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COLUMN SUMS AND THE CONDITIONING OF THE
STATIONARY DISTRIBUTION FOR A STOCHASTIC MATRIX

STEVE KIRKLAND

(Communicated by M. Neumann)

Abstract. For an irreducible stochastic matrix 7', we consider a certain condition number k(7'),
which measures the sensitivity of the stationary distribution vector to perturbations in 7', and
study the extent to which the column sum vector for 7' provides information on k(7). Specif-
ically, if ¢! is the column sum vector for some stochastic matrix of order 7, we define the set
Z(c) = {AJAis an n x n stochastic matrix with column sum vector ¢’ }. We then characterise
those vectors ¢! such that k(7)) is bounded as T ranges over the irreducible matrices in .7(c);
for those column sum vectors ¢! for which x is bounded, we give an upper bound on ¥ in
terms of the entries in ¢’ , and characterise the equality case.

1. Introduction

An n X n entrywise nonnegative matrix 7 is stochastic if it has the property
that 71 = 1, where 1 denotes an all ones vector of the appropriate order. Evidently
such a matrix 7 has 1 as an eigenvalue, and we find from Perron-Frobenius theory
(see [11]) that if A is any eigenvalue of T then |A| < 1. If the eigenvalue 1 of T is
algebraically simple, then 7 has a unique stationary distribution - i.e., an entrywise
nonnegative row vector 7! such that 777 = 77 and 771 = 1. In the special case
that the stochastic matrix T is irreducible, that is, the directed graph associated with
T is strongly connected, then T necessarily has a unique stationary distribution, all of
whose entries are positive.

Stochastic matrices and their corresponding stationary distributions are the cen-
trepiece of the theory of finite time homogeneous discrete-time Markov chains. In
particular, if T is the transition matrix for the Markov chain, and 1 is an algebraically
simple eigenvalue of 7', and all other eigenvalues have modulus less than 1, then the
iterates of the Markov chain converge to the stationary distribution of 7', regardless of
the initial distribution for the chain. We refer the reader to [11] for background on that
subject.

Given the interest in stationary distributions for stochastic matrices, it is not sur-
prising that there is a body of work on the conditioning properties of stationary distri-
butions. Specifically, suppose that T is an irreducible stochastic matrix with stationary
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distribution 77, and 7 = T + E is a perturbation of T that is also irreducible and
stochastic, with stationary distribution 7T we say that a function f(7T') is a condition
number for the stationary distribution if, for some pair of suitable norms || ||, ]| ||» We
have ||zT — #T||, < f(T)||E||, for all admissible perturbing matrices E. There are a
number of condition numbers available for the stationary distribution, and the paper [2]
surveys several of these and makes comparisons between them.

In this paper we focus on a particular condition number. Let || || denote the
maximum absolute row sum norm. For any irreducible stochastic matrix 7 of order n
with stationary vector 77, we let

1 _ .
K(T) = Emax{mH(I—Ti) Yeli=1,...,n},

where for each i = 1,...,n,T; denotes the principal submatrix of T formed by deleting
row i and column i. We note that x(7) can also be expressed in terms of the group
generalised inverse (I —T)* corresponding to the matrix I — T, namely

max ((I=T)};—(I=T)f)

(see [2]). According to results in [3] and [9], for any perturbing matrix E such that T=
T + E is irreducible and stochastic with stationary distribution 7T, we have max; | —
7| < K(T)||E||». Indeed, from the results in [2] and [4], it follows that of the eight
condition numbers surveyed in [2], k(T) is the smallest. Further properties of k(T')
are developed in [5] and [7]; in particular, both of those papers provide bounds on x(T)
in terms of parameters of the directed graph associated with T .

In [2], the authors comment briefly on Markov chains possessing ‘a dominant
central state with strong connections to and from all other states’, asserting that the
stationary distribution associated with such a chain cannot be unduly sensitive to per-
turbations in the entries of the transition matrix. The present paper deals with a related
problem, by considering the vector of column sums of the transition matrix. Specifi-
cally, suppose that n € N and that we have numbers ¢y > ¢, > ... 2> ¢, = 0 such that
S, c; = n. We refer to such a vector ¢! as an admissible column sum vector of order
n. Let

() ={A|Ais an n x n stochastic matrix with 174 = ¢T};

it straightforward to determine that .#(c) # 0.

We focus on two key problems in the sequel:

a) characterise the admissible column sum vectors ¢’ for which x(T) is bounded
from above as T ranges over the irreducible matrices in . (c);

b) for those admissible column sum vectors such that k is bounded as in a), find
an upper bound on the corresponding value of k.

In this paper, we solve both of those problems.

Throughout, we will use standard ideas and terminology from the theory of stochas-
tic matrices, and from the theory of generalised inverses. We refer the reader to [11] for
the former and to [1] for the latter.
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2. Preliminary results

In this section we address problem a) described in Section 1. Our first result will
be useful in the sequel.

LEMMA 2.1. Let cT be an admissible column sum vector of order n. Then k(A)
is bounded as A ranges over the irreducible matrices in #(c) if and only if, for each
matrix A € 7 (c), there is just a single essential class of indices for A.

Proof. Appealing to Corollary 2.6 and Theorem 2.8 of [4], we find that for any
irreducible A € .7(c),

Sminl[(1— A7)l > k(4) > - min|(7 - 4) |l

J noj

Thus we find that K (A) is bounded as A ranges over the irreducible matrices in .%(c)
if and only if min;||( —A;)!||- is bounded as A ranges over the same set.

If .#(c) admits a matrix M for which there are two essential classes, then note
that for each 0 < € < 1, the matrix M(g) = (1 —&)M + £1c” lies in .(c) and is
irreducible. It is not difficult to show that min; ||( —M(€);) " || is unbounded from
above as € — 0.

Now suppose that min; |[(I —A;)"!||. is unbounded as A ranges over the irre-
ducible matrices in .#’(c). Then there is a sequence of matrices {A(m)}_, € .7(c)
such that foreach j=1,....n,||(I—A(m);)"!|| — o as m — c. Since .#(c) is com-
pact, A(m) has a convergent subsequence, say with limiting matrix T € ./ (c). Further,
foreach j=1,...,n,I—T; fails to be invertible. Hence for the matrix T, we see that for
any index j there is an essential class that does not contain j, so that 7 must contain
at least two essential classes. [J

We now recast the key condition of Lemma 2.1 in terms of column sums.

THEOREM 2.1. Let ¢’ be an admissible column sum vector of order n > 2. Each
A € F(c) has a single essential class if and only if ¢; < 1.

Proof. We proceed by proving the following equivalent statement: .%(c¢) admits
a matrix A with two or more essential classes if and only if ¢, > 1. This statement is
straightforward to verify if n =2, so we assume henceforth that n > 3.

Suppose first that .(c) admits a matrix A with two or more essential classes.
Then there is a permutation matrix P such that PAPT has the form [—’—%l IL?J , were A
is kx k,Ay is (n—k) x (n—k), and where without loss of generality, the permutation
P maps e; to ey forsome j > k1, so that the first row and column of A corresponds
to the j-th row and column of PAPT (here, as usual, ¢; denotes the i-th standard unit
basis vector). Considering the sum of the entries in A, we find that there are indices
il,...,0x > 2 such that k = 17TA;1 = Zl;zlc,-j. Hence max{c;,...,c; } > 1, whence
c > 1.
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Conversely, suppose that ¢; > 1, and let ¢ = [c3 ... ¢;]. The matrix B given
by

1 0 or
B= 0 1 oT
c1—1 cr—1 1 ~T
1 =1 518

is evidently in ./(c), and has two essential classes of indices. [

The following is immediate.

COROLLARY 2.1.1. Let cT be an admissible column sum vector of order n. Then
K(A) is bounded as A ranges over the irreducible matrices in #(c) if and only if
c < 1.

From Corollary 2.1.1 we see that the condition that k is bounded above over .%(¢)
is equivalent to the condition that ¢, < 1. Observe that in that case, necessarily we have
cy>1and ¢; <1 for i =2,...,n, and so we can think of state 1 as being a dominant
central state. Consequently, Corollary 2.1.1 serves to reinforce the comment of Cho
and Meyer ([2]) quoted in Section 1.

Here is one of the main results of this section.

THEOREM 2.2. Let ¢! be an admissible column sum vector of order n such that
¢y < 1. Then

sup{k(A)|A is irreducible ,A € .7 (c)}

1
:max{§|(l—T)_1|w|Tis (n—1)x (n—1),0<T,T1<1,1'T < [c7 ... cn]}.

Proof. Suppose that A is an irreducible matrix in .# with stationary vector 7.

By Corollary 2.6 of [4], we have 2k(A) < minj<i<, ||(I —A;)"!||-, so in particular,
K(A) < %H(I—Al)’lHoo. Since A; > 0,A11 <1 and 17A4; < [z ... ¢,], we con-
clude that sup{k(A)|A is irreducible,A € .7(c)} < max{3||(I—T)"||-[0 < T,T1<
I,ITT < [CQ Cn]}

Next, consider a matrix 7 that attains the maximum on the right hand side of (2.2).
We claim that, without loss of generality, we may assume that 17T = [¢; ... ¢, ] . To
see the claim, suppose that for some j = 2,...,n, we have ITTej_l < cj. We will
construct a matrix S of order n— 1 such that S1<1,17S=[c; ... ¢, ], and S > T,
from which the claim will follow. Since 1771 < n — 1, there is some row of T, say
the i-th such that e/ T1 < 1. We may then increase the (i, /) entry of T to yield a
substochastic matrix 7 whose column sum vector is bounded above by [cz c,,] ,
such that either 17Te;_; = ¢}, or e/ T1 = 1. In the case that 17 Te;_| < ¢;, we may
repeat the argument on 7 and increase an entry in its (j— 1)-st column. As 2;?;5 cj <
n— 1, each matrix so constructed has at least one row sum strictly less than 1; it follows
that this process must eventually construct a substochastic matrix T such that 177 <
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[c2...cn], 1TTe;_1 =cj, and T > T. lterating the argument now yields a matrix §
with the desired properties. Henceforth we assume that 177 = [¢3 ... ¢, ] .
1 |of

, which has stationary vector elT . Itis straightforward to

Let A=
1-T1| T

o | o
~(1-r)y"1|a-1)"
the right hand side of (2.2).

For each 7 € [0,1], let B(r) = (1 —1)A+ t1c”. Then for each r € (0,1],B(r)
is an irreducible matrix in .#(c¢). Further, from the approach taken in [10], it fol-
lows that x(B(r)) is a continuous function of # on [0,1]. It now follows that as
t — 0", k(B(r)) — k(A), yielding the desired conclusion. [J

see that (I —A)* = l 1 . In particular, k(A) coincides with

Let ¢’ be an admissible column sum vector of order n, and define K(c) by
1
x(c) :max{EH(I—T)*le\T is(n—1)x(n—1),0<T,T1<L,1'T < [er ... cn ]}

Evidently for any irreducible stochastic matrix A € .#(¢), and any perturbing matrix
E # 0 such that A+ E is also irreducible and stochastic, we have the inequality

Tia\_ T
|| (A) |g|(A+E)|oo <%(e), 0

where 77 (A) and 77 (A+ E) denote the stationary distributions for A and A+ E,
respectively.

REMARK 2.1. In this remark we show that the inequality (1) cannot be improved.
Adopting the notation of the proof of Theorem 2.2, we let T be a matrix yielding the

OT

1-71| T
let B(r) = (1 —1)A+ L1c”. For convenience, we suppose that n > 3.

For each such ¢, let E; = "2 (e —ey)(e; —e2)T, and note that since n >3, B(t) +

n

maximum on the right side of (2.2), let A =

1 , and for each ¢ € (0,1),

E; is an irreducible stochastic matrix in #(c). Observe that ||E;||. = 2’% For each
t € (0,1), denote the stationary distributions for B(z) and B(¢) + E; by n’ (B(t)) and
n” (B(t) + E;), respectively. For any such ¢, we have n” (B(t) + E,)E;(I — B(¢))* =
nl (B(t) + E;) — o (B(t)). Hence “2(m(B(t) + E;) — m(B(t) + E;))((I — B(t))}, —
(I—-B(t))4,) = m(B(t) + E) — m (B(t)). Consequently, for each 7 € (0,1), we have

|m(B(t) + E1) — m(B())|

1E [~ ((I=B(0)f; = (I-B())5))-

1
=|m(B(t)+E) —nz(B(t)+E,)\§
Letting  — 0", we see that the right side above convergesto 3 ((I—A)f, — (I—A)})) =
K (c). Thus we see that for any § > 0, there is an irreducible matrix M in .(c¢) and
a perturbing matrix E such that M + E is also irreducible, and with the property that

I )" G, () — .
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Our last result of this section presents an eigenvalue bound for matrices in .%(c)
when ¢ < 1.

PROPOSITION 2.1. Suppose that ¢! is an admissible column sum vector of order
n, andthat ¢y < 1. Let A € % (c), and suppose that A # 1 is an eigenvalue of A. Then
[1—A|> %(C)

Proof. Let M be any n x n matrix with constant row sums, say M1 = p1. Define
T(M) = 3 max; j ||(e] —e?)M||,; from Theorem 2.10 of [11] we find that if z # p is an
eigenvalue of M, then |z| < T(M).

Now consider the matrix M = (I — A)*, and note that M1 = 0. Further, we see
that if A # 1 is an eigenvalue of A, then Il—l—/ll is an eigenvalue of M. Consequently
ﬁ < 7(M). Next, observe that T(M) < § max; ;((I —A)%; — (I - A)};) <nK(c). The
conclusion now follows. [

3. Bounds on ¥(c)

In this section we produce upper bounds on ¥ (c). We begin with a useful lemma.

LEMMA 3.1. Suppose that 1 > ¢y > ¢3 > ... > ¢,. Let T be a substochastic
matrix of order n — 1 whose column sum vector is i = [cz cn] . Fix an index
j=1,....n—1, andlet T be the principal submatrix of T formed by deleting its j-th
row and column. Let ¢ be formed from ¢ by deleting the j-th entry (Which is cji1),
and let x denote the column vector formed from Te; by deleting the j-th entry. Then

' 14 n—1-(T-&"a-1"1
ei(I-=T)"1= l—cjp+(A7=eM)(I-T) 1

Proof. Evidently T is permutationally similar to the matrix

|
B @T—ITT ‘ Cj+1 —IT)C ,

where the last row and column of M correspond, respectively to the j-th row and
column of T. In particular we see that e} (I —T)"'1=e] (I — M) '1. We observe
in passing that 71 +x < 1,177 <7 1Tx < c¢jyp, and 30 50— 1< 1771417

Let A=1—cji1+17x— (¢T —17T)(I—T)'x. Then

OV U D (L il W e |-

By using the relation (I —7)~' —T(I —T)~! =1, we find that A can be rewrit-
ten as 1 —cjiq + (17 —¢T)(1 —T)~'x. Similarly, we have (¢7 —17T)(1—-T)"'1 =

>
—_
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n—2—1"=é") (I - T)"'1. It now follows that e} (I =T) "1 =e] (I-M) "1 =

—1-(T--1)""1
lfcjﬂi(lrié)f()(l )T) T as desired. U

Next, we present a general bound on ¥(c).

THEOREM 3.1. Let ¢! be an admissible column sum vector of order n such that

¢y < 1. Then ¥(c) < 1;123:032;' Equality holds if and only if 3} ,c; < 1.

Proof. From the proof of Theorem 2.2, we see that the value for X(c) corresponds
to a substochastic matrix 7 of order n — 1 with column sum vector [cz c,,] . Con-
sider such a T and suppose that for some j=1,...,n— 1, we have ||[(I —T)"}||.. =
e;j(I—T)~'1. Adopting the notation of Lemma 3.1, we find that

n-1-QT-eHu-17)"1 _n-1-(a7-cHu-1)"11

I-T) Y = = S
[I( )l l—cj+ 17 =) (I —T)"1x I—cj
_ n—1-1"-2"1 _ 1+30,c—cju
= l—cjy1 I—cju

the last inequality following from the fact that < (I — T)~!. It is now readily estab-
lished that —F2=25—%t1 1+2,-:23 % which yields the desired upper bound on ||(I —

l—Cj+1 1—c

T) ||, and hence on K(c).
1+21 3Ci
1—c

x=0, T =0, and j can be taken to be 1, so that T canbe takenas T =e; [c3 ... ¢u ] .
Since that matrix is substochastic, it must be the case that Y} ,¢; < 1. Conversely, if
¥ ,ci <1, then a straightforward computation shows that ||(I—ej [c2 ... ¢ |) 7| =
1+2;'1:3 Ci

—— 0

Examining the argument above, we find that if ¥(c) = , then necessarily

EXAMPLE 3.1. In this example, we illustrate the conclusion of Theorem 3.1, as
well as the limiting process used in the proof of Theorem 2.2 to establish (2.2). Consider
the admissible column sum vector ¢’ = [4 2 3 51; é é] ; since Y2 ,¢; = 1, it follows
from Theorem 3.1 that K(c) = 4.

Let A be the matrix

and for each ¢ € [0,1], note that the convex combination B(t) = (1 — t)A + L1

in .7 (c). Figure 1 plots the computed values of k(B(55)) for i =0,...,100. Ob-
serve that as 1 = 755 increases from 0 up to 1, the values of k(B(t)) increase from §
when ¢ = 0, up to the maximum possible value of % , which is denoted by the dashed

horizontal line in Figure 1, when ¢t = 1.
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0.5 =
0

éO 4‘0 f;O 86 100
Figure 1: x(B(z)) for t € [0,1]

Before proceeding to refine the bound of Theorem 3.1, we require the following
technical result.

LEMMA 3.2. Suppose that u and v’ are nonnegative vectors of orders p and q,
respectively. There is a p x q nonnegative matrix S such that S1=u and 1S <v' if
and only if 1Tu < 17v.

Proof. Certainly if such a matrix S exists, then 174 = 1751 < 17v.

To prove the converse, note that we need only consider the case that 17v > 0
(otherwise we select S =0). We proceed by induction on p+- ¢, and begin by observing
that the cases p =1 and g =1 are easily established, since we can take S = %VT and
S = u, respectively, in those cases.

Suppose that the result holds if p + ¢ = m, and that we have vectors u and v,
of orders pg,qo respectively such that po+qo =m+1 and 17u < 17v. If u; < vy,
then since up + ...+ up, < (vi —u1) +va+...4 vy, we find from the induction hy-

us
pothesis that there is a (pg — 1) X go nonnegative matrix S such that S1= | : | and
Upy
T

1€1

175 < [(vl—ul) vy ... vqo].Thematrix S=

1 now has the desired properties.

Similarly, if vi < uy, then since (4 —vi)+uz+...up, < v2+...+vgy,, we find from
the induction hypothesis that there is a pg x (go — 1) nonnegative matrix S such that
ui—vi
u _
S1= ) and 17S < [v2 ... vy, | . In this case, the matrix S = [vie|S] has

Up,g
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the desired properties. [
Adapting the technique of Theorem 3.1, we establish our final result, which is one

of the main results in this paper.

THEOREM 3.2. Let ¢ be an admissible column sum vector of order n > 3 such
that ¢y < 1. Suppose also that for some k € N, we have k+1 > Y7 ,c; > k. Then

@)

®(c) < =
() T

1 <1+ L+3 Ci+ck+2(zlr'lzci_k)>
5 .

Equality holds if and only if Ef‘:zz ¢ < 1.

Proof. We begin by remarking that for the case that k = 1, we interpret the quan-
tity XX ¢; as 0 in (2).

Referring to the proof of Theorem 2.2, we find that a matrix 7 yielding the max-
imum value in the definition of K(c) can be taken to be substochastic, of order n— 1,
with column sum vector equal to [cz c,,] . Let T be such a matrix, and suppose
that for some j=1,...,n—1, we have ||({ —T)~!||. = ¢;(I — T)~'1. Adopting the
notation of Lemma 3.1, we have

n—1-1T-ehH(a-1""1 -l —(@r =M -’ —ehT1

[-T) Y| = a < .
e )l l—cjp+AT=2l)I-T)"'x I—cjp+ (A7 —2T)x
Lo+ S, 1 —ehHT1 . S ci— (AT —el)(T14x)
l—Cq,’+1+(1T—ET)x l—Cj+1+(1T—@T)x '

Recalling that 71 +x < 1 and that ¥ ,¢; — 1 < 1771+ 17x, we find that ||(I —

_1 3, ci—min, (17 —¢7)

T) H°° < 14 lfc_,-+1+(1TféT)x
all vectors u of order n — 1 such that 0 <u <1 and 17u = Stoci—1

Next, we select indices iy, ..., such that the entries ¢; ,...,c;, are, respectively,

the k largest entries in ¢’ listed in descending order. Evidently several cases arise:
)if j=>k+1, then [ciy ... c; | =[ca ... cryr ]

u . o« . .
, where in the numerator, the minimum is taken over

ii) if j =k, then [Ch ...c,-k] = [cz .. Ck ck+2];
i) if 2 < j < k—1, then [cil ...cik] = [cz cea Cj Cjy ...ck+2];
iv)if j=1, then [c; ... c;; | =[c3 ... cry2].

Using this notation, it is straightforward to determine that min, (17 — &7 )u =
E;(;ll(l - Cit) +(1- Cik)(E?:Z ci—k).
Thus we find that ||(I—T) || < 1+ Z?ZZCi_Zf:lll,(l.,_Ci’)_;I:A.Crik)(z?zzq_k)
LI+1+(1 el)x
since X0 >k > X (1—¢;)) + (1 —¢;)(Xh,ci — k), it follows that our upper
bound above on ||(I —T)~!||. is decreasing in each entry of x. Consequently, we have

_ -3t (e~ (1= ) (S _pci—k) _
I =T) e < 1+ =22 1_’% === =dj+l-

. Further,
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Next, we claim that foreach j=1,...,n—1,
i1 He = S ) — (L) (B — k)
j+Hl X 42 — 1—c, .

To see the claim, we first note that if j > k+ 1, then

=Y, (1—c) = (1= 1) (Shyci— k)

disg=1
Jj+1 + 1_ it

<digo.

An uninteresting computation shows that the inequality di,, < d5 is equivalent to

k
€2 — Cry2 Zcz (1—c2)* = (c2— cis2) Y (1—¢) = (1= cprn)(1 = crs2)
=3

+(20i—k)((1—02)(1—Ck+1)—(1—0k+2)2)20- 3)

Note that (3) can be rewritten as

k
(2 ci—k)(Crr2 — Ci+2 —Cry1+C2Ckr1) + (2 — Ck+2)(2 1+ crra2)
i— 1=2

+(1 = ck2) (1 — cxr2) = 0. 4)

If cpin— ci 42— Ck+1tC2cky1 2= 0, then certainly (3) holds. On the other hand, if
Crt2 — c,% 12— Crkr 1t cacky1 <0, thensince ¥, ¢; — k < 1, it follows that the left side
of (3) is bounded below by

Cht2 — Cppg — Cir1 + €26kt + (1 — cpsa) (Gt — Crg2) = car1 (€2 — 1) = 0.

In either case, we find that (3) holds, so that dj | < dj42 < d foreach j > k+1.

Next, we note that another computation reveals that the inequality dy| < d> is
equivalent to (c2 — ¢xr1)(crea(XFyci — k) + Zf*zl ¢1) 2 0; as the latter clearly holds,
we find that dj, | < do. Similarly, for j = 3,...,k, the inequality d; < d» can be
shown to be equivalent to the inequality (c; —c¢; )(ck+2(2§’=2 ci—k)+3X 0 ¢) >0,
which again clearly holds. Hence, d;| < d; for each j=2,...,n—1, establishing the
claim.

From the considerations above, we have

1+ 35 it cen (B p i — k)

I-T) Yw<1+
11( ) o

:d27

which yields (2).

Next, we consider the case that equality holds in (2). Examining the argument
above, we see that equality holds only if
(i) j canbe takentobe 1, (ii) x =0, (iii) the vector 71 has 1s in the positions 1,...,k—
1, the entry ¥ ,c; — k in position k, and Os elsewhere, and (iv) 72 =0.
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Setting y" = [c3 ... ¢, |, we thus find that a matrix T that yields equality in (2)

has the form
r_qrp
T— |y _ 7
0 T

where T satisfies the conditions above. Applying the row sum condition (111) on T,
we find that the first k rows of 7 are nonzero, while the remaining rows of 7' must be
all zero. Next, applying the condition (iv) that 72 = 0, it follows that 7" is given by

1
. 0|S . . :
T= ool where S is a k x (n —2 — k) matrix such that S1= : and
1
Z?:zci_k

17S < [cky3 ... x| . By Lemma 3.2, such a matrix § exists only if k— 1+ 3 ,¢; —
k<3 s -ie -onlyif 357 c; < 1.
Conversely, if ijzz ¢; < 1, then using Lemma 3.2 we can find a k x (n —2 —

1
k) matrix S with S1 = : and 178 < [cxy3 ... ¢n | . Then, setting 27 =
1
2,"’:2 ci—k
[Ck43 --. cn] we construct the matrix T given by
|3 ... Ck42 ZT—ITS
T=10 0 S
0 0 0

It is now straightforward to determine that ||(I — 7)™ !||« = d2, and that T has the
desired row and column sum properties. [

EXAMPLE 3.2. In this example, we illustrate the conclusion of Theorem 3.2 in
a manner similar to that in Example 3.1. Consider the admissible column sum vector
I=[221 111111111 Wehave $/1,¢; = £, so that in the notation of
Theorem 3.2, we have k = 2. We now find from Theorem 3.2 that k(c) = g—i.

Let A be the matrix

0000000000
211

2110000000
8881111110

0000000006
0000000000
0000000000 |;
0000000000
0000000000
0000000000
0000000000
0000000000

e e e e i e te) [ e B e I
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2.4

221

0.8 /

0.6 , -

0.4 . . . .
0 20 40 60 80 100

Figure 2: k(B(z)) for t € [0,1]

for each 1 € [0,1], note that the convex combination B(r) = (1 —#)A+ {;1c” is in
7 (c). Figure 2 plots the computed values of k(B(155)) for i=0,...,100. We see that
as 1 = 7l increases from O up to 1, k(B(r)) increases from 1 up to the maximum

possible value of % , which is denoted by the dashed horizontal line in Figure 2.

4. Conclusion

In this paper, we have considered the condition number k(7), which measures
the sensitivity of the stationary distribution of the irreducible stochastic matrix 7. We
have identified the admissible column sum vectors ¢! for which k(T) is bounded as
T ranges over the set .(c) of irreducible stochastic matrices with column sum vector
. For those admissible column vectors ¢! for which k(7' is bounded as T ranges
over the irreducible members of .(c¢), we provide sharp upper bounds on k in terms
of the entries of ¢’ .

The results in [6], [7] and [8] examine the conditioning of the stationary distribu-
tion of a stochastic matrix T by considering the structure of the directed graph of T .
Specifically, those papers focus on how certain combinatorial parameters (i.e. quali-
tative information) associated with T can be used to construct bounds on k(7). The
present paper provides some companion results to those works, by using readily avail-
able quantitative information — the column sums of 7 — in order to construct bounds on
K(T).
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