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SEMI-FREDHOLM SINGULAR INTEGRAL OPERATORS
WITH PIECEWISE CONTINUOUS COEFFICIENTS ON
WEIGHTED VARIABLE LEBESGUE SPACES ARE FREDHOLM

ALEXEI YU. KARLOVICH

(communicated by A. Béttcher)

Abstract. Suppose I isa Carleson Jordan curve with logarithmic whirl points, p isaKhvedelidze
weight, p: T' — (1,00) is a continuous function satisfying |p(t) — p(¢)|] < —const/log |t — 1|
for |t —1] < 1/2, and IPC)(T, g) is a weighted generalized Lebesgue space with variable
exponent. We prove that all semi-Fredholm operators in the algebra of singular integral operators

with N x N matrix piecewise continuous coefficients are Fredholm on L‘IDV(') (T 0).

1. Introduction

Let X be a Banach space and B(X) be the Banach algebra of all bounded linear
operators on X. An operator A € B(X) is said to be n-normal (resp. d-normal)
if its image ImA is closed in X and the defect number n(A;X) := dimKerA (resp.
d(A;X) := dimKerA*) is finite. An operator A is said to be semi-Fredholm on X if
it is n-normal or d-normal. Finally, A is said to be Fredholm if it is simultaneously
n-normal and d-normal. Let N be a positive integer. We denote by Xy the direct sum
of N copies of X with the norm

I = NGl = (Wl - )2

Let I be a Jordan curve, that is, a curve that is homeomorphic to a circle. We
suppose that T is rectifiable. We equip I with Lebesgue length measure |dz| and the
counter-clockwise orientation. The Cauchy singular integral of f € L'(T) is defined

by
1
(Sf)(7) := lim — Mdr (rel),
R=0 T Jr\r(,r) T — 1
where I'(t,R) := {t € T : |t — 1t < R} for R > 0. David [7] (see also [3,
Theorem 4.17]) proved that the Cauchy singular integral generates the bounded operator
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S on the Lebesgue space L7 (I'), 1 < p < oo, if and only if T is a Carleson (Ahlfors-
David regular) curve, that is,

sup sup
tel’ R>0

IC( R
- < R

R
where |Q| denotes the measure of a measurable set Q C I'. We can write 7 — ¢ =
| — t]e’2(*=) for T € T'\ {t}, and the argument can be chosen so that it is continuous
on I'\ {r}. It is known [3, Theorem 1.10] that for an arbitrary Carleson curve the
estimate

arg(t—1) =O(—log|t—1]) (t—1)

holds for every ¢ € I'. One says that a Carleson curve I" satisfies the logarithmic whirl
conditionat t € T" if

arg(t—1) = =8(t)loglt— 1|+ O(1) (v —1) (1)

with some 0(¢r) € R. Notice that all piecewise smooth curves satisfy this condition at
each point and, moreover, §(¢) = 0. For more information along these lines, see [2],
[3, Chap. 1], [4].

Let #1,...,t, € I' be pairwise distinct points. Consider the Khvedelidze weight

=[[l—ul* (A,.... 4 €R).

Suppose p : I' — (1, 00) is a continuous function. Denote by L(')(T", o) the set of all
measurable complex-valued functions f on I' such that

/[f ) /AP)dr| < oo

for some A = A(f) > 0. This set becomes a Banach space when equipped with the
Luxemburg-Nakano norm

Nl : 1nf{/1>0 /y 7) /AP dr<1}.

If p is constant, then L”“(F7 0) is nothing else than the weighted Lebesgue space.
Therefore, it is natural to refer to 17(") (T, o) as aweighted generalized Lebesgue space
with variable exponent or simply as weighted variable Lebesgue spaces. This is a
special case of Musielak-Orlicz spaces [24]. Nakano [25] considered these spaces
(without weights) as examples of so-called modular spaces, and sometimes the spaces
L’C)(T, o) are referred to as weighted Nakano spaces.

If S is bounded on I”()(T, g), then from [13, Theorem 6.1] it follows that T" is
a Carleson curve. The following result is announced in [16, Theorem 7.1] and in [18,
Theorem D]. Its full proof is published in [20].

THEOREM 1.1. Let T be a Carleson Jordan curve and p : T — (1,00) be a
continuous function satisfying

Ip(t) —p(¥)| < —Ar/log|t —t| whenever |T—1<1/2, (2)
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where Ar is a positive constant depending only on I". The Cauchy singular integral
operator S is bounded on LP")(T, o) if and only if

0<1/p(tt)+M <1 foral ke{l,...,m}. (3)
We define by PC(I") as the set of all @ € L>°(T") for which the one-sided limits
a(t+0) := Tgrtlioa(r)

exist and finite at each point #+ € I'; here T — ¢ — 0 means that T approaches ¢
following the orientation of I", while T — 40 means that T goes to ¢ in the opposite
direction. Functions in PC(I") are called piecewise continuous functions.

The operator S is defined on L’;\f')(l“7 0) elementwise. We let stand PCyxn(T)
for the algebra of all N x N matrix functions with entries in PC(I"). Writing the

elements of L’;v(')(l“7 0) as columns, we can define the multiplication operator al for
a € PCyxn(T") as multiplication by the matrix function a. Let alg (S, PC; L‘X,(')(F7 0))

denote the smallest closed subalgebra of B(L’;,(')(F, 0)) containing the operator S and
the set {al : a € PCyxn(T)}.

For the case of piecewise Lyapunov curves I' and constant exponent p , a Fredholm
criterion for an arbitrary operator A € alg (S, PC; L}(T, 9)) was obtained by Gohberg
and Krupnik [10] (see also [11] and [22]). Spitkovsky [29] established a Fredholm
criterion for the operator aP + Q, where a € PCyxy(I') and

Pi=(+8)/2, Q:=(-S5))2,

on the space Ly (T, w), where I is a smooth curve and w is an arbitrary Muckenhoupt
weight. He also proved that if aP + Q is semi-Fredholm on L} (T, w), then it is
automatically Fredholm on L} (T',w). These results were extended to the case of an
arbitrary operator A € alg (S, PC; L},(T', w)) in [12]. The Fredholm theory for singular
integral operators with piecewise continuous coefficients on Lebesgue spaces with
arbitrary Muckenhoupt weights on arbitrary Carleson curves curves was accomplished
in a series of papers by Bottcher and Yu. Karlovich. It is presented in their monograph
[3] (see also the nice survey [4]).

The study of singular integral operators with discontinuous coefficients on gen-
eralized Lebesgue spaces with variable exponent was started in [17, 19]. The results
of [3] are partially extended to the case of weighted generalized Lebesgue spaces with
variable exponent in [13, 14, 15]. Suppose I' is a Carleson curve satisfying the loga-
rithmic whirl condition (1) at each point r € T', o is a Khvedelidze weight, and p is
a variable exponent as in Theorem 1.1. Under these assumptions, a Fredholm criterion
for an arbitrary operator A in the algebra alg (S, PC; L’;\,<'>(F, 0)) is obtained in [14,
Theorem 5.1] by using the Allan-Douglas local principle [5, Section 1.35] and the two
projections theorem [9]. However, this approach does not allow us to get additional
information about semi-Fredholm and Fredholm operators in this algebra. For instance,
to obtain an index formula for Fredholm operators in this algebra, we need other means
(see, e.g., [13, Section 6]). Following the ideas of [10, 29, 12], in this paper we present
a self-contained proof of the following result.
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THEOREM 1.2. Let T" be a Carleson Jordan curve satisfying the logarithmic
whirl condition (1) at each point t € T, let p : T — (1,00) be a continuous function
satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3). If an operator in the

algebra alg (S, PC; L’Ii,m (T, 0)) is semi-Fredholm, then it is Fredholm.

The paper is organized as follows. Section 2 contains general results on semi-
Fredholm operators. Some auxiliary results on singular integral operators acting on
L”“(F, o) are collected in Section 3. In Section 4, we prove a criterion guaranteeing
that aP + Q, where a € PC(T'), has closed image in I’)(T, 0). This criterion is
intimately related with a Fredholm criterion for aP + Q proved in [14]. Notice that we
are able to prove both results for Carleson Jordan curves which satisfy the additional
condition (1). Section 5 contains the proof of the fact that if the operator aP + bQ is
semi-Fredholmon L‘X,(')(F7 0) , then the coefficients a and b are invertible in the algebra
L ny(T) . In Section 6, we prove that the semi-Fredholmness and Fredholmness of
aP + bQ on L}”V(')(F, 0), where a and b are piecewise continuous matrix functions,
are equivalent. In Section 7, we extend this result to the sums of products of operators
of the form aP + bQ by using the procedure of linear dilation. Since these sums
are dense in alg (S, PC; L’;v(')(l“7 0)), Theorem 1.2 follows from stability properties of
semi-Fredholm operators.

2. General results on semi-Fredholm and Fredholm operators

2.1. The Atkinson and Yood theorems

For a Banach space X, let ®(X) be the set of all Fredholm operators on X and
let @, (X) (resp. ®_(X)) denote the set of all n-normal (resp. d-normal) operators
A € B(X) such that d(A; X) = 400 (resp. n(A;X) = +o00).

THEOREM 2.1. Let X be a Banach space and K be a compact operator on X.
(@) If A,B € ®(X), then AB € ®(X) and A+ K € O(X).
(b) IfA,B€ @4 (X), then AB€ ®(X) and A+ K € PL(X).
(¢) If A€ ®(X) and B € ®L(X), then AB € ®L(X) and BA € O (X).

Part (a) is due to Atkinson, parts (b) and (c) were obtained by Yood. For a
proof, see e.g. [L1, Chap. 4, Sections 6 and 15].

THEOREM 2.2. (see e.g. [11], Chap. 4, Theorem 7.1) Let X be a Banach space. An
operator A € B(X) is Fredholm if and only if there exists an operator R € B(X) such
that AR — I and RA — I are compact.

2.2. Stability of semi-Fredholm operators

THEOREM 2.3. (see e.g. [11], Chap. 4, Theorems 6.4, 15.4) Let X be a Banach
space.

(@) If A € ®(X), then there exists an € = €(A) > 0 such that A+ D € ®(X)
whenever ||D||px) < €.
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(b) If A € ®L(X), then there exists an € = €(A) > 0 such that A+ D € O (X)
whenever ||D||px) < €.

LEMMA 2.4. Let X be a Banach space. Suppose A is a semi-Fredholm operator
on X and ||A, — Al|gx) — 0 as n — oo. If the operators A, are Fredholm on X for
all sufficiently large n, then A is Fredholm, too.

Proof. Assume A is semi-Fredholm, but not Fredholm. Then either A € ®_(X)
or A € ®,(X). By Theorem 2.3(b), either A, € ®_(X) or A, € @, (X) for all
sufficiently large n. Thatis, A, are not Fredholm. This contradicts the hypothesis. [

We refer to the monograph by Gohberg and Krupnik [11] for a detailed presentation
of the theory of semi-Fredholm operators on Banach spaces.

2.3. Semi-Fredholmness of block operators

Let a Banach space X be represented as the direct sum of its subspaces X =
X1+X,. Then every operator A € B(X) can be written in the form of an operator

matrix
Ayl Ap
A= ,
|:A21 A }

where A; € B(Xj,X;) and i,j = 1,2. The following result is stated without proof in
[27]. Tts proof is given in [28] (see also [23, Theorem 1.12]).

THEOREM 2.5.
(a) Suppose Ay is compact. If A is n-normal (d-normal), then Ay (resp. Ay ) is
n-normal (resp. d-normal).
(b) Suppose Ay or Ay is compact. If Ay (resp. Ay ) is Fredholm, then Az, (resp.
A11) is n-normal, d-normal, Fredholm if and only if A has the corresponding

property.

3. Singular integrals on weighted variable Lebesgue spaces

3.1. Duality of weighted variable Lebesgue spaces

Suppose T is a rectifiable Jordan curve and p : T' — (1,00) is a continuous
function. Since I" is compact, we have

1 <p:=minp(t), p:=maxp(t) < oco.
p:=minp(r), p:=maxp(r) < oo

Define the conjugate exponent p* for the exponent p by

p(t) == p(f)(t)l (rel).

Suppose ¢ is a Khvedelidze weight. If ¢ = 1, then we will write Z’()(T') and || - [|,(.)
instead of L71)(T', 1) and || - |[(.),1 , respectively.
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THEOREM 3.1. (see [21], Theorem 2.1) If f € L’)(T) and g € 1" )(T"), then
fge LX) and
IFgll < (1+1/p = 1/P) If lpc) I gllp)-

The above Holder type inequality in the more general setting of Musielak-Orlicz
spaces is contained in [24, Theorem 3.13].

THEOREM 3.2. The general form of a linear functional on LP¢) (T, o) is given by
6f) = [fER@ (¢ €T 0)

where g € 1" O(T, o). The norms in the dual space [IP")(T, 9)]* and in the space
L7"ON(T, oY) are equivalent.

The above result can be extracted from [24, Corollary 13.14]. For the case o = 1,
see also [21, Corollary 2.7].

3.2. Smirnov classes and Hardy type subspaces

Let I' be a rectifiable Jordan curve in the complex plane C. We denote by D,
and D_ the bounded and unbounded components of C \ ', respectively. We orient
I' counter-clockwise. Without loss of generality we assume that 0 € D, . A function
f analytic in D, is said to be in the Smirnov class E?(Dy) (0 < g < o0) if there
exists a sequence of rectifiable Jordan curves I',, in D, tending to the boundary I' in
the sense that I';, eventually surrounds each compact subset of D such that

sup (2)||dz| < o0. (4)

n>1JT,

The Smirnov class E7(D_) is the set of all analytic functions in D_ U {co} for which
(4) holds with some sequence of curves I, tending to the boundary in the sense that
every compact subset of D_ U {co} eventually lies outside I',. We denote by E{(D_)
the set of functions in E9(D_) which vanish at infinity. The functions in E4(D) have
nontangential boundary values almost everywhere on I (see, e.g. [8, Theorem 10.3]).
We will identify functions in E9(D) with their nontangential boundary values. The
next result is a consequence of the Holder inequality.

LEMMA 3.3. Let T" be a rectifiable Jordan curve. Suppose 0 < qy,...,q, < 00
and f; € E%(Dy) forall j € {1,2,...,r}. Then f\f>...f» € E{(D+), where
1 1 1 1
L= — e =
9 91 qr

Let R denote the set of all rational functions without poles on I".

THEOREM 3.4. Let T" be a rectifiable Jordan curve and 0 < q < co. If f belongs
to E1(Dy) + R and its nontangential boundary values vanish on a subset ¥ C T of
positive measure, then f vanishes identically in Dy .
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This result follows from the Lusin-Privalov theorem for meromorphic functions
(see, e.g. [26, p. 292]).

We refer to the monographs by Duren [8] and Privalov [26] for a detailed exposition
of the theory of Smirnov classes over domains with rectifiable boundary.

LEMMA 3.5. Let T' be a Carleson Jordan curve, let p : T’ — (1,00) be a
continuous function satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3).
Then P> = P and Q> = Q on I’)(T, p).

This result follows from Theorem 1.1 and [13, Lemma 6.4].

In view of Lemma 3.5, the Hardy type subspaces PL’)(T, o), QL’")(T, o), and

OIPU)(T, 0) 4 C of IP)(T, ) are well defined. Combining Theorem 1.1 and [13,
Lemma 6.9] we obtain the following.

LEMMA 3.6. Let T' be a Carleson Jordan curve, let p : T’ — (1,00) be a
continuous function satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3).
Then

E'(Dy)nIPO(T, o) = PIPU(T, 0),
END_)nPY(T, g) = QLT o),
EY(D_) n’V(T, ) = LPV)(T, o) + C.

3.3. Singular integral operators on the dual space

For a rectifiable Jordan curve T' we have dt = ¢(9)|dt| where Or(1) is
the angle between the positively oriented real axis and the naturally oriented tangent
of T' at T (which exists almost everywhere). Let the operator Hr be defined by
(Hro)(t) = e ©rWe(z) for t € T'. Note that Hy is additive but Hr(oep) = GHro
for o € C. Evidently, H2 =1.

From Theorem 1.1 and [13, Lemma 6.6] we get the following.

LEMMA 3.7. Let T' be a Carleson Jordan curve, let p : T — (1,00) be a
continuous function satisfying (2), andlet ¢ be a Khvedelidze weight satisfying (3). The
adjoint operator of S € B(L'")(T, o)) is the operator —HrSHr € B(L”" )(T, o~ 1)).

LEMMA 3.8. Let T' be a Carleson Jordan curve, let p : T’ — (1,00) be a
continuous function satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3).
Suppose a € L>(T') and a=' € L>=(T).

(a) The operator aP + Q is n-normal on [P")(T, o) if and only if the operator
a~'P+ Q is d-normal on Lf”*(')(l“7 o~ Y). In this case

n(aP+ Q;IP(T, 0)) =d(a™'P+ ;L7 (I, 07 1)), (5)

(b) The operator aP + Q is d-normal on L[’V)(T, o) if and only if the operator
a~'P+ Q is n-normal on U’*(')(F, o~ Y). In this case

d(aP + Q;L”(')(F, g)) = n(ailP + Q;L’fk(')(lﬂ7 Qil)).
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Proof. By Theorem 3.2, the space 1" )(T', o~') may be identified with the dual
space [[PU)(T, 0)]*. Let us prove part (a). The operator aP + Q is n-normal
on I/ >(F o) if and only if its adjoint (aP + Q)* is d-normal on the dual space
/"O(T, o71) and

n(aP + Q;PI(T, 0)) = d((aP + Q)"; " (T, o7")). (6)
From Theorem 3.2 it follows that
(Cll)* = H[‘CIHF. (7)
Combining Lemma 3.7 and (7), we get
(aP + Q)>k = HF(P + QCII)HF. (8)
On the other hand, taking into account Lemma 3.5, it is easy to check that
P+ Qal = (I 4+ Pa~'Q)(a"'P+ Q)(I — Qa"'P)al, 9)

where I + Pa='Q, I — Qa~'P, and al are invertible operators on L ()(I', o 1).
From (8) and (9) it follows that (aP + Q)* and a~'P + Q are d-normal on the space
L"), 0= !) only simultaneously and

d((aP + Q) 17" (T, 07")) = d(a 'P+ Q; 17" O(T, 07Y)). (10)

Combining (6) and (10), we arrive at (5). Part (@) is proved. The proof of part (b) is
analogous. [

Denote by Ly, v(I') the algebra of all N x N matrix functions with entries in the
space L (T).

LEMMA 3.9. Let T' be a Carleson Jordan curve, let p : T’ — (1,00) be a
continuous function satisfying (2), and let o be a Khvedelidze weight satisfying (3).
Suppose a € L3S, y(T') and a’ is the transposed matrix of a. Then the operator P+aQ

is n-normal (resp. d-normal) on L‘X,(')(F7 0) if and only if the operator a'P + Q is

d -normal (resp. n-normal) on L}, (')(F, o ).

Proof. In view of Theorem 3.2, the space Lfv*('>(l“, 0~ !) may be identified with
the dual space [L’;\,H (T, 0)]*, and the general form of a linear functional on L’;,(') (T, 0)

is given by
N
=Y [sieigi a,
=1 7T

whete f = (f...ofx) € LT\ g) and ¢ = (g1.....8n) € Ly (D7), and
the norms in [L}; () (T, 0)]* and in Lp ' ( ~1) are equivalent. It is easy to see that
(al)* = Hra" Hr, where Hr is defined on L” <>(l“ ~1) elementwise.
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From Lemma 3.7 it follows that P* = HrQHr and Q* = HrPHr on L§*<'>(F, o 1.
Then

(P +aQ)* = Hr(Pa"l + Q)Hr. (11)
On the other hand, it is easy to see that
Pa'l + Q= (I + Pa"Q)(a"P + Q)(I — Qa"P), (12)

where the operators I + Pa’Q and I — Qa’ P are invertible on Lf\,*('>(l“7 0o~ !). From
(11) and (12) it follows that (P + aQ)* and a’ P + Q are n-normal (resp. d-normal)

on Lk, ) (T, 0=!) only simultaneously. This implies the desired statement. [

4. Closedness of the image of aP + Q in the scalar case

4.1. Functions in ’()(T, p) are better than integrable if S is bounded

LEMMA 4.1.  Suppose T is a Carleson Jordan curve and p : T — (1,00) is a
continuous function satisfying (2). If o is a Khvedelidze weight satisfying (3), then
there exists an € > 0 such that [’")(T, o) is continuously embedded in L'*+¢(T).

Proof. If (3) holds, then there exists a number € > 0 such that
0< (I/p(te) + M)(1+¢€) <1 forall ke{l,...,m}.

Hence, by Theorem 1.1, the operator S is bounded on L()/(1+€)(T", o!*€) | In that case
the operator o'*¢Sp~!~¢I is bounded on L’()/(+€)(T"). Obviously, the operator V
defined by (Vg)(¢) = tg(t) is bounded on 1/()/(1+€)(T"), and

(v - v = 0 [ &0

miJp o't (1)
Since AV — VA is bounded on [7(')/(1+€)(T") | there exists a constant C > 0 such that
g(T) ‘ 1+e€ I+e g(T)
| [[e™ lpey/ae) = |0 dr < Cliglpe/a
‘/r o'+¢(7) p(-)/(1+¢) - o'+ (7) S)/(148) p(-)/(1+¢)

for all g € 170)/U+9(T). Since o(7) > 0 a.e. on ', we have [0'|,() /14 > O.

Hence (0
_ 8(T) er(r)
Ag) = rvld
(&) /r@l“(f)e 7]

is a bounded linear functional on [/¢)/(+€)(T"). From Theorem 3.2 it follows that
o~ 17t € LPO/0+81"(T) | where

r)\"_ _ p(
l1+e¢ p(t) —(1+¢)
is the conjugate exponent for p(-)/(1 + €). By Theorem 3.1,

/rwrwg‘dﬂ < Goe 1™ N jare 7 Moo= (13)
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It is easy to see that

1 1 _ 1 _ 1

10 ey = W ellyfs = I I, (14)

From (13) and (14) it follows that ||f |11 < Cp().e.0llf lp()0 forall £ € LPO(T, o),
where Gy e 1= (Gpyell o™ Il )/ <00, O

4.2. Criterion for Fredholmness of aP + Q in the scalar case

THEOREM 4.2. (see [14], Theorem 3.3) Let " be a Carleson Jordan curve satisfying
the logarithmic whirl condition (1) at each point t € T, let p : T — (1,00) be a
continuous function satisfying (2), and let o be a Khvedelidze weight satisfying (3).
Suppose a € PC(T'). The operator aP + Q is Fredholm on L’')(T, o) if and only if
a(t+0) #0 and

1 a(th)Jr@lO

L a(t—0)
2 '8 a(t+0)  2m

a(t+0)

1

forall t € ', where

M =1, ke{l,...,m},
"(I)'—{o,k ift¢ll:\{t1,...,tm}.

The necessity portion of this result was obtained in [13, Theorem 8.1] for spaces
with variable exponents satisfying (2) under the assumption that S is bounded on
’V)(T,w), where T is an arbitrary rectifiable Jordan curve and w is an arbitrary
weight (not necessarily power). The sufficiency portion follows from [13, Lemma 7.1]
and Theorem 1.1 (see [14] for details). The restriction (1) comes up in the proof of
the sufficiency portion because under this condition one can guarantee the boundedness
of the weighted operator wSw—'I, where w(t) = |[(t — 7)Y| and vy € C. If T
does not satisfy (1), then the weight w is not equivalent to a Khvedelidze weight and
Theorem 1.1 is not applicable to the operator wSw~!I, that is, a more general result
than Theorem 1.1 is needed to treat the case of arbitrary Carleson curves. As far as
we know, such a result is not known in the case of variable exponents. For a constant
exponent p, the result of Theorem 4.2 (for arbitrary Muckenhoupt weights) is proved
in [2] (see also [3, Proposition 7.3] for the case of arbitrary Muckenhoupt weights and
arbitrary Carleson curves).

4.3. Criterion for the closedness of the image of aP + Q

THEOREM 4.3. Let T" be a Carleson Jordan curve satisfying the logarithmic
whirl condition (1) at each point t € T, let p : I' — (1,00) be a continuous function
satisfying (2), and let o be a Khvedelidze weight satisfying (3). Suppose a € PC(T')
has finitely many jumps and a(t +0) # 0 for all t € T. Then the image of aP + Q is
closed in I’")(T', 9) if and only if (15) holds for all t € T,
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Proof. The idea of the proof is borrowed from [3, Proposition 7.16]. The suffi-
ciency part follows from Theorem 4.2. Let us prove the necessity part. Assume that
a(t £0) # 0 forall r € T'. Since the number of jumps, that is, the points ¢ € T" at
which a(t — 0) # a(t + 0), is finite, it is clear that

1 a(t—0) 8(r) a(t—0) 1
Y au+0f+351 a0+®’+l+s¢z’
1 a(t+0) 06 a(t+0) 1
—%arga(tio)—s—ﬁl a(tO)’+1+£¢Z

forall + € I' and all sufficiently small € > 0. By Theorem 4.2, the operators aP + Q
and a~'P + Q are Fredholm on the Lebesgue space L'*¢(I") whenever € > 0 is
sufficiently small. From Lemma 4.1 it follows that we can pick & > 0 such that

(I, 0) € L), 7O, 07" € LI*(D)
and aP + Q, a~'P + Q are Fredholm on L'"®(T"). Then

n(aP + Q; I’)(T, 0)) < n(aP + Q; L'"*(I)) < oo, (16)
and taking into account Lemma 3.8(b),

d(aP + ;' )(T,0)) = n(a 'P+ ;7" (T,07")
< n(a@'P+Q; L% (T)) < oo. (17)

If (15) does not hold, then aP+Q is not Fredholm on L7)(T", o) in view of Theorem 4.2.
From this fact and (16)—(17) we conclude that the image of aP + Q is not closed
in L’0)(T, ), which contradicts the hypothesis. []

5. Necessary condition for semi-Fredholmness of aP + »Q. The matrix case

5.1. Two lemmas on approximation of measurable matrix functions

Let the algebra Ly, y(I') be equipped with the norm

lallzgs, yry =N maxflaser).
LEMMA 5.1. (see [23], Lemma 3.4) Let T be a rectifiable Jordan curve. Suppose
a is a measurable N x N matrix function on T such that a=' ¢ L35, y(T). Then for
every € > 0 there exists a matrix function a; € Ly y(I') such that ||ac||ree ) < €
and the matrix function a — a. degenerates on a subset y C I' of positive measure.

LEMMA 5.2. (see [23], Lemma 3.6) Let T be a rectifiable Jordan curve. If a
belongs to Ly y(T'), then for every € > 0 there exists an a. € Ly y(T) such that

la — aellre () < € and a;l e L y().

‘NXN



438 ALEXEI YU. KARLOVICH

5.2. Necessary condition for d-normality of aP + Q and P + aQ

LEMMA 5.3.  Suppose T is a Carleson Jordan curve, p : I' — (1,00) is a
continuous function satisfying (2), and o is a Khvedelidze weight satisfying (3). If
a € Ly, y(T) and at least one of the operators aP + Q or P+ aQ is d-normal on

L’Ii,('>(l", 0), then a=' € LE, y(T).

Proof. This lemma is proved by analogy with [23, Theorem 3.13]. For definiteness,
let us consider the operator P + aQ. Assume that a=! ¢ L35 y(I'). By Lemma 5.1,
for every & > 0 there exists an ae € Lg5 y(I') such that [la — a¢||rge () < & and a¢
degenerates on a subset ¥ C I' of positive measure. We have

(P +aQ) — (P + aEQ)HB(Lg/(‘)(r’Q)) < fla— aEHLl?,OxN(F)HQ”B(L?;‘)(I"@)) = 0(¢)

as € — 0. Hence there is an € > 0 such that P + a.Q is d-normal together
with P 4+ aQ due to Theorem 2.3. Since the image of the operator P + a.Q is a

subspace of finite codimension in L’;v(')(l“7 0), it has a nontrivial intersection with any

infinite-dimensional linear manifold contained in L’;\,<'>(F, 0). In particular, the image
of P+ a.Q has a nontrivial intersection with linear manifolds M;, j € {1,...,N}, of
those vector-functions, the j-th component of which is a polynomial of 1/z vanishing
at infinity and all the remaining components are identically zero. That is, there exist

vt € LY (N, 0), i € QLY (T0), heM;, Ij#0

such that y;" + a-y; = h; forall j € {1,...,N}. Consider the N x N matrix
functions

\PJr:: [V/1+>1I/2+77ll/;/r]7 Y_ = [ll/;7u/2777u/1;]7 H:= [h17h2>"'7hN]>
where q/j+ s l[/j_ ,and h; are taken as columns. Then H — W, = a,'¥'_ . Therefore,
det(H —¥;) =deta,det¥_ ae.on T.

The left-hand side of this equality is a meromorphic function having a pole at zero of at
least N -th order. Thus, it is not identically zero in D .
On the other hand, each entry of H — ¥, belongs to

PP, 0) + R C E'(Dy) +R

(see Lemma 3.6). Hence, by Lemma 3.3, the function det(H—%¥, ) € E'/N(D,)+R and
det(H — W) degenerateson y because a. degenerateson Y . In view of Theorem 3.4,
det(H — W) vanishes identically in D, . This is a contradiction. Thus, a~! belongs
to Ly (). O



SEMI-FREDHOLM SINGULAR INTEGRAL OPERATORS 439

5.3. Necessary condition for semi-Fredholmness of aP + bQ

THEOREM 5.4. Let T be a Carleson Jordan curve, let p : T' — (1,00) be a
continuous function satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3). If
the coefficients a and b belong to LY, y(T") and the operator aP+bQ is semi-Fredholm

on LIX,H(F, 0), then a= ', b= € L3, v ().

Proof. The proof is analogous to the proof of [23, Theorem 3.18]. Suppose aP+bQ
is d-normal on L‘ID\,(')(F7 0). By Lemma 5.2, forevery € > 0 there exist a. € Ly (')
such that a; ' € L§5, v(T') and [la — ag[|ze () < €. Since

[(aP + bQ) — (acP + bQ)”B(L’;,(‘)(F,g)) < la— asHLl?,oxN(F)”PHB(LZ(‘)(FQ)) =0(¢)

as € — 0, from Theorem 2.3 it follows that € > 0 can be chosen so small that
agP + bQ is d-normal on L’;}')(F, 0), too. Since a; ! € LY, y(T), the operator a,l is
invertible on L’;\,('> (T', 0) . From Theorem 2.1 it follows that the operator P + a,; 'bQ =
a;'(a.P + bQ) is d-normal. By Lemma 5.3, b~'a, belongs to L3, y(T'). Hence
b~'=b laca; ! € LZ v(D).

Furthermore, b~'aP+Q = b~!(aP+bQ) and the operator b~'aP+Q is d -normal
on I27(T, ). By Lemma 5.3, a~'b € L% y(T"). Then a~! = a~'bb~! belongs to
L v(T) . That is, we have shown that if aP + bQ is d-normal on L’;\,<'>(F, 0), then
a b7t e L y(T).

If aP + bQ is n-normal on L’;v(')(l“7 0), then arguing as above, we conclude
that the operator P + a; 'bQ is n-normal on L‘X,(')(F7 0). By Lemma 3.9, the oper-
ator (a;'b)"P + Q is d-normal on Lf\,*('>(l“7 o~ !). From Lemma 5.3 it follows that
[(as'b)T]7! € L v(T). Therefore, b=! = (a;!)"la;! € LS y(T). Furthermore,
b~'aP+Q = b~!(aP+bQ) and the operator b~'aP+Q = b~ (aP+bQ) is n-normal
on Lfv(') (T, o). From Lemma 3.9 we get that the operator P + (b~'a)TQ is d-normal
on Lf\,*(')(l“7 o~ !'). Applying Lemma 5.3 to the operator P + (b~ 'a)TQ acting on
12T, 07 1), we obtain a~'b € LS, y(T'). Thus @' = a~'6b~" € LS y(T). O

6. Semi-Fredholmness and Fredholmness of aP + bQ are equivalent

6.1. Decomposition of piecewise continuous matrix functions

Denote by PC(T) the set of all piecewise continuous functions @ which have
only a finite number of jumps and satisfy a(t —0) = a(¢) forall r € T'. Let Cyxn(T)
and PCY, y(T) denote the sets of N x N matrix functions with continuous entries and
with entries in PC(T), respectively. A matrix function a € PCyyxy(T) is said to be
nonsingular if deta(r £0) # 0 forall 7€ T.

LEMMA 6.1. (see [6], Chap. VII, Lemma 2.2) Suppose T is a rectifiable Jor-
dan curve. If a matrix function f € PCY, \(T) is nonsingular, then there exist an
upper-triangular nonsingular matrix function g € PC \(T') and nonsingular matrix
Sunctions c1,cz € Cyxn(T) suchthat f = ci1gc;.
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6.2. Compactness of commutators

LEMMA 6.2. Let T' be a Carleson Jordan curve, let p : T’ — (1,00) be a
continuous function satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3). If
¢ belongs to Cyxn(T), then the commutators cP — Pcl and ¢Q — Qcl are compact
on L’;\,(')(F, 0).

This statement follows from Theorem 1.1 and [13, Lemma 6.5].

6.3. Equivalence of semi-Fredholmness and Fredholmness of aP + bQ

THEOREM 6.3. Let I' be a Carleson Jordan curve satisfying the logarithmic
whirl condition (1) at each point t € T, let p : I’ — (1,00) be a continuous function
satisfying (2), and let ¢ be a Khvedelidze weight satisfying (3). If a,b € PCY, y(T),

then aP+bQ is semi-Fredholm on L’Ii,('>(lﬂ7 0) ifand only if it is Fredholm on L’;,(')(F, 0).

Proof. The idea of the proof is borrowed from [29, Theorem 3.1]. Only the
necessity portion of the theorem is nontrivial. If aP + bQ is semi-Fredholm, then
a and b are nonsingular by Theorem 5.4. Hence b~ 'a is nonsingular. In view of
Lemma 6.1, there exist an upper-triangular nonsingular matrix function g € PC%, ()
and continuous nonsingular matrix functions c¢;, ¢, such that b~ la=cigc,. Itis easy
to see that

aP +bQ = bey [(gP + Q) (Peol + Qcy ') + g(caP — Peol) + (¢ 'Q — Qcy '] (18)

From Lemma 6.2 it follows that the operators c,P — PcyI and cle - chll are
compact on L’;V(')(F, o) and

(Peal + Qe 'D(cy 'P+¢1Q) =1+ Ky, (¢;'P+c1Q)(Peal + Qcy'I) =1 + Kz,

where K; and K, are compact operators on L’;v(')(l“7 0) . In view of these equalities, by
Theorem 2.2, the operator Pcpl + chll is Fredholm on L‘X,(')(F7 0). Obviously, the
operator bcyl is invertible because bc; is nonsingular. From (18) and Theorem 2.1 it
follows that aP + bQ is n-normal, d-normal, Fredholm if and only if gP + Q has the
corresponding property.

Let gj, j € {l,...,N}, be the elements of the main diagonal of the upper-
triangular matrix function g. Since g is nonsingular, all g; are nonsingular, too.
Assume for definiteness that gP + Q is n-normal on L’;,(') (T, 0). By Theorem 2.5 (a),
the operator g;P+Q is n-normal on Lf”(')(l“7 0) . Hence the image of g; P+ Q is closed.
From Theorem 4.3 it follows that (15) is fulfilled with g, in place of a. Therefore,
the operator g;P + Q is Fredholm on I’C)(T, 0) due to Theorem 4.2. Applying
Theorem 2.5(b), we deduce that the operator g(')P + Q is n-normal on L} QI(F7 0),
where g!!) is the (N — 1) x (N — 1) upper-triangular nonsingular matrix function
obtained from g by deleting the first column and the first row. Arguing as before with
gV in place of g, we conclude that g,P + Q is Fredholm on L”)(T", o) and g®P+Q

is n-normal on L‘;,('_)z(l“7 0), where g® is the (N —2) x (N — 2) upper-triangular
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nonsingular matrix function obtained from g(!) by deleting the first column and the
first row. Repeating this procedure N times, we can show that all operators g;P + O,
je{1,...,N},are Fredholm on I7()(T, o).

If the operator gP 4 Q is d-normal, then we can prove in a similar fashion that
all operators g;P + Q, j € {1,...,N}, are Fredholm on PO)(T, o). In this case we
start with gy and delete the last column and the last row of the matrix gV=!) on the
j-th step (we assume that g(® = g).

Since all operators g;P + Q are Fredholm on L’*)(T), ), from Theorem 2.5(b)
we obtain that the operator gP + Q is Fredholm on L’;V(')(F, o). Hence aP + bQ is

Fredholm on L’;v(')(l“7 0),too. O

7. Semi-Fredholmness and Fredholmness are equivalent
for arbitrary operators in alg (S, PC, L’;,(') (T, 0))

7.1. Linear dilation

The following statement shows that the semi-Fredholmness of an operator in a

dense subalgebra of alg (S, PC, L’;,(')(F, 0)) is equivalent to the semi-Fredholmness of
a simpler operator aP + bQ with coefficients of a, b of larger size.

LEMMA 7.1.  Suppose T is a Carleson Jordan curve, p : I' — (1,00) is a
continuous function satisfying (2), and o is a Khvedelidze weight satisfying (3). Let

k
A= ZAilAiZ Ay
i=1

where Aj; = a;P+b;Q and all a;;, by belong to PCR,M,(F) . Then there exist functions
a,b € PCY. ,(T), where D := N(k(r + 1) + 1), such that A is n-normal ( d -normal,

Fredholm) on L‘ID\,(')(F7 0) if and only if aP + bQ is n-normal (resp. d-normal,
Fredholm) on LZ(')(F, 0).

Proof. The idea of the proof is borrowed from [10] (see also [1, Theorem 12.15]).
Denote by Oy and I the s x s zero and identity matrix, respectively. For { =1,... r,
let By be the kN x kN matrix

By = diag(Ay, A, . .., Axe),

then define the kN(r + 1) x kN(r + 1) matrix Z by

Z= : : : S
Ow Ow Ow ... B,

Ow Ow Ow ... I
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Put
X = COll.lIIlIl(O[\/,...701\/7 7[1\]7...,711\/), Y= (IN7~-~7INa ON,...,ON).
—— —
kr k k kr
Define also My = (Iy,...,Iy) and for £ € {1,...,r},let
——
k
M[ = (A11A12...A1[,A21A22...A2[, 7Ak1Ak2~-~Akl)-

Finally, put
W= (My,My,...,M,).

It can be verified straightforwardly that

linr+1) O vy O Z X |_|Z2 X (19)
w Iy 0] A O Iy Y Oy |-

It is clear that the outer terms on the left-hand side of (19) are invertible. Hence
the middle factor of (19) and the right-hand side of (19) are n-normal (d -normal,
Fredholm) only simultaneously in view of Theorem 2.1. By Theorem 2.5(b), the
operator A is n-normal (d-normal, Fredholm) if and only if the middle factor of (19)
has the corresponding property. Finally, note that the left-hand side of (19) has the form
aP + bQ, where a,b € PCY. (). O

7.2. Proof of Theorem 1.2

Obviously, for every f € PC(I') there exists a sequence f, € PC’(I") such that
If = fullesoqry — 0 as n — oo. Therefore, for each operator aP + BQ, where
a= (ocm)H s B=(Bs)Y_, and oy, By € PC(T) forall r,s € {1,...,N}, there

exist sequences o) = (a,ﬂ))” - B = (Br(f))lr\"szl with a,@,ﬁ,(f) € PCY(I") for all

r,s € {1,...,N} such that

I(aP + BQ) — (&P + B Q) g1

ST ‘
ng}%é ||OC“ O HL (F)HPHB(L?;)(I"Q))

+N1énr,?ézv”ﬁ” Brs HL (I‘)”Q”B(LK,()(F,Q)) 0(1)

as n — oo.
Let A € alg (S, PC; Ly p() (T, 0)) . Then there exists a sequence of operators A of

the form S°F , A%WAW A,(, , where A( " — a(” P+ b "0 and al”,b!" belong to

g7
PCyxn(T), such that ||A — A HBL”” roy — 0 asn— oo. Inview of what has been
said above, without loss of generality, we can assume that all matrix functions af] ), bl(J">

belong to PCY ().
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If A is semi-Fredholm, then for all sufficiently large n, the operators A" are
semi-Fredholm by Theorem 2.3. From Lemma 7.1 it follows that for every semi-

Fredholm operator X | AWAY Al there exist a®,b™ € PCY ('), where
D := N(k(r + 1) + 1), such that a")P + b Q is semi-Fredholm on L’I’)(')(F, 0).
By Theorem 6.3, aP + b"Q is Fredholm on L’Z)('>(F, 0). Applying Lemma 7.1
again, we conclude that Zf:l Al@Ag) ...A" is Fredholm on L‘IDV(')(F, 0). Thus, for
all sufficiently large n, the operators A" are Fredholm. Lemma 2.4 yields that A is
Fredholm. [J
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