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ALGEBRAIC PROPERTIES OF TRUNCATED
TOEPLITZ OPERATORS

DONALD SARASON

In memory of Paul R. Halmos

(communicated by L. Rodman)

Abstract. Compressions of Toeplitz operators to coinvariant subspaces of H? are studied. Sev-
eral characerizations of such operators are obtained; in particular, those of rank one are described.
The paper is partly expository. Open questions are raised.

1. Introduction

Our setting is the open unit disk, D, in the complex plane, €. By H? is meant
the standard Hardy space, the Hilbert space of holomorphic functions in D having
square-summable Taylor coefficients at the origin. As usual, H> will be identified with
its space of boundary functions, the subspace of L? (of normalized Lebesgue measure
m on 9D ) consisting of the functions whose Fourier coefficients with negative indices
vanish.

A Toeplitz operator is the compression to H> of a multiplication operator on L?.
The operators of the paper’s title are compressions of multiplication operators to proper
invariant subspaces of the backward shift operator on H>. While many such operators
have been studied, with interesting results, there seems not to exist a treatment of them
as a class, comparable, for example, to the treatment of Toeplitz operators by A. Brown
and P. R. Halmos in [8], a paper which inspired much subsequent work because of
the questions it raised. The present paper aims to play a role for truncated Toeplitz
operators like the one the Brown—Halmos paper did for Toeplitz operators. An effort
has been exerted to make the paper reasonably self-contained. Accordingly, proofs will
be provided for much of the background material.

Some preparation is needed prior to precise definitions. We let P denote the
orthogonal projection on L? with range H?. The operator P is given explicitly as a
Cauchy integral:

(PF)(2) = {f—%dmm, <.
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Using the expression on the right side, we can extend P to an operator on L!. In this
incarnation, P maps L' into H(D), the space of holomorphic functions in D, and
is continuous relative to the weak topology of L! and the topology of locally uniform
convergence of H(D).

We shall need to deal with certain unbounded Toeplitz operators. For ¢ in L?,
the operator T, , the Toeplitz operator on H> with symbol ¢, is defined by

Tof = P(of).

Itis known that T}, is bounded if and only if @ isin L°,in which case ||Ty|| = ||¢] o -
In view of the remarks in the preceding paragraph, if ¢ isnotin L*, we can, according
to convenience, regard T, either as an unbounded operator on H?, with domain
containing H°, or as a transformation from H? to H(D). In the latter guise T}, is
continuous relative to the weak topology of H? and the topology of locally uniform
convergence of H(D).

We let S denote the unilateral shift operator on H?. Its adjoint, the backward

Shift, is given by
f —f(0

Both S and S* are well defined as operators on H (D), and are continuous with respect
to the topology of locally uniform convergence.

For ¢ in L? one has $*T,S = T,. In fact, because of the continuity of T, and
of §*T,S as maps from H? to H(D), to establish the equality it suffices to show that
S*TySf = Tyf forall f in H*. For such an f , and for any g in H?,

<S*Tfpsf’g> = <T(PSf’Sg> = <(pSf7Sg>
/ 0(0)f (O Ce(Tydm(C)

/ of gdm = (Tof .g)

implying that S*T,Sf = Tof , as desired.

For the remainder of the paper, # will denote a nonconstant inner function. The
subspace K?> = H? © uH? is a proper nontrivial invariant subspace of $*, the most
general one by the well-known theorem of A. Beurling. The orthogonal projection on
L? with range K2 will be denoted by P, . Like P, the projection P, can be extended
to a map from L' to H(D). In fact, letting M, and M; denote the multiplication
operators on L? induced by u and i, we have P, = P — M,PM;. The operator M
acts isometrically from L' to L', so PM; sends L! into H(D). As M, maps H(D)
into itself, the operator M, PM;;, and hence also P,, can be regarded as an operator
from L! to H(D), as asserted.

For ¢ in L%, the truncated Toeplitz operator on K> with symbol ¢ is the operator
A, defined by

A(Rf =P u((pf )
In the special case u(z) = 7V, the matrix for A, with respect to the monomial basis is
the N-by-N Toeplitz matrix formed in the standard way from the Fourier coefficients
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O(—N +1),...,0(N — 1) (¢(0) on the main diagonal, ¢(1) on the diagonal just
below the main diagonal, ¢(—1) on the diagonal just above the main diagonal, etc.).

Clearly, a truncated Toeplitz operator does not have a unique symbol; for example,
A, = 0. It will be shown in Section 3. that two symbols correspond to the same operator
if and only if their difference lies in uH> + iH> .

A truncated Toeplitz operator obviously is bounded if it has a symbol in L°°. Does
every bounded truncated Toeplitz operator possess an L> symbol? Unfortunately, I
have been unable to answer this basic question. It is discussed further, along with other
open questions, in the exposition to follow.

Just as in the Toeplitz case, an unbounded truncated Toeplitz operator can be
thought of in two ways: either as an unbounded operator on K> whose domain contains
K2NH® (hereafter denoted by K°), or as an operator from K> to H(D), continuous
relative to the weak topology of K> and the topology of locally uniform convergence of
H(D). This study focuses on bounded truncated Toeplitz operators. The set of those
operators will be denoted by .7 (K?2) . Ttis clearly a complex vector space, and is closed
under conjugation (since Aj, = Ag ).

The compression of S to K> will be denoted by S,. Its adjoint, S¥, is the
restriction of $* to K?. The operators S, and S* are the truncated Toeplitz operators
with symbols z and z, respectively.

Brown and Halmos prove in [8] that a bounded operator 7 on H? is a Toeplitz
operator if and only if S*7S = T. There is an analogous but more involved charac-
terization of bounded truncated Toeplitz operators, given in Section 4., which forms
the basis for most of what follows. It states, roughly, that a bounded operator A on
K2 belongs to .7 (K?) if and only if A — S*AS, (or, equivalently, A — S,AS?) is an
operator of rank at most 2 of a special kind. It will also be shown in Section 4. that
7 (K?) is closed in the weak operator topology.

As shown in [8], the only compact Toeplitz operator is the zero operator. In
contrast, .7 (K2) contains many compact operators, in fact, many finite-rank operators.
The operators in .7 (K?2) of rank one are determined in Section 5.. In Section 6. some
additional finite-rank operators in .7 (K2) are displayed. A characterization of the
general such operator is an open problem.

Section 7. contains a few results for the case where K2 is finite dimensional. Even
the case dim K2 = 2 is of interest. Some open questions will be mentioned.

In Section 8. it is shown that a bounded operator on K? lies in .7 (K?2) if and only
if it is shift invariant, in a sense to be defined. Section 9. introduces certain measures
on 9D that induce operators in .7 (K2).

Section 10. introduces a family of rank-one perturbations of the compressed shift
S,. Among them are unitary perturbations originally analyzed by D. N. Clark [10].
Section 11. contains background on Clark’s work, and Section 12. discusses the role of
his unitaries in .7 (K?).

Chapter 13 introduces transforms due to R. B. Crofoot which map K? onto K,fw,
where u,, = {==- with w apointof D . Crofoot’s transforms are used in the concluding
Section 14. to help determine the spectra of the operators introduced in Section 10..

The next section contains most of the needed background on the spaces K>.
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In addition to the notations already introduced, the following ones will be used
throughout:
e The identity operator will be denoted by I. The space on which it acts will be
clear from the context.
e The inner product and norm in L? will be denoted by (-,-) and || - ||2.
e The usual tensor notation will be used for operators of rank one: for f and g
vectors in a Hilbert space, f ® g denotes the operator defined by (f ® g)h =

(h,8)f -

Acknowledgements. I am grateful to Keiji Izuchi for acommunication which suggested
this study. Theorem 3.1 below was originally proved by Izuchi, who used ideas different
from the ones employed here. Thanks also go to Stephan R. Garcia for acommunication
which prompted the results in Sections 13. and 14., and to Joseph Cima for pointing out
corrections to the first draft of the paper.

2. Background on K>

Nothing in this section is new, and the bulk of it can be found in standard sources,
for example [7], [13], [16].
2.1. Kernel Functions. For A in D, the kernel function in H? for the functional of
evaluation at A will be denoted by k; ; it is given explicitly by ;(z) = 1/(1 — Az),
and satisfies S*k; = Ak; . More generally, for y in H? one has Tyk) = mlq ;in
fact, for f in H?,

(Tyko,f) = (ki xf) = x(A)f (A)

= (x(A)ki.f) -

The kernel function in K? for the functional of evaluation at A will be denoted by
% ;itequals P,k; . Asnoted in Section 1., P, = P — M,PM;. Since PMj | H>=T;,

we have P, | H> = I — T, T, , and accordingly Ky =ky —u(A)uk; ,ie.,

4o = 1AM,

Note that the kernel functions k4 belong to K;°. Since their linear span is clearly
dense in K2, we see that K is dense in K>.

2.2. Angular Derivatives. Recall that the function u is said to have an angular
derivative in the sense of Carathéodory (an ADC) at the point 1 of 9D if u has a
nontangential limit u(7) of unit modulus at 1, and ' has a nontangential limit «’(n)
at  (equivalently, the difference quotient (u(z) —u(n))/(z—n) has the nontangential
limit #’(n) at ). Information on this notion can be found, for example, in [16]. If 7
is a regular point of # on 0D then u has not only an ADC at n but, obviously, an
ordinary derivative there. A characterization, in terms of the zeros of « and the singular
measure of its singular part, for u# to have an ADC at a singularity on 9D can be found
in the papers [1], [2] of P. R. Ahern and D. N. Clark. Alternative characterizations can
be found, for example, in [16].
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The function u has an ADC at n if and only if every function in K> has a
nontangential limit at 1. Then the limit defines a bounded linear functional on K>
(see [16], for example, for details). There is thus a corresponding kernel function &% .
Moreover, kj — k, as A tends to 1 nontangentially from D. From the expression
found earlier for kj , one obtains

1 —u(n)u
kll —
n(2) = —— T
which can be written ( )
——(u—u(n
K (z) = — .
1(0) = ) ()

It is known that if 7 is a point of 9D at which u has a nontangential limit u(7n) of
unit modulus, and if the difference quotient %5;7) isin H?,then u has an ADC at n
(see, for example, [16]).

2.3. Conjugation. The space K2, as is well known, carries a natural conjugation, an
antiunitary involution C, defined by (Cf)({) = u(8)Ef (&) (|¢] = 1). In fact, the
map on L? defined by the same equality is clearly antiunitary and involutive, and is
easily seen to map uH? to H3 and H} to uH?. It thus preserves K2.

When convenient we shall write f~ for Cf . The expression

By = 1B

is easily verified. In particular, 753 =S"u.

If u has an ADC at the point n of 9D, then one obtains the expression for k;
by replacing A by 7 in the equality above:

fo_ w2 —u(n)
n -1

Thus E‘] = Nu(n)k;, (see Section 2.2.).

An operator A on K2 is called C-symmetric if CAC = A*. S. R. Garcia
and M. Putinar in [12] study the notion of C-symmetry in the abstract. They give

many examples, including our truncated Toeplitz operators (at least those with bounded
symbols). The following result is essentially theirs.

LEMMA 2.1. [12] The operators in 7 (K?) are C-symmetric.
Proof. Let ¢ bein L* with A, bounded. For f in K> and g in K2,
(CACf.8) = (Cg ApCS)
= /M(C)fm'mu(C)Cf(C)dm(C)

/wwm=de
(Agf.8)-
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Since K2° is dense in K?, the desired conclusion follows. ]

It will be shown later, in Section 5., that, for dim Kg > 2, not all C-symmetric
operators are in .7 (K2). At this point it is easy to handle the case u(z) = z¥, N > 3.

For this u , the conjugation sends the monomial z* to zV=*=!. Suppose A is the operator

on K? having the matrix (ajk)]l,jlk_:%) with respect to the monomial basis: ay = (AZ~,7) .
The (j, k)" entry of the matrix for CAC is then equal to
(CACF,7) = (cZ,Act)
(NTLANTY = aw ok,

whereas (A*zf,7) = a;. The condition that A be C-symmetric is thus that a;; =
an—j—1)(n—k—1) forall j, k, which is the condition that the matrix for A be symmetric
with respect to reflection about the diagonal orthogonal to the main diagonal, clearly
weaker than the Toeplitz condition. (For N = 2, however, the reasoning shows that all
C -symmetric operators are in .7 (K?).)

LEMMA 2.2. (a) For A in D,
= MK — u(A)KY, Sk = AKY — u(A)KL.
(b) For A in D \ {0},

1~, 1~
-

1 1
Suku = = — u7 S*k =
0 A= P 2

T

Proof. (a) For the first equality we have

Sk = ST((1— ulAuk,) = (1 - a(A)w)Sk; + & (0)S*(1 — u(Z)u)

= 21 —uM)u)ky — u(A)S u = Ak — u(A)KL,
as desired. We obtain the second equality by applying C to the first equality:
Skl = CS'CCK: = CS*KY
= COAKL — u(A)k) = Ak — u(A)KL.
(b) For A # 0 we have
Suky = PuSki = P,S((1 — u(A)u)ky) = P,Skj.

b4 1 1
(k)@ === 7 (1—/Tz_l>

u 1 1 u u
Sk = FPulky = 1) = 5 (K — k),

Since

(kx(z) = 1),

>)||

we get

which is the first equality. As in (a), the second equality is obtained from the first
through an application of C. (]

COROLLARY. If u has an ADC at the point | of 0D, then the equalities in the
lemma hold with 1 in place of A .

Proof. One obtains this by letting A tend nontangentially to 1) and using continuity.
(]
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2.4. Cyclic Vectors.

LEMMA 2.3.  The function ki is a cyclic vector of S,,. The function %8 is a cyclic
vector of S .

Proof. The second statement follows from the first through an application of C.
To prove the first statement, suppose the function f in K> is orthogonal to S"k% for all
nonnegative integers n. We have

0= (f,Suko) = (S™f,kg) = ($¥f)(0),

which says that all the Taylor coefficients of f at the origin vanish, hence that f = 0.
O

2.5. Defect Operators.
LEMMA 2.4. I —S,S% = ks @Kk, I —SiS, = ki @ k.

Proof. The second equality follows from the first through an application of C. To
obtain the first equality we note that the operator S* (= S* | K2) acts isometrically
on the subspace of functions in K? that vanish at 0, in other words, on the orthogonal
complement of k; . The self-adjoint operator I —S,,S;, thus vanishes on that orthogonal
complement, so it equals a scalar multiple of kfj ® ki . To determine the scalar we apply
Lemma 2.2(a) (with A =0):

(I — SSHKS = ki + u(0)S,ks = (1 — [u(0)]?)K
(kR K = (@ KR,

Thus the scalaris 1. O

2.6. Difference Quotients. For A in D we define the operator Q; on H? by
Q5 = S*(I — AS8*)~!. Since K2 is S*-invariant, it is also Q; -invariant. The operator
0 is the Toeplitz operator with symbol z/(1 — Az) (|z] = 1), so for f in H?,
7 f=r)  FA)
Quf (1—/15) < -4 T 1-Az
()

z—A
Hence, if f is in K2, then the difference quotient (f —f(A))/(z — A) is also in K2.

We note also that E{ =Q)u.

2.7. Spectrum of S,,.

LEMMA 2.5. The spectrum of S, consists of the set of singularities of u on 9D
together with the zero set of u in D. The essential spectrum is the set of singularities
on OD. For A in u='(0), the operator S, — Al is a Fredholm operator of index 0
with a one-dimensional kernel. The operator S, has no eigenvalues on 9D .
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Proof. Since S, is a contraction its spectrum is contained in D . If 4 is a point
of D where u is nonzero, or a regular point of u on 9D, one easily checks that the

operator fﬁAﬁ inverts S, — AI.
)

Suppose A is a zero of u. Then by Lemma 2.2(a) Su%ﬁ{ = AkY, s0 A is an
eigenvalue of S,. To verify that S, — Al is a Fredholm operator we compute the
product (S, — AI)Q; , regarding Q; here as an operator on K>. For f in K2,

.- 200 =, (=) (L)) = - rm,

from which we conclude that (S — AI)Qy =1 — (kij ® k%) . This tells us that S, — AJ
is right Fredholm with a range of codimension at most 1. By C-symmetry S, — A7 is
also left Fredholm, hence Fredholm. Also by C-symmetry, the index of S, — AT is 0.
We know the dimension of the cokernel of S, — Al is at most 1 and the dimension of
the kernel is at least 1, so both are of dimension 1.

It remains to show that every singularity of u on 0D is in the essential spectrum.
Suppose first that the point 1 of D lies in the resolventset of u, so that (S, —AI)~! is
defined in a neighborhood of 17. We note that, for A in D, wehave k; = (I —/TS)_lko,
which after projection onto K> gives k4 = (I — )ISM)_lkg. In particular, then,

u(A) —u(0)
A

As the function of A on the right side extends holomorphically to a neighborhood of
n, we conclude that the same is true of u, i.e., 1 is a regular point of . Hence every
singular point of u on 9D belongs to the spectrum of S, .

Finally, consider a singularity A of u on 9D. The function z — A is an outer
function so, by Beurling’s theorem, the operator S — AI has a dense range. Therefore
S. — AT also has a dense range. This tells us that S* has no eigenvalues on 0D . By
C -symmetry, the same is true of S,, and so S, — A is injective. But S, — AI, being
noninvertible, is not surjective. Therefore S, — AT is not Fredholm, i.e., A is in the
essential spectrum of S, . ]

= Kkb(A) = (kf, (I — 2.8,)""KkE) .

Additional known properties of K> will be introduced as the need arises. What
stands above will suffice for the time being.

3. Condition for A, =0

THEOREM3.1. If ¢ isin L?, then Ay = 0 ifand onlyif @ belongsto uH?*+iH? .

Proof. Suppose @ isin uH? +iH?, say ¢ = uy + i) with y and x in H>. For
f in K2 wehave @f = wuf + yif , whichis orthogonal to K> because uK>° C uH>
and uK° C Hi° . Hence Apf =0 for f in KJ°,andso Ay = 0.

Suppose, conversely, that A, = 0, and write ¢ = y + ¥ with y and Y in
H?. Thus Ay = —Aj;. Now the operators Ay and §; commute, being restrictions
to K? of the commuting operators Ty and S*. Similarly, the operators A, and S,
(the adjoints of Ay and S; ) commute. Hence A, commutes with both S, and S;.
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Then Ay (I — S,Si)kl = (I —S,S%)A kY, implying by Lemma 2.4 that A,k is a scalar
multiple of kg, say Ayky = cky. Thus

0=(Ay — ek = Pu((y — c)(1 - u0)u)

=P u(l// - C)>
implying that y — ¢ is in uH?. So we actually have A, = cI, and accordingly
Ay = —cl. Repeating the reasoning above, we conclude that ) + ¢ is in uH? , and

hence that  + ¢ isin #H?. Therefore ¢ = (y —¢) + ( +¢) isin uH*> +aH*>. O
COROLLARY. If @ isin L?, then there is a pair of functions v, x in K> such that

Ap = Ayyy. If v, x is one such pair, the most general such pair equals y + ckg,
X — ¢kg, with ¢ a scalar.

Proof. Write ¢ = ¢, + ¢_ with ¢, in H?> and ¢_ in H*>. Let y = P,¢, ,
X =P,p_. Then ¢ — y — f isin uH? + iH>, 50 Ay, = Ay 5 by the theorem.

Since kj = 1 — Wu and A, = 0, we have Akg = I. Hence, if y, x are
as above and Y1 = Wy + ckj, x1 = X — ¢k, with ¢ a scalar, then Ay, = Ay + I,
A?Zl = A?Z — CI, so that A%Jril = A(p .

Finally, suppose v, xi arein K2 and Ay, 7 = Ay. Then (v —yn) + (X — X1)
isin uH?*+uH?, by the theorem. As the projection P, annihilates uH 24 4H? , we have
v — vy, = —P,(X— %) Since PH? consists of the constant functions, the function
P,(% — x1) must be a scalar multiple of P,1 = k. Thus y; = y + ck{j for some
scalar ¢, and, accordingly, ¥ — 1 — ckg is in uH? + uH?. Then y — x — ckg is in
uH? + H?*. Applying P, again, we obtain

X — X1 = cPyky = cPy(1 — u(0)u) = ¢P,1 = ckg,

ie., y1 =X — ckg. ([l
4. A Characterization

THEOREM 4.1. The bounded operator A on K> belongsto 7 (K?2) if and only if
there are functions y, x in K> such that

A—SAS, = (V@ ki) + (ks @ %),

in which case A = Ay 5.

The bulk of the proof will be accomplished in two lemmas.

LEMMA 4.1. For v, x in K2,

Ayiz = SulyigSy = (W @ kg) + (ko © %)

Proof. Since S, commutes with A, and S; commutes with Ay, we have

Ayiz = SulyizSy = Ay(I = SuSy) + (I = 5uS,)Az-
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Since I — S,S% = ki ® ki (Lemma 2.4), the right side equals
(Ayky @ k5) + (ko @ Aykp)-
Finally, Aykf = v, Akl = x. O

LEMMA 4.2. Let y, x bein K>. Thenfor f, g in K,

oo

(Aysf &) = D (. Siks) (Saw,g) + (f,Six) (Siks. 8) ).

n=0
Proof. By Lemma 4.1,
Ayiz = SulyixS, = (W @ kg) + (kg @ x).
Thus, for any positive integer 7,
S" Ay 7 SE — ST, 8D = (SMy @ STKE) 4 (STKE @ S"y).

Adding for n =0,1,...,N, we get

N

Ayiz = Z((SZV/ ® Spk) + (Sukiy © Six)) + S Ay g i,
n=0

Thus, for f, g in K°

u

N

(Ayirf 8) =D ((f:Sike) (Suw, &) +(f Sux) (Suk, €) )+ ( Ay Sy, 550 V) .

n=0
It remains to show that the last summand on the right tends to 0 as N — oo. We have
(A 2SN S8) = (Sf SN Avg) + (SiVAxf . Sig) -
The desired conclusion now follows because S*V — 0 in the strong operator topology.

O

Proof of Theorem 4.1. 1t follows by Lemma 4.1 and the corollary to Theorem 3.1
that every operator in .7 (K2) satisfies the condition of the theorem. Suppose, con-
versely, that A is a bounded operator in K> that satisfies the condition:

A—SAS, = (v k) + (ks ® %)

with ¥, x in K2. The first part of the proof of Lemma 4.2 shows that, for any positive
integer N,

N
A= Z((SZII/ & SZkg) (S"k” ® Sn%)) SN+1AS;(NH>_
n=0
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Since S*V — 0 in the strong operator topology, we conclude that
A= Z @ SIKS) + (SRS © SI0)

the series converging in the strong operator topology. By Lemma 4.2 we can conclude
that A=Ay 5. O

REMARK. An application of the conjugation C produces from Theorem 4.1 an
alternative necessary and sufficient condition for a bounded operator A to belong to
7 (K?), namely, the condition

A—S;AS, = (v @ ki) + (ki @ x)
with v, x in K2.
THEOREM 4.2. .7 (K?) is closed in the weak operator topology.

Proof. Suppose the net (Ay) in .7 (K?) converges weakly to the bounded operator
A. By Theorem 4.1, for each index o there are functions Yy, Xq in K,f such that

a = SulaSy = (Vo ® ky) — (ki @ Xa)- (4.1)

Moreover, the functions ), can be taken to satisfy x,(0) = 0 (see the corollary to
Theorem 3.1). Then we have

Aokl — S, AS kS = || k|3 Wers

and it follows that the net (W) converges weakly, say to the function v in K2. The
net (W, ® k) thus converges in the weak operator topology, and so by (4.1) the net
(k§ ® xa) also converges in the weak operator topology, implying that the net (xy)
converges weakly, say to the function y in K?. Passing to the limit in (4.1), we obtain

A= SAS; = (¥ @ k) + (kg @ X)),
and it follows by Theorem 4.1 that A = Ay, 5. O

Among the operators in .7 (K?2) are those in the commutant of S, . In fact, if the
bounded operator A on Kg commutes with S, , then

A—S,ASE = A(l — S,5%) = AL @ KL,

and it follows by Theorem 4.1 that A is the truncated Toeplitz operator with symbol
Akg . It is known that such an A has an H®® symbol with supremum norm equal to
|A|l. This result, first established in [15], is a corollary of the commutant lifting theorem
of B. Sz.—Nagy and C. Foias [17].

By the same token, a bounded operator on K? that commutes with S is in
7 (K?) and has a symbol in H> of supremum norm equal to the operator norm. The
question whether every operator in .7 (K?) has a bounded symbol concerns operators
that commute with neither S, nor S .
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5. Rank-One Operators

THEOREM 5.1. (a) For A in D, the operators kj ® %ﬁ and %ﬁ ® kY belong to
T (K3).

(b) If u has an ADC at the point 1 of 0D, then the operator ki @ ky belongs to
T (K3).

(¢) The only rank-one operatorsin 7 (K>) are the nonzero scalar multiples of the
operators in (a) and (b).

Proof. (a) We consider first a point A in D \ {0} and apply the criterion of
Theorem 4.1 to the operator kj ® k% . By Lemma 2.2,

Su(ky @RS = Sukl © Sk

1 1 7
_ (_k; _ _kg) © (RS — u(A)KE)

A A
U o U U o U M(A') u M(A’) u u
= (kg @k;) — (kg ®@k3) — T (k% @ kg) + 1 (kg ® kG).-
Thus
u ~u u ~u * u ~u M(A’) u u u
i Ok — Sulky @ k5)S, = (kg @ k) + T (k3 = kG) @ kg).-
By Theorem 4.1, k5 ®%j{ is the truncated Toeplitz operator with symbol ”(/%) (K —ki)+

%ﬁ - The symbol can be simplified because A =1 = A, and Ak;{ = Ay, - Replacing

ki by 1 and kY by k; in the preceding expression, we obtain the symbol (written as a
function of the variable z on 9D)

u u

1Az - A

Conclusion. k} ® 755{ is the truncated Toeplitz operator with symbol i/(z — 4).

Conjugating the last conclusion, we find that E‘L ® kj is the truncated Toeplitz
operator with symbol u/(z — A). Taking the limit as A — 0, we find that k3 ® k§ and
k§ ® k are the truncated Toeplitz operators with respective symbols /7 and u/z.

(b) Let n be a point of D at which u# has an ADC. By the corollary to
Lemma 2.2, the first part of the proof of (a) can be repeated with 7 in place of A to
show that kj ® %ﬁ is the truncatec}v Toeplitz operator with symbol ”(Tﬁ)(k% — kb)) + %ﬁ .
In Section 2.3. we observed that kj = ﬁu(n)k;;. Combining this with the preceding
conclusion, we see that ky @ ky is the truncated Toeplitz operator with symbol k3 +
15?7 —ki. As 2_1b0ve in the proof of (a), we can replace k§ here by 1, obtaining the
symbol &y +ky — 1.
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(c) Suppose o, T are nonzero functions in K> such that the operator 6 ® T
belongs to .7 (K?2). Since ¢ ® 7 is then C-symmetric, we have

T®0=C0o®1)C=0QT.

Hence 7 and o are linearly dependent, so, after a scaling, we can assume with no loss
of generality that T = 6.
By Theorem 4.1, there are functions ¥ and j in K> such that

(0®0) — (8.0 ® $,0) = (¥ @ k;) + (kg @ x)- (5.1)
Various cases arise.
Case 1. One of y, yx is the zero function.

By C-symmetry it will be enough to treat the case y = 0. Then (5.1) reduces to
(0 ®0)— (S.0®8,0) =k ® X. (5.2)

For the operator on the left side of (5.2) to have rank one, either o and S,0 must
be linearly dependent or ¢ and S,0 must be linearly dependent. Suppose ¢ and
S,0 are linearly dependent, say S,0 = Ac. By Lemma 2.5 (and its proof), |A| < 1,
u(A) =0, and o is ascalar multiple of E‘L . Thus 0® 0 is a scalar multiple of E‘L QK .
If 6 and S,0 are linearly dependent, S,6 = A&, the analogous argument shows that
A isin D and 0 ® G is a scalar multiple of k ®7€ﬁ .

For the remainder of the proof we assume that neither y nor Y is the zero function.
By (5.1), either kg is a linear combination of o and §,0, or kg is a linear combination
of & and S,0. Since ¢ and & are interchangeable, it will be enough to treat the case
where kj is a linear combination of ¢ and S,0, say kj = ac + bS,0.

Case2. b=0.
In this case o is a scalar multiple of k%, so 0 ® G is a scalar multiple of k} ®%ﬁ .
Case3. a=0.

In this case & lies in the range of S,. That implies u(0) # O (for otherwise
k¢ =1 and S}k = 0), and therefore S, is invertible, by Lemma 2.5. By Lemma 2.4 (a)
we have S,k = —u(0)k!, so & = 18, k4 is a scalar multiple of K¢, and 0® G isa
scalar multiple of 758 ® kp -

In all remaining cases a # 0 # b. Replacing o by ac and letting A = —b/a,
we transform the equality k§ = ac + bS,0 to ki = (I — AS)o, A #0.

Cased. 0 < |A| < 1.

In this case the operator I — A4S, is invertible, and by Lemma 2.2(b) %j{ — XS,k =
k. Thus 0 =k%,and O® G =k ® k% .

Case 5. |A| > 1, u(1/A) #0.
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In this case the operator I — A, is invertible, by Lemma 2.5. By Lemma 2.2(a),

ASK 5 =Kl 5 — du(1/A)K,

1

f%“ 1 and hence that 6 ® o is a scalar multiple of
au(1/) Y/

which tells us that 0 =
ki) @ k-

Case 6. |A]| > 1, u(1/A) =0.

In this case, by Lemma 2.5 (and its proof), the operator  — AS} has a one-
dimensional kernel spanned by the function &, ;. If kj were in the range of 1 — AS, it

would be orthogonal to k7, which it is not because k; /;(0) = 1. This case therefore
does not arise.

Case7. |A|=1.

In this case, because the operator S, has no eigenvalues on QZD (Lemma 2.5), the
function o is uniquely determined by the condition kf = ¢ — AS,0. Applying the

conjugation C to the last equality, we get k% = & — AS*G, in other words,

u —u(0) _8_/1(5'—5(0))

z N z '
Hence “—y
GZZ—)L’

where y = u(0) + A5(0). That & belongs to H? implies that ¥ must have unit
modules, and must in fact be the nontangential limit of u at A (since an H? function

is o (1+|z\) as |z] — 1). Thus we can write

~  u—u(d)

o=——7
In particular, the function (u — u(4))/(z — A) isin H?. As noted in Section 2.2., we
can conclude that u hasan ADC at A. So 6 =k ,and 0 ® 0 = k% ® kY . O

COROLLARY. If dimK?2 > 3, there is a C-symmetric rank-one operator on K>
that does not belong to 7 (K?).

Proof. Assume dimK> > 3. A C-symmetric rank-one operator on K> has the
form f ® f , with f a nonzero function in K>. By Theorem 5.1, we need only show
we can choose f so that it is not a scalar multiple of k4 or of 755{ forany A .

Choose points z;, zz in D such that A; = u(z;) and A, = u(z;) are not equal.
Because dim K> > 3, the linear map f + (f (z1),f (z2)) on K2 has a nontrivial kernel.
Thus, there is a nonzero f in K,f vanishing at z; and at zp. If A isin D, or is a point
of 9D where u has an ADC, then f is not a scalar multiple of k% because &} has no
zeros in D . Moreover, if A isin D then, because the zero set of %ﬁ is u=!'(A), and

f vanishes on at least two of those zero sets, f is not a scalar multiple of %ﬁ . (Il
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We noted in Section 2. that, in the case u = 72, all C -symmetric operators on K,f
arein .7 (K?) . From Theorem 7.1(a) below one can see that the same conclusion holds
whenever dimK2 = 2.

If two commuting operators are C -symmetric then their productis C-symmetric.
It thus may be worth noting that there is a self-adjoint operator in .7 (K2) whose square
isnotin .7 (K2), provided dim K> > 3. We consider the rank-two self-adjoint operator
A = (kg ®7c}§) + (753 ® k&), which belongs to .7 (K2) by Theorem 5.1, and we assume
that its square also belongs to .7 (K?), and that dimK> # 1 (to eliminate a trivial
case). We show that then dimK? = 2.

We have

AT = (kg k) (kg @ k) + (K, k) (kg @ k)
+11k6 15 (ks @ ki) + [|k5]15 (ks @ kg).

As k§ ®7c}§ and 758 ® k4 arein 7 (K2),and ||k4|l» = H%SHZ , it follows that the operator
B= (ki ®@Kk4) + (ki ® k4) isin 7 (K?2). By Theorem 4.1 the operator B — S,BS* has
rank one or two. By Lemma 2.2(a),

Su(zg ®%8)S: = (SuFI% & Su%@
= (—u(0)kg) ® (—u(0)kj) = —|u(0)[*(k§ © k),

and so
B — S,BS, = (k§ ® k§) + (1 = [u(0)[*) (k§ @ ki) — (Sukfy @ Suki)-

We know from Lemma 2.3 that kg is a cyclic vector for the operator S,. Thus kg
and S,kg are linearly independent. If 753 is not a linear combination of kj and S,kj ,
then the operator on the right side of the last equality has rank three. Hence there are
scalars @ and b such that %8 = aky + bS,ky. Applying S, to the last equality and
using Lemma 2.2(a) again, we get —u(0)k4 = aS,ki + bS2k4 . Since k% and S,k4 are
linearly independent, b # 0. Hence S2k% is a linear combination of k4 and S,k4,
implying by the cyclicity of % that dim K2 = 2, as desired.

According to Theorem 5.1(b), if u has an ADC at the point n of 9D, then the
operator ky @ ki belongs to .7 (K7) . The proof showed that k¥ ® kj; has kj + ki — 1
as a symbol. That symbol is bounded if 1 is a regular point of u but not, as will be
shown shortly, if 7 is a singular point. In the latter case the operator kj ® kj provides
a test case for the question whether every operator in .7 (K?) has a bounded symbol.

Assume u has an ADC at the singular point 1 of 9D . The operator Akz;7 +A,g;7
is then bounded, but note that the operator Az« is unbounded, for if it were bounded it
would invert the operator I — 1S, , which according to Lemma 2.5 is not invertible. In
particular, then, k‘,; is not bounded, and in fact k‘,; ~+uH? contains no bounded functions.
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To see that k‘f7 + IE‘,‘] is unbounded takes a bit more work. First note that, for z in

oD,
_ 1 n)u
K4+ kY = 2R —2R
n e(l—n2> e<1 n)

1 1
= — + —2Re )
1—-nz —-Nnz

_ 2Re(l—mz) o0 u(m)u
[T 1 -1z

= 1—2Re<@>
1—-1nz

(since |1 — ¢|*> = 2Re(1 — ¢) for |c| = 1). Our task, therefore, is to show that
Re(u(n)u/(1 — 7Nz)) is unbounded. A lemma is needed.

A

LEMMA 5.1. Suppose o is an open subarc of 0D on which the values of u lie
almost everywhere in the proper closed subarc 3. Then every point of o is a regular
pointof u.

Taking the lemma temporarily for granted, fix € in (0, 2) and let a = {e'
|6 —argn| < €}. Thenon a\ {n} the argument of 1 — 7z lies in the union of the
intervals (% -5,5+ %) , (7% —-5,-3+ %) . By the lemma, there is a subset of «
of positive measure on which the argument of Wu lies in the union of the same two
intervals, and hence on which the argument of u(1)u/(1 — 7z) lies in the union of the

intervals (—¢,¢€), (T —¢€,m+ ¢€). Thus, on a subset of o of positive measure we have

COS €
Z—eep

u(n)u
1-nz

u(n)u

> COS €

which establishes the unboundedness of Re(u(n)u/(1 — 7z)).

In the case at hand, if the operator kj ® kj has a bounded symbol then there is
a function in uH? + iH? whose difference with Re(u(n)u/(1 — 1z)) is bounded, in
which case such a function can be taken to be real valued. Whether &y ® k; has a
bounded symbol boils down to the question: If n is a singular point of u on 0D at
which u has an ADC, does there exist a function h in H? such that

u(n)u
Re (1—ﬁz — uh)

Proof of Lemma 5.1. After composing u from the left with a conformal automor-
phism of D, we can assume 3 has arc length less than 7/2, say. For z in D we let

is bounded?
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P, be the corresponding Poisson kernel: P,({) = ‘lcili‘;ﬂé | =1). Thus

u@=/nmwommy

Pick any point s in B, and let u* be the function on D that equals u on o and
equals & off a. Then

u(z) = /PZ(C)M#(C)dm(C) +/PZ(C)(M(C) —u*(£))dm(Q).

The first summand on the right side lies in the convex hull of 8, which does not contain
0, and the second summand tends to 0 as z tends to ¢, uniformly on closed subarcs
of . It follows that u is bounded away from 0 near any point of ¢, which is known
to imply that such a point is a regular point of u (see for example [13, p. 63)). O

6. Finite-Rank Operators

The function A +— k4 on D is conjugate holomorphic. For j a natural number,
the derivative &’k /dA/ is the kernel function for the functional on K? of evaluation of

the j”* derivative at A : ‘
; aky
DAY = 2\
£9G) = (1. %5
The image of @/k% /d/ under the conjugation C is d’%ﬁ JdA .

THEOREM 6.1. For n a natural number and A in D, the operators

n—1 g P
n—1 dka{ d"_-’_lkj{
Z(j><m®ﬁﬁﬁ &)

=0

n—1 1t n—j—17u
§(j><m®aﬁ7> (62)
j=

are in T (K?), with respective symbols (n — 1)lu/(z — A)" and (n — 1)li/(z— A)".

Proof. The adjoint operation transforms (6.1) into (6.2), so it will suffice to deal
with (6.1). The case n = 1 was obtained in Section 5.: letting @3 = u/(z — 1), we
have B

Ag, = K @KL (6.3)
To obtain the desired conclusion one simply applies d"~!/dA"~! to both sides of (6.3),

using the Leibniz formula for the derivative of a bilinear expression on the right side.
]

COROLLARY. If r is a rational function without poles on 0D, then the operators
A; and A,z have finite rank.

Proof. Tt will suffice to consider A, , because A,; = A}, , where r*(z) = r(1/z).

In case r has only one pole, Theorem 6.1 implies A,, has finite rank, from which the
general case obviously follows. (]
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There is a boundary version of Theorem 6.1 which requires some preliminaries. It
was noted in Section 2.2. that u has an ADC at the point n of 9D if and only if every
function in K? has a nontangential limit at 7). For n a natural number, one says that u
has an ADC of order n at 1 if each functionin K2 and its derivatives up to order n — 1
have nontangential limits at 1. If that happens, then u and its first n derivatives have
nontangential limits at 1. Moreover, for j = 0,...,n — 1, the functions d"kﬁ / d)J and
dj%j{ /dA/ converge in norm as A tends nontangentially to 1. The limit functions are

denoted by d’k%,/d1y and d’%;; /dn . See [1], [16] for more information.
THEOREM 6.2. Let u have an ADC of order n at the point 1 of 0D. Then the

Opemtor
n—1 iTu m—j—1u
S B (o 7 K (6.4)
j dny dmp

J=0

and its adjoint belong to 7 (K?2).

Proof. In view of the preceding remarks, as A tends nontangentially to 71 the
operator (6.1) converges in norm to the operator (6.4). Because .7 (K?2) is closed in
operator norm, the desired conclusion follows. O

The following questions remain open.

What is the most general finite-rank operator in 7 (K>) ? Is every such operator
a finite linear combination of the operators in Theorems 6.1 and 6.2?

What is the general rank-two self-adjoint operatorin 7 (K>) ?

7. Finite-Dimensional Case

THEOREM 7.1. Let K? have finite dimension N .

(a) The dimension of 7 (K?2) is 2N — 1.

(b) If A1,y...,Aan—1 are distinct points of D, then the operators ki{j ® k”j L j=
.,2N — 1, form a basis for T (K?).

Proof. (a) Every operatorin .7 (K?) can be written as the sum of an operator with
a symbol in H> and an operator with a symbol in H> . The subspace of operators
with symbols in H*® has dimension equal to the dimension of H* /uH* , which is
N . The subspace of operators with symbols in H>® (consisting of the adjoints of the
operators in the preceding subspace) also has dimension N . The intersection of the two
subspaces consists of the scalar multiples of the identity operator; its dimension is 1.
Hence dim .7 (K?) =N +N — 1.

(b) We first show thatif A,, ..., Ay are distinct points of D then the kernel func-
tions kﬁ{j ,j=1,...,N, are linearly independent. In fact, because K> has dimension
N, the inner function u is a Blaschke product of order N, say with zeros zj,...,2y.
The general function in K2 is of the form p/q, where g(z) = TI'_ (1 — z,z), and
p is a polynomial of degree at most N — 1. Hence, given distinct points Ay, ..., Ay
in D, and given any complex numbers wy, ..., wy, there is a function f in K> such
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that f(4;) = wj, j = 1,...,N, implying the asserted linear independence of k; s
j=1,...,N.

Now let A4, ..., Ayy—1 bedistinct points of D . By (a), it will suffices to show that
the operators kj{j ®k“j ,j=1,...,2N — 1, are linearly independent. Let ay, . ..,an—1
be scalars such that

2N—1 _

> iy @ky) = 0.

j=1
It will suffice to show that a; = 0. The linear independence of k”j, j=1...,N,
implies the linear independence of 7% ,j=1,...,N, so there is a function g in K>

such that (g,k%) =1 and <g,%gj> =0 for j=2,...,N. Then

2N—
O:Z Ky @K e

IN—1
= ak + > a{g. k) Ky
Jj=N+1
Since &j , k/’{NH, . ,kﬁ{zN*l are linearly independent, it follows that a; = 0. O

The question whether every operatorin .7 (K2) has a bounded symbol has a trivial
affirmative answer if dim .7 (K2) is finite. However, there are quantitative versions of
the question that are nontrivial, and to my knowledge unsettled, in the finite-dimensional
case. For example:

Let K2 be finite dimensional. What is the least upper bound of
inf{[|g]|oc : Ap = A}

as A ranges over the operators in 7 (K?) of unit norm? What is the supremum of that
least upper bound as K> ranges over all spaces of the same dimension?

The case u(z) = 7V is interesting. Let A be an operator in .7 (K2) for this u,
and let (@)Y i i be the matrix for A with respect to the monomial basis. We have
A = A, precisely when ¢(n) = a, for n = —N+1,...,N — 1. The first of the two
preceding questions for this situation can be formulated thus:

Among all sequences a_y+1,...,an—1 of complex numbers such that the matrix
(aj_k)Jl.Yk;%) has norm 1 what is the supremum of inf{||@|e : §(n) = ay, n = —N +
L,....N—1}7?

The analogous question in which the matrix for A is restricted to be lower triangular
(or upper triangular) is settled by the solution of the classical Carathéodory interpolation
problem (see, for example, [15]): If the matrix (a;—x)7%_, is lower triangular and of unit
norm, and if the function @ in H> satisfies ¢(z) = ap+ajz+---+ay_12" 1 +0(Z"),
then ||@||c > 1, and equality holds for a unique @, a Blaschke product of order less
than N. As will be seen shortly, the same bound does not hold in the general case.
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If our sequence a_y+,...,ay—; satisfies a_, = a, then the corresponding
operator A is self-adjoint. If A = A,, in this case, then also A = Agr. . So, to find the
infimum of interest, we need only consider real ¢ such that A = A, . In that case we
can write @ = h+h with h in H*, and with @ +ajz+ -+ +ay—12"~" asits Taylor
polynomial of order N — 1 at the origin. We obtain the following questions:

Given a self-adjoint Toeplitz matrix (“j—k)j'jlk;%) , what is the infimum of 2|| Re h|| oo
over all functions h in H> with power series of the form FH+aiz+-+ ay— 12N+
O(z")? What is the supremum of that infimum under the condition that the matrix
(q,_k)fk;%) have unit norm?

The next theorem answers these questions for the case N = 2. The method
of proof seems not to generalize easily to larger N. We note that the norm of the

two-by-two Toeplitz matrix (a Z) (a € R) equals |a| + |b].

b

THEOREM 7.2. Let a be a real number and b a nonzero complex number.

(a) If the function h in H* satisfies h(0) = a/2, W(0) = b, and if ¢ =
2||Reh||oo < 00, then % cos 2% > |b|. Equality holds for a unique function h.

(b) The supremum of rarsTey over all a,b,c satisfying X cos 24 = |b| equals %
and is attained only for a = 0.

Proof. (a) The extremal function i will be determined in the course of the proof.
Let & be as described. The strategy is to compose /& with a conformal map of the strip
|Rez| < 5 onto D and then to apply Schwarz’s lemma.

Define the function Ay in D by

] 1
ho(z) = f%Log < +Z> ;

1—z

here Log denotes the principal branch of log. The function A is a conformal map of
D onto the strip | Re z| < 5. A short calculation shows that the inverse & U is given by
hy'(z) = itanZ. Let g = hy ' oh, aself-map of D. Letting o = g(0), B = g(0),

we have o = itan % and B = Z2sec? ™ . The function £=% maps D into D and
4c 2c 1—ag

4¢ *
vanishes at 0. An application of Schwarz’s lemma gives |g’(0)| < 1 — |«|?, i.e.,

mlb| , ma , Ta
——sec” — < 1 —tan” —.
2c 4¢ 4c

Using the identity (1—tan? )/ sec? 0 = cos 20, we can rewrite the preceding inequality
as

2c Ta
— — > |b|, 7.1
~cos 22> by (7.1)

the desired inequality. In particular, ¢ > uilly

The conditions A(0) = £, #'(0) = b # 0 imply that ¢ > |a|, giving —% < %¢ <

% . The inequality ¢ > # mentioned above can become an equality only for a = 0.

If (7.1) becomes an equality then, by the condition for equality in Schwarz’s lemma,

gf)_o‘ = wz for a unimodular constant @ . One can determine @ by computing the




ALGEBRAIC PROPERTIES OF TRUNCATED TOEPLITZ OPERATORS 511

derivative of £=< at 0. After a short calculation one finds that @ = ib/|b|. Since

1—az
g(z) = {£52 , the extremal function in case (7.1) reduces to an equality is the function
wz+ o
h(z) = ho [ — 2
(%) = ko (1 +awz> ’

a conformal map of D onto the strip [Rez| < §.

(b) One easily checks that the function x cos % is strictly increasing on the interval
[%, oo) . It follows that for each a and b there is a unique ¢ for which (7.1) becomes
an equality, When a = 0, (7.1) becomes an equality for ¢ = 7|b|/2, in which case
<] = % - It remains to show that —tmr < 5 in other cases where (7.1) is an
equality.

The general case can be reduced to the case a = 1. Namely, if a,b,c make
(7.1) an equality and p is a nonzero real number, then pa, pb, |p|c also make (7.1) an
equality. It remains to show that ﬁ <Fife>1,b>0,and 2—; cos 5. = b. With
the preceding conditions we have

1+b 1 2 T
= -+ —Ccos —.
c c T 2c

Denoting by f (¢) the function on the right side, we have
1 1 ) 1 )
ron LT .
fle)= =g+ going =5 (1-sing).,

which is negative for ¢ > 1. Thus f decreaseson (1,00). Also f(c) — 2 as ¢ — co.

Hence f(c) > 2 on (1,00),and £ > 2 the desired conclusion. O
COROLLARY. Let u(z) = z*. Let A be the operatorin 7 (K?) whose matrix with
respect to the monomial basis is (01' (l) Af A= Ay with @ real, then @]l > 5.

Equality holds for the unique function @y given by

. 1 +¢® /2, 0<0<m
i0 )
(e g<le’9) {n/z, - <6<0. (72)
Proof. The corollary is the special case of the theorem where a =0 and b = —i.

Part (a) of the theorem gives, with ¢ as defined in the theorem, ¢ > 7. By the way ¢
is defined, this implies [|@||oc > 5 if ¢ isreal and A = A, . By part (a) and its proof,
there is a unique @y such that ||@y||oc = § and A = Ay, given by

¢0(z) = Re (iLogG:)),

from which (7.2) follows. (In the present case, o and @ from the proof of (a) are
givenby a =0, w = 1. Equality is achieved in (7.1) when h = hy.) O
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8. Shift Invariance

Given a bounded operator A on K>

> we let Q4 denote the associated quadratic
formon K2 :

0a(f) = (Af.f) -
We shall say that A is shiftinvariantif Q4(f) = Q4 (Sf) whenever f and Sf are bothin
K?2 . Ifthis happens then, by the polarization identity, we also have (Af, g) = (ASf, Sg)
whenever f, g, Sf, Sg are in K?.
We remark that if f is in K2, then Sf isin K? if and only if f is orthogonal
to %3 . This follows from the equality / — S, = %8 ® %3 (Lemma 2.4), according to
which ||f || = IS/ || (= |P.Sf]|) if and only if £ is orthogonal to k.

THEOREM 8.1. A bounded operator on K> belongs to 7 (K?) if and only if it is
shift invariant.

Proof. Suppose the operator A = A,z isin 7 (K?2), where y and x arein H>.
To prove A is shift invariant, it will suffice to show that Q4(Sf) = Qa(f) forall f in
(%S)J- N K. (This is so because K2° is dense in K2, and 758 isitselfin K2°, implying
that (%g)i- N K* is dense in (%S)J- )

Let f bein (%S)L N K:°. Because S, commutes with A, and with A, , we get

Oa(Sf) = (AySuf,Suf) + (Suf s AySif)
= <Squlf7Suf> + <SufaSquf>
Because S,f = Sf we have S}S,f = f, so the right side reduces to (Ayzf,f) =
0O4(f) , which establishes the shift invariance of A .
For the other direction, suppose the bounded operator A on K? is shift invariant.
We shall prove A isin 7 (K2) by showing that A satisfies the criterion in the remark
following the proof of Theorem 4.1. B
Let B = A —S:AS, . The shiftinvariance of A implies that Qp annihilates (k4)* :
if the function f in K? is orthogonal to kg then

08(f) = (Af.f) — (SIASf.f)
= (Af.f) — (ASf,5f) =0.

By the polarization identity, then, (Bf,g) = 0 whenever f and g are in (k%) ; in
other words, the compression of B to (%S)J- is the zero operator.

The orthogonal projection in K2 with range (%S)J- equals 1 — c(%ﬁ ® %3) , where
c= ||%3H2_2 We have, then,

0= (1 — c(ki @ k)BUI — c(k§ @ k).
implying that

A—S*AS, = B = c(k! @ B*KY) + c(BKS @ k&) — > BKL, KL (k2 @ KLY).
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By Theorem 4.1 and the remark following its proof, A isin 7 (K2). O

9. u-Compatible Measures

We let K>°F denote the space of functions in K> that are continuous on D. A
remarkable theorem of A. B. Aleksandrov states that K>°* is dense in K2 ; a clearly
presented proof can be found in [9, Section 8.5]. Of course, if dimK? is finite then
K2 = K>°F . This is a trivial case as far as the present section goes, so we shall assume
for the remainder of the section that K? is infinite dimensional.

The finite positive Borel measure y on 9D will be called u-compatible if K
is, relative to the K,f norm, boundedly embedded in [? (u). Thus, u is u-compatible
if there is a positive constant ¢ such that [ |[f|*du < c||f|]3 for all f in K°t. If
this happens then also | [ fgdu| < c[|f||2|lgl> for all f and g in K°*, so, by the
Aleksandrov density theorem, the sesquilinear functional

(r.9) [

on KT x K> extends by continuity to a bounded sesquilinear functional on K2 x K>
The operator on K? that induces the extended sesquilinear functional will be denoted
by A, . Itis a positive operator on K2, of norm at most ¢, satisfying

<&J£>=/}@m

forall f and g in KX°7.

THEOREM 9.1.  If the measure W is u-compatible, then the operator A, lies in
T (K3).

A lemma is needed.

LEMMA 9.1. K2t N (K4)L is dense in (k4.

Proof. By Aleksandrov’s theorem there is a function 7 in K2°* such that
<h,%3> = 1. Let g belong to (%S)J- By Aleksandrov’s theorem, again, there is
a sequence (f,)$° in K$°' converging in norm to g. Then <fn7%8> — 0. Thus, the
functions f, — (f,, k%) h lie in K2 N (k%)L and converge to g as n — oo. O

Proof of Theorem 9.1. By Theorem 8.1, it will suffice to show that the quadratic
form QAM is shift invariant. By Lemma 9.1, it will suffice for this to show that

[1Sf1Pdu = [|f[*du for all f in K°* N (k4)*, which is obviously true because
ISf| = |f] on 0D. O

A complex Borel measure v on 9D will be called u-compatible if its total
variation |v| is u-compatible. In that case, just as in the positive case, there is
a corresponding operator A, in 7 (K2), defined initially by (A.f,g) = [fgdv
(f,g € K°T). There are some open questions:

Is every operatorin T (K?) equal to A, for a u-compatible measure v?



514 DONALD SARASON

An affirmative answer would be implied by an affirmative answer to the question
whether every operator in .7 (K?) has a bounded symbol.

Is every positive operator in 7 (K?) equal to Ay for a positive u-compatible
measure [k ?

Can one characterize the positive u-compatible measures?

Aleksandrov [5] has answered a special case of the last question by characterizing
the positive measures @ on 9D such that K2 embeds isometrically in L?(u); these
are the positive u-compatible measures u such that A, = I. Aleksandrov’s result:
K2 embeds isometrically in L?(u) if and only if the Poisson integral of u equals

Re (}f—ﬁg) with 4 a function in the unit ball of H*. The next theorem answers

another (and simpler) case of the last question.

THEOREM 9.2.  For N a point of 0D, the point mass &, is u-compatible if and
only if u has an ADC at 1.

Proof. One sees immediately thatif # hasan ADC at 1 then 0, is u-compatible,
and As, = ky @ ky .

For the other direction, assume &, is u-compatible. One could rely here on
a theorem of Aleksandrov [4] which implies that, if the positive measure u is u-
compatible, then the functions in K> have nontangential limits almost everywhere
with respect to p. In the case u = &y, this tells us that the functions in K2 have
nontangential limits at 7, which (as noted in Section 2.2.) implies u has an ADC at
1. An alternative approach will be presented.

Since &, is u-compatible, the linear functional f — f(n) extends from K2°*
to a bounded linear functional on K>. Let & be the function in K? that induces the
functional. For f and g in K:°T we have

(As,f.8) = f(mgn)
= ((h@h)f,g),

from which one concludes (by Aleksandrov’s density theorem) that As, =h @ h.

By Theorem 5.1, the rank-one operators in .7 (K?2) are the scalar multiples of
the operators kj ® %j{ and E{ ® ki with A in D, and the scalar multiples of the
operators ky, ® ky, , with n’ a point of 9D at which u has an ADC. A simple

argument shows that, for A in D, the functions &} and %j{ are linearly independent
except when u is a particular Blaschke factor, a case excluded at the beginning of
the section by the assumption that K? is infinite dimensional. It must be, then, that
h is a scalar multiple of k’%, for some 1’ on 9D at which u has an ADC. It
remains to prove that ' = 1. By Lemma 9.2 below, if ' # n then there is
a function f in K2°T such that f(n') # 0 = f(n). Since f(n) = 0 we have
(Asf.f) = |f(m)> = 0, implying that As,f = 0, but since f(1') # 0 we have
As,f = const.(ky, ® ky,)f = const.f (n'))ky, # 0, a contradiction. O

COROLLARY. [fthe positive u-compatible measure U has a point mass at the point
n of 9D, then u has an ADC at 1.
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Proof. Under the hypotheses 8y is u-compatible, and Theorem 9.2 applies. [

LEMMA 9.2. If N and M are distinct points of D, then there is a function f in
K" suchthat f(n') 20 =f(n).

Proof. Choose a linearly independent pair f1,f> of functions in KS°* . If the pairs
(F1(n),£1(n")), (f2(n),f2(n')) are linearly independent, then a linear combination of
f1 and f> has the desired property. In the contrary case there is a nontrivial linear
combination f3 of f; and f, such that f3(n) = f3(n’) = 0. Applying a suitable
power of $* to f3, we obtain a function f4 in Kt such that f4(n) = f4(n’) = 0 and
f4(0) # 0. The function

_ o (S*f4)(0)>
fs =587 < 74(0) fa
isthenin K°* and satisfies f5(0) = 0, f5(n) = —1f4(0), fs(n') = —n'f4(0), and the

function f = S*fs isin K>°" and satisfies f5(n) = —1%f4(0), fo(n') = —ﬁ’2f4(0).
A linear combination of f5 and f¢ has the desired property. (]

10. Modified Compressed Shifts

The compressed shift S, agrees with S on the subspace (%3)L of K2, and it maps
K4 to —u(0)kY (see Lemma 2.2(a)). For ¢ a complex number, we define the operator
Sue by Sue = Su+c(kl ®7%) . Thus S, , being the sum of two operatorsin .7 (K?), is
itself in .7 (K2). It agrees with S on (%S)J- and maps 753 to (c(1 — [u(0)?) — u(0))kY
(since [[R4]3 = k13 = 1 — [u(0)[2).

The next theorem extends the criterion from Theorem 4.1 for an operator to belong

to 7 (K?).

THEOREM 10.1. Let ¢ be a complex number. The bounded operator A on K>
belongs to 7 (K?) if and only if there are functions y and ¥ in K> such that

Proof. A calculation gives

A—-SAS, = A—S,AS;,
Fe(k @ SATKE) + E(SAKSKS © ki)
el (ARG, &) (K @ k),
showing that the criterion in this theorem and the one in Theorem 4.1 imply each other.
O

COROLLARY. [f the bounded operator A on K> commutes with S, . for some c,
then A belongsto 7 (K?).

Proof. A calculation, using the equality Sl,%g = —u(0)ky, gives
I=SucSpe = (|14 cu(0)]* — [cf?) (kg ® k). (10.1)
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Hence, if AS, . = S,A, then

A= S, AL, = A(I—S..SL.)
= (11 + a0 — ) (Ak; @ kp),
and it follows by the theorem that A isin 7 (K?). O
Recall from above that the operator S, maps k” to (c(1 — |u(0?) — u(0))ks.

The operator S, agrees with S on (k%)* and maps (k%)% isometrically onto (k%)-
If ¢ is such that ¢(1 — |u(0)|?) — u(0) has unit modulus, then S, is an isometry of K>
onto itself, in other words, a unitary operator. For |a| = 1, we let ¢, denote the value
of ¢ such that ¢(1 — |u(0)*) — u(0) = o, namely ¢ = (a + u(0))/(1 — |u(0)[?),
and we let U, denote the unitary operator S, ., . The operators U, were first studied
by D. N. Clark [10] who, in particular, found concrete spectral representations for them,
and noted that they are the only rank-one unitary perturbations of S,. The following
section is devoted to background material on Clark’s unitary perturbations.

By equality (10.1) from the preceding proof, the numbers ¢, satisfy |cq| =
|1 + cqu(0)|, which one can easily check directly; in fact, 1 4 c4u(0) = 0ty .

11. Clark’s Unitary Perturbations

This section contains background on the operators Uy, , including Clark’s spectral
representation and mention of subsequent results of Aleksandrov and A. G. Poltoratski.
Some proofs are included.

11.1. Clark Measures. For o on 9D we let u, be the measure on 9D whose
Poisson integral is the real part of the function g—f” Thus, we have the Herglotz

integral representation

o+ u(z) {+z . a+u0)
= d Im ——= <1). 11.1
(X*M(Z) QI*Z H(X(C)—’_l maiu(o) (|Z‘ ) ( )
The function Re gf‘;‘ = ﬁ(;_l';rz has the nontangential limit 0 almost everywhere (with

respect to m ) on 0D, implying that u,, is a singular measure. It also has nontangential
limit co almost everywhere with respect to U , implying that u has nontangential limit
o almost everywhere with respect to (i, . The measures U, are thus mutually singular.

Aleksandrov [3] proved that the measures U, form a disintegration of Lebesgue

measure: one has
m= / Ugdm(or)

[ram= | ( / fdua> dm(r) (11.2)

for every continuous function f on 0D. While the proof of this is not difficult,
Aleksandrov also established the deeper result that (11.2) extends to L' functions: if
f is an integrable Borel function on D then f isin L!(ug) for almost every o, and
(11.2) holds. Full details can be found in [9, pp. 212-217].

in the sense that
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11.2. Clark’s Transforms. A key step in Clark’s analysis of the operators Uy, is the
recognition that, for each o, there is a natural isometry, involving Cauchy integrals,
mapping L?(u,) onto K. The Cauchy integral # v of the finite complex Borel
measure v on 0D is defined by

(@) = [ = avid)
1-{z

The integral on the right is well defined for z off the support of v, but here our concern
is |z] < 1. We shall also be concerned with the case where v is singular. In that case
v is zero only if v = 0. In fact, the n™ Taylor coefficient of .# v at the origin is
f C_"dv(C ). If this vanishes for all n, and v is singular, the F. and M. Riesz theorem
implies that v=10.

For |a| < 1 we define the linear map V, : L*(uq) — H(D) by Vg = (1 —
o) A (qUo) -

THEOREM A (Clark [10]). The map V,, is an isometry of L*(Uy) onto K>.
Proof. For A and z in D we reexpress the inner product

1
(k) v = [ T e (113)

The integrand in the integral on the right can be rewritten as
1 F + 1 L e+ 1
20-2z) |24 C—z)’

so that, by (11.1),

1
k., k = =
< As Z> L2 (ua) 2(1 *AZ)

o — u(A

~—
Q
|
<
—
2
~—

After a bit of algebra one finds that

(Kayke) 120 = (1 — c(2))7H(1 — au(z) ™' &5 (). (11.4)

Looking back at (11.3), we see (11.4) tells us first that Voky = (1 — au(d)) ™'k,
and second that (k;,k;) Pug) = (Voky, Vak;) . Hence V, maps the linear span of
the functions k; in L?(uy) isometrically onto the linear span of the functions &% in
K2 . A limit argument then shows V,, is an isometry from the closure of the first span
onto the closure of the second span. The latter closure is clearly K> . The former one is
L*(Uy) , for a function ¢ in L*(ug) orthogonal to it satisfies .# (quy) = 0, implying
(as remarked above) that ¢ = 0. O

It should be noted that Clark’s original work has been vastly generalized, for
example in [6], and the treatment here has benefited from this subsequent work, although
the essentials are already in [10]. Instead of V,, Clark worked with V I which, by
a remarkable theorem of Poltoratski [14], is a standard boundary map. Poltoratski’s
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theorem: Each function f in K> has a nontangential limit Uy -almost everywhere on
9D coinciding with V'f .

Because u has the nontangential limit ¢« almost everywhere with respect to U,
Poltoratski’s theorem is easy to verify for the functions kj and E{ . From this alone one
can see that V! transforms the conjugation C on K? into the conjugation g({) —

agq(g) on L*(uq).

11.3. Transform of S,. We let Z, denote the canonical multiplication operator on
L*(Uy) , the operator of multiplication by the coordinate function.

LEMMA 11.1. V 18,Vy =Zy — (1 — au(0))(1 ® Z31).

Proof. We shall establish the corresponding expression for V,,1S*V,, , from which
the desired one follows immediately. Working with S; is convenient because S, =
S* | K%, and S* interacts with the Cauchy integral in a simple way:

(S V)(z) = I CC dv(g). (11.5)
— 6z

We shall need the expressions for V; 'k% and V, 1%5. Setting A = 0 in the expression
for Vyk; found earlier, we see that V;'k4 is the constant function (1 — au(0)).
Applying a conjugation, we get v;l%g =a(l — au(0))Z;1.
Let g be a function in L?(u,). Using (11.5) we get
SiVaq = S*((1 — au)# (qla))
= (1= ou)S" 7 (qtte) + (A (qta))(0)S™ (1 — 0u)

= VaZ;;q — O_C<q7 1> szwkg.

Applying V! to this equality and using the expression above for V,; 1%5, we obtain
the desired equality. |

11.4. Clark’s Spectral Representation. From the expressions for V; 'k4 and V, 1%3
found in the preceding subsection, we have

Vi (s @ K)o = (Vg 'k V'K
= a(l — ou(0))*(1®Z41).

This together with Lemma 11.1 enables us to determine how the operator S, is
transformed under V;!:

Ve 'SueVe = Zo + (1 = au(0))(c(a — u(0)) — 1)(1 © Z;1).

Thus, for the particular value ¢ = (& — u(0))~! we have V;!S,.Vy = Zy, 50 Suc,
being unitary, must equal Ug for some 8 on 0D . We denote this B by B, . To find

the expression for B, in terms of & we note that, for ¢ = (& — u(0))~!, we have
Bukiy = Sucky = (c(1 = |u(0)]) — u(0))k§

- (o) (20)
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Hence
5 _ 1—au(0) o —u(0)
Y a-u0)  1-u0)a

THEOREM B (Clark [10]). V;'Up, Ve = Zq.

12. Clark’s Unitary Perturbations — The Sequel
o—u(0)
1—u(0)o’
says V,'Up, Vo = Zy . By the corollary to Theorem 10.1, the commutant of Ug, is
contained in .7 (K2). That commutant is the transform under V,, of the commutant of
Z4 , which consists of the multiplication operators on L? (i) induced by the functions in
L>(Ug) . Thus 7 (K?) contains the von Neumann algebra {q(Ug,) : ¢ € L (Uqa)} -

The measure U, is u-compatible; in fact, it is one of the measures p , characterized
by Aleksandrov, with the property that A, = I (see Section 9.). So, if g isin L™ (us)
then giiy is also u-compatible. For f and g in K2, thanks to Poltoratski’s theorem,
we can write

Let o be a point of 9D, and let B, = as in Clark’s Theorem B, which

(U 8) = (af+8) 1oy = / fgaduta

= <Af1Mocf7g> :

Thus ¢(Ug,) = Agu, - The map g — Ay, is a *-isomorphism of L>°(u,) onto the
commutant of Ug, .

In a certain very weak sense, the Clark unitary operators generate .7 (K>). Let
A, be an operatorin 7 (K2), where @ = y + ¥ with w, x in K>. By Poltoratski’s
theorem, for & in 9D, the functions y and y extend via boundary limits to functions in
L*(uy) , coinciding respectively with V; 'y and V; !y . The function ¢ thus similarly
extends. We can form the (possibly unbounded) operator ¢(Z,), which transforms
under Vi, to @(Ug,). For f and g in K°" we use Aleksandrov’s disintegration
theorem to obtain

(A 0) = [organ— [ [ / (Pfgdua] dm(t)
— [{0zaf ) pydn(a).

Since (Q(Za)f,8) 12(uq) = (@(Up, )f , 8) , We get

(Ao 5) = / (9(Up,)f.g) dm(ct). (12.1)
Thus,
1o = [ oUs, i) (122)

in the sense that (12.1) holds for all f and g in KS°%.
To illustrate the last result we consider the case ¢ = kj + E‘,; , where 1 is a singular
point of u on 9D at which u has an ADC. For this ¢ we have A, = I + (k} ® ky)
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(see the proof of Theorem 5.1(b)). It will be shown that the operator ¢(Ug,) is
unbounded except for two values of o, indicating that life is more complicated than
the neat equality (12.2) suggests.

It is known that, because u has an ADC at 1, the measure Hu(n) has a mass point
at 1 of magnitude 1/]u'(n)|, while uy({n}) = 0 for a # u(n) (see for example
[16, pp. 51-52]. We first show that ¢@ belongs to L™ (u,) for a = u(n) and for
o= —u(n).

The value of &} at 1 is |¢'(n)|. Hence ¢@(n) = 2|¢’(n)|. However, if u({) =
u(n) and § # n, then

~—
~—

u _ 1- M(T] M(g) 1- “(77 M(n)
SO=TT T e

and so @({) = 0. As a function in L>(u,y)). then, ¢ equals 2|¢’(n)| times the
characteristic function of the singleton {n}. Since w,,, has a mass point at 1 of
magnitude 1/]¢'(n)|, we have Qu,y; = 20,. As As, = k; @ kj, we see that
(p(Uﬁu(n)) = z(k?] ® k‘?’;) *

If u(§) = —u(n) then

e (LM e L
0(£) =2R ( = ) 4Rep—rz =2

Hence, as a function in Lz(,u,u(n)), ¢ is the constant function 2, and we have
®(Up_,,) = 2I. (Note, incidentally, that A, is the average of ¢(Up,, ) and
(p(Uﬁfu(n)) )

Finally, assume o is different for u(n) and from —u(n). We show that ¢ is not
in L*°(uy), and hence that ¢(Ug,,) is unbounded. If u({) = o then

()< Lo 1-uma _ ume u(ma

—nC 1—nt 1= 1-nl
so it will suffice to show that the function

_u(ma | u(n)a

isnotin L (). A bit of algebra gives

Re(u(m)a(l —n¢))
Re(1 —n¢)

We write { = 9, n = %, u(n)a = e™. Since o # +u(n), we can assume
0 < |to| < 7. Then, by an easy calculation,

1 —1nNz=—2iexp|i 0~ sin 0~
nZ_ p 2 2 )

i(8) =
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giving
Re(l —n¢) = 2 sin® <9 290) .
Similarly,
u(na(l —ng) = —2iexp (i (9 —290 HO)) in <e_230) 7
giving

Re(u(n)a(l — 7¢)) = 2sin (% + to> sin (9 ; 90) .

It follows that
¢1() = sin <9 ;90 +to)/sin (9 ; 90) .

As 6 — 6,i.e.,as { — 1, the denominator in the fraction on the right tends to 0, and
the numerator tends to sin#y, which is not 0., The fraction thus tends to co. Since 1
is a singularity of u it lies in the support of the measure u, . The desired conclusion,
that ¢, is notin L (), follows.

Question: Is 7 (K?) generated by the Clark unitaries in a stronger sense than
the one described above?

13. Crofoot’s Transforms

u—w

For w in D we let u,, denote the inner function {=:-. We define the linear map
Jy i K2 — H? by J,f = +/1—|w|*f/(1 —wu). The following theorem is a special
case of a result of R. B. Crofoot [11].

THEOREM 13.1. J,, is an isometry of K,f onto wa.

Proof. We show first that J,,K; C K3 . Let f bein K, and g in H*. We need to
show that (J,,f,u,g) = 0, which amounts to showing that the Toeplitz operator with
symbol i, /(1 — wu) annihilates K> . Since, on 9D,

Uy 1 1 u

L—wu  w,(l—wu) u—w 1—wi

)

the Toeplitz operator in question equals T/ 1. Since T; annihilates K2, the
desired conclusion follows.

By the same token, since u = ‘wt¥

1+wuy, °
K7 hasrange in K. But that map inverts J,, :

the map g — /1 — |w]%2g/(1 + wu,,) on

(1 — vou) (1 + wtwy) = (1 — viu) (1 +w (lu—v:vu>) =1 |w?

Hence J, K2 = K2

Uy *
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To prove J,, is an isometry, let f and g belong to K>. We have

“'W'2><1fw1_gﬁ>

= (1—|w}) Zw’ (Wf, ug) .

Ji.k=0

<JWf7-]wg>

If j < k then (#/f,u*g) = (#*7/f,g) = 0 since if is orthogonal to H?. Similarly,
the inner product is 0 if j > k, while if j = k itequals (f,g) . Hence

oo

(Juf s Jwg) = (L= W)Y WP (f,8) = (f.8)-

j=0

THEOREM 13.2. J, 7 (K2)J, ' = T (K2 ).

Uy
In other words, the Crofoot transform of a truncated Toeplitz operator is a truncated
Toeplitz operator. A few lemmas are needed

LEMMA 13.1. The transformation J,, intertwines the conjugation on K> with the
conjugation on K,fw .

Proof. For f in K> we have (on D)
L = 1= wPuzf /(1 =)
() < (e (1)

wu
= (wa)N

LEMMA 13.2. For A in D,

Jflkuw — 1 B |W|2ku Jflflg/l,{ — V 1 B ‘W‘ kun
v —wu(A) 1 —wu(d) *

Proof. Because of Lemma 13.1, it will suffice to establish the first equality. For f
in K2,

) = 100 = D) = T k)

J;lkj{w> :

Il
—
—| |
RS
| <
=S
D) ~—
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LEMMA 13.3.
J—IS* Jw — S* v Tu ku
w Puy, u + 1— WM(O)( 0 & 0)
T Sudy = St — (k@ AL
1 —wu(0)

Proof. The two equalities are adjoints of each other, so it will suffice to establish
the first one. We first need to determine S* ( ! ) . We have

1—wu

1 1 wu
* — * 1 — *
S (1—Wu> S <1—v17uJr > S (1—Wu>

1 W
= us* S*u.
e (1 wu) T )

s (1 —1m> - (1 —vv;u(O)) 1zggvm

Using this we get, for f in K2,

SIS = \/lsz*< ! )

Consequently

1 —wu
- s VT8 ()
_ 'I‘C'u
= JuSuf + V1= Wl (0) <1 — vv;u(0)> 1 —OM?u
= JuS.f er.]wko
* ‘47 ~u u
= Jw (Su + m(ko ®ko)>f-

O

Proof of Theorem 13.2. Let the operator B belong to .7 (K7 ), and let A =
J;'BJ,, . We shall show that A isin .7 (K?2), which will give the theorem, by verifying
the criterion in Theorem 10.1.

Since B isin .7 (K? ), there are functions y and x in K2 such that

B — SUWBS;;W = (II/ ® kg“) + (kgh ® X)

By Lemma 13.3, J;lSuWJW = Suc Where ¢ = - V‘VW. Therefore

A— S, ASE = (I w @0 k) + () ke @0, ).

u,c
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By Lemma 13.2 the right side equals

V1i—wP " L—iwpz, .,
VLR oy e kg + R e )

1 — wu(0) 1 —wu(0)
By Theorem 10.1, A isin .7 (K?2). O
14. More on the Operators S, .

In this section we determine the spectra of the operators S, .. It is convenient to
adopt an alternative notation, suggested by Lemma 13.3. For w a complex number
different from 1/u(0) we define the operator A, ,, in 7 (K2) by

w ~
AuW:Su+7— u®ku.
, o, KR

Thus A,,, = Suc with ¢ = w/(1 — u(0)w). When |w| = 1 one has A, ,, = Ug with

B = lw__u—‘g_g))zv (a Clark unitary).

The spectrum of S, is given in Lemma 2.5. The essential spectrum is the set of
singularities of # on 9D . The only other points in the spectrum are the zeros of u in
D, if there are any, each of which is an eigenvalue of unit multiplicity. The operators
Ay, , being compact perturbations of S, , have the same essential spectrum. If A is
a spectral point of A,,, not in the essential spectrum, then A,, — Al is a Fredholm
operator, of index 0 by C-symmetry,so A must be an eigenvalue.

We consider first the case |w| < 1. In this case Lemma 13.3 tells us that A,
is unitarily equivalent under Crofoot’s transformation J,, to S,,. By Lemma 2.5, the
eigenvalues of S, are the zeros of u,, i.e., the points A in D where u(A) = w,
each an eigenvalue unit multiplicity. Note that, by the corollary to Theorem 10.1,
the commutant of A, belongs to .7 (K?2). That commutant is mapped by Crofoot’s
transformation to the commutant of S,,, , which by the commutant lifting theorem equals
{h(Sy,) : h € H*®}, and is isometrically isomorphic to H> /u,, H*> .

When |w| = 1 we have, as noted above, A,,, = Up with f = % . By
Clark’s Theorem B, Ug is unitarily equivalent under Clark’s transformation V,, to the
multiplication operator Z,, on L*(u,). The spectrumof A,,, is thus the support of i, ,
which consists of the set of singularities of u on 0D together with the set of regular
points of u on 9D that belong to supp U, . From (11.1) one sees that a point of the
latter kind is a regular point of u on 9D where u takes the value w, hence (as pointed
outin Section 12.) a mass point of u,, (of magnitude 1/|u’(w)|). The point is therefore
an eigenvalue of A,,, of unit multiplicity.

The following lemma reduces the case |w| > 1 to the case |w| < 1.

LEMMA 14.1. If [w| < 1 and w # u(0), then A | . =A

Proof. Let w be as described. We know from the discussion above that 0 is
not in the spectrum of A,,, i.e., A,, is invertible. Let ¢ be any complex number.



ALGEBRAIC PROPERTIES OF TRUNCATED TOEPLITZ OPERATORS 525

We compute A,,S;. and show we get the identity when ¢ = — , 1.e., when
, X w
Sue = Ay1pw - We have

AW$C_<&+—£;7%®%prc@®%»
' 1 —u(0)w

wu(0) _aw(l - u(0)*)

:171+@@+1_?m} oo (K @ k).

After some algebra the expression in square brackets on the right side reduces to

1
—— (1 —¢(w—u(0 3
g ()
so we get A,,,S; . = I when ¢ = 1/(w —u(0)). O
Now suppose |w| > 1, w # 1/u(0). By Lemma 14.1, A} is the inverse of

Ay 1yw- We know that the spectral points of A, 1/ not in the essential spectrum are
the points A such that u(A) = 1/w. The corresponding points in the spectrum of the
adjoint of the inverse of A,/ are thus the points A such that u(1/A) = 1/w. But

since u is an inner function it satisfies u(1/z) = 1/u(z) . We conclude that the points in
the spectrum of A,,,, not in the essential spectrum are the points A such that u(A) = w.
As in the previous cases, each such point is an eigenvalue of unit multiplicity.

The following theorem summarizes the results on the spectrum of A, .

THEOREM 14.1. Let w be a complex number different from 1/u(0). The essential
spectrum of Ay, is the set of singular points of u on 0D. A regular point A of u
lies in the spectrum if and only if u(A) = w, in which case A is an eigenvalue of unit
multiplicity.

The preceding theorem does not apply in one case, the case S, with ¢ = —1/u(0).

This is the limiting case of A,,, where u(0) # 0, and w — co. A calculation like that
in the proof of Lemma 14.1 (but simpler) shows that S, — % (k§ @ kgy) is the inverse
of Sy . Its spectral points outside the essential spectrum are thus the points A such that
u(1/A) = 0, in other words, the poles to u.
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