3 (t)w='(f) € L(R) in the same way. Thus (6.14) is proved. [

~ o vE
NLet jS be a point of the set {9,(i }11\’6 . Let Dji be a sufficiently small neighborhood
of jS such that

NE r [ -
D 0 (1017 U (b (i)Y ) =

Put

Uét =V 277 Where uf,t(/l) = / . (7.41)
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We define Uji as Uji := UF forall j = 1,...7]Vét.
Lemma 2.11 imply that Uy € N 7 (C,).
LEMMA 7.10. Let Statement (iii) be true. Then conditions (6.15), (6.16), and
~ vk
(6.17) are fulfilled. That is, for every jS € {9,:':}11\,9 , the following conditions hold:

1 u|y7E 2 +
— < : ’
TRAGE —(A)|zlm9jif ColUy ()" for A € D NCy
Uy P Uy OF _
—r € L*(R), —r € L*®(R),

_ <cH AeDEnc.,
Al ) My e et

where Cl and C) are constants.
Proof. Note that
My(A) < M (A) —M_(A), A — OF.

Therefore (6.15) is equivalent to

Im

! — <l (1)] for A€ DFNC,. (7.42)
J

§:t
~ ~_NF
By (7.20) and (7.21), it follows that Bji ¢ {¢T},° . Taking into account (7.41) and
(7.3), we see that uz (1) has a pole of the first order at gji . This implies (7.42). Thus
(6.15) is proved.
Lemma 7.9 and the definitions of «* and uéﬁ imply

ﬁ+
UsOF 6, for teR\Ow (7.43)
~ k . .
s ) U

Hence, to check condition (6.16) for Ug , it suffices to show that
US(1)? -
Mgcz forte Df, k=1,...,Ng . (7.44)

lw ()]

It is easy to see that
MyA) = (A—65)7", ug(A)=(A—-65)"" (1—6F) (745
1
w (1)
Combining these formulae, we obtain (7.44). Thus (6.16) for U, is proved. The proof
of (6.16) for U, is similar. Condition (6.17) follows from (7.45). O

=0(1) (t—60)"* (1—6).

Since all the conditions of Theorem 6.3 are fulfilled, we see that A.s is similar to
a selfadjoint operator. Theorem 7.2 is proved.
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8. Examples

Let L = —d?/dx* + q be a Sturm-Liouville operator with a finite-zone potential
q. Put
A :=JL = (sgnx)(—d*/dx* + q) .

DEFINITION 8.1.  We say that a point a € Oess (A) U {00} is a strong spectral
singularity of Aess if the function
ImM_ (1) + ImM_(r)
M (1) —M_(1)

is not essentially bounded in any neighborhood of a.

It follows from (3.21)—(3.23) that if a is a strong spectral singularity of Aess
then the characteristic function 04(-) as well as the corresponding 7 -forms wp(+)
and g+ (A) are not bounded in any neighborhood of a too. Therefore a is a spectral
singularity in a classical sense and in the sense of Definition 3.1 as well. Thus Definition
8.1 is compatible with the both Definition 3.1 and the classical one.

By Theorem 7.2, A is similar to a selfadjoint operator if and only if A has
no strong spectral singularities. Combining Theorems 7.2 and 7.1, we arrive at the
following result.

THEOREM 8.1. The indefinite Sturm-Liouville operator A with a finite-zone poten-
tial is similar to a normal operator if and only if

(i) Aess is similar to a selfadjoint operator;

(ii) all the eigenvalues of A are simple.

Denote by L(&, g) the Sturm-Liouville operator with a finite-zone potential g(x)+
é )
L(&,q) = —d*[dx* + q(x) + &,
where & is areal constant. Put
A(E.q) = JL(E, q) = (sgnx)(~d*/dx* + q(x) + &) .
Let Aess (€, q) be the part of A(E,q) on 9, .

EXAMPLE 8.1. Consider the following periodic one-zone potential

q1(x) = (1 —k*)(2sn?(x, k') — 1), k€ (0,1), K =14k, (8.1)
where sn (x, k") is the Jacobi elliptic function. Then L(&,q;) is a one-zone periodic
operator with the gaps (—oc, &) and (kK> +&,1+&).

The corresponding Weyl functions My (A) are
; A—(E+1)
VA=A -E+i)
(cf. [2, Appendix II, Subsection 5]). By Theorem 7.2 Acs (&, 4q1) is similar to a

selfadjoint operator if and only if

Ee[-1,-kU0,00).

My(A) = —M_(-A) = 0<k <1,
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Note that for & € [—1, —k?] the operator L(&, q;) is not nonnegative. If

1+ V1=, -1 -V1-#),

then A(&, q1) has exactly two eigenvalues

tVEFI)I—(1-k);

these eigenvalues are simple and nonreal.

It is interesting to metion that for sufficiently small & > 0, the potential g;(x)+ &
is not nonnegative, while L(£,q;) > 0. Note that the same fact is valid for any
nonnegative one zone Sturm-Liouville operator and it is implied by the corresponding
trace formula.

Spectral properties of A(&, q;) are given in more details in the following table. The
abbreviations ’S-A’ ("Norm’) in the column ’Similarity” means that A(&, g;) is similar
to a selfadjoint (normal) operator. 'NonSim’ in the column ’Similarity’ means that
A(&,q1) isnotsimilar to anormal operator. Weput A4 (&) 1= +./(E + 1 (1—4k?).

Spectral properties of the operator A(&, q)

Strong
Intervals spectral |Eigenvalues|Similarity
singularities
£ e[0,+00) No As(&) S-A
£e(-%£,0) 0 A+(E) | NonSim
2

E=-% 0 No NonSim

Ee(-1+VI—RK,-5)] 0, (&) No | NonSim

E=—-14VI-Fk 0 No NonSim

Ee (K, —1+V1—-k) 0 A+(€) | NonSim

Eel-1,-K] No As(&) Norm

Ee(-1-V1—-k,-1) 0 A+(€) | NonSim

E=—-1—-+v1-Fk 0 No NonSim

Ee(—oo,—1=V1—=4k)]| 0, A(§) No NonSim

Table 7.1
REMARK 8.1. Example 8.1 shows that condition (5.25) is not necessary for
similarity of A to a self-adjoint operator. Indeed, le & > 0. Then A(&,q)) is
A)+M_

similar to a selfadjoint operator, while the function E Z.; i MG ; is unbounded
in neighborhoods of the eigenvalues Ay := £,/ (é +1)2 — (1 — k?). Namely, the
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functions My are holomorphic at points Ay that are zeroes of M, (-) — M_(-). On
the other hand, it is easy to check that

M (A) <0, M_(Ay) <0, Mi(A_)>0 M_(A_)>0,
and hence, M, (Ay) +M_(Ay) #0.

EXAMPLE 8.2. Consider even periodic potential
g =221 — (1 =)o’ k) + 1482, ke(0,1), K=v1-k.

The operator L(&, g2) is a one-zone operator with gaps (—oo, &) and (k> + &, 1+
&). The corresponding Weyl functions M. (A) have the forms (cf. [2, Appendix II,
Subsection 5])

A—(E+R)
V=8 -(E+1)

M, (A)=-M_(—A) =i , 0<k® <.

The operator A(,q2) has no eigenvalues for all £ € R. Hence, Aes(E,q2) =
A(S, q2).

Let 0 < k* < % Using Theorem 7.2, we get the following result: The operator
A(&,q>) is similar to a selfadjoint operator if and only if & € [—1, —k*] U [0, c0).
Spectral properties of A(&, ;) are described in the following table.

Spectral properties of A(E, ¢2), the case k*> € (0,1/2]

Intervals & Strong spectral singularities |Similarity
£ e 0,+0) No S-A

& e (—k2,0) 0 NonSim
Ee [—%, —k?] No S-A

Eel-1,-1 | £/(E+®2+# (1 —&) | NonSim
€ (—00,—1)|0, £/(E +k%)2+ k2(1 — k%) | NonSim

Table 7.2

Assume k> > % . Then A(,q,) is similar to a selfadjoint operator if and only
if £ > 0. In other words, A(&, q,) is similar to a selfadjoint operator if and only if
L(&,92) = 0. A description of the spectral properties of the operator A(&, g2) in this

case is given in the following table.
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Spectral properties of A(E,q»), the case k> € (1/2,1)

Intervals Strong spectral singularities |Similarity
£ e 0,+0) No S-A
Ee[-3,0) 0 NonSim

Ee (=K, -1)10, £/(E+K)? + k(1 — k) | NonSim

Ee-1,-K]| +/(EF+I)?2+ (1 —k%) | NonSim

£ € (—00,—1)|0, £/(E+k2)2 +k2(1 — k%) | NonSim
Table 7.3

EXAMPLE 8.3. Let g3 be a periodic potential of the form (8.1) with k> = 1/2
let £ € [-1,—1/2). Then, by Theorem 2.1 A(&,g3) is not definitizable. On

the other hand, according to the Table 7.1 the operator A (&,q3) is similar to a
selfadjoint operator and A(&, g3) is similar to a normal operator. The nonreal spectrum
of A(&,q3) consists of two simple eigenvalues A1 (&) := £/(§ +1)2 — (1 — k).
The operator A(&,q3) has no real eigenvalues. Note that in the case £ = —1/2 the
operator A(—%7 q3) is definitizable due to Theorem 2.1. Moreover, it is similar to a
normal operator.
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