perators
nd
atrices

Volume 2, Number 2 (2008), 201-231

WEYL MATRIX FUNCTIONS AND INVERSE PROBLEMS
FOR DISCRETE DIRAC-TYPE SELF-ADJOINT SYSTEMS:
EXPLICIT AND GENERAL SOLUTIONS

B. FRITZSCHE, B. KIRSTEIN, 1. ROITBERG, A. L. SAKHNOVICH

(communicated by F. Gesztesy)

Abstract. Tt is shown that the discrete Dirac-type self-adjoint system is equivalent to the block
Szego recurrence. A representation of the fundamental solution is obtained, inverse problems on
the interval and semiaxis are solved. A Borg-Marchenko type result is obtained, too. Connections
with block Toeplitz matrices are treated

1. Introduction

The continuous self-adjoint Dirac-type system

dy

T =i rvw)rea. =5 O lov=[% ] an

is a classical object of analysis with various applications (in mathematical physics and
nonlinear integrable equations, in particular). Here I, is the p x p identity matrix and

v is a p X p matrix function. In this paper, we treat a discrete self-adjoint Dirac-type
system:

Wk+1(l) —Wk(k) = —%]’Cka(A) (kE {0,1,2,...}), (12)

where Cy are m X m matrices, m = 2p, which are Hermitian and j -unitary:
Ck:C;:7 Ck]Ck:.]7 (13)

To see that (1.2) is a discrete analog of system (1.1), notice that (1.1) is equivalent
to a subclass of canonical systems W, = izjH(x)W (see [41, 45] and the references
therein). One can follow also the arguments from [32], where the skew self-adjoint
discrete Dirac-type system has been studied and explicit solutions of the isotropic
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Heisenberg magnet model have been obtained. As suggested in [32] we introduce
matrix functions U and W by the relations

dU
W(x,z) = UX)Y(x,z2), E(x) = —iU(x)jV(x), U(0)=1,. (1.4)
Since V is self-adjoint, we get from (1.4) that U is j-unitary, i.e., UjU* = j. Now

(1.1) and the first relation in (1.4) yield

Z—Y = Z—ZU*IWHU(ZJ'HV)U*IW:iszW, (1.5)
where H = jUU*j = H*, HjH = j. Compare system (1.2), where the matrices Cy
satisfy (1.3), and system (1.5) to see that (1.2) is an immediate discrete analog of (1.1).

When p = 1 and C; > 0, system (1.2) is equivalent to the well-known self-adjoint
Szegd recurrence, which plays an important role in the orthogonal polynomials theory
and is also an auxiliary system for the Ablowitz-Ladik hierarchy (see, for instance,
[26, 27, 47] and various references therein). The equivalence of system (1.2), where
Cr > 0 and CyjCy = j, to the block (matrix-valued) Szeg6 recurrence studied in [15] -
[18] is given in Proposition 2.1.

Discrete analogs for the Dirac systems are also of independent interest (see, for
instance, [32] for applications to the isotropic Heisenberg magnet model). Weyl-
Titchmarsh theory of the discrete systems is treated in a series of recent interesting
papers by F. Gesztesy and coauthors. There are direct connections between Weyl
functions of the discrete self-adjoint Dirac-type systems and extensions of Toeplitz
matrices (see Section 6).

We consider a representation of the fundamental solution of system (1.2) and solve
direct and inverse problems directly in terms of the Weyl functions. Both explicit and
general solutions are obtained. First, we obtain explicit solutions of the direct and inverse
problems for system (1.2) for the case of the so called pseudo-exponential potentials
Cr (the case of the rational Weyl functions). Our case includes as a subcase the rapidly
decaying strictly pseudo-exponential potentials, see also Remark 4.5. Recall that dis-
crete and continuous systems with potentials, which belong to the subclass of the strictly
pseudo-exponential potentials, have been actively studied in [1]-[6], [8]-[10]. In particu-
lar, direct and inverse problems for Szegé recurrence on the semiaxis {0, 1,2,...} with
scalar (p = 1) strictly pseudo-exponential potentials have been treated in [5, 6]. Direct
and inverse problems for pseudo-exponential potentials (continuous case) have been
studied in a series of Gohberg-Kaashoek-Sakhnovich papers [29, 30] (see the references
therein and see also [24] for the case of the generalized pseudo-exponential potentials).
The case of the discrete skew-self-adjoint Dirac system has been studied in [32]. Notice
that similar to [29, 39] (see also [3, 6, 8, 29, 32]) we start our explicit constructions with
the explicit formula for the fundamental solution.

For a more general (non-rational) situation of the Weyl functions ¢(z) = Z %
k=0

o0

such that Z ll¢c]] < oo the direct problem for a block (matrix-valued) Szegd re-
k=0

currence on the semiaxis (including non-self-adjoint case and under some additional
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conditions) is treated in a recent important Alpay-Gohberg paper [7]. In Sections 5 and
6 we solve direct and inverse problems for the general type potentials C; > 0 (and thus
for the general type self-adjoint block Szegd recurrence) on the interval and semiaxis.
A Borg-Marchenko type uniqueness result for system (1.2) is obtained, too. Connec-
tions with the well known Toeplitz matrices appear. For interesting discussions on the
connections between Toeplitz matrices, Szegd recurrencies and orthogonal polynomials
see also [3, 17, 18] and the references therein. Interesting spectral theoretical results on
the discrete canonical systems, where CyjCy = 0, one can find in [35, 44]. A complete
Weyl theory for Jacobi matrices and various useful references are contained in [48].

2. Preliminaries

An important discrete analog for Dirac-type systems takes the form

I, 0
Xii(z) = DHy | 7 Xi(2), (2.1)
0 I,
where
I, - . o1 . L
Hy = [_f)* f" ] D :dlag{(lpfpkpk) %, (L, — piox) } (2.2)
e p
and the p x p matrices py are strictly contractive, that is ||og] < 1.
Notice that the matrices Z;H; are j-unitary, i.e.,
DHGH Dy = HyDjDHy = . (2.3)

System (2.1) can be rewritten in the form (1.2) by using the transformation
PRy i, . N . .o
We(A) = (i—27") Uk(lm - IJ)Xk(Z)> Cr = jUrs JUL, = jUrn Uf ), (2.4)
where Uy :=1,, (m=2p),

1tk

Uy = (lHo@Q])(lngl‘]) X ... X (in—lgk—]j) (k > O), = T— i

(2.5)

A particular scalar case (p = 1) of system (2.1) is the well known Szegé recurrence,
where
1 O
7 R — Hk_{__ Pr }>0, loe| < 1. (2.6)

127
V1= ol? Pe 1

When p = 1 one easily removes the factor (\ /1 — | pk\z) 1 in (2.1) to obtain systems
asin [5, 6].

Coefficients pj are called Schur (or sometimes Verblunsky) coefficients (see, for
instance, [17, 47] and various references therein). Notice that the matrices C; given
by the second relation in (2.4) are positive definite. Vice versa, if the matrices Cy are
positive definite, the Szegd recurrence is uniquely recovered from system (1.2). The
same is true for the block Szegd recurrences (2.1).
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PROPOSITION 2.1. There is a one to one correspondence between the subclass of
systems (1.2), where the matrices C, > 0 satisfy (1.3), and block Szego recurrences
(2.1), where Hy and 9 are defined via (2.2) and ||px|| < 1. This correspondence
is given by (2.4), (2.5) to map block Szegé recurrences into Dirac-type systems. The
inverse mapping of the Dirac-type systems into block Szego recurrences is given by the
first relation in (2.4) and equalities

o= (B0 B®) . B =0 LR, R=(UiCUG) . @)

where By (k) and Ez(k) are p x p blocks of B(k) We recover H; and 9, (hence,
Uiyt ) from o successively, starting from [ = 0.

Proof. By (2.5) the matrices Uy are j-unitary. Therefore, the matrices C; defined
by the second relation in (2.4) are positive definite and CyjCy = j. The first relation in
(2.4) easily follows from (1.2), (2.1), the second relation in (2.4) and (2.5). Thus, the
first part of the proposition is proved.

To prove the second part of the proposition notice that according to (2.7) we have
R; > 0. Next, assume that the second part of the proposition is true for all / < k. In
particular, the j-unitary matrix Uy is defined via (2.5), and so Ry > 0 is well-defined.
It follows that RZjR? = j. Moreover, R? is unitary equivalent to a diagonal matrix
Dy > 0:

R} = UDyUr, UiUr = UcU; = I, (2.8)

Then, formula (2.8) implies that lA/,kalA]kle/,jDklAlk =j,ie,
D' = IDii, Jii=UyU;, h=Jf =J7h (2.9)

Taking square roots in both parts of the first equality in (2.9) we get
_1 1
Dk 2= ]kD]? Jk , i.e.,
1 1
DD} = Ji. (2.10)

By (2.8) we have Ry, = (A];Dé Uy, and, taking into account (2.10), we get
RiRi = U D} 1D: Uy = U300y = Ur 00 Uy = )i (2.11)
In particular, formula (2.11) yields
BWIBW)™ =1, (212)
and so B (k) is invertible and p;px < I,. From (2.7) and (2.11) it follows that
JUE CiUsj —j = R — RijRe = Rl —))Re = 2Bk B(k). (2.13)

According to (2.7) and (2.12) it is true that (I, — pfpx) ™' = B;ﬁz Hence, in view of
(2.2) and (2.7) we get

HyD}H — j = HiDy (L, — j)DiHy = 2B(k)* B(K). (2.14)
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Formulas (2.13) and (2.14) imply

H.DH), = jU; CLUyj. (2.15)
Notice that the second relation in (2.4) is equivalent to

Ci = jUHDIH,UYJ. (2.16)

Therefore, (2.15) means that (2.7) defines a transformation inverse to the transformation
defined by the second relation in (2.4). Moreover, (2.16) implies (2.14). By (2.14) we
have [—p; L] = uﬁ(k) . Thus there is a unique p; with the property (2.16).

As Uy = I, the same proof as above is valid for / = 0. In this way the second
part of proposition is proved by induction. |

REMARK 2.2. By the proof of Proposition 2.1 we obtain for any j-unitary matrix
% > 0 arepresentation 4 = HZ?H, where H and 2 have the form (2.2). This
representation follows from the equality C : jC 1= J»whichis proved similar to RyjR; =
J » and from the well-known (see, for instance, [17, 19]) Halmos extension representation.

The spectral theory of discrete and continuous systems is strongly related to the
construction of the fundamental solutions (see, for instance, [6]-[10], [29, 30, 32, 34],
[39]-[45] and the references therein). The j-properties of the fundamental solutions
play an important role [10, 17, 21, 22, 23, 31, 34, 44, 45].

For the case of the explicit construction the version of the Béicklund-Darboux
transformation (BDT) introduced in [37, 38, 39] proves to be very fruitful. Now we are
going to present a corresponding principle of constructing of sequences {Ck},fio .

Choose n > 0, two n x n parameter matrices A (detA # 0) and Sy = Sj, and
an n X m parameter matrix Iy such that

ASo — SoA* = iTIyIT;. (2.17)

Define recursively sequences {I1;} and {S;} (k > 0) by the relations
I = I 4+ A7, (2.18)
Serr = Sk +ATISH(AY) T F ATILIT (AY) (2.19)

It follows that the matrix identity
ASip1 — Sk A" = il I, (k> 0) (2.20)

is true. Following the lines of the discrete BDT version for the skew self-adjoint discrete
Dirac-type system presented in [32], we get the following result.

THEOREM 2.3. Suppose det S, # 0 (0 < r < N). Then the fundamental solution
Wiy1 of system (1.2), where

Cr = I + 1138, T — HZ+ISI<_+11H/<+17 (2:21)

admits the representation

i ')k+1 wa0,)70 (0<k<N).  (2.22)

Wer(A) = walk+ 1,4) (I = 3J
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Here Wy is normalized by the condition Wo(A) = I, and
wa(k, A) := L, — §TT;S; (A — AL,) 'L, (2.23)

The right hand side of (2.23) with fixed k is a so called transfer matrix function in Lev
Sakhnovich form [43]-[45].

We say that a system (1.2), where the matrices Cy are given by (2.21), is deter-
mined by the parameter matrices A, Sy and Ij.

Proof of Theorem 2.3. Formula (2.22) easily follows from the equality
walk+1,1) (sz%j) - (Im—%jCk) walk, 1), (2.24)

which is basic for this proof. We shall derive now formula (2.24). Taking into account
(2.23), one can see that (2.24) is equivalent to the equality

i, i, ok _
— il = C) = - (Im - I]Ck) TSN (A — AL,) "',
o _ i,
TSP (A = ALY Ty (1 - IJ) , (2.25)

i.e., the Taylor coefficients at infinity of the matrix functions at both sides of (2.25)
coincide. Hence, by the series expansion

oo

(A=AL)"=-2""> " (A7'A)
r=0

and formula (2.18), formula (2.25) is equivalent to a family of identities:

Iy — Cr = =TS ' T + Ty S T (2.26)
and
KA, =0 (r>0), (2.27)
where
Ki =TT, S (A% + 1) — TS, ' A + Gy S, A (2.28)

Notice that (2.26) is immediate from (2.21). If we prove also K; = 0, then (2.27)
will follow, and so we will get (2.25) or equivalently (2.24), which implies (2.22). It
remains to show that K; = 0. For this purpose we shall rewrite (2.28) using (2.18) and
(2.21):

Ki = T, S (A2 + 1) — TIES; A2 TS A + T Sy T TS, A

— i Sy (T + AT ' T )T S, AL

According to (2.20) we have i[TyTT;S, ' = A — S;A*S, . Therefore, from (2.29) we
derive

K =07 S (I + SkA™S A + ATILITES 'A) — TATS A + TS, A

(2.29)

In view of (2.19) we simplify our last formula:
K =TT}, A*S'A — TIA™S, A + TS A (2.30)
Finally, by (2.18) and (2.30) we have K; = 0.
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PROPOSITION 2.4.  Suppose det S, # 0 (0 < r < N). Then the matrices Cy
(0 < k < N) given by (2.21) satisfy conditions (1.3).

Proof. The first equality in (1.3) is immediate. To prove the second equality notice
that by the standard calculations in S-node theory [43]-[45] (see also, for instance,
formula (2.10) in [24]) it follows from (2.17) and (2.19) that

wa(r, A) wa(r, A) =j +i(A — AT (A" — AL)7'S7 YA — AL) 'L, (2.31)

In particular, we have

wa(r,A) jwa(r,A) =j. r=0. (2.32)
It is easily checked also that
(1 +i")'(1 —i')—(1+i)' (2.33)
According to (2.24) formulas (2.32) and (2.33) yield the equality
(1 +1C')'(1—i'c)—(1+i)' (2.34)
Therefore the second equality in (1.3) holds. O

3. Auxiliary propositions

Recall that the invertibility of the Hermitian matrices S is essential for our con-
structions. On the other hand the important subcase of Szegd recursion corresponds to
system (1.2), where C; > 0. A natural condition, when all Sy > 0 and C; > 0 is
given in our next proposition.

PROPOSITION 3.1.  Let the parameter matrix Sy be positive definite, i.e., Sy > 0.
Then we have
S>>0 (k=0), C>0 (k=0). (3.1)

Proof. The inequalities for Sj in (3.1) follow from (2.19) by induction. To derive
the relations C; > 0, introduce first two block matrices:

o St Tk o AL aA*IHk
G= {I‘I}; clm]’ F‘[ 0 —ibj | (3.2)
where
a24ac)=1, b(l+ac)=1, (3.3)

and, moreover, c is sufficiently large so that G > 0. We shall discuss the choice of
a and b satisfying (3.3) later on. According to (2.18), (2.19), (3.2) and (3.3), direct
calculations show that

G+ FGF* — Sk Iy

0, c(l+b2), (3.4)
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As G+ FGF* > G > 0, we have G™!' > (G + FGF*)~!, and therefore, the
inequality holds also for the m x m right lower blocks of these matrices: (G’l)22 >

((G+FGF*)™"),, . Finally, we obtain

—1

-1
((Gil)zz) < (((GJFFGF*)il)zz) : (3.5)

Taking into account (3.2), we can rewrite (3.5) in the form
cly — TS T < o(1 + %)Ly — T S T (3.6)

Let us fix ¢ and choose aroot a (0 < a < 1/2), of the equation

which is always possible. Putting also b = a(1 —a)~!, we see that relations (3.3) hold.
Moreover, the first relation in (3.3) means that a’c = 1 — 2a. Hence,

ch? = ca*(1 —a)* = (1 —2a)(1 —a)* < 1. (3.7)
From (3.6) and (3.7) it follows that
Ly + TS, T — T S T > 0 (3.8)

Recall the definition (2.21) of C; to see that inequality (3.8) implies C; > 0. O

In this section we shall need as well another property of Cj .

PROPOSITION 3.2. Let relations (1.3) hold, and assume that C;, > 0. Then we
have C, £j > 0.

Proof. 1t follows from (1.3) that

N . 1+é2,
(Cr + €)j(Cy + &) =2¢ | Cr + e jl- (3.9)

If (Cy+€j)f = 0,thenby (3.9) we have also (Ck + 1;:2].)]0 =0,andso (1 — &%) jf =
0. Therefore, we have det(Cy + &) # 0, when |e| < 1. Thus, the inequality Cy > 0
yields (Cy + €f) > 0 for |e] < 1. O

REMARK 3.3.  Under the conditions of Proposition 3.1, formulas (2.18), (2.19),
and (2.21) explicitly define system (1.2), where the matrices Cy are positive definite
and j-unitary. The Schur coefficients of the corresponding Szeg6 recurrence are then
explicitly defined via (2.7). The matrices Uy in the third relation in (2.7) are iteratively
defined using (2.5).
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4. Weyl functions, direct and inverse
problem: the case of the pseudoexponential potentials

Guided by the definitions of the Weyl functions for Sturm-Liouville, Dirac-type
and canonical systems on the semiaxis (see, for instance, [33, 45] and the references
therein), we can define also corresponding modifications of Weyl functions for system
(1.2). Namely, let the matrices Cy > 0 satisfy (1.3). Then, a p x p matrix function ¢
holomorphic in the lower halfplane C_ is said to be a Weyl function for system (1.2)
on the semiaxis k € {0, 1,2, ...}, if the inequality

k:O g
holds, where g(A) = |A2|(JA%| + 1)~}

REMARK 4.1. Similar to the continuous case we have a summation formula:

A% +1

Zq ) CiWi(A) = i =) (@A) Wt (A jWra (A) —J) - (42)

Indeed, according to (1.2) and (1.3) we have
Wert (A) 5 Wiar(A) = Wi(A)* <zm + %c@j (n — 57C) Wil
= g Wiy we) + Py cma),
ie., ,
o (A Wl QW () — g Wi 2 W4 2)
= q(A) Wi(2)" CeWi(2).
Formula (4.3) yields (4.2).

To construct the Weyl function, partition first our parameter matrix Ily and the
matrix-function w, (0, A ), defined via the parameter matrices A, S, and I satisfying
(2.17), into blocks:

(4.3)

My=[® ¥, wa(0,1)= {j((i)) bé(a))]. (4.4)

Similar to the considerations in [29] it follows from (2.23) that
b(A)d(A)™" = —i®* Sy (AX — AL) T, AX = A+ iPPrS, L (4.5)
To calculate d(A)~! here, we use the following fact from system theory:

(1,, + C(AL, fA)’lB)q =1, C(Al, — (A— BC))'B. (4.6)
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THEOREM 4.2.  Let parameter matrices be fixed, assume Sy > 0, and define
Cy by (2.21). Then system (1.2) is well-defined on the semiaxis and its unique Weyl
Sunction, which satisfies (4.1), takes the form

P(A) = —i®*Sy (A — AL)T'Y, A =A4+iPPrS, L (4.7)
Proof. By Proposition 3.1 system (1.2) is well-defined. Now, relations (4.5) imply
@ = bd~" for the matrix function ¢ given by (4.7). According to (2.31) we have
wa(0,4)%jwa(0,A) <j (A € CL),
and it follows, in particular, that d(A)*d(A) > I, + b(A)*b(A) . Therefore, we get
p(A)"e(A) <1, (A eC.), (4.8)

and so ¢ is holomorphic in C_ . Notice that the equality ¢ = bd~' is equivalent to

the formula
{ (P(Ii) } = wa(0,1) {?p } d(a)~h (4.9)

Taking into account (4.9) and wa(r + 1,A)*jwa(r + 1,4) < j, we derive from repre-
sentation (2.22) of W,;;(A) that

(0 GG @) | O | =1 a2
x [0 Llwa(r+1,A)wa(r+1,14) {9 } dr)~t<o. (4.10)
y (4.2) and (4.10) the inequality
2
Zq )* CeWi(A) { "’(Ii) ] < %Ip (4.11)

is true. From (4.11) inequality (4.1) is immediate, i.e., ¢ defined by (4.7) is a Weyl
function.
Let us show that there is no other Weyl function. First notice that by Proposition
3.2 we have inequality W} C;W, > WjW,. Now, use relation (4.3) to derive inequality
Wi W, > ¢*~'W*_|jW,_, . From the inequalities above we get

A W (A)*CeWi(A) > ji. (4.12)

Therefore, the following equality is immediate for any f € C?:
S o . I
Sorl Qe am | [r = @
k=0

According to (4.1) and (4.13), the dimension of the subspace L of C™, such that for
all h € L we have

Zh* Y CWi(A)h < o0, (4.14)
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equals p. Now, suppose that there would be a Weyl function ¢ # ¢, where @ is given

by (4.7). Then the columns of { @(IA) } and the columns of @(IA) would belong
P P

to L. Therefore, dim L > p for those A, where @(A) # @(A), which would be a

contradiction. 0

REMARK 4.3. If Sy > 0, then by (2.18)-(2. 21) we can substltute parameter

matrices A, Sy and Ilp by the parameter matrices S 2ASO , I, and S Ho, which
determine the same system. For Sy = I, formula (4. 7) takes the form

P(A) = —i®*(AX — AL)™'P, AX = A+ PP, (4.15)

and we have A* — (AX)* = i(PD* + Y¥*), det(A™ —iP¥*) #0.
Recall also that by Proposition 3.1 the condition Sy > 0 implies (3.1).

EXAMPLE 4.4. Consider the simplest example: p =1, n =1, A=a € R
(a#0), So=1. From (2.17) and (2.18) it follows that |®| = [¥| and

() ()

Now, in view of Sp = 1, (2.19) and the second relation in (4.16) one can check that

I, =
Cl

1
. ILIT = 2|®P <“ i > . (4.16)

P k 2
Sk:(kC+1)( ;1) , g:azz‘i‘l. (4.17)
Finally, using (2.21), (4.16) and (4.17) we get the entries (Cy); of Cy:
(C = (Co)z = L+ LJOP RS+ 1) ((k+ E+ 1) 7, (4.18)
\ K -\ K+l
(€ = (G = 0¥ <<k¢+1>1 (55 - @ e+ (£5) )
(4.19)

The Weyl function of system (1.2), where the matrices Cj are given by (4.18) and
(4.19), is easily calculated using (4.15):

P(A) = i®¥ (A —a—il¥P) . (4.20)

REMARK 4.5. Notice that our matrices Cy are determined by the parameter matri-
ces Ay, So, and Iy via formulas (2.18), (2.19), and (2.21). Similar to the continuous
case [29], the sets of matrices {Cy}i>o are called pseudo-exponential potentials. In
view of (2.19), we require that 0 ¢ o(A) (o - spectrum). The class of the pseudo-
exponential potentials contains an important subclass of the strictly pseudo-exponential
potentials, which is characterized by the additional requirement 6(A) C C_. Such a
subclass has been treated for Szego recurrence (p = 1) in [5, 6]. In particular, for the
strictly pseudo-exponential subcase the inequality [@(A)| < 1 for A € C_ is true. On

the other hand, in the simple example above we have 0(A) = a € R and |¢p| = 1 for
A=a.
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According to (4.7) and (4.8) the Weyl function @ is a rational, strictly proper matrix
function, which is contractive in C_. The rational, strictly proper matrix functions
admit non-unique representations @(A) = €' (A1, — <)~ %, which are called realiza-
tions. Here n is some natural numberand €, < ,and % are p xn, n X n,and n X p
matrices, respectively. (See, for instance, [11], [14].) As the matrix function ¢ is also
contracive in C_, so by the proof of Theorem 9.4 [30], there are such realizations

P(A) = —i®* (0 — AL,)~'¥ (4.21)
of ¢ that &), 6, and ¥ from these realizations satisfy the identity
0 — 0 = i(PD* + VI*). (4.22)

A direct calculation shows also that formulas (4.21) and (4.22) yield I, — ¢*¢ > 0
for A € C_. So, realization (4.21), (4.22) is equivalent to the fact that the function is
rational, strictly proper, and contractive in C_ .

THEOREM 4.6. A matrix function @ is the Weyl function of some system (1.2)
determined by the parameter matrices A, Ty, and Sy > 0 if and only if it admits

representation (4.21), (4.22) such that det(0 — iYY*) # 0. In this case @ is the Weyl
Sfunction of some system (1.2), where Cy > 0. To recover such system put

So=1, A=0—iP¥, &=, Y=V, I=[0 ¥ (4.23)

and define the matrices Cy by formula (2.21), where the matrices 11 and Sy (k> 0)
are given by formulas (2.18) and (2.19).

Proof. The necessity of the theorem’s conditions follows from Remark 4.3. Now,
suppose that these conditions are fulfilled. Then, from (4.22) and (4.23) it follows that
the identity (2.17) holds for the parameter matrices. Therefore, system (1.2) is defined.
So, by Theorem 4.2 ¢ is the Weyl function of this system. |

REMARK 4.7. The Weyl functions in the upper halfplane can be treated in a quite
similar way. That is, we define Weyl functions in C, by the inequality

3 . " I,
Sl pQIIWGI G | | <o w2

Then the Weyl function of system (1.2), where matrices C; are given by (2.21) and
So > 0, takes the form

P(A) = c(A)a(A) =Sy (AX — AL) D, AX =A - idd*S, . (4.25)

A definition of a Weyl function in C_ can be also given in a more general form.
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DEFINITION 4.8.  Let the matrices C; > 0 satisfy (1.3). Then, a p x p matrix
function @ holomorphic in C_ is said to be a Weyl function for system (1.2) on the
semiaxis k € {0, 1,2,...}, if the following inequality holds:

> ligA)* Llg(A) KWi(A)* CiWi(A)K* { _i";(’l) } < o0. (4.26)
k=0 14
Here K* = K~! and g(4) = |A2|(|A% + 1)~ L.

If K = I, then inequality (4.26) coincides with inequality (4.1). In general, the choice
of the matrix K is related to the choice of the domain of the operator corresponding
to the Dirac system, and usually K is chosen so that the Weyl functions are Herglotz
functions. Further we assume that

_ L 1L -
5 [r 4]

Simple transformations show that the contractive Weyl function ¢; defined via (4.1)
and the Weyl function @g defined via (4.26) and (4.27) are connected by the relation

ok = —ill, — @), + o)~ (4.28)

From (4.28) it follows that
Px(A) = @x(A)" = 2Ly + @1(A)") " (I — @1(A) @r(A) (L, + @1(A)) ™", (4.29)
A € C_. Thus, according to (4.8) and (4.29) ¢k is a Herglotz function with a

non-positive imaginary partin C_ .

5. Weyl functions, direct and inverse problem on the interval: general case

In this section we shall consider the self-adjoint matricial discrete Dirac-type
system (1.2) on the interval k£ € {0, 1,2,...}. We assume that (1.3) holdsand C; > 0.
It was shown in Proposition 2.1 that these properties yield Cy = jURZU;j, where
Ry = R} and RyjRy = j. Hence, we get

Ci +J = jUL(R + RGR) U} = jUcRc(In + ))ReULj = 2B(k)*B(k), 0 <k <N,
where
Bk) =11, ORULj, BRBHK)* =1, (5.1)

Further we shall use these relations:

~

Ce = 2BK)"B(k) —j, BKBK)* =1,, 0<k<N. (5.2)
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REMARK 5.1. Relations (5.2) are equivalent to the relations Cy > 0 and (1.3)
for 0 < k < N. Indeed, we have just derived (5.2) from C; > 0 and CyjCy = j
(0 < k < N), and vice versa: direct calculation shows that (5.2) yields (1.3). To
derive from (5.2) also the inequality C; > 0, choose a matrix f(k) such that

Bk)jBk)* =0, PBK)BK)* = —1,. (5.3)
Notice, that in view of the second relation in (5.2), the maximal subspace, which is

Jj-orthogonal to the rows of Ek, proves to be p-dimensional and j-negative, i.e., [;’(k)
always exists. According to (5.2) and (5.3) we have

ﬁﬁﬂo] = | B® j[m ] (54

From the second relation in (5.2), for k > 0, it follows also that

>
det( KBk + 1) );éo, <k<N—I. (5.6)

Indeed, if (5.6) does not hold, we have B(k)jﬁ(k+ 1)*f =0 forsome f # 0. Then, in
view of the second relations in (5.2) for k > 0, we see that the linear span of the rows
of Ek and of f *B\H 1 forms a p 4+ 1-dimensional j-positive subspace of C,,, which is
impossible.

Similar to the continuous case [45], the Weyl functions of the discrete system on
the interval will be defined via Mobius (linear-fractional) transformation

0(A) =i (#u(MRA) + #2(2)Q(R) (P (MR(A) + #(A)QA) ™, (5.7)
where R and Q are p X p analytic functions in the neighbourhood of A = —i, and
W (A) = {H5(A) o1 = KWy (A)". (5-8)

Here, the coefficients #j; of the Mobius transformation are the p x p blocks of %,
the matrix K is given by (4.27) and

K*=K' Kik*=J, J= [2 16 ] (5.9)

It is convenient to put (k) := B (k)K* and rewrite (5.2) as
Cr =2K*B(k)*B(k)K —j, P(k)JJBk)* =1,, 0<k<N. (5.10)

Similar to relations (5.2), by Remark 5.1 relations (5.10) are equivalent to Cy > 0 and
CyjCr = j for 0 < k < N. We shall need the following analog (for the self-adjoint
case) of Theorem 3.4 [42].
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THEOREM 5.2. Suppose W (Wo(A) = 1,) is the fundamental solution of system
(1.2), which satisfies conditions (5.10). Suppose also that a p X p matrix function @ is
given by formulas (5.7) and (5.8), where

det (i1 (—)R(—i) + #ia(—D)0(—i)) #0. (5.11)

Then system (1.2) satisfies (1.3), Cix > 0 (0 < k < N), and the inequalities
det (B(k)fﬁ(k+1)*) #0, 0<k<SN-1 (5.12)

hold. Moreover, system (1.2) on the interval 0 < k < N is uniquely recovered from the
Z

k
first N+ 1 Taylor coefficients {og}Y_, of i@ (i ( + )) at 7 =0 by the following
7 —
procedure.
First, introduce (N + 1)p x p matrices ®;, @, :

—_

—_

I, o
S B P N Rk (5.13)
I, O+ 0o+ ...+ oy

Then, introduce an (N + 1)p x 2p matrix I1 and an (N + 1)p x (N + 1)p block lower
triangular matrix A by the blocks : Tl = [®; @],

N 0 for r>0
A=A(N) = {aj_k} a = { =1, for r=0 . (5.14)

kj=0" 2
il, for r<o0

Next, we recoverthe (N + 1)p x (N + 1)p matrix S as a unique solution of the matrix

identity
AS — SA* =TJTT". (5.15)

This solution is invertible and positive, i.e., S > 0.
Finally, the matrices P(k)*B(k) (0 < k < N) are recovered using the formula

B(k)*B(k) = TI*P; (PiSPY) ™ P — TTI*Py_ (Pe_1SP;_,) Py iTT,  (5.16)
where Py isa (k+ 1)p x (N + 1)p matrix:
Pe=[Iusyp 0]. (5.17)
The matrix B(0)*B(0) is given by the relation
B(0)*B(0) = IT*Py (PoSP;) ™ Poll. (5.18)

Now, the matrices Cy and system (1.2) are defined via the first equality in (5.10).
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Proof. Step 1. According to Remark 5.1 the relations C; > 0 and (1.3) follow
from (5.10). The relations (5.12) follow from (5.6). Now, we will show that

B(0)
IM*S~'T1 = B*B, B:=B(N)= B(l) : (5.19)
B(N)
Let
Ko(r)
K(r) = K}.(.r ) (5.20)
K(r)
be the square matrix, where K;(r) are p x (r + 1)p matrices of the form
Ki(r) =iB()J[BO)"...BUI—-1)* BD)*/2 0...0]. (5.21)
From (5.19)-(5.21) it follows that
K(r) — K(r)* =iB(r)JB(r)*. (5.22)

By induction we shall show in the next step that K is similar to A:
K(r)=V_(nNA(r)V_(r)™" (0<r<N), (5.23)

where V_(r)*! are block lower triangular matrices. Taking into account (5.23) and

multiplying both sides of (5.22) by V_(r)~" from the left and by (V_(r)*) ! from
the right, we get

A(r)S(r) — S(r)A(r)* = d1(r)JII(r)", (5.24)

S(r) = V_(r) " (Vo))" () == V_(r)"'B(). (5.25)

Moreover, Step 3 will show that matrix V_(N) can be chosen so that the equality
I=[® ®&]=V_(N)'B(N) (5.26)

holds, i.e., IT =TI(N). (Here @, and ®, are given by (5.13).)
Identities (5.24) have unique solutions S(r) as the spectra of A(r) and A(r)* do
not intersect. (The statement follows from rewriting of (5.24) in the form

S(r)(A(r)* =A™ —(A(r) = AD)'S(r) = i(A(r) — AD) " 'TI(r)JTI(r)* (A(r)* — A1) "1,

and from the following integration of both sides of the obtained identity along a contour,
such that the spectra of A is inside and the spectra of A* outside it.) In particular, by
(5.15) and (5.24), using IT = TI(N), one can see that S = S(N). Hence, we derive
from (5.25) that § > 0. As S = S(N) and II = II(N), by (5.25) equality (5.19)
holds, too.
Notice that PJA = A()P; for I < N. So, formula (5.15) yields the operator
identities
A(D) (PiSP}) — (PiSPF)A()* = iPTLJTT* P} (5.27)
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Thus, substituting / instead of N into the proof of (5.19) we immediately prove

1
TPy (P,SP,*)”P,H = B*PP,B = Z B(r)*B(r) (I<N), (5.28)
r=0

and formulas (5.16) and (5.18) follow.

It remains only to prove (5.23) and (5.26).

Step 2. Now, we shall consider the block lower triangular matrices V_ (k)
(ke {0,1,2,...}):

N R TU IR [ N A (N EED

where v_ (k) are p x p matrices, where f (k) and f,(k) are p x p blocks of B(k) =

[Bi(k) PBa(k)], and where X(k) = [Xo(k) X(k)] are p X kp matrices. Here Xy (k)
are arbitrary p X p blocks, and the matrices X (k), v_ (k) are given by the formulas

X(0) = i(BWIIBOY ..k~ V- = 1) | "0 | <ol

i —1
X (A(k )+ §1<k,1>,,) , (5.30)

v_(k) = Bk)JP(k —1)"v_(k — 1).
According to (5.14) we have A(0) = (i/2)I,. From the second relation in (5.10) and
definitions (5.20) and (5.21) it is immediate that K(0) = (i/2)1,, and so (5.23) is valid
for r = 0. Assume that (5.23) is true for r = k — 1, and let us show that (5.23) is true
for r = k, too. It is easy to see that

_ V_(k—1)"! 0
Vo) = [ (XK (k= D) v (k) ] : (5:31)
Then, in view of definitions (5.14) and (5.29), our assumption implies
V_()AK)V_ (k)™ = [ K(;‘(;)l) %'01,, } , (5.32)

V() = [(XWAG= 1) +iv- ()l 1)) év_(k)} { . (k)‘ﬁg‘(;)l‘)/:l(kil),l } .

Rewrite the product on the right-hand side of the last formula as
Y = (X(W) (A= 1) = Sk ) +iv- R ) Vo= )7L (5.33)

From (5.14) and (5.33) it follows that

Y(k) = [(;?(k) (A(k —2)+ éqk,l),,) +iv_ (KL, .. .1,,]) iv_ (k)} Vo(k—1)"L
(5.34)
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Notice that the row [I, ... 1,] of identity matrices in (5.34) is one block smaller than in
(5.33). By (5.30) and (5.34) we have

W) =iB® | 1B0) - )7 TV- - 1) |14 | g v )

x V_(k—1)"" (5.35)
Finally, formulas (5.29) and (5.35) imply
Y(k) =iB(k)J[BO)*...B(k—1)"] (k> 0). (5.36)
According to the second relation in (5.10) and formulas (5.21) and (5.36) we get
i
[Y(k) 51,,} = Ki(k). (5.37)

Now, using (5.20) and (5.37), one can see that the right-hand side of (5.32) equals
K (k). Thus, (5.23) is true for r = k and, therefore, it is true for all 0 < r < n.

Step 3. To derive (5.26) we shall first prove that the matrices V_(r) given by
(5.29) and (5.30) can be chosen so that

I

Vo) B = | - |, Bi(n) ::B(r){ 0 ] -

Iy

B:(0)
Bi(r)

In other words, the blocks Xo(r), arbitrary till now, can be chosen so. Indeed, by the
definition in (5.19) and the first equality in (5.29) formula (5.38) is true for r = 0.
Assume that (5.38) is true for r = k — 1. Then, from (5.31) it follows that (5.38) is
true for r = k, if only

(5.38)

I
—v_(O)7IX(K) | | v ()T Bi(k) = 1. (5.39)
Iy
It implies that we get equality (5.38) for r = k by letting
~ IP
Xo(k) = Pi(k) — v (k) = X(k) | -~ | . (5.40)
Iy

Hence, by a proper choice of the matrices Xo(r) we obtain (5.38) forall r < N.
It remains to prove that
B(0)
V_(N)'By(N) =®;, By(N):==| --- |. (5.41)
Br(N)
For that purpose we shall consider the matrix function Wy (A ), which is usedin (5.8)

to define the coefficients of the Mgbius transformation (5.7). Namely, we shall prove
the transfer matrix function representation of Wy, ;(A):

.\ N+1
Wy (A) = (%) K*wy (N,—%) K, (5.42)
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where .
wa(rA) = Dby — iJH(r)*S(r)fl(A(r) — Mgynp) TI(r). (5.43)
Identity (5.24) implies an equality similar to (2.31), namely
wa(r, ) JIwa(r, A) = J + (@ = 2)I(r)" (A(r)" = Bl ps)p)
x S THA(r) = M) TI(r). (5.44)

1

Moreover, according to factorization Theorem 4 from [43] (see also [45], p. 188) we
have

wa(r,A) :(12p — WTI(r)*S(r) " P* (PA(P)P* — L)~ (PS(r)~'P*)

(5.45)
xPS(r)_IH(r))wA(r—l,/l), P=[0 ... 0 1.

Taking into account (5.14), (5.25), and (5.29) we obtain

(PA(r)P* — A1) "' = (% - A)fl I, PS(r) P =v_(r)"v_(r),  (5.46)
PS(r)"'TI(r) = v_(r)*PB(r) = v_(r)*B(r). (5.47)
Substitute (5.46) and (5.47) into (5.45) to get

Wa <r, %) = (12,, - %Jﬁ(r)*ﬁ(r)) Wa <r -1, %) . (5.48)

From the definitions (5.14), (5.25), and (5.43) we also easily derive

A 2i . 2i .
wn (0.5) =ty - 28O BO) =y - ZLIBOBO. (549)
On the other hand system (1.2) with additional conditions (5.10) can be rewritten as
A+i 2., .
W) = S0 (= 2By BOK ) W) (550)

In view of the normalization W(0) = I, , formulas (5.48)-(5.50) imply (5.42).
From (5.42) and (5.44) it follows that

. . AL\ g N+1.
WN+1(A)]WN+1(A) = (T) <T) ] (551)
Let us include the functions ¢ into consideration. Introduce
FREALE: . ) . [ —ip(A
)= |2 ey gy [ 748 ] 52

According to (5.7), (5.8), and (5.51) we have
PR

5 (P1(ARQA) + #12(2)0(2))")

X (R(A)*R(A) — QA Q) (#11(A)R(A) + #ia(A)Q(A)) "

—1

A () =

(5.53)
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By (5.11) and (5.53) 7 is bounded in the neighbourhood of A = —i:
|/ (A)|| =0(1) for A — —i. (5.54)
Now, substitute (5.42) and (5.44) into (5.52) to obtain

) — -1
() =ligA)" 1) |+ 200 - Tmw)” («mwgzw) SN~

(5.55)
X (A(N) + %Iwwp)_l H(N)> :—iz(?t)} .

Notice that S(N) > 0. Hence, formulas (5.54) and (5.55) imply that

N >

H(A(N) + —I(N+1)p)71H(N) {"“}p(“ } ‘ =0(1) for A — —i. (5.56)

Recall that TI(N) = V_(N)~'B(N) and that A(N) is denoted by A. Now, represent
T1(N) in the block form

I(N) = [@1(N) ®2(N)], Pe(N) =V_(N)"'Be(N) (k=1.2). (557
According to (5.13) and (5.38) we have ®@(N) = @, . Hence, multiplying the matrix
_ -1
function on the left-hand side of (5.56) by i (CDT (A+ %I(NH),,) ' CI>1) ®} wederive
A —1
@} <A + EI(N+l)p> CDz(N)H

. A -
Q(A)+i (‘Dl <A + EI(N+l)p> q)1>
| (5.58)

—1 -
=0 (q)ik (A + %I(N+l)p> @1) for A — —i.

The matrix A + %I(N+ 1)p is easily inverted explicitly (see, for instance, formula (1.10)
in [40]). As a result one obtains

-1

* A - 2w N ~ A
D] <A + EI(NH)P) =i [q q . q Ip] , q:= A——l—ilp' (5.59)
Moreover, we get
-1
oF A+&I(NH> d, = 2 @' -1)@G-1,)". (5.60)
) P irA P P

| .
Let A =i (Z + 1) ,ie., z= (%) . Then, we derive from (5.60) that
—i

1 —1
((I)f (A + %I(NH),,> q>1> = (=" +0 (7)1, (z—0). (5.61)
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Taking into account (5.59) and (5.61), we rewrite (5.58) as

H<P (i (Z+ 1)) +i(l=2)[I, , 2, ..] <I)2(N)H o) (5.62)

z—1

for z — 0. From (5.13) and (5.62) it follows that ®,(N) = ®@,, i.e., (5.41) is true. As
®;(N) = ®; and ®,(N) = ®,, so I1I(N) = IT and formula (5.26) is finally proved.
O

DEFINITION 5.3. Let the matrices Cj satisfy (5.10). Then, a p x p matrix
function ¢ is said to be a Weyl function for system (1.2) on the interval 0 < k < N,
if @ is holomorphic in C_ and admits representation (5.7), where the pair [R, Q] is
meromorphic in C_ , well-defined at A = —i, and nonsingular with j-property, i.e.,

R(A)"R(A) +Q(4)"Q(A) >0, R(A)"R(A) < Q(A)"Q(A). (5.63)

The set of Weyl functions is denoted by .4 (N).
Using notation (5.8), we deduce from (4.2) the inequality

gAMWW (M) <J, A eC_. (5.64)

According to [34] we can change the order of factors in (5.64):

g (M) I (L) <j, A eC_. (5.65)
Moreover, after excluding A = —i, the inequality is strict
g (AT (L) <j, AeC_\—i (5.66)

In view of (1.2), (5.8), (5.4), and (5.5), at A = —i we get
N
W (i) = KW ()" = (=2 'k T (BiBo) - (5.67)
k=0

From the second relation in (5.3) and from (5.63) we, analogously to the proof of (5.6),
derive:

det(l, Bif; #0, det BB, #0, det BNJ{’;&?) ] #£0.  (5.68)

By (5.67) and (5.68) the next proposition is valid.

PROPOSITION 5.4.  Let the pair [R, Q] satisfy (5.63) Then inequality (5.11) is
fulfilled.

By Proposition 5.4 and the proof of Theorem 5.2 we get a corollary.
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COROLLARY 5.5. Weyl functions of system (1.2), which satisfies conditions (5.10),
are Herglotz functions and admit the Taylor representation

o (1(Z55)) = =i o (= oo o = w2 + 0,

z—1
(5.69)
where 7 — 0 and the p X p matrices Yy are the blocks of
Yo
o= | " | =v_(v)IB(N). (5.70)
YN

Proof. From (5.7), (5.63) and (5.65) it follows that

I

ie.,, Sp(A) <0 for A € C_, and so ¢ is a Herglotz function.

By Proposition 5.4 the Weyl functions satisfy conditions of Theorem 5.2. Then,
by the second relation in (5.13) we have representation (5.69) of ¢ via the blocks of
®, . By the proof of Theorem 5.2 we get also @, = ®,(N), i.e., (5.70) holds. Here
V_(N) and B(N) are recovered from the matrices (k) and donotdependon ¢. O

REMARK 5.6. As Weyl functions ¢ satisfy conditions of Theorem 5.2, so the
procedure given in Theorem 5.2 provides a recovery of system (1.2) from a Weyl
function (i.e., provides a solution of the inverse problem on a finite interval).

The following proposition is also true:

PROPOSITION 5.7.  The set A (N) (N > M) is imbedded in N (M), i.e.,
N (N) C N (M).

Proof. By (4.2) we have
g W1 (A) W1 (A) < g Wi () jWaria (), A € Coo (5.71)
Insert the length N of the interval into the notation % :
W(N,A) =W (L) = KWy (A)". (5.72)
From (5.71) and (5.72) it follows that
qOY (WM AN P MA)THNA) <G (5T3)

Moreover, in view of (1.2) and (5.72) we have
al i
1 o e .
w27 w2y = [T (et 7 Cy) (5.74)

k=M+1
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and the expression on the left-hand side of (5.74) is analytic at A = —i. Suppose now
that ¢ € A(N) is a Weyl function generated by some pair [R, Q], which satisfies
(5.63). Then, according to (5.63), (5.73) and (5.74) the pair

S lrmoen (] o

satisfies conditions of Definition 5.3 too. Moreover, it is easy to see that

i (W51 2)R(G) + 2 (M,2)0() ) (#aa (M 2)R(Z) + Hi2(M, 2)0(A))

— § (W31 (N, MIR(L) + W5 (N, A)O(A)) (Fia (N, MIR(R) + Fia(N, 2)0(A)) |
= ¢(4),
which completes the proof. |

5.76)

Theorem 5.2 and Proposition 5.7 imply a Borg-Marchenko type result:

THEOREM 5.8. Let @ and @ be Weyl functions of the two discrete Dirac-type
systems (1.2), which satisfy conditions (5.1 0). Denote by Cy (0 < k < N )the potentials
Cy of the first system and by Cr (0 < k < N) the potentials of the second system.

Denote the Taylor coefficients of t(p( (ﬁ)) and l(p( (ZH)) at 7 =0 by {04}
and {0y}, respectively, and assume that oy = 0 forall k < N < min{ﬁ ,]V +. Then
we have Cy = Cy for k < N

Proof. According to Proposition 5.7, ¢ and ¢ are Weyl functions of the first
and second systems, respectively, on the interval 0 < k < N. By Theorem 5.2 these
systems on the interval 0 < k£ < N are uniquely recovered by the first N + 1 Taylor
coefficients of the Weyl functions. (]

The present interest in the Borg-Marchenko type uniqueness results was initiated by
a series of papers by F. Gesztesy, B. Simon and coauthors (see, for instance, [28, 46]).
Further results and various references, including the most recent ones, one can find
n [12, 13]. Both local and global versions of the Borg-Marchenko type uniqueness
theorems for CMV operators were obtained in [13]. A procedure for the unique recovery
of the reflectionless matrix-valued Jacobi operators from their spectrum was given in
[12]. (The characterisation of the non-unique recovery of the related reflectionless
supersymmetric Dirac operators was given in [12] too.) One can also find in [12] the
results on the asymptotic expansions of the half and full-line Weyl-Titchmarsh functions
for Jacobi operators and supersymmetric Dirac operators. In the next Section we shall
treat the expansions of the Weyl functions for our systems (1.2) and their connections
with the Toeplitz matrices.

6. Toeplitz matrices and Dirac systems on the semiaxis

By [36], p. 116 it is easy to recover a block Toeplitz matrix S which satisfies
(5.15), where the blocks ®; and ®, of IT are given by (5.13). Namely, we have

S={s}jcor sax=0=s5 (k>0), s50=155=00+0. (6.1)
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Moreover, this S is a unique solution of (5.15). A description of all extensions of S
preserving the number of negative eigenvalues, which uses the transfer matrix function
wa , is given in [36] (see also Theorem 4.1 in [40]). It is given in terms of the linear
fractional transformation

o~ ~

3) = (RGwi () + 0w (1)) (R win(d) + 0pwn(h).  (62)

where {wy;(A)}7;_; = wa(N, L), the transfer matrix function wy is defined by formula
(2.23), and the meromorphic pairs [ﬁ, Q} have J -property, i.e.,

o~ o~ o~

RAR(A)* +0(M)0(A)* >0,  R(A)OA)*+0(ARA)* >0, AeC,. (6.3)

i(z+1)
2(z — 1))

In particular, for the case S > 0, which s treated here, the matrix functions 0 (—
are always analytic at z = 0 and admit the Taylor representation
N i(z+1
o -+l
2(z—1)

Our next statement is a reformulation of Theorem 4.1 [40] for the subcase S > 0.

) =5 —|—§_1Z+3‘\_2Z2—|—... (6.4)

THEOREM 6.1. Assume that S = {sj—k}gj:o > 0, and fix o suchthat oo+ of =
so. Using (5.13), (5.43), and (6.1) introduce T1 = [®; @;] and {wkj(/l)},%FI =
wa(N,A). Now, let matrix functions @ be given by (6.2), where the pairs [I/Q\, Q}
satisfy (6.3) and are well defined at A = % Then the Taylor coefficients 5_; at z =0
i(z+1)
2(z—1)

./S‘\_k =S5k (0 <k< N), A() Q. (65)

of the matrix functions @ <— ) satisfy relations

Moreover, putting s_y = s*, = 5_x for k > N, we have {Sj—k}%j:o > 0 for all

i(z+1)
2(z—1)
generate nonnegative extensions of S. All the nonnegative extensions of S are generated
in this way.

M > N. Inother words, the Taylor coefficients of the matrix functions @ <

For results related to Theorem 6.1 we refer to the series of papers [20].
Taking into account that wa (N, A )Jwa (N, A)* = J, we derive the equality ¢ = @
for the matrix function

5) = — (wlD) R +wn (@) 0 ) (wn () RA) v (1)*0()) . (66)
where
R(A)*R(A) +O(A)*Q(A) >0,  R(A)Q(A)+ OA)R(A) =0, AeC,. (6.7)
Notice also that relations (6.3) and (6.7) yield
R(2)*Q(A) + O(A)"R(A) <0, (6.8)
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and vice versa relations (6.7) and (6.8) yield the second relation in (6.3). Hence,
Theorem 6.1 can be reformulated in terms of the linear fractional transformations (6.6),
where [R, Q] have J-property (6.8). Finally, use (5.8), (5.9) and (5.42) to rewrite
(5.7) in the form

(%) = = (wia(=7/2) R(=2/2) + waa(~3/2)*0(~2/2))

o o L (69
x (win(=7/2)°R(=2./2) + wa (-7/2)°0(~2/2))
where we put N
R(-2/2) 1 _ [ R
S =K G | (6.10)

Here, formula (6.10) is a one to one mapping of the pairs satisfying (5.63) into pairs
satisfying the first relation in (6.7) and relation (6.8). By (6.6) and (6.9) we have
~ i 1 ~ i 1 1

) ( iz +1) > =0 ( iz+1) > = i@ (i (2+ )) Therefore Theorem 6.1 can be

2(z—1) 2(z—1) (z—1)
rewritten.

THEOREM 6.2. Assume that S = {sj_k}%:o > 0, fix ap such that o+ of = so,
and introduce W via (5.8) and (5.42). Let matrix functions @ be given by (5.7), where
the pairs [R, Q] satisfy (5.63) and are well definedat A = —i. Then ip(—i) = o, and

(z+1)
(Z—l))

O = S—k (O<k<N) (611)
Moreover, putting s_y = s; = o for k > N, we have {sj_k}%zo >0 forall M > N.
(z+1)
(z—1)

nonnegative extensions of S. All the nonnegative extensions of S are generated in this
way.

the next following Taylor coefficients o at z = 0 ofthe matrix functions i (i

satisfy the relations

In other words, the Taylor coefficients of the matrix functions i@ (i generate

REMARK 6.3. By Definition 5.3 and Theorem 6.2 the Weyl functions from the
Weyl disk .#'(N) generate all the nonnegative extensions of S . It provides, in particular,
an alternative proof of Proposition 5.7.

Consider system (1.2), which satisfies (5.10) on the semiaxis k € {0,1,2,...}.
Recall that the equalities in (5.10) are equivalentto Cy > 0, CyjCy = j, and that (k)
in (5.10) is given by the formulas B(k) = B(k)K* and (5.1).

THEOREM 6.4. Let system (1.2) be given on the semiaxis k € {0,1,2,...} and

let matrices Cy satisfy (5.10). Then, there is a unique function @, which belongs to
all the Weyl discs N (N):

(A (N) = ¢. (6.12)

Proof. According to Corollary 5.5 the matrices {C,}Y_, (N < 0o ) or equivalently
the matrices {B(k)}Y_, uniquely define the blocks {s_x}% ., where s_x = o =
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Wi — Yi—; for k > 0 and so = o + of (0 = Wy ). Moreover, by Proposition 5.7
these s_; donotdependon N > k, and so system (1.2) on the semiaxis determines an
infinite sequence {s_¢}°,. By Theorem 5.2 we have {s;_};;_o > 0 forall N > 0.
Apply now Theorem 6.2 to see that

ip (igjg)—%+iskzk—i(pm <ZE§J—FB>’ (6.13)

k=1

i.e., this @ belongs to (\y_,-/# (N). Moreover, as the sequence {s_x};°, is unique,
so by Theorem 6.2 the function ¢ € (N, -4 (N) is unique. O

Recall that a Weyl function on the semiaxis is defined by Definition 4.8, where K
is given by formula (4.27). Theorem 6.4 yields our next result.

THEOREM 6.5. Let system (1.2) be given on the semiaxis k > 0 and let matrices
Cy satisfy (5.10). Then, the matrix function Qs given by (6.12) is the unique Weyl
function of system (1.2) on the semiaxis.

Proof. By (5.7) and (6.12), we have

{KPZ(M ] 1) {I;((/}t)) } (6.14)

for all » > 0 and for some depending on r pairs [R, O], which satisfy (5.63). In view
of (5.8), (5.9), (5.51), and (6.14) we obtain

[0 (2)" 1) (a(A) T KWyi1 (A)jWria (MK = J) {i(p}j (M]

(6.15)
. . AR R RO
—i(0ml2) = 00+ (s )RR 0l | 53 .
Now, formulas (5.63) and (6.15) imply
1o (2)" 1) (a2 KWy () W1 (MK =) [_"”? (M]
p (6.16)
<i(0(2) ~ 9 (2)").
It follows from (4.2) and (6.16) that
Sli0n2) BlaG KWy Cowih)ke | )]
k=0 y ! (6.17)
<BE (02— 9u20).

Finally, by (6.17) the inequality (4.26) is immediate, and @, given by (6.12) is a Weyl
function.
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To prove the uniqueness of the Weyl function notice that by Proposition 3.2 and
by relation (4.3) we have

GFWECW = ¢ WEWe > ¢ IWE W > > WEiWo =) (A € C_). (6.18)

Hence, in view of (6.18) we obtain

r

Sl g KW CK | | =204 1,
k=0 P

and it follows that

Bl EwG ek | 7 | = . (6.19)
k=0 P

Taking into account Definition 4.8 and inequality (6.19), we can show the uniqueness
of the Weyl function similar to the proof of the uniqueness in Theorem 4.2. (]
Now, we formulate a solution of the inverse problem.
THEOREM 6.6. The set of the Weyl functions @(A) of systems (1.2), given on the

semiaxis k > 0 and such that the matrices Cy satisfy (5.10), coincides with the set of
functions @ such that

i i(ZJrl) = oos k
<p<(z_l)> aﬁé . (6.20)

are Caratheodory matrix functions in the unit disk and {sj_k}ﬁ 0 > 0 forall 0 <
N < oo (so:= o+ ). These systems (1.2) are uniquely recovered from their Weyl
functions via the procedure given in Theorem 5.2.

Proof. According to Theorem 6.5 the Weyl function on the semiaxis is also a Weyl
function on the intervals. Hence, the procedure to construct a solution of the inverse
problem follows from Theorem 5.2. It follows from Theorem 5.2 also, that the matrices
{si—c}¥ —o generated by the Weyl functions are positive definite.

Hence, it remains to show that all the functions such that (6.20) holds and
{si—k}tj—o > 0 (r = 0) are Weyl functions. Indeed, fixing such a matrix func-
tion ¢, we get a sequence of matrices S(r) = {sj—x};,_o > 0. Therefore we get a
sequence of the transfer matrix functions wa(r,A) of the form (5.43), where

I, o
ne) = | %ts , (6.21)
Ip Oy +s—_1+...+5_,

and (5.24) holds. Compare formulas (5.43) (r = 0) and (5.49), and compare also
formulas (5.45) and (5.48) to get

B(r)*B(r) = TI(r)*S(r)~'P* (PS(;’)_IP*)i1 PS(r)~'TI(r) (r = 0). (6.22)
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In view of the matrix identity (5.24) we have

PS(r) T S() ™ P* = —iP(S()"A() = A()*S(r) ™) P*

(6.23)
= PS(r)~'P*.

Thus, we can put

B(r) == (PS(r)~'P*) 2 PS(r)"'TI(r) (r > 0), (6.24)

so that the matrices §(r) will satisfy (6.22) and the second relation in (5.10). Therefore
formulas C, = 2Kf(r)*B(r)K —j define a system of our class on the semiaxis. Similar
to the proof of Theorem 5.2 we derive from (6.22) the equality (5.42). Compare now
Definition 5.3 and Theorem 6.2 to see that ¢ € A4 (N) for any N. According to
Theorems 6.4 and 6.5 it means that ¢ is the Weyl function. ]

Formula (6.24) provides a somewhat different way in comparison with formulas
(5.16) and (5.18) way to recover system (1.2).

Finally, consider the upper halfplane and define holomorphic Weyl functions in
C, viarelations (4.26) and (4.27), too. Put

FN) = {o)* : 9 € ¥ (N)}. (6.25)

REMARK 6.7. Similar to the proof that ¢ = @, where @ and @ are given by (6.2)
and (6.6), respectively, one can show that the set .4 (N) consists of linear fractional
transformations (5.7), where the pairs [R, Q] are meromorphicin C; , are well defined
at A = i, and have the property

R(A)'R(A) +0(A)"Q(A) >0, R(A)'R(A) = Q(A)"Q(4), A cCy. (6.26)

In view of Remark 6.7, we obtain in C, the analog of Theorem 6.5, and the proof is
similar.

THEOREM 6.8.  Let system (1.2) be given on the semiaxis k = 0 and let matrices
Cy satisfy (5.10). Then, the matrix function Qoo(A)* = (oA (N) is the unique
Weyl function in C of system (1.2) on the semiaxis.

Proof. Substitute ¢, (A)* instead of ¢, () into (6.15) and take into account
(6.26) to derive

[i9sc(A) 1) (J*Q(A)rHKWrH()L)*J'Wrﬂ(/l)K*) {_iq)z(x)*}

(6.27)
<i(Pa(®) = 9 (2)").

Now, inequalities (6.17) and (4.26) are straightforward, i.e., oo (A )* isa Weyl function.
Instead of (6.18) we use the inequality

AV WAV CW(A) = —qA) Wi(A)5Wi(A) = —j (A € Cy),  (6.28)
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which yields inequality

St~ plarewamre [ < 29
k=0 P
The uniqueness of the Weyl function follows from (6.29) O

Theorem 6.8 for the scalar case p = 1 has been proved earlier in [25, 31] (see also
Theorem 3.2.11 [47]).
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