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FURUTA INEQUALITY AND ¢-HYPONORMAL OPERATORS

JIANGTAO YUAN

(Communicated by F. Hansen)

Abstract. This paper is to consider Furuta type inequalities and g-hyponormal operators. It is
shown that the complete form and original form of Furuta inequality are equivalent to each other.
Forward, we prove that the complete form and original form of Furuta inequality are equivalent
to the order relations among Aluthge transforms on ¢-hyponormal operators. Lastly, a simplified
and short proof of the order structure on powers of g-hyponormal operators is shown.

1. Introduction

A capital letter (such as 7)) means a bounded linear operator on a Hilbert space.
T >0 and T > 0 mean a positive operator and an invertible positive operator re-
spectively. As a celebrated development of the classical Loewner-Heinz inequality
(A > B >0 ensures A? > BP forany 1 > p > 0), Furuta [8] provided a kind of order
preserving operator inequality.

THEOREM 1.1. (Furuta inequality, [8]) Let r >0, p>0and A > B >0, then

min{1, r min{1l,p}+r
(Br/2APBr/2) 57+,;}+ > (Br/2BPBr/2) {I)+’V}+
min{l,p}+r min{l,p}+r

(Ar/2AI7Ar/2)T > (Ar/2BpAr/2) T

Tanahashi [21] proved the optimality of the outer exponent min{l,p} +r, see
[9] for related topics of Furuta inequality. In order to establish the order structure on
powers of operators [29], the complete form of Furuta inequality was shown in [31].

THEOREM 1.2. (Complete form, [31]) Let ¢ >0, r> 0, p> po >0 and s(q) =
min {p,2po+min{q,r}}. Then A >0 and B > 0 such that A1 > B? ensure

r r s(g)tr r roS@+r
(A2BPOAZ) Po+r > (A2BPAZ) »iv .
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We call the theorem above the complete form of Furuta inequality because the case
po=q =1 of itimplies the essential part (p > 1) of Furuta inequality for S(‘ISJ’H €(0,1]
by the Loewner-Heinz inequality. For convenience, we call Furuta inequality (Theorem
1.1) the original form of Furuta inequality. An equivalent relation between the complete
form and original form of Furuta inequality will be proved in section 2 (Theorem 2.5).

It is known that there are many applications of Furuta type inequalities to the the-
ory of g-hyponormal operators where g > 0. An operator T is called a g-hyponormal
operator (introduced by [3, 6, 7]) if (T*T)? > (TT*)?, where T* is the adjoint operator
of T. If g=1, T is called a hyponormal operator ([12]) and if g =1/2, T is called
a semi-hyponormal operator ([23]). It is clear that every g;-hyponormal operator is
g1 -hyponormal for 0 < g; < g2 by Loewner-Heinz inequality.

Hyponormal operators have been studied by many authors. See [13, 20, 24] for
related topics and basic properties of hyponormal operators. In order to discuss g-
hyponormal operators, Aluthge [1] introduced the so-called Aluthge transform
T(1/2,1/2) = |T|"2U|T|'/? where U and |T| are polar factors of T, and researched
the Aluthge transform on g-hyponormal operators by using Furuta inequality. Aluthge’s
result [1, Theorem 1-2] on Aluthge transform 7'(1/2,1/2) was extended to the (gener-
alized) Aluthge transform T (p,r) = |T|PU|T|" where p >0 and r > 0.

THEOREM 1.3. ([1, 14,28]) Let p>0, r>0and g >0. If T is a g-hyponormal
operator and y(q,p,r) =min{q+ p,q+r,p+r}, then

(T(p.n) T(p.n) F5 = (T(p. (T (p,r))?) P (L1

Moreover, the outer exponent y(g, p,r) in the Theorem above is optimal in the
following sense.

THEOREM 1.4. ([26]) For each p >0, r >0, g > 0 and o > 1, there exists a
q-hyponormal operator T such that

vapor) o va.p.r) o,
((T(p,r))*T(p,r)) 7% £ (T(pr)(T(p,r)))") 77

The Aluthge transform is an effective tool in operator theory and has received
much attention in recent years, see [4, 5, 11, 18, 19, 22].

[31, Theorem 3.3] implies that the order relations among Aluthge transforms on
g-hyponormal operators are determined by the complete form of Furuta inequality. In
section 3, the converse will be proved, that is, the order relations among Aluthge trans-
forms also deduces Furuta inequality via shift operator. These imply that Furuta in-
equality and the order relations among Aluthge transforms are equivalent to each other.

It is well known that if T is a hyponormal operator, T? is not hyponormal in
general [13, Problem 209]. [2] proved that, for a g-hyponormal operator T where
0<g<1, T"is %-hyponormal. This result is a breakthrough in the study of [13,
Problem 209]. Soon, some researchers obtained more precise results [10, 15, 25].

Inspired by the problem of powers of hyponormal operators, the order structure on
powers of operators was introduced in [29]. The order structure on powers of opera-
tors consists of same-side structure and different-side structure. The same-side structure
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means the order relations between T*" " 7" and T*"'T" (or T"T*" and Trtm ),
and the different-side structure means the order relations between 7*" T and T"T*"
where m, n are positive integers. Therefore the original problem of powers of hyponor-
mal operators belongs to different-side structure on powers of hyponormal operators.
In section 4, a simplified, short and self contained proof (only one page) of the structure
on powers of g-hyponormal operators is given.

The order structure among Aluthge transforms on operators can be defined in a
manner similar to the order structure on powers of operators, that is, the same-side
structure means the order relations between (T (p,r))*T (p,r) and (T (po,r))*T (po,r)
(or T(p,r)(T(p,r))* and T (p,ro)(T(p,ro))*), and the different-side structure means
the relations between (T (p,r))*T(p,r) and T (p,r)(T(p,r))* where p > po >0, r >
ro > 0.

In this paper, section 2 is devoted to the equivalent relations between the complete
form and original form of Furuta inequality. In section 3, the equivalent relations be-
tween the Furuta type inequalities and the order structure among Aluthge transforms
on g-hyponormal operators are obtained. At the end, we give a simplified proof of the
structure on powers of g-hyponormal operators.

2. Furuta type inequalities

Recall that s(g) = min{p,2po+ min{q,r}}. In order to prove Theorem 2.5, The-
orem 2.1 is proved in advance.

THEOREM 2.1. Let r >0, 0 < po<p, A>0 and B > 0.

(H Ifker(ABPTO) C kerB, then for each r, py and p, the following inequalities are
equivalent to each other:

(B%OAVB%“)% > (B%OB’B%O)%, 2.1
(AT2BPOATI2Y 077 > (AT/2BPATI?) B 2.2)
In particular, (2.1) implies (2.2) without the condition ker(ABpTO) C kerB.

2) If ker(BApTO) C kerA, then for each r, py and p, the following inequalities are
equivalent to each other:

(AEpa®)m < (ARara®)w (2.3)
(B2AP B2y 0T < (BT/2APBI2) B 2.4)
In particular, (2.3) implies (2.4) without the condition ker(BAPTO) C kerA.
. Py PO PO LR
Theorem 2.1 says that the order relations between B2 A"B2 and B2 B'B2 is

equivalent to the order relations between A"2BPoAT/2 and A"/2BPA"/? under some ker-
nel conditions.



408 J.T. YUAN

Theorem 2.1 can be regarded as a parallel result to the following result which
implies that class A(p,r) coincides with class wA(p,r)[16, Theorem 3]. For A > 0,
A° means the projection Perayt -

THEOREM 2.2. ([16, 17]) Let r >0, 0< po<p, A>0and B>0

(H Ifker(ABpTO) C kerB, then for each r, py and p, the following inequalities are
equivalent to each other:

P=ro p—ro
(B2ATBE) 70 = > (B2B'B%) = (2.5)
(AT2BPOATI2) 3057 > (AT/2Br /2 R (2.6)

In particular, (2.5) implies (2.6) without the condition ker(ABPTO) C kerB.

(2) Foreach r, pg and p, the following inequalities are equivalent to each other:

pP—po pP—po
(AZB’AZ) i < (A 2A’A2) i , 2.7
(B2AMB2y 0t < (B2APBT2) B (2.8)
Note that the outer exponent p + r in (2.2) and (2.4) is greater than the outer

exponent po+r in (2.6) and (2.8), and the outer exponent p + r is optimal in Theorem
2.5 ([31, Theorem 1.4]).

LEMMA 2.3. ([16]) Let X be an operator, S and T self-adjoint operators such
that
X*SX > X'TX.

If kerX* C kerS and kerX* CkerT, then S>T.
Proof of Theorem 2.1. (2.1) = (2.2). By [9, p. 129], (2.2) is equivalent to

Po , P PZP0  pg

AIB? (BTOA’BPTO) 70 B A

> ASBF B POBTAL. (2.9)

St

By (2.1), (2.9) holds.
(2.2) = (2.1). (2.9) follows by (2. 2) By Lemma 2.3 and ker(ABT) C kerB, it
is enough to prove ker(AB 7 )= ker(AZB 7 ). In fact,

r

X€ ker(ABpTO) o BTxeckerA BTxe ker(A2) < x € ker(A? TO).
r Po Po
So that ker(AZB72 ) =ker(ABZ ) C kerB.
(2.3) = (2.4). By [9, p. 129], (2.4) is equivalent to

P=P0  pg

BIAF (AT B AT T AT BS < BSAT AP AT BE (2.10)
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By (2.3), (2.10) holds.
(2.4) = (2.3). (2.10) follows by (2.4). By Lemma 2.3 and ker(BApTO) CkerA, it
is sufficient to prove ker(BAPTO) = ker(BgApTO). In fact,

XE€ ker(BAPTO) sATxckerBoATxE ker(B?) < x € ker(BgAPTO).
So that ker(B %APTO) = ker(BAPTO) C kerA. Hence the proof is complete. [J

We remark that the proofs of Theorem 2.1 and 2.2 are different: the proof of The-
orem 2.1 depends on Lemma 2.3 and proof of Theorem 2.2 depends on the following
result.

LEMMA 2.4. ([17]) Let oc € (0,1], A>0 and B >0, then

lim A1/2Bl/2((Bl/2ABl/2)oc+81)—IBI/2A1/2:(A1/2BA1/2)1705.
e—+0

Note that the assertion that (2.2) ensures (2.1) is not true without the condition

ker(AB?) C kerB (cf. [17, Remark 1]): Let A = (g 8) ,B= (é (1)) where a > 1,

then ker(AB PTO) ¢ kerB and

. (p=ro) .
w7 = (5 0) 5 (3) - e
0 0

pr (220N (a0
(AT2BPoAT/ 2ot = (@ 0} > = (AT2BPATI?) i
0 0 00
Though (2.8) implies (2.7) without the condition ker(BA 7 ) CkerA, it is unknown
if (2.4) ensures (2.3) is true without ker(BA’TO) C kerA.

THEOREM 2.5. Let r >0, 0<po<p, A=B>0.If p<s(l), then for each r,
po and p, the following inequalities hold and they are equivalent to each other:

(BPTOA’BPTO)% > (BPTOB’BPTO)%7
(Ar/ZBpoAr/2)% > (Ar/2BpAr/2)%.

Proof. The two inequalities in the theorem follow by the original form and com-
plete form of Furuta inequality respectively. Note that A > B > 0 implies kerA C kerB,

by Theorem 2.1, the proof is complete if kerA C ker B ensures ker(AB pTO) CkerB. In
fact,

X€ ker(ABPTO) o B?xckerA=BYxckerBo xe ker(BPTOH) =kerB. O

Theorem 2.5 says that the original form and complete form of Furuta inequality
are equivalent to each other.

A fact should be pointed out that Theorem 2.5 can be proved without using Theo-
rem2.1if A> B >0, A and B are invertible.
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3. Structure among Aluthge transforms implies Furuta inequality
THEOREM 3.1. Let p>po>0, r>ry>0, ¢>0, s(q) =min{p,2po+min{q,r}}
and 5(q) = min{r,2r0 +min{q,p}}. For each p, po, r, ro and q, the following as-
sertions (3.1)—(3.4) imply (3.5)—(3.8) respectively.

(1) If T is a g-hyponormal operator, then

slg)tr slg)+r
((T(p,r))'T(p,r)) 77 = ((T(po,r)) T (po,r)) 707, (3.1)
min{p.g}+r
(T(p,") T(p,r)) 7" (T*T)““““’ A (3.2)
. §(g)+p . s@)+p
(T(p,r)(T(p,r))*) 7 < (T(p;ro)(T(p,r0))*) 077, (3.3)
min{r,g}+p
(T(p.r)(T(p,r))") " 77 < (T*T)mintrai+p, (3.4)
(2) If A>0, B >0 such that A1 > B9, then
r/2 Ap pr/2 sa)+r r/2 r/2 sgir
(B"/*APB"I =) p¥r > (B"/APOB"/ ) ot 3.5)
(Br/zApBr/z)i‘“i"Lﬁ?”’ > Bmin{l’ﬂ}ﬂ (3.6)
5 9+
(ARBAS) < (Abgrak) T 3.7)
(AgBrA%)mmirﬁ;Hp <Amin{r,q}+1’. (3.8)

Theorem 3.1 says that Furuta inequality (Theorem 1.1-1.2) is equivalent to the
same-side structure among Aluthge transforms.

(1.1) follows by (3.2) and (3.4) easily for y(g, p,7) = min { min{p,q}+r, min{r,q}
+ p} . Theorem 3.1 (1) is a direct result of the complete form of Furuta inequality ([31,
Theorem 3.3]).

In order to prove the result, the following lemma will be needed.

LEMMA 3.2. (Shift operator, [26, 27, 29, 30]) For A > 0 and B > 0 on a Hilbert
space ¢, define operators U and D on @y__., 74 where 54, = A as follows:

where (-) shows the place of the (0,0) matrix element, and T = UD. Then the follow-
ing assertions hold for each ¢ >0, p > po>0, r>rg>0and 8 >0:
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(1) T is g-hyponormal if and only if A1 > B9.
@) (|T*["|T)?P|T*|")B = |T*|*P+1B i and only if (B2APB2)P > B+,
(3) [TRHB > (T17|T*[T1P)P if and only if AP+IP > (A5 Brak)P.
@) (TP TPPT )77 2 (TP T )R ifand only if

r r r r _B
(BEAPB3)P > (B5AMBE )70

g s
&) (ITP|T*PofT|P) 70 = (IT1P|T**'(T|P)P7 if and only if

B

i
(AZBOARYPT0 > (AZBTAY )i

B n
T iem > (T* T")tn_3 if and only if

n+m

©) (T*

B B
(B'2Antm=lgl/2y i > (BY2AMBY2) T where 1 = 1,...,n— 1,

B
(Bl/zA"“”*lBl/z) > BB ywhere | = n,....,n+m—1.

) (T"T")% = (T a5 if and only if

B

. o . o B
(AIPB"IAI) T > (AIPBr I AT where j=1,2,...,n— 1

)

AP > (Af/zB"+’"_/A//2) " where j=n,n+1,....n+m—1.

(8) (T"T™)m > (T"T*")" if and only if

AP > B and

B
(B%Amle%)ﬁ > BP where 1=1,2,...,m,

z

ST
AP > (ASB"IAL)Y where j=1,2,..n.

B B
(9) ((T(p,r))*T(p,r))?* = (T(p,r)(T(p,r))*) P if and only if
(B’/2APB’/2):)'3W >BP and
p, B

Proof of Theorem 3.1. 1t is enough to prove that (3.1) implies (3.5) because the
others can be proved similarly.
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If A>0, B> 0 such that A? > B9, define T as in Lemma 3.2, then T is g-
hyponormal by (1) of Lemma 3.2. Thus the inequality (3.1) holds. By the property of
the polar decomposition of 7, (3.1) is equivalent to

(7T [7[7) F > (| ) 57
Therefore, the inequality (3.5) follows by (4) of Lemma 3.2. [

Similarly to the proof of Theorem 3.1, the following result can be proved by (9) of
Lemma 3.2.

THEOREM 3.3. Let p>0, r>0, g>0 and y(q,p,r) =min{qg+p,q+r,p+r}.
Foreach p, r and q, the following assertion (1) and (2) are equivalent to each other:

(1) If T is a g-hyponormal operator, then

v(g.p.r) ¥(g.p.r)

(T (p,r))*T(p,r)) 7= = (T (p,r)(T(p,r))*) 7 . (3.9)

(2) If A>0, B >0 such that A1 > B9, then

(B’/ZAPB’/Z) W) > prlarn)
(3.10)

P v(g.p.r)

(Az B'AT) Hr < AVaP),

By the viewpoint of this section and Lemma 3.2, the problems below on Furuta
inequality and Aluthge transform are equivalent.

PROBLEM 3.4. When q>r >0 and 2py+r=2po+min{q,r} < p, is the outer
exponent s(q)+r = 2po+2r in (3.1) of Theorem 3.1 optimal in the sense of Theorem
1.3?

PROBLEM 3.5 ([31]). When q>r >0 and 2po+r =2po+min{q,r} < p, is the
outer exponent s(q) +r =2po+2r in (3.5) of Theorem 3.1 optimal?

4. Simplified proof

THEOREM 4.1. (Order structure, [15, 27, 29]) Let m, n be positive integers, q >
0 and y(q,m,n) = min{q,m,n+ 1}. If T is q-hyponormal, then the following asser-
tions hold:

(1) Same-side structure,

mal min{g,m}+1
(T* + Tm+1)7m+ (T T)mm{qm}-&-l (41)
N e I R )
= 5 .
m1. min{gm}+1 1
(Tm"rlT* + ) m+1 < (T )mln{%m}+ , (43)
,m,n)+n+1 ,m,n)+n+1
(Tm+n+1T*m+”“)_y(qnwn)j:lt (Tn+1 *”“)_ﬂq n+)1+ - ) (4.4)
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(2) Different-side structure,

(" ey BEEEL S (ppeymin{am1), (4.5)
(T*T)min{q,n+l} > (Tn+1T*n+l)% (4.6)
(T*erle_,’_l)%W 2 (Tn+lT*n+l)%. (47)

[29] showed Theorem 4.1 except (4.1) and (4.3). Ito [15] obtained (4.1) and (4.3).
The case g < 2 of (4.2) and (4.4) are the main results of [27].

In order to give a short and simplified proof, a variant on original form of Furuta
inequality is prepared.

THEOREM 4.2. (Variant on original form) Let ¢ >0, r >0, p >0, A >0 and
B >0. Then A1 > B? ensures

min{q.p}+r min{g.p}+r

(Br/2APBr/2) p+r > (Br/2BpBr/2) 7

min{q,p}+r min{g,p}+r

(Ar/2ApAr/2) prr 2 (Ar/ZBpAr/Z) p+r

Proof of Theorem 4.1. The assertions (4.1), (4.3), (4.5)-(4.7), (4.2) and (4.4) will
be proved in turn.

Step 1. To prove (4.1) by induction and the original form of Furuta inequality
(Theorem 4.2): When m =1, (4.1) becomes

min{q,1}+1
1

(T*HITH'I) e min{g,1}+1

> (1°7)
By the property of the polar decomposition of 7™, the inequality above is equivalent to

min{g.1}+1

(7 [T |e]) = e pmmtot =, 48

(4.8) follows by the g-hyponormality of T and the original form of Furuta inequality
(Theorem 4.2). Assume that (4.1) holds for m = k(> 1), this together with the g-
hyponormality of T and min{min{q,k} +1,q} = min{q,k+ 1} deduce that

min{q.k+1}

(T*HlTkH) T > (TT*)

min{q.k+1}

Then, by applying the original form of Furuta inequality to |T**!| BT and |T* 2

in{g.k+1}+1

(T[T Ple]) R s ekt ey, (4.9)

By the property of the polar decomposition of 7%, (4.9) is equivalent to

in{g.k+1}+1 .
(T*k+1+1Tk+l+1) % > (T*T)m1n{q7k+l}+l'
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Therefore (4.1) holds.

Step 2. To prove (4.3): The proof of (4.3) is similar to that of (4.1).

Step 3. To prove (4.5)—(4.7): (4.5) is adirect result of (4.1) and the g-hyponormality
of T because of min { min{q,m} + Lq} = min{q,m+ 1}. The proof of (4.6) is similar
to (4.5). (4.7) follows by (4.5) and (4.6).

Step 4. To prove (4.2): If m = 1, then min { min{g,n+ 1}, 1} = y(q,m,n). Thus,

by (4.6) and applying the original form of Furuta inequality to ’T’z and |77 e

(}T*"Jrl } }T}2|T*n+l |) % > }T*’Hl }2(Y(q=’n’")+n+l)' (4.10)
In the case of m > 2, by (4.7) and applying the original form of Furuta inequality to
2 nrl, 2
|Tm " and |T* " [T,
(’T*IHI ’ ’Tm’2|T*n+1 |) % > ’T*Hl ’2(y(q,m,n)+n+l). @11

So (4.2) holds by (4.10)—(4.11) and the property of the polar decomposition of 7.
Step 5. To prove (4.4): The proof of (4.4) is similar to that of (4.2). [

Step 1 of Proof of Theorem 4.1 is a short proof of Ito’s result [15, Theorem 1].
The outer exponents of the inequalities in Theorem 4.1 are optimal except the cases
n+1 < min{q,m} of (4.2) and (4.4) by [27, Theorem 3.1] and [29, Theorem 3.2].

PROBLEM 4.3 ([29]). When n+1 <min{q,m}, is the outer exponent y(q,m,n)+
n+1=2(n+1) in(4.2) and (4.4) optimal?

By Lemma 3.2 (6)—(7), Problem 4.3 is a special case of Problem 3.5.
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