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ON THE SPECTRUM OF TOEPLITZ OPERATORS
WITH QUASI-HOMOGENEOUS SYMBOLS

BARUSSEAU BENOIT

(Communicated by L. Rodman)

Abstract. In this paper, we fully describe the spectrum of a Toeplitz operator with quasi-homo-
geneous symbol and give formulas for the calculation of the spectral radius in the case where it
is maximal. Finally, Theorem 4 gives equivalent conditions on the quasi-homogeneous function
F to have ||Tr|| = ||F||-. As a corollary we obtain some necessary and sufficient conditions for
such Toeplitz operators to verify the equality o(7r) = F(D).

1. Introduction

Let dA denote the normalized Lebesgue area measure on the unit disc ID. The
Bergman space Lg is the Hilbert space consisting of analytic functions which are con-
tained in L?(ID, dA). We recall some basic facts about 2. The scalar product of two
functions in L?(ID,dA) is defined by

g) = /D F@)2@ A ().

The sequence (e,),en Where e, = v/n+ 17", is an orthonormal basis of L2 and L2
m. So, denoting Pl the
orthogonal projection from L?(ID,dA) onto L2, foreach f € L?(ID,dA), forall z€ D,

we have , L
PR()(E) = [ FOnRdA ()

For F € L*(D,dA), we define the Toeplitz operator with symbol F, Tr : L2 — L2
by the equation

is an Hilbert space with a reproducing kernel K (w) =

Tr(8)(2) = PR(Fg) ) = [ Fwig(w)Ke(w)dA (v).

We are particularly interested in a certain class of symbols: the bounded quasi-homo-
geneous functions defined and studied in [6] and [12]. We recall the definition in the
bounded case:
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DEFINITION 1. A function F' € L*(ID,dA) is said to be m-quasi-homogeneous if
there exists f € L*(0,1) and m € Z* such that

Vz € D,F(z) = f(|z])e™mAel) (1)

In this case we write F ~ (f,m) and f is the radial part of F. If (1) holds for m =0,
F is said to be radial. Let us remark that ||F||e = || f]|c-

For F € I*(D,dA), F(D) denotes the essential range of F defined by
F(D)={z€C:Ve>0,dA(F ' (D(z,¢)) >0}

where D(z,e) ={weC:|w—z| <¢€}.

Finally, for an operator T, we denote o(7T') the spectrum of T, 0,(T) its essential
spectrum and ||T||, = infge ||T — K||, the essential norm of T

In the following, we first show that the spectrum of Tr is a closed disc for any
quasi-homogeneous symbol F. Then we give conditions for the spectral radius of Tr
to be maximal, this means it is equal to ||F||.. These conditions depend on the Berezin
transform, the mean value of the radial part of F near the boundary of DD, and other
quantities which are related to the compacity (see [1], [5], [13]).

Moreover, while solving our question we obtain equivalent conditions for Tr to
verify ||Tr|| = ||F||. Remark that on the Hardy space, if F € L”(T) then we have
| TF|le = || T || = || F || (see [8]) . This implies that the only compact Toeplitz operators
on the Hardy space are the null ones. On the Bergman space, the same equality is true
considering [14] bounded harmonic functions over ID. The double equality ||7¢||. =
||Tr|| = || F||- does not hold for all Toeplitz operators with quasi-homogeneous or radial
symbols. In fact, if F is a bounded quasi-homogeneous function then ||Tr ||, = ||F||
if and only if ||7r| = ||F|| and so we see that there is no compact Toeplitz operator
with “maximal” norm.

In the final section, we answer the question: for which quasi-homogeneous symbol
F, is the equality o(7r) = F(ID) true? This question is quite natural because there is
an obvious link between the range of F' and the spectrum of 7. Indeeign the Hardy
space, 2, if F is a continuous bounded function on T then o(Tr) = F(T) the region
bounded by the closed curve F(T) (see [3]) and the essential spectrum is just F(T)
[11]. On the Bergman space, similar results have been obtained by G.McDonald and
C.Sundberg [7]. They show that if F is a bounded harmonic function continuous on
D then o,(Tr) = F*(T), where F* denotes the extension of F to T. Thus, if, in
addition, F is real valued then o (7r) = 0.(Tr) = F(D). Finally, if F is a bounded
analytic function then T is just the associated multiplication operator, so it is easy to
prove that o(7TF) = F(D).

2. The spectrum of Ty

In this part, we show that the spectrum of 77 in the quasi-homogeneous case is
always a disc. Before this, we recall a definition:
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DEFINITION 2. Let (a,)sen be acomplex sequence and E be a separable Hilbert
space. An operator T on E is said to be a weighted shift on E with weight (a,),en if
and only if there exists a basis (v,),en of E such that

Tv, = apvp+1.

Let us describe Tr in terms of weighted shifts over subspaces of Lg :

PROPOSITION 1. Let F be a bounded m-quasi-homogeneous symbol.
(1) If m > 1 then Tf is the direct sum of weighted shifts.

(2) If m < —1 then Tg is the direct sum of weighted shifts.

Proof. Let F be a bounded m-quasi-homogeneous function with F ~ (f,m). An
easy calculation of the scalar product shows that: (Trey,ex) =0 if k # n+m and

TFe,, = Cn(F)€n+m (2)
where

1
cu(F) =2v/n+ IWntm+1 / £l gy
0

and ¢,(F) =0 if n+m < 0. Now:
» if m =1, itis clear that TF is a weighted shift with weight (¢, (F))en -
» if m > 1, for any integer j € {0,...,m — 1}, we denote

Hj = Vect(ej,ej+m7 e s Citnmy - - )
and TF,; the restriction of Tr to H;. Then, we have
Tr jej+nm = Cjtnm(F)ejrnmm = €jtnm(F )€t (nr1ym-

Thus Tr; is a weighted shift on H; with weight (¢ um(F))sen . Moreover, it is clear
that
Lg =Hy®...®Hy_1, where the H;’s are orthogonal. And Tr ;H; C H;, thus

Tr =Tr0®...0Tr;® ... Trm-1-
L if m < —1, itis easy to see that T = Tz and since F(z) = f(|z])e~ imAre()
F ~ (f,—m), so the previous case allows us to conclude. [J

The quantity fol f(r)r"~'dr is called the n-th order Mellin coefficient of f. To find
o(Tr), we will use the following result, obtained by A. Shields, which characterizes
the spectrum of weighted shifts.
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THEOREM 1. [9] Let H be a separable Hilbert space and S a weighted shift with
weight (d,)nen over H. Then o(S) is the closed disc with center 0 and radius p(S)
where p(S) is the spectral radius of S. Moreover, we have

1

. e
p(S) = lim (sup dn...dn+k...d,,+p|) .

P \neN

Finally, we have the following proposition:

PROPOSITION 2. Let F' be a bounded m-quasi-homogeneous function, then we
have .
o(Tr) = p(F)D, ®)

where p(F) = maxo j<|m—1 0j(F) and

pj(F) = I}i_l}}o(sggﬂcﬁmm\(m e i k)l (F) € (e py g (F) )P,

Proof. We consider the case m > 1. Let F be a bounded quasi-homogeneous
function with  F ~ (f,m). Then, by Proposition 1, we have the decomposition
Tr=Tro®...®TF;D...®& Trm—1 where the Tr; are weighted shifts with weight
(Cj+nm(F))nen . The sum is direct so we can write

o(fr)= U o(Tr)).

0<j<m—1
Using this and the previous theorem we have
o(Tr,;) = p(Tr,;)D,0 < j <m—1

thus, denoting p;(F) := p(TF,j), we have

o(Tr) =, max_ p;(F)D

If m < —1, then Tf = T so o(Tr) = o(Tf) = o(T). But, F is (—m)-quasi-
homogeneous and by the reasoning above, we have ¢(TF) = pDD, and we can con-
clude. [

From the discussion above, we know that o(7r) = o(T%). Moreover F is m-
quasi-homogeneous if and only if F is (-m)-quasi-homogeneous. Thus, since we
are interested in o(7f), in the following, we give results only for F a m-quasi-
homogeneous function where m > 1 and let the reader deduce the corresponding results
form< —1.

On the Hardy space the spectrum and the essential spectrum of a Toeplitz operator
with bounded symbol are always connected (see [3] and [11]). On the other hand, on
the Bergman space McDonald and Sundberg show in [7] that if ¢ is harmonic on D
and real or piecewise continuous on the boundary then the essential spectrum of 7, is
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connected. Grudsky and Vasilevski have proved in [4] that this is true for any Toeplitz
operator with radial symbol. The previous proposition shows that the spectrum of a
Toeplitz operator with quasi-homogeneous symbol is always connected. Notice that in
[10], Sundberg and Zheng gave an example of a harmonic symbol ¢ such that T;, has
disconnected spectrum and essential spectrum.

3. Calculation of p(F)

In this section, we simplify the expression of p(F) wich depends on (¢, (F))nen
and we give a simpler characterization depending on the limit points of the sequence

Colf) = (n—|—1)/01f(r)r"dr.

Now, by equation (2) we have,

1 .
Vn e N, Cj+nm(F) ZZ\/J+nm+ 1\/j+nm—|—m+ 1/ f(r)r2(1+nm)+m+ldr'
0

One can verify that Vim € N

Contm+1(f) ~cn(F) asn — oo, 4)

we prove a simple lemma.
LEMMA 1. Let f € L*(0,1), me€ N* and F ~ (f,m). Then

lim C(f) — Cpy1 (f) =0 (5)

n—oo
and
lim ¢, (F) — cy+1(F) =0.

n—oo

Proof. The proof of (5) can be found in [4]. Now, equation (4) and the bounded-
ness of (C,(f))nen imply that

lim ¢, (F) —Cnt1 (F) = r}i_IEOCZHerJrl (f) —Congmy3 (f)a

n—oo
so, by equation (5), we have

lim ¢, (F) — ¢y+1(F) = 0. O

n—oo
Finally, let us state the main theorem of this section.

THEOREM 2. Let f € L*(0,1), m a non negative integer with F ~ (f,m), and
1 > 0. The following assertions are equivalent:

(1) max;p;(F)=1;
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(2) limsup,_,.,|c,(F)|=1;

(3) limsup,_...|C.(f)| =1.

Proof. We use the following general result: Let [ > 0, if (X,)nen is a sequence
of positive real numbers such that lim,_. X, — X, = 0, then for all p,q € N* x N,
(Xn)nen and (Xpu14)nen have the same limit points and in particular we have

limsupX, = <= limsup X, =[.(*)

n—oo n—oo

Now we can prove the theorem.
» (2) <= (3). By the result above, we have that:

limsup|C, (f)| = I <= limsup [Commm+1(f)] =1,

so, by equations (x) and (4),

limsup |C,(f)| =1 <= limsup |Coptm+1(f)| =1 <= limsup|c,(f)| =1.

» (1) = (2). Suppose that limsup,, |c,(F)| </, then forall 0 < j <m—1,

lim sup ’c~,'+nm(F)| <.

n—oo

By equation (x) there exists & > 0 and nyg € IN such that forall 0 < j <m—1, we
have that
n>ny = |cjtam(F)| <1—¢&.

Thus Vn € N, p > ng imply
B np+1 p—n,

o p=rg
[jnm(F) - pym(F)) P < IF L™ (1= &) 77T

so that

1

) Pl
tim, (sgﬂg it F). -1 sl F) ..c,-+<n+p>m<F>|) <l
Andso, forall 0 < j<m—1, pj(F) <l—¢g.

By the same reasoning, if we suppose limsup,, |c,(F)| >, we obtain that p;(F) >
[. This contradicts (1).

» (2) = (1). Now suppose assertion (2) true. Then by (x)

limsup [¢pm(F)| = 1.

n—oo
So, let (¥.)nen be a strictly increasing sequence of integers such that

1im |cy,m(F)| = 1. 6)

n—oo
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Let € > 0, then by Lemma 1, we know that for all p € IN, there exists MI’, > 0 such
that
(n=>M, and 0 <k < p) = [eym(F) — Cpumrim (F)| < €.

Combining the previous equation and equation (6), it is clear that for all p € N* and
0 <k < p, there exists M), > 0 such that

‘CyMpm+km(F)| > |CYMpm(F)| - |C}’M,,m(F) - CyMpm+km(F)‘ >1-2e.

Then

1
sup |Cnm(F) . ~~Cnm+pm(F)’l/(p+l) 2 ) e 2 ) _257

CYM,,m (F) cee CYM,, m+pm (F)
neN

and so for all € >0, po(F) >1—2¢.
Moreover, there exists ng such that n > ng = |cym(F)| <1+ €. Thus for p >ng

we have
ng+1

1/(p+1 T o
sug|cnm(F)...c(,,+p)m(F)| /D) R (1 e) 7
ne

This implies po(F)=1. O

Let F be a bounded quasi-homogeneous function with F ~ (f,m). Then TF is
compact if and only if lim, _...c,(F) =0 and Ty is compact if and only if lim, ... C,(f)
= 0. Taking [ = 0 in Theorem 2, we have that Tr is compact if and only if T is
compact.

The following corollary is an immediate consequence of Proposition 2 and Theo-
rem 2.

COROLLARY 1. Let F be a bounded m-quasi-homogeneous function and F ~
(f,m) then -
o (Tr) = limsup|C,(f)|D.

Now we give some more effective ways for calculating the spectral radius in the
case where it is equal to ||F||. We are looking for conditions equivalent to equation

limsup,_... |Ca(f)] = || f]oe-

4. Equivalent conditions to p(7r) = ||F||c

In this section, we first give some simple conditions which imply p(F) = ||F ||«
(which we have already shown to be equivalent to limsup,,_... |C,(f)| = ||f|l-)- First,
we establish an important inequality concerning some conditions which can be linked
to the compacity problem.

DEFINITION 3. We denote by k, the normalized reproducing kernel on L2, so

k,(w) = LGP et F e L~(ID,dA), the Berezin transform of F denoted F is defined
< (1-zw)2
by:

(1—zP)?

VzG]]),F(z)z(FkZ7kz>=/]DF(W) T wf

dA(w).
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For f € L*(0,1), we define the Berezin transform of f to be the Berezin transform of
F~ (£,0) thus V2 € D, F(2) = Jp f(1w]) i aAw).

[1—zw[*

The Berezin transform can be used to characterize compact Toeplitz operators. In
[5], Korenblum and Zhu gave some equivalent conditions for a Toeplitz operator with
radial symbol to be compact.

THEOREM 3. [5] Let f € L=(0,1) the following three assertions are equivalent:
(1) limy—oo(n+1) fy f()r"dt =
(2) lime_y 1 [ f(t)dt =0;

3) lim._op f(2) =0

Let F € L”(D,dA). In [1], S. Axler and D. Zheng give the following condition
on the Berezin transform: limy_,; F(z) = 0 < Tr is compact .In the radial case,
F ~ (f,0) with f € L'([0,1],dA), S. Grudsky and N. Vasilevski study in [4] the case
where F is aradial L' function.

It is easy to obtain the same type of result concerning the radial part of the function
in the quasi-homogeneous case.

Now, we give some properties concerning the Berezin transform of quasi-homo-
geneous functions. The following lemma is proved by Z. Cu¢kovi in [2].

LEMMA 2. Let F € _L°°(ID) be a bounded m-quasi-homogeneous function such
that F ~ (f,m), if z=Re'® then

n(n+|m|)

F(z) =2(1—R*)?RI"¢m0 2 Erawm

Conp ) (F)RF.

Notice that this lemma tells us that the Berezin transform of a m-quasi-homogeneous
function is another m-quasi-homogeneous function. But even if Fy ~ (f,0) and F,, ~
(f,m) we see that Fy and £, do not have the same radial part. Despite this fact, we
show that £ and F;, have the same “values” near the boundary of the disc ID.

LEMMA 3. Let F be a bounded quasi-homogeneous function, F ~ (f,m). We
have

lim |F(z)| = [/(z)| =

z—dD
In particular, we have
limsup | f(r)| = limsup|F (z)|.
r—1 z—dD

Proof. We will show that

lim||F (R)] | 7(R)|R"| =o0.
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It is equivalent to show that

tim [1F (@)= 17@)] x |2"| <o,

which easily implies the desired result.
By Lemma 2, if z =R, we have

_ ] +{m|) n? )
F(R)| ~ [F(RIR™| <2(1- B2 ntlm) (. ()| R 2
FR)| - 1FR) P 3 e o) = gy o)
Now, let &€ > 0. Since the sequence (C,(f))nen is uniformly bounded, ;}fﬁl’ﬂ)l is

equivalent to #il and lim, e C,(f) — Cot1(f) = 0 ([4]), there exists M, > 0, such

that

n2

n(n+|m|) n
)
2n+1

> M = |2 ¢ -
n>Me = |1 e ) = 3

Con (f)‘ <

But this means that

i 7 m n+‘m| n— — n—
F(R)—|f(R)|R ‘\sz —R? 22 o 2R (1R Y, enk 2,
n=Mg

And taking the limit as R tends to 1, we see that the first term tends to 0. The second
one is smaller than the sum from indice O, thus

limsup |F(R) — | f(R)|R"!
R—1

< 1 l _R2 2 R2n—2 —
fim(1 = )" 3, enke ™ e
Finally, for all € > 0, we have

lim | |F(R)| ~ |F(RIR" | < e

and the lemma is proved. [

4.1. Sufficient conditions: some simple cases

Using Theorem 3, one can give some conditions which guarantee p(F) = ||F |-

PROPOSITION 3. Let F be a bounded m-quasi-homogeneous function and F ~
(f,m). If any of the following conditions is true ;

(1) lim,_; f(t) =L with L € |F||-T,
(2) lime_y 12 [ f(t)dt = L with L € ||F||T,
(3) lim,_,- f(r) =L with L € |F|..T,

then F verifies limsup |C,(f)| = ||F |-
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Proof. If lim,_,; f(¢) exists then it is easy to show that

lim C,(f) = lim (n+1) f "dt—hmf()

n—oo n—oo

Since Vn € N, Cy,(f —L) = Cy(f) — L, condition 1 implies the conclusion. Now, using
f— L= f—L and applying Theorem 3, it is clear that if either (2) or (3) is true, then

Iim [G(f)| = |Fll. O

The previous proposition deals with the case where (C,(f))sen has a limit. And
applying Proposition 3 condition 1, we have:

EXAMPLE.

(1) If F(z) = |z|f¢™A™2() where k € N* and m € Z* then o (TF) = F(D).

(2) Let F(z) = f(|z])eAe@ where f(r) = {g%rr)—iflolfgrr? 5% and g is a function
from [0,1] to [0,1]. Then F is quasi-homogeneous and o(7r) = F(D).

(3) Let F defined by Yz € D, F(z) = e™€@sin(1 — |z])*/(1 — |z|)P and o > B.
Then o(Tr) = F(D) if and only if ot = 3.
It is clear that if ot = B then lim,_,;sin(1— |z|)*/(1 —|z))} =1 = || F||...
If o > B then lim, .y sin(1 —|z[)*/(1 - |z])# = 0 and o(TF) = {0}.

4.2. Equivalent conditions

In this section, we prove the equivalence result which follows.
THEOREM 4. Let F be a bounded quasi-homogeneous function, f € L*(0,1) and
m € Z* such that F ~ (f,m). The following conditions are equivalent

a) |Trll = [1Flle

)
b) limsup,_yp |F( )| =
)

Cc

d) |Trlle = [1Fll;

limsup,_ o, | Trk:||» = HF”w;

e) limsup,_..|Ca(f)| = |
f) timsup, ., |t ! F(r)dr| = [|£]l--

Considering the equivalence between assertions a), b), ¢) and d), it is natural
to ask if we have the same equivalence for other F € L™ (D). In particular, it would
imply that in these cases a Toeplitz operator with maximal norm cannot be compact and
assertion b) would be equivalent to the condition that || Tr|| = ||F||«-

To prove this theorem, we need some tools. First, we give an important inequality:
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PROPOSITION 4. Let F ~ (f,m) a bounded quasi-homogeneous symbol, we have

(1) ||Tr||e = limsup |c,(F)|.

n—oo

(2) limsup |F(z)| < limsup||Trk; |2 < || T |l < hmsup

z—dD z—dD

r| e

/f

Proof. (1) If we denote by K, the compression of Tr to Span(l,z,...,z"), then
K, is compact. Since Tre, = ¢, (F)entm Vn € N, we have

ITr — K| = sup|cx(F)].

k>n

This implies that
IT7]le < limsup |cx(F)].

Next, we consider (V,)nen an strictly increasing sequence of integers such that
lim,, e |cy, (F)| = limsup,,_... |¢,(F)|. Since (ey,) converges weakly to 0, we have,
for any compact operator K, lim,_... ||Key,|| = 0 thus

Tim [[(T — K)ey, | = lim || Trey, | = lim |e, (F),

and so
limsup |¢,,(F)| < ||Tr — K.

Thus we have limsup,, |c,(F)| < ||7F||., completing the proof of the equality.
(2) Now, we prove the inequalities from left to right. First, we have

V2 € D,|F(2)] = (Fkz k)| = [(Trke, ko) < || Trke |2

This establishes the first inequality. Now, since k, weakly converges to 0 as z — dD,
we have that
limsup | Tk, |2 < inf [|Tr — K| = | T¢ .-
Kex

z—0dD
Finally, Theorem 2 implies

limsup |c,(F)| = limsup |C, (f)],

n—oo n—oo

and in the Theorem 3.3 of [4], S. Grudsky and N. Vasilevski show that
ICu(f)| < kn + constn®exp(—n'/3) VneN

where k, =sup,_, 23,4 = ful f(r)dr. Thus we see that

1
limsup |C, (f)] < limsup1

n—oo e—1

and the third relation is established. The last inequality is obvious since |F|l. =
1Al O3

As a consequence of this proposition, we have that b) = ¢) = d) = ¢) = f) in
Theorem 4. Next, we give some lemmas we will need to prove f) = b).
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4.2.1. Geometrical point of view.

REMARK. Let r € R* and let (X,).en be a complex sequence. If Vn € N,
|X,| < r, the following assertions are equivalent:

a)

limsup |X,| =7;

n—oo
b) there exists L € rT such that
liminf|X,, — L| = 0.
n—oo
This remark gives us an equivalent formulation for condition f) of Theorem 4 as
= 0 3

1 1
3L € | [T, limint 1—z/ (F(r)— L)dr
t— - '

and condition b) as
3L € |||l iminf | F(r) L] =0.
11—
NOTATION 1. For A C €, we denote by £ /(A) the convex hull of A.

In the following, u denotes the Lebesgue measure on R.

LEMMA 4. (First geometric lemma) Let E be a real measurable set with u(E) >0
and @ : E — R u-integrable on E such that [ pdu >0 and f € L™(E) then

odi L 0@)(@)du(w) € FEE)),
the closure of £ f(E).

Proof. This lemma is clear if ¢ is a simple function because in that case [, pdu
is a barycenter. By density, we conclude. [J

LEMMA 5. (Second geometric lemma) Let p > 0, K a compact subset of pID
and L € pT\K. If (an)nen, (My)nen and (Ny)nen are complex sequences such that

ap €[0,1],M, €K,N, epD,n € N.  (xx)

Then
liminfa, > 0 = liminf|a,M, + (1 — a,)N, — L| > 0.

n—oo n—
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Proof. Let L € pT. We denote ¢ : C>x]0,1] — IR the application defined as

follow a1 -1
aM+ (1 —a)N —
(pL(M7N7a) = .

a

Let § > 0. Since L is an extreme point of pDD, for all (M,N,a) € K x pD x [§,1], it
is clear that
aM+(1—a)N—L#0

Since ¢y is a strictly positive continuous function on the compact set K x pID x [§,1],
it attains its minimum S > 0. So we have

laM+ (1—a)N—L| > Ba > B9.

Notice that 3 does not depend on a, M or N. Now let (ay)nen, (M,) et (N,) be
sequences satisfying ().
Suppose liminfa, > 0, then denoting § := %liminf,,_ﬂx, an, there exists J >0
such that
n>J=a,<ld,l].

With the same reasoning, if n > J and (M,,N,,a,) € K x pD x [§,1], there exists
B > 0 such that
n>J=la,M,+ (1 —an,)N,—L| > B6.

It is now clear that

liminf |auM, + (1 — ap)Ny — L| > BS > 0. O

n—oo

In the following, we will apply this lemma with sequences (ay),en of the form

an=u({o 11 1) [f(0) 1] > €}

In order to express condition f) of Theorem 4 in terms of the Berezin transform, we
introduce some more notation and give a lemma.

NOTATION 2. Let f:(0,1) - C, Le C, € >0 and s € R**: we denote
() Ep,.={oe[l—11],|f(w)—L| >¢}.
(2) Epse={0e[1—-+1],|f(0)—L| <€}

If L is fixed, we simply denote EZ e = Ejc et Epse = Ege. The sets E and E
obviously depend on f, but since f is always fixed, we will not use it as an index.

LEMMA 6. Let f € L*(0,1), L € ||f||<T, the following conditions are equiva-
lent:

a) Forall € >0, liminf_Hmsy(Eij) —0;
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b) liminf, .. |s [\ |, (f(r) = L)dr| =0.

Proof. a) = b). We fix € > 0 and considering the given f € L*(0,1) and L €
|fll-T we define E;, and Er, as above. Now let (y,)nen be a sequence with
lim;,—e0 ¥, = oo such that

liminfsu(E; ) = hm y,,u(EL )

§—>00
Then we have

1
wl [ =<5 [ 170) - Ldr

1=1/7x
< Yalt(Ey, e) € + 2| fllooValt (Ey, ¢)-

But by assumption @), lim,—. ¥, u(E,, ) =0, and it is clear that y,u(Ey, ) < 1, thus
0< limsupy,,\/ Lydr| <
n—oo / Yn

This is true for all € > 0, then
1

lim 7| (f(r)=L)dr| =

e 1=1/v

Now, for the converse b) = a). Suppose a) is false, then there exists & > 0 and (Y ),
as in the previous case such that

lim Yn“(Ega7eo) = liminfs‘u (Esjfo) >0.

n—o0

We prepare ourselves to use our second geometric lemma.
First, let p = || f|l~ and K = &€ (pD\D(L,&p)). Then K is compact as the con-
vex hull of a compact set, and L € pT\K. Now, for all integers n, we denote
1

Ny=———
" Au‘(EYmEO) EYn‘S

f(r)dr,

and

Vo= / £(r)
Ymeo Ynﬁ

Then, by the first geometric lemma, N, € &% (f(]0,1[) C pD and M, € K. Finally,
denoting

= Tl (Ey, )
we see that for all n € N, a, € [0, l} et Yull(Ey, &) =1 —a,. Thus

1
%/ /UW—UW=%M+U—MM—L
1-1/va
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And by assumption

liminfa, = hm Yn ( Yn 80) = liminfs,u(ESjeo) > 0.

n—oo

So, applying the second geometric lemma, we get

1
liminf|yn/ F(Pdr—L|>0.
1_1/')/n

n—oo

Thus b) is false. O

4.2.2. Proof of Theorem 4

First we show that a) < d). Since |c,(F)| < 2EEYRmEl o) < || F|.,,
sup, |cn(F)| = ||F || is equivalent to limsup, ... |cy(F)| = ||F|l~. Thus, using the
equality from assertion 1 of Proposition 4 ||7r|| = sup,, |c.(F)| = ||F||e < ||TF||. =
[1F|es -

Now using assertion 2 of Proposition 4, we see that the proof of Theorem 4 will
be complete if we show that f) = b). So we suppose f). By Remark 4.2.1, we can

find L € || f||T such that

1
liminf / (f(1) = L)dt| =0,
r— —rJr
By Lemma 6, this implies
Ve >0, liminfs.u(E; ) =0. @)

Now, in order to prove b), it is enough to find, for each € > 0, a sequence (RE),en C
[0,1) such that lim,—..R% =1 and

liminf |F(R;) — L| < .

n—oo

Using Lemma 3, it suffices to show the above inequality with F replaced by f.
Since for any R € [0,1), we have

< [y -1 SR aam

— Rw|*
22 1 2 1
=(1—-R —L|| = ————d0O | dp.
( )/Op\f(p) (x| igamdo ) o
Evaluating the integral by taking ¢ = tan %, we see that

1 2,2
;f(R)—ng(l—Rz)z/O plf(p)—Ll%dp
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Now, to simplify the above inequality as much as possible and transform our integral
into a function that we know how to calculate, we use the obvious inequalities: (1 —
R?*) <4(1—R)?, (1+R?p?) <2 and (1 —R?*p?)*> > (1 —Rp)>. Thus we obtain

FR) - w2 [ Ly ®)

Now, we fix € > 0. By equation (7), we can find (},).en a sequence such that limy, =
+o0 and

r}iirgan“(EE,%l,e) =0. ©)
H(E);l e)

Then, if we denote R, = 1 — ,we have forany n € N, R, €[0,1) and (Ry)en

¥
converges to 1. Now, we use the inequality (8) with R = R,, and split the integral into

the following parts,

A17n — (I—Rn) /0 Yn (|f( )np)|dp7
A2,n:: (l—Rn)2/7 (f( )np)dpv
Aszp ::(1—Rn)2/E (f( )np)d

Considering Ay, we have

1

e 20|f 1l
A, <(1—R 2/ VA
1, ( n) 0 (I_Rnp>3 P

and evaluating the integral, we get

2
o 1—R,
A, < W1 )
Ry \1—R,(1—1)

We write
1—R, _ 1
Ty R, °
l_R (l_y_n) 1+Vn(17Rn)
and using equation (9), we have 1 R \/ — yl — 3. So
n }’nIJ Yn 8 n
lim Ay, = 0.

Considering A ,, we have

21| £l
Arp < (1—R, 2/ =" _dp
2,n ( ) e (I_Rnp)3
1
< ——— 2| Flleod (E,,
Ry M len By )

< 2| flleor/ Yalt (Ey, )
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and once again equation (9) gives us that

llmAzn—O
Nn—o0
Finally,
A3z, < (1—R )2/ & a4
3In X n Epe (l _Rnp)3
2 (! €
< (1-R, /751
( ) b T=Rpp
< e(2—Ry,) <e
2
Thus

liminf|f (Ry) —L‘ < 16¢.

n—oo

As a conclusion, for all € > 0, we have

limilnf\f(r) — L] < 16¢,
so liminf,_,; | f(r) —L| = 0 and the theorem is proved. [

Considering Proposition 4, we have

0 < limsup |F(z)| <limsup||Trk. |2 < | Trlle < |77 < [|F e
7—dD 7—0D

Theorem 2.2 of [1] together with Theorem 3 imply that if one of the quantities above
equals O then so do the others, and Theorem 4 implies the same result with O replaced
by ||F||e. Thus it is natural to ask the following question: let F ~ (f,m) be a bounded
quasi-homogeneous symbol, is the following equivalence true:

|| TF|| = limsup |c, (F)| = limsup|F (z)| _hmsup|—/ f(r)dr|.

n—soo z—dD s—1-

The answer is no as can be shown using example 4 of [4].

5. The case o(Tr) = F(D)

Now we are ready to easily answer the question: for F' a bounded quasi-homogeneous
symbol, under which assumptions is the equality o(7r) = F(ID) true?

THEOREM 5. Let F be a bounded m-quasi-homogeneous function. Then o(Tr) =
F(D) if and only if

(i) 0 F(D);
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(ii) F(D) is connected;
(iii) One of the following equivalent conditions is satisfied

a) |Trll = [1F [l

b) limsup__;p |F(z)] = ||F|e;

c¢) limsup,_yp || Trk:||2 = || F||es

)
)
)
d) || Trlle = [IFlle:
)
)

e) limsup, _..[(n+1) fy f(1)i"de| = || F|-o;

f) limsup,_,, ﬁf[lf(r)dr = || flleo-

Proof. The equivalence iii comes from Theorem 4.

Now, if 0(Tr) = F(D) then F(D) = maxo<j<m—1pP;(F)D, thus the assertions
(i) and (ii) are true. Since maxo< j<m—1P;(F) < ||F||~ and F(ID) contains a complex
number with module ||F ||, then ||F|le < maxXo<j<m—10;(F) and (iii) is true using
Proposition 2 and Theorem 4.

For the converse, let us suppose (i), (ii) and (iii). The equality F(z) = f(|z|)e™A2(
implies that F(ID) is rotation invariant so (i) and (ii) imply that F(D) = ||F||.D. A
sertion (iii), ) means that max; p;(F) = ||F|, and so, by Proposition 2, 6 (Tr) also
equals ||F||D. O

Acknowledgement. 1 would like to thank Professor E. Strouse for her patience and
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