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CONVERSES OF JENSEN’S OPERATOR INEQUALITY

JADRANKA MICIC, JOSIP PECARIC AND YUKI SEO

(Communicated by C.-K. Li)

Abstract. We give a generalization of converses of Jensen’s operator inequality for fields of
positive linear mappings (¢ );er such that [ ¢,(1)du(z) = k1 for some positive scalar k. We
consider different types of converse inequalities.

1. Introduction

Let f be an operator convex function defined on an interval /. Ch.Davis [2] proved
a Schwarz inequality

fox) <o (f(x),

where ¢: .o/ — B is a unital completely positive linear map from a C*-algebra 27 to
linear operators on a Hilbert space K, and x is a self-adjoint element in .« with spec-
trum in /. Subsequently M.D.Choi [1] noted that it is enough to assume that ¢ is unital
and positive. In fact, the restriction of ¢ to the commutative C*-algebra generated
by x and the identity operator 1 is automatically completely positive by a theorem of
Stinespring [13].

B. Mond and J. Pecari¢ [11] proved the inequality

[ Y oiitn) | <Y oigi(f(x)) (1
i=1 i=1

for an operator convex function f defined on an interval I, where (¢1,...,¢,) is an
n-tuple of unital positive linear maps ¢; : B(H) — B(K), (x1,...,%,) is an n-tuple of
self-adjoint operators with spectra in I and (wy,...,®,) is an n-tuple of non-negative
real numbers with sum one.

Also, without the assumption of operator convexity, B. Mond and J. Pecari¢ [10,
12] showed the following extension of the converses of Jensen’s inequality:

F Y o (f (), f | Y, oigi (xi) < max F larz+ By, f(2)] 1, 2)
i=1 i=1 SES
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for a convex function f defined on [m,M], a real valued function F(u,v) which is

operator monotone in its first variable, where (9, ..., ¢,) is an n-tuple of unital positive
linear maps ¢; : B(H) — B(K), (x1,...,x,) is an n-tuple of self-adjoint operators with
spectra in [m,M] and (®;,...,®,) is an n-tuple of non-negative real numbers with

sum one. Here we use the standard notation for a real valued continuous function
fimM —R

M () —mf (M)

and  By:= o m

J. Mi¢i¢, Y. Seo, S.-E. Takahasi and M. Tominaga [9] generalized (2) for a convex
function f and any continuous function g on [m,M].

Recently F. Hansen, J. Pecari¢ and I. Peri¢ in [7] gave a general formulation of
Jensen’s operator inequality for unital field of positive linear mappings and its con-
verses. They proved a generalization of (1) and (2) given in next two theorems. They
say that a field (¢r);er of mappings ¢ : &/ — 2 is unital if it is integrable with
Jr&:(1)du(t) =1, where </ and % are C*-algebras of operators on a Hilbert spaces
H and K, respectively.

THEOREM A. Let f:1— R be an operator convex function defined on an in-
terval 1, and let of and 9B be unital C*-algebras on a Hilbert spaces H and K
respectively. If (¢ )er is a unital field of positive linear mappings ¢, : <7 — % defined
on a locally compact Hausdorff space T with a bounded Radon measure W, then the

inequality
(/qm ydu(1) ) [ o (e dut) 3)

holds for every bounded continuous field (x;);er of self-adjoint elements in <7 with
spectra contained in I.

THEOREM B. Let (x;);er be a bounded continuous field of self-adjoint elements
in a unital C*-algebra </ with spectra in [m,M] defined on a locally compact Haus-
dorff space T equipped with a bounded Radon measure [, and let (¢ )icr be a uni-
tal field of positive linear maps ¢ : &/ — B from </ to another unital C*—algebra
B. Let f,g:m,M] — R and F : U xV — R be functions such that f(jm,M]) C U,
g([m,M]) CV and F is bounded. If F is operator monotone in the first variable and
f is convex in the interval [m,M], then

[/q), Fa))du(r) (/45, )dur )]g sup Flopz+Brg(@)]1. (4

m<zs<M

In the dual case (when f is concave) the opposite inequality holds in (4) with inf
instead of sup.

Furthermore, J. 1. Fujii, M. Nakamura, J. Pecari¢ and Y. Seo [4] observed the
reverse inequality of Kadison’s Schwarz inequality, without the assumption of the nor-
malization of map ® given in next lemma.
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LEMMA C. Let @ be a positive linear map on B(H) such that ®(1) = k1 for
some positive scalar k. If A is a positive operator on H such that 0 <ml <A < M1
for some scalars m < M, then for each A > 0

D(A) <AD (A +Clm, M, A, )1,

where

k(m+M) —2VAmM if m < \//lmM/k<M

Cm,M,Ak)=4q (k—A/k)M if VAmM/k<
(k—A/k)m if M<VA /k

In this paper, using the idea given in Lemma C, we consider a generalization of
Theorem A and Theorem B in the case when a field (¢ );cr of mappings ¢y : &7 — A,
such that the field + — ¢y (1) is integrable with [ ¢ (1)du(s) = k1 for some positive
scalar k. We consider some applications given in [6, 7, 8] under the new formulation.

2. Main results

Let T be a locally compact Hausdorff space, and let .« be a C*-algebra of oper-
ators on a Hilbert space H. We say that a field (x;);er of operators in <7 is continuous
if the function ¢ — x; is norm continuous on 7. If in addition u is a bounded Radon
measure on 7 and the function 7 — ||x;|| is integrable, then we can form the Bochner
integral [ x; du(r), which is the unique element in the multiplier algebra

M(o/)={a€B(H)|Vxe o :ax+xac o}

w(/xzdu ) /(pxz duf(t)

for every linear functional ¢ in the norm dual <7*, cf. [5].

Assume furthermore that there is a field (¢ );er of positive linear mappings ¢; :
o/ — B from &/ to another C*-algebra % of operators on a Hilbert space K. We say
that such a field is continuous if the function  — ¢ (x) is continuous for every x € 7.

such that

THEOREM 2.1. Let </ and A be unital C*-algebras on H and K respectively.
Let (x;)ier be a bounded continuous field of self-adjoint elements in </ with spectra in
aninterval I defined on a locally compact Hausdorff space T equipped with a bounded
Radon measure 1. Furthermore, let (¢ );er be a field of positive linear maps ¢, : o/ —
B, such that the field t — ¢y (1) is integrable with [ ¢;(1)du(r) = k1 for some positive
scalar k. Then the inequality

(/@xzdu ) k/"” (x)) du (1) 5)

holds for each operator convex function f: 1 — R defined on I. In the dual case (when
[ is operator concave) the opposite inequality holds in (5).
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Proof. This theorem follows from Theorem A, since (%q)t)tg is a unital field of
positive linear mappings %q)t o — A, O

In the present context we may obtain results of the Li-Mathias type cf. [6, Chapter
3]

THEOREM 2.2. Let (x;);er be a bounded continuous field of self-adjoint elements
in a unital C*-algebra </ with spectra in [m,M| defined on a locally compact Haus-
dorff space T equipped with a bounded Radon measure W. Furthermore, let (¢ )icr
be a field of positive linear maps ¢ : o/ — B from </ to another unital C*—algebra
A, such that the field t — ¢;(1) is integrable with [ ¢;(1)du(t) = k1 for some posi-
tive scalar k. Let f:[m,M] — R, g:[km,kM] — R and F : U xV — R be functions
such that (kf)([m,M]) C U, g([km,kM]) CV and F is bounded. If F is operator
monotone in the first variable, then

o F [ (2) )] 1< F L o () 0.6 U 4 ()0

) (0)
< sup F {lvhz <%z> ,g(z)] 1

km<z<kM

holds for every operator convex function hy on [m,M) such that hy < f and for every
operator concave function hy on [m,M| such that hy > f.

Proof. We only prove RHS of (6). Let hy be operator concave function on [m, M]
such that f(z) < hy(z) for every z € [m,M]. By using the functional calculus, it fol-
lows that f(x;) < hy(x,) for every t € T. Applying the positive linear maps ¢, and
integrating, we obtain

/¢t (x:))du(t) /‘Pt (ha(x;)) du(t).

Furthermore, by using Theorem 2.1, we have

2 [ 6 at)) o) <o (% /T¢t<xt>du<f>)

and hence /(]), fO))du(t) <k-hy X q),(x,)du(t)) . Since m¢,(1) < ¢ (x) <

M ¢ (1), it follows that km1 < [ ¢ (x;)du(t) < kM 1. Using operator monotonicity of
F(-,v), we obtain

[/@ f@x))du(r) ,g<T¢rxz G ))}
<rlem (¢ [owann) e [ owano)

1
< sup F {lvhz (—Z) ,g(z)] 1. O
km<z<kM k

| —
~
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Applying RHS of (6) for a convex function f (or LHS of (6) for a concave function
f) we obtain the following generalization of Theorem B.

THEOREM 2.3. Let (x;);er and (¢ )ier be as in Theorem 2.2. Let f : [m,M]| —
R, g: [kmkM] — R and F : U xV — R be functions such that (kf)([m,M]) C U,
g ([km,kM]) CV and F is bounded. If F is operator monotone in the first variable
and f is convex in the interval [m,M], then

[/(Pr S(x))du(r) (/(Prxt du( ))} < sup  Flapz+PBrk,g(x)]1. (7)

km<z<kM

In the dual case (when f is concave) the opposite inequality holds in (7) with inf
instead of sup.

Proof. We only prove the convex case. For convex f the inequality f(z) < apz+
By holds for every z € [m,M]. Thus, by putting h(z) = oz + By in RHS of (6) we
obtain (7). [

Numerous applications of the previous theorem can be given (see [6]). Applying
Theorem 2.3 for the function F(u,v) = u — Av, we obtain the following generalization
of [6, Theorem 2.4].

COROLLARY 2.4. Let (x;)ier and (@ )ier be as in Theorem 2.2. If f : [m,M] —
R is convex in the interval [m,M| and g : [km,kM] — R, then for any A € R

LA@U@»dmoszg(ﬁ@mwum)+cn ®

where

C= sup {oyz+Prk—Ag(z)}.
km<z<kM

Iffurthermore Ag is strictly convex differentiable, then the constant C=C(m,M, f,g,k,A)
can be written more precisely as

C = aypz0 + Brk — Ag(z0),

where
¢y /2)  for Agllm) < o < Ag/(kM),
20 =4 km for Ag'(km) > oy,
kM for Ag' (kM) < ay.

In the dual case (when f is concave and Ag is strictly concave differentiable) the
opposite inequality holds in (8) with min instead of max with the opposite condition
while determining z.
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REMARK 2.5. We assume that (x;);cr and (¢ );er are as in Theorem 2.3. If
f:|m,M] — R is convex and Ag : [km,kM] — R is strictly concave differentiable, then
the constant C = C(m,M, f,g,k,A) in (8) can be written more precisely as

[ opkM + Bk — Ag(kM) for otf — A0y >0,
| arkm+ Brk—Ag(km) for o — Ao <O,

where
L, glkM) —gliom)
8k kM —km

Setting ¢ (A;) = (A;&, &) for & € H and ¢ € T in Corollary 2.4 and Remark 2.5
give a generalization of all results from [6, Section 2.4]. For example, we obtain the
following two corollaries.

COROLLARY 2.6. Let (A;)ier be a continuous field of positive operators on a
Hilbert space H defined on a locally compact Hausdorff space T equipped with a
bounded Radon measure p. We assume the spectra are in [m,M] for some 0 <m < M.
Let furthermore (& )ier be a continuous field of vectors in H such that [} || & |*du(t) =
k for some scalar k > 0. Then for any real A,q,p

[ are. g -2 ( / <A,§,,@>du<r>)q <c, ©

where the constant C = C(A,m,M,p,q,k) is

/(g=1)
(g—1)A (g—’;)q ! + Bpk for Agmi! < k% < AgMi—t,
C= 9 kMP — (kM) for 22 > AqMe, (10)
kmP — A (km)4 Sor k;x—fl < Agmi!,

in the case Aq(q—1) >0 and p € R\ (0,1)
or
P_ q ka1
C:{kM A(kM)? for o, —AkT" oy 20, (1

kmP — A (km)4 for o, —Aki™ ', <0,

in the case Aq(q—1) <0 and p € R\ (0,1).

In the dual case: Aq(q—1) <0 and p € (0,1) the opposite inequality holds in
(9) with the opposite condition while determining the constant C in (10). But in the
dual case: Aq(q—1) >0 and p € (0,1) the opposite inequality holds in (9) with the
opposite condition while determining the constant C in (11).

Constants oy, and B, in terms above are the constants o and By associated with
the function f(z) = zP.
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COROLLARY 2.7. Let (A;)ier and (&)ier be as in Corollary 2.6. Then for any
real number r # 0 we have

[ewia) & gan e (r [ & an0) < ad
[expia) & glan) < e (r [& an0).  av
where the constant Cy = Cy(r,m,M k)
a ln( ) +kB  for re™ < o < re™™,
Cy =1 kMa+kB —e™ for re'™ < q,
kmot+ kB —e™™ for re™™ > o
and the constant Cy = Cy(r,m,M k)
f‘—eekrﬁ/ * for kre™ < kre™

<a
C, = ke(l=k)rm for kre™ > .,
ke(l-k)rM for kre'™ < o

Constants o. and B in terms above are the constants oy and By associated with the
Sfunction f(z) =e'*.

Proof. Weset f(z) =g(z) =¢e% and ¢:(A;) = (A;&,&),t €T, in Corollary 2.4.
Then the problem is reduced to determine maxy,,<.<xm 1(z) where h(z) = az+kf —e’*
in the inequality (12) and h(z) = (az+kB)/e™ in the inequality (13). Applying the
differential calculus we get C; and C,. We omit the details. [

Applying the inequality f(x) < M=% f(m)+ £ f(M) (for a convex function f
on [m,M]) to positive operators (A;),cr and using 0 < A, < ||A/||1, we obtain the
following theorem, which is a generalization of results from [7, 3].

THEOREM 2.8. Let f be a convex function on [0,%) and let || -| be a normal-
ized unitarily invariant norm on B(H) for some finite dimensional Hilbert space H. Let
(¢ )rer be afield of positive linear maps ¢ : B(H) — B(K), where K is a Hilbert space,
defined on a locally compact Hausdorff space T equipped with a bounded Radon mea-
sure W. If the field t — ¢; (1) is integrable with [ ¢;(1)du(t) = k1 for some positive
scalar k, then for every continuous field of positive operators (A;)er we have

(|A:]])
[ a7 ant <kron+ %@(&)du(r) (14)
Especially, for f(0) <0, the inequality
o tr@nana f DA du(): (15)

is valid.
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Proof. This theorem follows from [7, Theorem 3.5] when we replace ¢, by %q)t,
teT. O

In the present context and by using subdifferentials we can give an estimation from
below in the sense of Theorem 2.3. The following theorem is a generalization of [7,
Theorem 3.8]. It follows from Theorem 2.2 applying LHS of (6) for a convex function
f (or RHS of (6) for a concave function f).

THEOREM 2.9. Let (x;)ier be a bounded continuous field of self-adjoint elements
in a unital C*-algebra </ with spectra in [m,M| defined on a locally compact Haus-
dorff space T equipped with a bounded Radon measure |. Let (¢);cr be a field of
positive linear maps ¢; : &/ — B from < to another unital C*— algebra B, such that
the field t — ¢(1) is integrable with [; ¢,(1)du(t) = k1 for some positive scalar k.
Furthermore, let f:[m,M] — R, g: [km,kM] — R and F : U xV — R be functions
such that (kf) ([m,M)) C U, g([km,kM]) CV, F is bounded and f(y)+1(y)(t —y) €
U for every y,t € [m,M] where [ is the subdifferential of f. If F is operator monotone
in the first variable and f is convex on [m,M], then

[/@ f(x)) dut) (/q)txt )du(t) )}2 inf F[f(y)k+1(y)(z—yk),g(z)]1

km<z<kM
(16)

holds for every y € [m,M]. In the dual case (when f is concave) the opposite inequality
holds in (16) with sup instead of inf.

Proof. We only prove the convex case. Since f is convex we have f(z) > f(v) +
1(y)(z—y) forevery z,y € [m,M]. Thus, by putting h(z) = f(y) +1(y)(z—y) in LHS
of (6) we obtain (16). [

Though f(z) = Inz is operator concave, the Schwarz inequality ¢ (f(x)) < f(¢(x))
does not hold in the case of non-unital ¢. However, as applications of Corollary 2.4
and Theorem 2.9, we obtain the following corollary, which is a generalization of [6,
Corollary 2.34].

COROLLARY 2.10. Let (x;)er and (¢ )ier be as in Theorem 2.9 for 0 <m < M.
Then

Ci1< /Tq)t (In(x;)) du(z) —In (/Tq)t(xt)du(t)) <O, a7
where the constant C; = Cy(m, M, k)

kB +1n(e/L(m,M)) for km < L(m,M) < kM,
Ci1 =< In (M1 /k) for kM < L(m,M),
In (m*~!/k) for km > L(m,M),
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the constant Cy = Cy(m,M k)

In (L(In7Mk)kkk71> + L(n’q’_'M) Sfor m <kL(m,M) <M

e*m
Gy =9 In (M1 /k) for kL(m,M) > M,
In (m*1 /k) Sfor kL(m,M) < m,

and the logarithmic mean L(m,M) is defined by L(m,M) = M= for M # m and
L(m,M) =m for M =m, B is the constant By associated with the function f(z) =Inz.

Proof. We set f(z) = g(z) = Inz in Corollary 2.4. Then we obtain the lower

bound C; when we determine min (oz+kf —Inz).
km<z<kM

Next, we shall obtain the upper bound C,. We set F(u,v) =u—v and f(z) =
g(z) = Inz in Theorem 2.9. We obtain

[ s duo - [ asauo)
{32 i) )

1
for every y € [m,M], since h(z) =klny+ —(z—ky) —Inz is a convex function and it
y

implies that
h(z) = h(km),h(kM)}.
pnax  h(z) = max {h(km), h(kM)}
Now, if m < kL(m,M) < M, then we choose y = kL(m,M). In this case we have
h(km) = h(kM). But, if m > kL(m,M), then it follows 0 < k < 1, which implies that
max {h(km),h(kM)} = h(km) for every y € [m,M]. In this case we choose y = m,

ekkm
then the proof is similar to above. [

k k
since h(y) =In <y_> +-2 isan increasing function in [m,M]. If M < kL(m,M),
y

By using subdifferentials, we also give generalizations of some results from [7, 3].

THEOREM 2.11. Let (x;);er be a bounded continuous field of self-adjoint ele-
ments in a unital C*-algebra <f with spectra in [m,M| defined on a locally compact
Hausdorff space T equipped with a bounded Radon measure W, and let (¢ );er be a
field of positive linear maps ¢ : o/ — B from < to another unital C* -algebra 2.
If the field t — ¢ (1) is integrable with [, ¢,(1)du(t) = k1 for some positive scalar k
and f : [m,M] — R is a convex function then

FO)KL+1(y (/(]),x, du(r)— ykl)

< /T 0 (f(x)) du(2)
gf(x)kl—x/Tq),(l(x,))du(t)+/T¢z(l(xr)xt)dﬂ(f) (18)
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for every x,y € [m,M|, where 1 is the subdifferential of f. In the dual case (f is
concave) the opposite inequality holds.

Proof. We obtain this theorem by replacing ¢ by %(]), in [7, Theorem 3.7]. For
the sake of completeness we give the direct proof. Since f is convex in [m,M], then
for each y € [m,M] the inequality f(x) > f(y)+(y)(x—y) holds for every x € [m,M].
By using the functional calculus in the variable x and applying the positive linear maps
¢, and integrating, we obtain LHS of (18). Next, since f is convex, then for each
x € [m,M] the inequality f(y) < f(x) —I(y)(x —y) holds for every y € [m,M]. By
using the functional calculus in the variable y, we obtain that f(x;) < f(x)1 —xI(x )+
I(x;)x, holds for every x € [m,M] and 7 € T . Applying the positive linear maps ¢, and
integrating, we obtain RHS of (18). [

THEOREM 2.12. Let (x;);er be a bounded continuous field of positive elements
in a unital C*-algebra </ defined on a locally compact Hausdorff space T equipped
with a bounded Radon measure W. Let (¢)cr be a field of positive linear maps
O A — B from o to another unital C*-algebra 9B acting on a finite dimensional
Hilbert space K, such that the field t — ¢,(1) is integrable with [ ¢;(1)du(t) =kl
for some positive scalar k. Let |- || be unitarily invariant norm on B(K) and let
f:[0,00) — R be an increasing function.

1. If |1]| =1 and f is convex with f(0) <0 then

f<||fT¢t(x]t€)dH(t)”) < ||fr¢t(f()Z))dM(f)H. (19)
2. 0F [ 0 (xe)dp(t) < || f7 & (x:)du(2)||11 and f is concave then
! rtanty < (Lrd 0y, o0

Proof. We replace ¢, by %q)t fort € T in [7, Theorem 3.9]. [

3. Ratio type inequalities

In this section, we consider the order among the following power functions of
operators:

)= (/T@(x,’)du(t)>l/r if reR\{0}, @n

at these conditions: (x;);er is a bounded continuous field of positive operators in a
unital C*-algebra 7 with spectra in [m,M] for some scalars 0 < m < M, defined on
a locally compact Hausdorff space T equipped with a bounded Radon measure u, and
(¢ )rer is a field of positive linear maps ¢ : o7 — 9B from &/ to another unital C*-
algebra Z, such that the field r — ¢,(1) is integrable with [, ¢;(1)du(r) = k1 for
some positive scalar k.
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In order to prove the ratio type order among power functions (21), we need some
previous results given in the following two lemmas.

LEMMA 3.1. Let (x;)er be a bounded continuous field of positive operators in a
unital C*-algebra </ with spectra in [m,M] for some scalars 0 < m < M, defined on
a locally compact Hausdorff space T equipped with a bounded Radon measure U, and
let (¢)ict be a field of positive linear maps ¢ : o/ — % from < to another unital
C*-algebra %8, such that the field t — ¢ (1) is integrable with [ ¢,(1)du(t) = k1 for
some positive scalar k.

If 0<p<1, then

/T ¢ () du(r) <k'=P ( /T q»(x:)du(t))p. (22)

If —1<p<0 or 1<p<2, then the opposite inequality holds in (22).
Proof. We obtain this lemma by applying Theorem 2.1 for the function f(z) = z”

and using the proposition that it is an operator concave function for 0 < p < 1 and an
operator convex one for —1 <p<Oand 1<p<2. O

The following lemma is a generalization of [§, Lemma 2].

LEMMA 3.2. Assume that the conditions of Lemma 3.1 hold.
If 0<p<1, then

kl pK(mMp (/@xtd,u ) /¢t )Ct d“( <k1p</¢txtd‘u. ))p,

(23)

if —1<p<0 or 1<p<2, then

AR P(/q)txt )du(t) ) /q)t xt du()<k1 PK(m,M,p) (/q)txt du()>p,
(24)
if p<—1 or p>2, then
KPR (m, M, p)~ (/(]),x, dp( ))p
)4
< [ o () duatr) <K 7K (.. p) ( / mx,)dm) .09

where a generalized Kantorovich constant K(m,M,p) [6, §2.7] is defined as

K(m,M,p) =

mMP — MmP (p—l MP —mP

p
(p—1DM-m)\ p mMp_Mmp> forall peR. (%)
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Proof. We obtain this lemma by applying Corollary 2.4 for the function f(z) =
g(z) =z and choosing A such that C=0. O

In the following theorem we give the ratio type order among power functions.

THEOREM 3.3. Let (x;)ier be a bounded continuous field of positive operators
in a unital C* -algebra <f with spectra in [m,M| for some scalars 0 < m < M, defined
on a locally compact Hausdorff space T equipped with a bounded Radon measure U,
and let (@ );er be afield of positive linear maps ¢ : &/ — 9B from </ to another unital
C*-algebra %8, such that the field t — ¢ (1) is integrable with [ ¢,(1)du(t) = k1 for
some positive scalar k. Let regions (1) — (V)1 be as in Figure 1.

S
_ 4
() (i) (il///
! r<s, s€(-1,1), r&(-1,1)
i ) (i) | or 1/28rs1s's
(IV)__1 S or r<-1< s<-1/2,
(iii) v) (i) | s=1,-1<r<1/2,r#0,
+ r »r (jii)| r<-1,-12<s<1,s#0,
-1 -1/ 1/2
(iv)| -s<r<s/2,r#0,0<s <1,
—_— ) -1/2
\ (iv), r<€s<2r0<s <1,
) 4 (V) | r2<s s -rs#0, -1Sr<0,
/ (V),| 2s€£r<s, -1<r<0.

Figure 1: Regions in the (r,s)-plain
If (r,s) in (i), then

k7 A(h,rs) "' I(x,0) <I(x,9) <k'R L(x,0),

if (r,s) in (i) or (iii), then
K A rs) ™ (%, 0) < 1(x,0) SK Alh,rs) L(x,0).
if (r,s) in (iv), then
k' A(hys, 1) Ak rys) 7 I(x,0) < 1.(x,9)

<k min{A(h,r,1),A(h,s,1)A(h,7,5)} L(X,9),

if (r,;s) in (V) or (iv)y or (V) 1, then
KR Alhys, 1) Al r,s) T (%, 9) < T(x,9) <k A(h,s, 1) I(x,9),

where a generalized Specht ratio A(h,r,s) [6, § 2.7] is defined as

s = {0} (G

(26)
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Proof. This theorem follows from Lemma 3.2 by putting p = s/r or p = r/s and
then using function order of positive operators cf. [6, Chapter 8]. We use the same
technique as in the proof of [8, Theorem 11]. [J

4. Difference type inequalities

In order to prove the difference type order among power functions (21), we need
some previous results given in the following lemma. Itis a generalization of [8, Lemma 3].

LEMMA 4.1. Let (x;)er be a bounded continuous field of positive operators in a
unital C*-algebra </ with spectra in [m,M] for some scalars 0 < m < M, defined on
a locally compact Hausdorff space T equipped with a bounded Radon measure U, and
let (¢)ict be a field of positive linear maps ¢ : o/ — % from < to another unital
C*-algebra %8, such that the field t — ¢ (1) is integrable with [ ¢,(1)du(t) = k1 for
some positive scalar k.

If 0<p<1, then

ocp/T@(xt)du(t)JrkBpl</T¢t(x£’)du(t)<k1*” (/T¢t(xt)du(t)>p7 27

if —1<p<0 or 1<p<2, then

k”’(/@xzdu ) < [ o6hani <a, [ atwano+p,1 @)
if p<—1 or p>2, then

pr! [ (o) + k(1= pl1< [ 6()an) <ap [ alu)an) + k1
(29)
for every y € [m,M]. Constants &, and B are the constants o and By associated
with the function f(z) = zP.

Proof. RHS of (27) and LHS of (28) are proven in Lemma 3.1. LHS of (27) and
RHS of (28) and (29) follow from Corollary 2.4 for f(z) =z", g(z) =z and A = ¢,.
LHS of (29) follows from LHS of (18) in Theorem 2.11 putting f(y) = y” and I(y) =
pyr~ . O

REMARK 4.2. Setting y = ((xp/p)l/(p_l) € [m,M] the inequality (29) gives

*p /T¢t () (1) + k(1 = p) (et /)PP~
/¢z x;)du(r) Ocp/q)t x)du(t) +kBy1 (30)

forp<—lorp>2.
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Furthermore, setting y =m or y = M gives
p ™ [ o))+ (1 = pm1

/q>, xP)du(t) a,,/<p, X )du () + k1 (31)

or

P! / 00 ()t (1) + k(1 — p)MP1

< [ a)ana) <ay [ odui)+ kg1 (32)
We remark that the operator in LHS of (31) is positive for p > 2, since
0 < kmP1 < pml’*l/ 00 (v )du () + k(1 — pymP1
T

<k(pmP M + (1 — p)m”)1 < kMP1 (33)
and the operator in LHS of (32) is positive for p < —1, since

0 < kMP1< pMP—l/ 00 () (1) + k(1 — p)MP1
T
<k(pMP~'m+ (1 — p)MP)1 < kmP1. (34)

(We have the inequality pmP~'M + (1 — p)mP < MP in RHS of (33) and pMP~'m +
(1 — p)MP < mP in RHS of (34) by using Bernoulli’s inequality.)

In the following theorem we give the difference type order among power functions.

THEOREM 4.3. Let (x;)ier be a bounded continuous field of positive operators
in a unital C* -algebra </ with spectra in [m,M| for some scalars 0 < m < M, defined
on a locally compact Hausdorff space T equipped with a bounded Radon measure U,
and let (@ );er be afield of positive linear maps ¢ : &/ — B from </ to another unital
C*-algebra 8, such that the field t — ¢ (1) is integrable with [ ¢,(1)du(t) = k1 for
some positive scalar k. Let regions (1)1 — (V) be as in Figure 2.

Then

Col < L(x,0) — (x,9) < (35)

where constants Cy = Cy(m,M,s,r,k) and Cy = Cg(m M,s,rk) are

Cr = A, Sor (r,s) in ()1 or (ii); or (iii);;

b Ax + min {Ci(5),Cr(r)}, for (r,s) in (iv) or (v) or (iv); or (V);
(kl/“' — kl/’)m, for (r,s) in (i),
Dy, for (r,s) in (ii);;
Bka for ( I )
max{ﬁk—Ck(s), (kl/‘ kl/’ m Ci(r } Sor (r,s) in (iv);

r(r,s) i
(r,s)

in (iii);,
G :

max { D — Ci(r), (kl/‘ kl/r) m—Ci(s)}, for
(K5 — Ky m —min {Cy(r), Ci(5) } for

’

in (1v)1 or (V)1.

7
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X
[
1
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i L.
()1 (ii)s r<-1, s=1
(i),| or s/2<r<s, s=1
) @\ or rSs<£r/2, rs-1,
+1/ (ii),| s=1,-1<r<s/2,r#0,
(i) (v) (iii) r<-1,r2<s<1,s#0,
) 12 1 (iv)] -s<r<s/2,r#0,0<s £ 1,
/ Q) 1172 (iv),] r€s<2r,0<s <1,
/ (V)| r2<s £-r,s#0, -1 r<0,
(i) 14
(v),| 2s<r<s, -1€r<0.

Figure 2: Regions in the (r,s)-plain

A constant A, = Kk(m,M,r, s) is

Zk = max
0¢€[0.1]

a constant Dy = 5k(m,M, r,s) is

Dy = min{ (k% —k%) mktm <s

{kl/S[GMS—f— (1 o e)ms}l/s _kl/r[eMr+ (1 o e)mr}l/r} ,

1
Mr_ r s
n 1) —k%M},
rm”

Dy = Dy(m,M,r,s) = —Di(M,m,s,r) and a constant Ci(p) = Ce(m, M, p) is

where a constant C(n,N,p) is defined by

Ci(p) = k"7 -C(mP . MP,1/p)

p N—n

1 NP — P \P/P=D Nyp _ e
A (s K

Jor p#0,

forall pe R (36)

N—n

(this is type of a generalized Kantorovich constant for difference, see [6, §2.7, Lemma

2.59]).

Proof. By the same technique as in the proof of [8, Theorem 7], we have this
theorem. However, we give a proof for the sake of completeness. By Lemma 4.1
by putting p = s/r or p =r/s and then using the Lowner-Heinz inequality and the
function order of positive operators, cf. [6, Chapter 8]:

A>B>0andSp(B) C [m,M] imply A? +C(m,M,p)1 > BP >0forall p>1,
A>=B>0andSp(A) C [m,M] imply B +C(m,M,p)1 > AP >0forall p<—1,

we have the following inequalities.
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(@)If r<s<—1 or 1<s<—r or 0<r<s<2r,s>1, then

(ks — K7y ml < (k% - 1) (%, 0) < I(x,0) — L(x,9) 37)

< (& frotdute) +kB1) "~ 1ix.0) <A

b)If 0<—r<s,s=1 or 0<2r<s,s>1, then

m (3m " fr 6 (A () +k521) '~ (x,0) < L(x,.0) ~ L(x,0) (38
_ ~ N\ 1/s ~
< (@ fr o) +kB1) = 1(x,9) < Aul.

()If r<s, —1<s<0 or s<—-r,0<s<1 or O0<r<s<2r,s<1,
then

(K5 —kYym—Ci(s)) 1 < (k% — 1) L(x,0) — Cr(s)1 < L(x,¢) — I,(x,0)(39)
_ ~ \1/s ~
< (@ fr o ()auto) +KB1) " ~1(x,0) + ()1 < (Be+Cu(s)) 1.
d)If 0<—r<s<l or 0<2r<s<1, then

m(Sm fr o)A (n) + K521 < 1(x,0) — C(s)1 (40)
< IS(Xa (p) - Ir(X, (p)

< (& fr 9:()auto) +k51)” T 1(x,0)+ Cels)1 < (B4 Guls) ) 1.

Moreover, we can obtain the following inequalities:
(a) If 1<r<s or —s<r<—1 or 2s<r<s<0,r<—1, then

Bt > 1(x.0) — (@l o) +kB1) " > Lx.0) = Lixg)  @D)

> (1 _k%’) I(x,9) > (K'/* — k') m.

(b)) If r<—s<0,r<—1 or r<2s<0,r<—1, then

~ B — N\ 1/
Al > 1y(x,0) — (oc Jp 6 ()du(r) +kB1> > 1(x,0) —L(x,9)  (42)
> (%, 0) — M (EM~ [ 00 (x)du(r) + k551) /"

(1) If r<s,0<r<1 or —s<r,—1<r<0 or 2s<r<s<0,r>-1,
then

Bet G > Lix.0) — (@ fr o)) +kB1) Gt @3)

> 1(x,0) — I(x, 0) > (1 —k%) L(x,9) — Ce(N1 = (K ="y m— C(r) 1.
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d)If —1<r<—-s<0 or —1<r<2s<0, then

(A + Co(r)1 = I(x, ) — (o? [ b0 () dp(r) +k/§1> l/r—l-Ck(r)l (44)
I(%,0) = 1,(x,0) = L(x,0) — M (EM~ [ ¢ () (1) + k1) — Cu()1,

where we denote

~  M-m -~ M —Mm” — M —m" = M M’
o = M —m’ > B - M —m" ) o= MA ms7 ﬁ - MS—m’ 9

C (km* ,kM®,1/s) = k'S C(m*,M*,1/s) = Cy(s),
~ _ ~\ 1/s 1/r
Ay = qu{kl/s (Otz—i—B) —kl/’zl/’} max{kl/s s _jb/r (Otz—i—B) }

zeTy zeT)

and T; and T, denote the closed intervals joining m” to M" and m* to M*, respec-
tively.
We will determine lower bounds in LHS of (b) and (d), in RHS of (b)) and (d;).
On LHS of inequalities (38) and (40) we can apply the following inequality

m (2" 00 () () +k521) " — 1 (x,0) (45)

> min {kl/s (Em"z+1— )1/\ kl/’zl/’}lzf)kl.

Using substitution z = rm" (x— 1), finding the minimum of
r—s\ -
h(z) = k°m ( m- z+—) — Kz on T,
r

. . . .. s 1/s p 1/r
is equivalent to finding the minimum of 4y (x) = k'/*m (s(x—1)) —kY"'m (rx—1y)

onT=[14114 %%} where r < s, s > 0. The minimum value of the function A

on T is achleved at one end point of this interval. Really, functions 4, and %} are con-

rom’

tinuous on 7 . If there is a stationary point xq of 41 in ( + l l + lM) then £ (xo)

is the maximum value, since A/ (xo) = k+m (s(xo—1)) 1s-2 (r(xo— %))_1 (r—s)(xo+
— L) < 0. It follows that

1 1 1 1M ~
min (z) = mink; (x) :min{hl (— + —) h (— + ——r>} = Dy.
€T xeT s r s rm

So in the case (b) we obtain:
Dl < I (x,0)—I(x,0) < Ak (46)

and in the case (d) we obtain:

<5k —Ck(s)> 1< I(x,0) — I,(x,9) < (Zk+ck(s)) 1. 47)
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Similarly, for the RHS of (42) we obtain

I M(ims Nau(e) 461
o) -1 (27 [ oaute) + K1)

1/r
> min {kl/szl/s —Krm (EM‘Sz—i— 1— r) }1

N

zeT»H
1/s 1 rm' r\ /s 1
— min{ kom—k ﬁM(——+1——) ,(k /s _k /’)M 1
s M3 s
= Dil.
So in the case (b;) we obtain:
Dl <Ii(x,9) — ;(x,9) < Al (48)
and in the case (d;) we obtain:
(Dk — Ce(r) 1 < I(x,0) — I(x,6) < (Zk+ck(r)> 1. (49)

Finally, we can obtain desired bounds C; and C; in (35), taking into account that
(37) holds in the region (i) |, (46) holds in (ii) |, (48) holds in (iii) |, (47) and (43) hold
in (iv), (39) and (49) hold in (v), (39) and (43) hold in (iv); and (v);. O

REMARK 4.4. If we replace (¢ );er by (%q)t)ter in Theorem 3.3 and Theorem 4.3

then we can obtain the order among operator means M, (x, ¢) := ([; % ¢ (x))dpu(t)) 1/ ",
r € R\{0}. The order among these means in the discrete case T = {1,...,n} is given
in [8, Theorem 11] and [8, Theorem 7].

Note that in this case, for difference type inequalities we have Dy =D, =
1

m (sMr’mr + 1) * — M and we can choose better bounds using that C(m",M",1/r) >

rm”

C(m*,M*,1/s) for r<sand M >m >0 (see [8, Lemma 8]).
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