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A NOTE ON APPROXIMATE LIFTINGS

DON HADWIN AND WEIHUA LI

Abstract. In this paper, we prove approximate lifting results in the C ∗ -algebra and von Neumann
algebra settings. In the C∗ -algebra setting, we show that two (weakly) semiprojective unital
C*-algebras, each generated by n projections, can be glued together with partial isometries to
define a larger (weakly) semiprojective algebra. In the von Neumann algebra setting, we prove
lifting theorems for trace-preserving *-homomorphisms from abelian von Neumann algebras
or hyperfinite von Neumann algebras into ultraproducts. We also extend a classical result of
S. Sakai [16] by showing that a tracial ultraproduct of C*-algebras is a von Neumann algebra,
which yields a generalization of Lin’s theorem [12] on almost commuting selfadjoint operators
with respect to ‖ ·‖p on any unital C*-algebra with trace.

Mathematics subject classification (2000): 46L05, 46L10.
Keywords and phrases: Semiprojective C ∗ -algebra, weakly semiprojective C∗ -algebra, ultraproduct,

von Neumann algebra.

RE F ER EN C ES

[1] B. BLACKADAR, Shape theory for C ∗ -algebras, Math. Scand., 56 (1985), 249–275.
[2] L. G. BROWN, R. G. DOUGLAS, AND P. A. FILLMORE, Unitary equivalence modulo the compact

operators and extensions of C∗ -algebras, Lecture Notes in Math., Vol. 345, Springer, Berlin, 1973.
[3] A. CONNES, Outer conjugacy classes of automorphisms of factors, Ann. Scient. Ec. Norm. Sup., 8

(1975), 383–420.
[4] E. G. EFFROS AND J. KAMINKER, Some homotopy and shape computations, Group Representations,

Ergodic Theory, Operator Algebras and Mathematical Physics, Springer-Verlag, 1986.
[5] S. EILERS AND T. A. LORING, Computing contingencies for stable relations, Internat. J. Math., 3 10

(1999), 301–326.
[6] P. FRIIS AND M. RØRDAM, Almost commuting self-adjoint matrices-a short proof of Huaxin Lin’s

theorem, J. Reine Angew. Math., 479 (1996), 121–131.
[7] L. GE AND D. HADWIN, Ultraproducts of C∗ -algebras. Recent advances in operator theory and

related topics (Szeged, 1999), Oper. Theory Adv. Appl., 127 (2001), Birkh äuser, Basel, 305–326.
[8] U. HAAGERUP AND S. THORBJØRNSEN, A new application of random matrices: Ext(Cr * (F2)) is

not a group, Ann. of Math., 162 2 (2) (2005), 711–775.
[9] D. HADWIN, Free entropy and approximate equivalence in von Neumann algebras, Operator algebras

and operator theory (Shanghai,1997), Contemp. Math., 228, 111–131, Amer. Math. Soc., Providence,
RI, 1998.

[10] D. HADWIN, L. KAONGA AND B. MATHES, Noncommutative continuous functions, J. Korean Math.
Soc., 40 5 (2003), 789–830.

[11] D. HADWIN AND J. SHEN, Free orbit dimension of finite von Neumann algebras, J. Funct. Anal., 249
1 (2007), 75–91.

[12] H. LIN, Almost commuting selfadjoint matrices and applications, Operator algebras and their applica-
tions (Waterloo, ON, 1994/1995) 193–233, Fields Inst. Commun., 13, Amer. Math. Soc., Providence,
RI, 1997.

[13] T. A. LORING, Lifting solutions to perturbing problems in C∗ -algebras, Fields Institute Monographs,
8, American Mathematical Society, Providence, RI, 1997.

[14] T. A. LORING, C∗ -algebras that are only weakly semiprojective, Proc. Amer. Math. Soc., 126 9
(1998), 2713–2715.

c© � � , Zagreb
Paper OaM-03-06



126 DON HADWIN AND WEIHUA LI

[15] K. MCCLANAHAN, C*-algebras generated by elements of a unitary matrix, J. Funct. Anal., 107 2
(1992), 439–457.

[16] S. SAKAI, The theory of W ∗ -algebras, Lecture Notes, Yale University, 1962.
[17] D. VOICULESCU, Asymptotically commuting finite rank unitaries without commuting approximants,

Acta Sci. Math.(Szeged), 451 (1983), 429–431.

Operators and Matrices
www.ele-math.com
oam@ele-math.com


