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MULTIPLIERS OF MULTIDIMENSIONAL FOURIER ALGEBRAS

I. G. TODOROV AND L. TUROWSKA

Abstract. Let G be a locally compact ¢ -compact group. Motivated by an earlier notion for dis-
crete groups due to Effros and Ruan, we introduce the multidimensional Fourier algebra A™(G)
of G. We characterise the completely bounded multidimensional multipliers associated with
A"(G) in several equivalent ways. In particular, we establish a completely isometric embedding
of the space of all n-dimensional completely bounded multipliers into the space of all Schur mul-
tipliers on G"*! with respect to the (left) Haar measure. We show that in the case G is amenable
the space of completely bounded multidimensional multipliers coincides with the multidimen-
sional Fourier-Stieltjes algebra of G introduced by Ylinen. We extend some well-known results
for abelian groups to the multidimensional setting.

1. Introduction

A classical result in Harmonic Analysis asserts that a bounded function defined on
a locally compact abelian group G is a multiplier of the Fourier algebra A(G) of G
precisely when it is the Fourier transform of a regular Borel measure on the character
group G of G. After the seminal work of P. Eymard [10], Harmonic Analysis on
general locally compact groups has been closely related to the theory of C*- and von
Neumann algebras. More recent work of E. Effros, M. Neufang, Zh.-J. Ruan, V. Runde,
N. Spronk and others shows that Operator Space Theory plays a significant role in the
subject. The operator space structure of A(G) has thus become an indispensable tool
in non-commutative Harmonic Analysis. J. de Canniére and U. Haagerup [4] defined
the set MA(G) of completely bounded multipliers of A(G), and M. Bozejko and G.
Fendler [3] provided a characterisation of M’A(G) which, combined with a classical
result of A. Grothendieck [13] and a result of V. Peller [17] shows that MCbA(G) can
be isometrically identified with the space of all Schur multipliers of Toeplitz type. An
alternative proof of this result was given by P. Jolissaint [14]. N. Spronk [21] showed
that this identification is in fact a complete isometry. We refer the reader to Sections 5
and 6 of G. Pisier’s monograph [18] for an account of Schur multipliers.

Building on an earlier work on bimeasures on locally compact groups [11], [12],
K. Ylinen [22] defined a multivariable version B"(G) of the Fourier-Stieltjes algebra
of a locally compact group. A multivariable version of the Fourier algebra of a discrete
group was introduced by E. Effros and Zh.-J. Ruan in [7], and its completely bounded
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multipliers were characterised in terms of a multilinear matrix version of classical Schur
multipliers, introduced in the same paper.

In [15], multidimensional Schur multipliers associated with measure spaces were
introduced and identified with a natural extended Haagerup tensor product [9] up to an
isometry. In the present paper, we show that this identification is a complete isometry.
We define the n-dimensional Fourier algebra A”(G) of an arbitrary locally compact
group and show that it is a closed ideal of B"(G). We characterise the set M A(G)
of completely bounded multipliers associated with A"(G) in several equivalent ways
(Proposition 5.4, Theorem 5.5, Theorem 5.7). In particular, we show that there exists
a completely isometric inclusion of M?A(G) into the space of all n + 1-dimensional
Schur multipliers on G with respect to the (left) Haar measure. Its image is a space
of multidimensional Schur multipliers of Toeplitz type. Our results imply that if G is
amenable then B"(G) can be completely isometrically identified with M?A(G). In the
case G is abelian, we show that B"(G) can be identified with more general classes of
multipliers on G arising from partitions of the variables (Theorem 6.4). In particular,
every multiplier of A”(G) is in this case automatically completely bounded. We obtain
a multidimensional version of the classical result that if ¢ € ¢°(Z) then the function
¢ € 0>(Zx7Z) givenby @(x,y) = @(x—y) is a Schur multiplier if and only if ¢ is the
Fourier transform of a regular Borel measure on the unit circle.

2. Preliminaries

We begin by recalling some basic notions and results from P. Eymard’s work [10].
If H and K are Hilbert spaces we let #(H,K) be the space of all bounded linear
operators from H into K. We write (H) = %(H,H). Throughout the paper, G will
denote a locally compact o -compact group with a left Haar measure m and a neutral
element e. As usual, LP(G), p = 1,2, will denote the space of all complex valued
Borel functions f on G such that |f|” is integrable with respect to m. Integration
against m with respect to the variable x will be denoted by dx. The space L' (G) is an
involutive Banach algebra; its enveloping C*-algebra is the group C*-algebra C*(G)
of G. We denote by W*(G) the enveloping von Neumann algebra of C*(G) and let
o : G — W*(G) be the canonical homomorphism of G into W*(G). Let A be the left
regular representation of L!(G) on the Hilbert space L?(G); the closure of its image in
the operator norm is the reduced C*-algebra C;(G) of G, and its closure in the weak
operator topology is the group von Neumann algebra VN(G) of G. We use the symbol
A to also denote the left regular representation of G on L*(G).

Let B(G) = C*(G)* be the Fourier-Stieltjes algebra of G;if f € B(G) then f can
be identified with a function (denoted in the same way and) given by f(x) = (f,®(x)).
Any such f has the form f(x) = (m(x)&,n) for some unitary representation 7 : G —
ZB(H) and vectors &,1 € H, and the space B(G) is a Banach algebra with respect to the
pointwise product. By A(G) we denote as usual the Fourier algebra of G, that is, the
ideal of B(G) of all functions f of the form f(x) = (A&, n) where &, 1 € L*(G). Then
A(G) can be canonically identified with the predual of VN(G): if f(x) = (A4,&,n),
x€ G, then (f, T)=(T&,n), T € VN(G).
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We next recall some notions and facts from Operator Space Theory. We refer
the reader to [1], [8], [16] and [19] for further details. An operator space is a closed
subspace & of #(H,K) for some Hilbert spaces H and K. If n,m € N, we will denote
by M, .(&) the space of all n by m matrices with entries in & and let M,(&) =
M, (&). Note that M, (&) can be identified in a natural way with a subspace of
Z(H™,K") and hence carries a natural operator norm. If n = oo or m = oo, we will
denote by M, ,,(&) the space of all (singly or doubly infinite) matrices with entries in
& which represent a bounded linear operator between the corresponding amplifications
of the Hilbert spaces and set Mw.(&) = Mw(&). We also write My, = My, (C)
and Mew = M...(C). If & and Z are operator spaces, a linear map ® : & — .F is
called completely bounded if the map ®X) : My (&) — My (F), given by ®X) ((a;;)) =

®(a;;)), is bounded for each k € N and ||®||. def sup ®®)|| < oo. The map @
J k

is called a complete isometry if ®%) is an isometry for each k € N, and a complete
contraction if ||®|| < 1.

If & (resp. .%)isalinear space and ||| is anormon My (&) (resp. Mi(F)), k€
N, then one may speak of completely bounded, completely contractive and completely
isometric mappings from & into .% as described above. Ruan’s celebrated abstract
characterisation of operator spaces identifies a set of axioms on the family (| - [|x),
of norms in order that & be completely isometric to an operator space; see [8] for a
description of these axioms and applications. An operator space structure on a linear
space & is a family (||-|[x);_,, where || - ||z is a norm on M (&), with respect to which
& is completely isometric to an operator space.

Let &,41,...,4, be operator spaces, @ : &1 X ... X &, — & be a multilinear map
and

DK M (&) X Mi(&2) % ... x Mi(&,)) — Mi(&)

be the multilinear map given by

k n 2 n
! )(al,...,a )pg = 2 q)(a}wzvapz,pym7“17".,11)’ (D)
P2y--sPn

where o' = (a}, ) € Mi(&;), 1 < p,q <k. The map @ is called completely bounded
if there exists C > 0 such that for all k € N and all elements a’ € My(&), i=1,...,n,
we have

lo®(a',....a" | <Clla']... "]

If & and &;, i =1,...,n, are dual operator spaces we say that @ is normal if it is
weak* continuous in each variable. We denote by CB° (& X ... x &,,&) the set of all
normal completely bounded multilinear maps from &3 X ... X &, into & ; this space can
be equipped with an operator space structure in a canonical way (see [9]).

E. Christensen and A. Sinclair [6] gave a characterisation of completely bounded
(resp. normal completely bounded) multilinear maps defined on the direct product of
finitely many C*-algebras (resp. von Neumann algebras). We will need the following
generalisation of Corollaries 5.7 and 5.9 of [6] whose proof is a straightforward gener-
alisation of the proof of Corollary 5.9 of [6]. If o/ isasetwelet &" =& X ...x o .

———

n
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If ./ is a von Neumann algebra and %#; C .#, j=1,...,n—1, are von Neumann
subalgebras, we say that a mapping ® : .#" — B(H) is (#1,...,%,—1)-modular if

D(ayry,arr, ... an) = ®(ay,ray, ..., re—1a,),

forall ai,...,an€ M ,rj€X%;, j=1,...,n—1.

THEOREM 2.1. Let # C JB(K) be a von Neumann algebra, Z; < M be a von
Neumann subalgebra, j=1,...,n—1, H be a Hilbert space and ® : A" — B(H) be
a multilinear map. The following are equivalent:

(i) @ is completely bounded, normal and (%, . ..,%y—1)-modular;

(i) there exists an index set J and operators V; € MJ(,%’}), j=1,....n—1, Wy €
B(K! H) and V,, € My ;(H,K’) such that for all ay,...,a, € M, we have

@(al,...,an) = Vo(a1 X 1J)V1(Ll2® IJ)VQ...Vn_l(an® IJ)V,,.

Moreover, if (i) holds then ||®||.p equals the infimum of ||Vyl| ... ||Vl over all
representations of @ as in (ii) and this infimum is attained.

Tensor products will play a substantial role in the paper. We denote by V © W
the algebraic tensor product of the vector spaces V and W. If & C #(H;) and & C
JB(H,) are operator spaces and u € &1 © &3, the Haagerup norm of u is given by
L L
2 2

k k k
Jullp=infQ || Y ajai|| || b5bs|| u=Y a;®@b;
j=1 j=1 .

j=1

The completion & ®;, & of & © & with respect to || - ||, is the Haagerup tensor
product of & and &,. We refer the reader to [8] for its properties and to [9] for the
definition and properties of the extended Haagerup tensor product &} ®,;, &> and the
normal Haagerup tensor product & ®s, & of &1 and &. We recall the canonical
identifications (&1 ®p, 62)* = &) Ren 5 and (&) Rep &)* = 6 Qe &5 If § € &
then the left slice map L : 81 ®.;, 62 — &> is the unique completely bounded map
given on elementary tensors by Ls(a ® b) = 6(a)b [9]. Similarly, for § € & one
defines the right slice map Rg : 8] ®, &2 — & -

If 2" is a Banach space we denote by b;(2") the unit ball of 2. Banach space
duality is denoted by (-,-). We denote by 1y the identity operator on a Hilbert space H
and, for a cardinal J, write 1; = 1,2 . The identity operator on ¢%(N) is often denoted
simply by 1.

3. The operator space of Schur multipliers

In this section we recall the definition of multidimensional Schur multipliers asso-
ciated with measure spaces and prove a completely isometric version of the characteri-
sation result, Theorem 3.4, of [15].
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Let (X;,u;), i=1,...,n, be standard measure spaces and
F(Xl,...,X) L(XIXXQ)@ @L( n— 1><X)

where the direct products are equipped with the corresponding product measures. We
identify the elements of I'(Xj,...,X,) with functions on

XiXXoxXopX ... XX, XX, 1 XX,

in the obvious fashion. We equip I'(X,...,X,) with the Haagerup tensor norm || -
|, where the L?-spaces are given their opposite operator space structure (see [19])
arising from the identification f «— Ty of L*(X x ¥) with the class of Hilbert-Schmidt
operators from L?(X) into L?(Y) where, for f € L*>(X x Y), we let Ty be the (Hilbert-
Schmidt) operator given by

M) = [ fen)Emdr, el (x), yeY, )

dx denoting integration with respect to the corresponding measure on X . If f € L?>(X x
Y) welet || f]|op be equal to the operator norm of 7.
Foreach ¢ € L™ (X; X ... x X,) let

Sp :T(X1,...,Xy) — L*(X; X X,)

be the map sending f; ®...® f,—1 € ['(Xj,...,X,) to the function which maps (x;,x,)
to

/(le, S Xn) fr(x,x2) fa(x2,x3) < fuet (Kn—1,X0)dX2 .. dxp—1.

It was shown in Theorem 3.1 of [15] that S, is a bounded mapping when I'(Xj, ...,
X,) is equipped with the projective norm where each of its terms is given the L?-norm,
and that S, | = [1¢]]..

DEFINITION 3.1. A function ¢ € L”(X; X ... x X,) is called a Schur multiplier
(relative to the measure spaces (Xi,U),...(Xy, Uy)) if there exists C > 0 such that
1S¢ (1) [lop < Clul|y, forall u € T'(Xy,...,X,). The smallest constant C with this prop-
erty is denoted by ||@||m-

Let Hi=L1*(X;),i=1,...,n,and ¢ € L”(X; x ... x X,) be a Schur multiplier. It
was shown in Section 3 of [15] that ¢ induces a normal completely bounded multilinear
map

Se : B(Hy—1,Hy) x ... x B(Hy,Hy) — B(Hy,Hy)

such that ||Sgllcs = ||@]lm and Se(T7,_,,...,T) = Se(fi ®...® fu—1), for all f; €
L*(X; x X;+1), i = 1,...,n. We denote by . = .7 (X,...,X,) the collection of all
Schur multipliers in L= (X| X ... x X,,). It follows that . can be canonically embedded
into CB®(#(Hy—1, Hy) x ... x B(Hy,Hy),%(H,Hy)). Thus, . inherits an opera-
tor space structure from the latter space. More precisely, if ¢ = (¢, 4) € Mi() we
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have [|@||mx “ (Sgpq)llcb where Sy = (S, is identified with a normal completely
bounded multilinear map from %(H,_1,H,) x ... x Z(Hy,H,) into My(%(H,,H,)).
Note that a matrix @ = (@, 4) € M(-”’) can be viewed asamap @ : X; x ... x X, — Mj
by letting @(x1,...,%,) = (@pg(X1,-..,Xn)) € M.

The following result is a matricial version of Theorem 3.4 of [15].

THEOREM 3.2. Let ¢ = (¢p4) € Mi (). The following are equivalent:

(i) llollme < 1;

(ii) there exist essentially bounded functions ay : X1 — Mek, an : Xy — My . and
a;i: Xi = Mw, i =2,...,n— 1, such that, for almost all (xi,...,x,) € X1 X ... XXy,
we have

QX1+ y%n) = an(Xn)an—1(xp—1) ...ai(x1) and esssupH llai(x:)]| < 1.
Xi€X; =1

Proof. (i)=-(ii) Let Z; be the multiplication masa of L (X;). The proof of Theo-
rem 3.4 of [15] implies that the mapping

& def

S = (So,,) : B(Hy—1,Hy) % ... x B(H\,Hy) — My(%(H\,Hy))

is normal, completely bounded, and (%, ..., %;)-modular in the sense that
So(AnTy—1An_1,..., TiA1)

= (An & lk)gtp(Tn—laAn—lTn—Za e 7A2Tl)(Al & 1k>7
whenever A; € Z;, i =1,...,n. A modification of Corollary 5.9 of [6] shows that there
exist operators Vy : HX — Hy, Vi: H® — H,i=2,...,n—1 and V,,: H? — H¥ such
that the entries of V; belong to Z;, IT_||V;|| < 1 and

So(Thty.. ., T)) = V(T 1) ... (T, @)V,
forall T; € B(H;,Hiy1), i=1,...,n. If V; = (Al,),,;, where A}, is the multiplication
operator corresponding to ai, € L*(X;) let a; : X; — M.. be the function given by
ai(x;) = (ai.’t(x,-))w, xi€X;,i=1,...,n. Define a; : X; = M.; and a, : X;, = My
similarly. Then esssup,.cx. [Ti-; [|ai(x:)|| =TT, |[Vil] <.
Let V¥ (resp. qu ) be the pth row (resp. the gth column) of V}, (resp. V7). Let

al : Xy — M| « (tesp. af : X; — M.. ;) be the function corresponding to V;/’ (resp. V{).
‘We have that

Sopg(Tuzts- - T1) = V(T @DVt ... Va(Ty @ D)V,
forall 7; € #(H;,Hi+1), i=1,...,n— 1. It follows from Theorem 3.4 of [15] that

Opg(x1,..sxn) = b (xn)an—1(xn—1) ... az2(x2)af(x1), ae. x; €X.
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Since this holds for all p,q =1,...,k, we have that

QX155 Xn) = an(Xn)ap—1(Xp—1) ... az(x2)ar(x1)

for almostall x; € X;, i=1,...,n.
(i) = (i) In the notation of (i) we have that

Ppa(51. ) = @ ()1 (v 1) . ax(x2)a (x1),
for almost all x; € X;, i = 1,...,n, which in turn implies that
Sppg(Tits-- - T1) = V(T @D,y ... Va(Ty @ D)V,

and hence that

So(Tht,--, 1) =Vu(T1 @D V1 .. V2 (T1 @ 1)V,

forall T; € #(H;,Hit1), i=1,...,n—1. It follows that ||Sy|| < 1 and so ||@||mx <
1. O

REMARK 3.3. Theorem 3.2 amounts to the statement that the identification of the
set of all n-dimensional Schur multipliers on X x ... x X,, with the extended Haagerup
tensor product L (X,,) Qg - - - Qg L(X1) discussed in the remark after Theorem 3.4 of
[15] is completely isometric.

4. The multidimensional Fourier-Stieltjes algebra

In this section we recall the notion of the Fourier transform of a completely bounded
multilinear map on the direct product of finitely many group C*-algebras studied in
[22], which will provide the basis for our study of multidimensional multipliers. We
discuss a description of the multidimensional Fourier-Stieltjes algebra in terms of ten-
sor products and explain its relation to the one dimensional case as well as to the notion
of a bimeasure studied in [11].

Let n € N. An n-measure on G is a completely bounded multilinear map @ :
C*(G)" — C. We note that the term “bimeasure” was used in [11] to designate a
bounded bilinear form on Cy(G) x Co(H), where G and H are locally compact groups.
We will show below that in the case H = G is abelian, the notion of a bimeasure agrees
with that of a 2-measure. In general, however, this notion is different from ours; we
note that a multivariable generalisation of it was introduced and studied in [23].

We let M"(G) denote the space of all n-measures on G; by the universal property
of the Haagerup tensor product, we have that

M'(G) = [ C*(G)@p...21C"(G)

n
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We equip M"(G) with the standard operator space structure of a dual operator space
arising from the above identification. Suppose that ® € M"(G). It is standard (see p.
156 of [22]) to extend P to a normal completely bounded map

& W (G) Dgp... 0en W*(G) — C.

n

Let
B"(G) ={f € L”(G") : there exists ® € M"(G) such that

fx1,. o x) = @(0(x1),...,0(x,)), X1,...,X%, € G}. (3)
Since {w(x) : x € G} generates W*(G) as a von Neumann algebra, we have that the
element ® € M"(G) associated with f € B"(G) in (3) is unique. We call f the Fourier
transform of ® and write f = &. Thus, B"(G) is in one-to-one correspondence with
M"(G); we equip it with the operator space structure arising from this correspondence.
Thus, if (f,4) € Mk(B"(G)) and ®,, € M"(G) is such that , , = f, ,, we have that
| (fp.a) I 87 (6)) = I (@p.g)|lag, (mn(G)) - Since the map x — w(x) is weak* continuous,
the space B"(G) consists of separately continuous functions. By Corollary 5.4 of [22],
B"(G) is closed under the pointwise product. By [2],

B"(G) =B(G) ®ej - - - @en B(G) 4

n

up to a complete isometry. We note that if f € B"(G) and ¢; € L'(G), i=1,...,n,
then

(1 ®...Qay, f)= /an(xh...,xn)al(xl)...an(xn)dxl...dx,,. 5

Indeed, (5) is obviously true if f is an elementary tensor, and by linearity, if f is in the
algebraic tensor product of n copies of B(G). If f € B"(G) then there exists a bounded
net {fy,}y in the algebraic tensor product of n copies of B(G) which tends to f in the
topology determined by the duality between B"(G) and W*(G) ®...® W*(G) [9]. But

n

then

folxi,x) = (fr,001)®... @ 0(xn))
= {f,0ox])®...00(xy)) = f(x1,...,%)
for all xy,...,x, € G and (5) follows from the Lebesgue Dominated Convergence The-

orem.
The following fact proved in [22] will be of importance to us.

THEOREM 4.1. [22] A function f belongs to B"(G) if and only if there exist a
Hilbert space H, vectors £,m € H and strongly continuous unitary representations T;
of Gon H, i=1,...,n, such that

Sy eox1) = (o) ... m(x1)€,M), x1,...,% €G.

Moreover, the norm of f equals the infimum of the products ||&||||n|| over all represen-
tations of f of the above form.
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Theorem 4.1 has the following consequence.

COROLLARY 4.2. The functions from B"(G) are jointly continuous.

Proof. The statement follows from Theorem 4.1 and the fact that operator multi-
plication is strongly continuous on bounded subsets. [

We recall that an operator space which is also a Banach algebra is called a com-
pletely contractive Banach algebra if the product is completely contractive with respect
to the operator projective tensor norm (see [8] for the definition of this tensor norm). It
is known that B(G) is a completely contractive Banach algebra; the next result shows
that this remains true in the multivariable setting.

PROPOSITION 4.3. The operator space B"(G) is a completely contractive Ba-
nach algebra.

Proof. Let (fpq) € Mi(B"(G)) (resp. (gs;) € My (B"(G))) and ®,, (resp. Fy,)
be the n-measure such that &, , = f,, (resp. ¥, = g,). Let ® = (d,,) (resp.
Y = (¥,,)); then @ (resp. ¥) can be viewed as a completely bounded mapping from
C*|(|G)|r into My, (resp. My ). Moreover, [|(fp.q)lla(8(G) = ||Plleo and [ (gs:)[|s1,,(87(G))
=||¥ ch -

Since ® is completely bounded, there exist representations 7y, ...,7, of C*(G)
on Hilbert spaces Hy,...,H,, respectively, and operators Vj,...,V,+1, where V1 :
H, —Ck, Vy:C* = Hy and V;: H; — H;y1, i=1,...,n, such that

@(al, oo ,an) = Vn+17lfn(an)Vn oVim (al)V(), ai,...,ay € C*(G), (6)
and ||®@||cp = |[Vol| - ||Vas1]]- We determine representations py,...,0, and operators
Wo,...,W,+1 associated with ¥ in a similar fashion.

Consider the mapping Q : C*(G)" — My, , where for ay,...,a, € C*(G) we set
Q(ay,...,a,) to be equal to

(Vi 1 @ W 1) (712 © P (an) ) (Ve @ Wa) ... (Vi @ Wi ) (1 @ pi(a1)) (Vo @ Wo).-

Let ® (resp. ¥, Q) be the canonical extensions of ® (resp. ¥, Q) to a normal
completely bounded map from W*(G)" into My (resp. M,,, My,,). We have that D is
given as in (6) but with the extension 7; of 7; to W*(G) in the place of ;. Similar
formulas hold for ¥ and Q.

It now follows that

Q(w(x1),...0(x,)) = D(w(x1),...0(x,)) @F(0(x1),...0(x,)),
for all xi,...,x, € G. Thus,

1(fr.q8s:)pgsillige, &) = 1Llles < Vo @Woll... [[Vir1 @ Wit |
= [[Voll .- - Va1 [HIWoll - - [Wa1 [

= (fmq)p,q”Mk(B"(G)) | (gSJ)s,t ||Mm(B"(G))~
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The proof is complete. [

We note that Theorem 4.1 implies that B'(G) coincides with the Fourier-Stieltjes
algebra B(G) of the group G introduced by Eymard [10].
Suppose that G is abelian and n = 2. In this case M?(G) coincides with the
set of all bimeasures on the character group G of G studied in [12], while B*(G)
coincides with the set of their Fourier transforms. Indeed, let ® € M?(G). Since G
is abelian, C*(G) is canonically *-isomorphic to Cy(G). Thus, ® can be considered
as a bounded bilinear form on Cy(G) x Cy(G) (in other words, a bimeasure on G in
the sense of [12]). On the other hand, for any locally compact Hausdorff space X
there exists a canonical injection t : £ (X) — Co(X)** (where £ (X) is the algebra
of all bounded Borel functions on X) given by 1(f)(u) = [y fdu, u € Co(X)*. Let
@) : Z°(G) x £ (G) — C be the extension of ® described in Corollary 1.3 of [12].
If x € G let ¥ be the character of G corresponding to x~!. It is straightforward to check
that
1(¥) = o(x). @)

We next observe that

D(1(f),1(g)) = D1(f.8), f.g€27(C). (8)

To this end, let ©; and p, be probability measures associated with @ through Gro-

thendieck’s inequality and let {fy} C Co(G) and {gq} C Co(G) be bounded nets such

that f,, — 1(f) and go — 1(g) in the weak™* topology of W*(G). Then fy — f in

L*(G, 1) and gy — g in L?(G,up). By the definition of ®;(f,g) (see [12]), we have

that it is the limit of the net {®(fy, g0 )}« - Identity (8) now follows by approximation.
Now note that (7) and (8) imply

1 (%.5) = D(0),0()), xyeC.

It follows from Definition 1.10 of [12] that B*(G) coincides with the set of all Fourier
transforms of bimeasures on G.

5. Multipliers of A”(G): non-abelian groups

In this section, we introduce the multidimensional Fourier algebra A"(G) of a lo-
cally compact group G. For each partition & of the set {n,...,1} into k subsets, we
define a completely isometric embedding of A¥(G) into A”(G). Using these embed-
dings, we define the (completely bounded) multipliers of G relative to &?. We charac-
terise the completely bounded multipliers corresponding to the partition with k =1 in
a number of ways, generalising results from [7] and [21].

Let

A"(G) ={f € L”(G") : there exists a normal c.b. multilinear map

@ : VN(G)" — C such that f(x,,...,x1) = D(Ay,,..., Ax )}
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Since {A,:x € G} generates VN(G) as a von Neumann algebra, the element ® associ-
ated with f € A”(G) in the above definition is unique. As before, we call f the Fourier
transform of @ and write f = ®. Set VN(G)%on = VN(G) @gp ... @51 VN(G). By

n
[9], A”(G) can be identified with the predual of the operator space VN(G)%on (see
[9]). Hence, A"(G) possesses a canonical operator space structure; up to a complete
isometry,
A"(G)=A(G) ®pp - - - Qe A(G) .

n

In particular, [|f][4»(g) is by definition equal to the completely bounded norm of its
associated map ®. Moreover, the elements f € A”(G) have the form

Fn, . ox) = (A, ®...Q Ay, f), Xn,...,x1 €G.

It follows from Corollary 5.7 of [6] that a function f € L”(G") belongs to A"(G) if
and only if there exists an index set J, operators V; € B(L*(G)’), i=1,...,n—1 and
vectors &,1 € L?(G)’ such that for all x,,...,x; € G we have

f(x,,, - ,xl) = (()an ® IJ)Vn—l()an,l X IJ)Vn_2 . (Axl X 1.])5, T)) . 9)

Moreover, || f||an(g) is equal to the infimum of |[Vi[|...[[V,—([[[[E]|[In]| over all repre-
sentations of the form (9) and this infimum is attained.

A fundamental fact proved by Eymard [10] is that A(G) is an ideal of B(G). We
now prove the multidimensional version of this result. In the case G is discrete, this
was stated in [7] (p. 214).

THEOREM 5.1. A"(G) is a closed ideal of B"(G).

Proof. We only consider the case n = 2; the general case can be treated simi-
larly. Let f € A%2(G). Then f(x,y) = (L:®1,)V(A, @ 1;)&,n) for some index set
J, vectors £, € L*>(G)’ and a bounded operator V € %(L*(G)’). Letting 7 be the
ampliation of multiplicity J of the left regular representation of C*(G) on L?(G)’ and
® € (C*(G) ®,C*(G))* be given by ®(a,b) = (n(a)Vr(b)E,n) we see that f = P
and hence f € B*(G). Thus, A%(G) C B*(G); from the injectivity of the extended
Haagerup tensor product it is clear that A?(G) is closed.

Now let f € A%(G) be given as in the first paragraph and g € B?(G). By Theorem
4.1, g(x,y) = (m(x)p(y)&’,n’) for some representations 7,0 : G — H and vectors
&''n’ € H. Thus,

(f&)(xy) = (@ L@rx)(Vels)(helep®)(Eel)nen’).

By [4, Lemma 2.1], there exist unitary operators U and W and index sets J' and J”
such that UL, @ ;@ n(x))U* =A@ 1y and W4, 1;@p(y))W* =4, @ 1m. It
follows that

(f8)(xy) = (A @ 1,)T (A @ 1y7) 0, M0),
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where T =U(V@Ig)W*, & =W(E®E') and ny = U(n®@n’). This clearly implies
that fg € A%(G). O

Suppose that 1 < k < n. By a block (k,n)-partition we mean a partition of the
ordered set {n,n—1,...,1} into k subsets of the form {{n,...,m_1}, ..., {n; —
1, ...,1}} where n > mg—y > ... >n; > 1. Suppose that & is the block (k,n)-
partition associated with the sequence n > n;_; > ... > n; > 1 as above. We define
a mapping 05 : A¥(G) — A"(G) by letting (85f)(xn,...,x1) = f(Vk,...,y1) Where
Vi =Xp;—1.--Xn;_,, i=1,...,k, and we have set no = 1, ny =n+ 1. It follows from (9)
that 05 maps A¥(G) into A"(G). We let 0 = 04, where &, is the (1,n)-partition;
thus, O maps A(G) into A"(G).

If o/ and & are algebras and & is the (k,n)-partition associated with the se-
quence n = ng_; > ... >n; > 1, wesay thatamap @ : &/" — Z is & -modular if

D(ay,...,aa,a;_1,...,a1) = D(ay,...,a;,aa;_1,...,ay)
whenever a,ay,...,a, € & and i & {1,ny,...,ng_1}.

PROPOSITION 5.2. For each block (k,n)-partition &, the map 05 : AK(G) —
A"(G) is a completely isometric homomorphism. Moreover,

ran@y = {¥: ¥ : VN(G)" — C is P-modular}.

Proof. Suppose that & is associated with the sequence n > nj_; > ... >n; > 1.
It is obvious that 0 is linear and multiplicative. Suppose that (f,4) € M,(A¥(G))
and let @, , : VN(G)*¥ — C be such that ®,, , = f,, 4. Set ® = (®,,,); then ® can be
viewed as a completely bounded multilinear mapping from VN(G)* into M,. There
exist an index set J and operators Vi,..., Vi € B(L*(G)’), Vo : C" — L*(G)’ and
Vi : L*(G) — C’ such that

q)()tyk, ... ,)Lyl) = Vk(xyk (9 IJ)Vk,1 ()Lyk,l & IJ)Vk,z ...V ()Lyl ® IJ)V()

and || @ = TT¥ o||Vi]|. Let ¥, 4 : VN(G)" — C be such that ¥, , = 05 (f,q), 1 <
p,g<rand ¥ = (¥,,). Then

\II()‘X”7 e alxl> = Vk()’xn-~-xnk71 ® IJ)kal e (Axnlfl...xl ® IJ)VO' (10)

It follows that

10 (foa))lIman(cy) < TUol1Vill = [1(fp.a)lag, (a5

Thus, 64 is completely contractive.

Suppose that for some f € A*(G) we have 04 (f) = 0. This implies that f(x, ...
Xpg ys-eesXn—1-.-X1) =0 forall x; € G, i =1,...,n. Setting x; = e whenever i ¢
{1,n1,...,n_1}, we see that f =0. Thus, O is injective.

Fix f = (f»q) € M,(A¥(G)). 1tis clear from (10) that the element ¥ = (¥, ;) for
which ¥, , = 05 (f,4) is 2 -modular. By Theorem 2.1,

105 (1)l a6y = inf T Vil
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where the infimum is taken over all operators V; for which ¥(A,,,..., Ay,) equals
the right hand side of (10), for all xy,...,x, € G. Since 0 is injective, if (10) is a
representation for ¥ then

FOks-o501) = Vi(Ay, @ 1) Vi1 (Ay,, @ 17)Viea - (Ay, @ 1))V,

forall yi,...,yx € G. It follows that || f||y; (ax(c)) < 1%, ||V;|| and so 1 £ 1lag, ak(Gy) <

HG;) (F)lIm, an(G)) - Thus, 8 is a complete isometry.

Let ¥ : VN(G)" — C be £2-modular. It remains to show that ¥ € ran64. By
Theorem 2.1, there exist an index set and operators Vi,...,V;_; and vectors £,1 such
that

‘P(anr"aal) = ((an~~~ank® lJ)kal ~~~Vl(an1—1 a1 ® lJ)gﬂn) )
ai,...,a, € VN(G). Letting f € A¥(G) be the function

Tk -91) = (A, @ 1)Vie1 (Ay,, @ 17)Viea ... Vi(Ay, @ 1)E,1)

we see that 0 (f) =¥. O

DEFINITION 5.3. Let & be a block (k,n)-partition. We call a function ¢ €
L*(G") a & -multiplier of A(G) if

feA(G) = @0x(f) €A"(G).

We denote by M»A(G) the collection of all & -multipliers of A(G).

If ¢ € M»A(G) and the map f — @04 (f) from A¥(G) into A”(G) is completely
bounded we call ¢ a completely bounded (or c.b.) &2 -multiplier of A(G). We denote
by MBA(G) the collection of all ¢.b. & -multipliers of A(G).

If & is the block (1,n)-partition we set M,A(G) = M»A(G) and MPA(G) =
M%A(G).

REMARKS. (i) If k =n =1 the above definition reduces to that of multipliers
and completely bounded multipliers of A(G).

(ii) An application of the Closed Graph Theorem shows that if ¢ € M»A(G) then
the map f — @0 (f) from A¥(G) into A”(G) is bounded.

PROPOSITION 5.4. Let & be the block (k,n)-partition associated with the se-
quence n = ny_1 > ... >ny > 1. The following are equivalent:
(i) @ €MBA(G);
(ii) The map
Ay ooy ny) — (p(xn,...,xl)/lxn,,,xnk ® Ay

=LKy

Q... ®A'X,11,1...X1

extends to a c.b. normal map @, : VN(G)" — VN (G)®]r(7h.
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Proof. Suppose that the map T, : A¥(G) — A"(G) given by f — @O(f) is com-
pletely bounded. Then its adjoint

T, : VN(G)“oh — VN(G)Zon

is completely bounded. For xi,...,x, € G set yy = X;... Xy ..., Y1 = Xpy—1...%1. If
f €A(G) we have

(Tp (A @+ @Ay ), f) = (A, @ .. @ Ay, Ty f)
= (A, ® ... @Ay, 00(f)) = (9O(f)) (xn, ..., x1)
= (p(xn7'”7xl)f(yk7”‘7yl) = <(p(xn7"‘7x1)A’Yk®"‘®A’YI7f>'

Thus, the map ®, in (ii) can be taken to be T(;‘. Conversely, if (ii) holds then the
map @, in (ii) has a completely bounded predual T;, and the chain of equalities above
implies (i). O

The mapping ¢ — ®, from Proposition 5.4 is an embedding of M;QA(G) into
the space of all normal completely bounded maps from VN(G)%on into VN(G)®]3h
and hence gives rise to an operator space structure on MQZA(G). Namely, given a
matrix

®=(Ppgq) € My(MSA(G))

we let [|o]| M (MEA(G)) = |®g||cp, Where Dy def (®g,,) is the corresponding mapping

from VN(G)®# into M,,(VN(G)Zon).

In the next theorem, we relate the completely bounded &2 -multipliers to multi-
dimensional Schur multipliers in the case where & is the (1,n)-partition. It gener-
alises Theorem 4.1 of [7], which concerns discrete groups, to arbitrary locally compact
groups.

THEOREM 5.5. Let ¢ € L*(G") and . be the space of all n+ 1-dimensional
Schur multipliers with respect to the left Haar measure on G. The following are equiv-
alent:

(i) ¢eMPAG);

(ii) The function € L=(G"') given by

(ﬁ(xla"' 7xn+l) = (p(‘x;-&l‘x""" ,)CEI)CI)

belongsto & .
Moreover, if k € N and ¢, 4 € M,C,bA(G), 1< p,g<k,then

(@) s, m104(6)) = 1(@p.a) gy ()

Proof. (i)=(ii) Let ¢ = (@p4) € M(M;A(G)) with [|0]]p, evaey) < 1> Do,
be the completely bounded normal map from Proposition 5.4, and @, = (®g, ). By
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[6], there exist operators V; € B(L*(G)*), i =2,...,n, V} € B(L*(G)*,*(G)*) and
Voi1 € B(L*(G)”,L*(G)F) such that T '||Vi|| < 1 and

(‘Ppﬂ(x;ilxm e ’xglxl)/lx;il/lxl )p.a

Vit 1 2y @ Wiy @ Dot g2 @ DVe, (1)

n+

where the ampliations are of infinite countable multiplicity. Let a; : G—2%(L*(G)*,L*(G)™)
and a,.1: G — B(L*(G)”,L*(G)*) be given as follows:

al(xl) = (Axl ® I)Vl()txlfl Y lk)a an+1(xn+1) = (Axn+l ® lk)Vn-‘rl(lx;ll Y 1)'

Letalso a;: G — B(L*(G)*), i =2,...,n, be given by
ai(x;) = (Ay ® I)Vi(lxﬂ ®1l), x€eaq.
It follows from (11) that, for all xy,...,x,+1, we have
(p(xnjllxn, .. ,x;lxl) @12
= ((ppﬂ(x;-ilx"’""xglxl)le(G))Pﬂ
= (A ® 1k)(q’p,q(x;;l1xnv e ,x;lxl)/lx’:“ n)p’q(/lx;l ® 1x)
= dpi1(Xnt1)an(xn) .. ay(x1).

Let & be a unit vector in L?(G) and E be the projection onto the one dimensional sub-
space of L?(G) generated by &. The last identity implies that ¢(x; ilxn, Xy X)) =
(Eans1(Xnt1))an(xn) ... az(x2)(a; (x1)E), for all x; € G, i=1,...,n+ 1. It follows
from Theorem 3.2 that ¢, , € . and

(@pg)llmie ST Vi < 1.

(ii))= (i) Let @ € L*(G") and suppose that @ is a Schur multiplier with respect to
the left Haar measure. By Theorem 3.4 of [15], the function y € L*(G"*!) given by
(Y1, Yntl) = (Z)(yl’l,...,y;il), Y1,---,Yn+1 € G, is also a Schur multiplier with

respect to the left Haar measure. Set y; = xflxijrll Lx s, i=1,...,n,and y, | =s.
We have that

WOy s Ynt1) = Ot 1 s nYy e ¥207 ) = @ (X, X1y -5 X1)-

By Theorem 3.4 of [15], there exist functions a; : G — M., i=2,...,n, a1 : G — M«
and a1 : G — Mj . such that

V(1,5 Ynt1) = @ni1 Vng1)@n (V) - a1(y1), Y1,--5 Y011 €G.

Foreach i=2,...,n,let A; € (L*(G)®(*) be the operator corresponding in a canoni-
cal way to a;. Namely, A; is givenby (A;&)(s) =a;i(s)&E(s), s € G, where we have iden-
tified L?(G) ® ¢* with the space L*(G;/5) of all square integrable ¢>-valued functions
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on G. Similarly, let A} € Z(L*(G), [*(G)®(?) and A, € B(L*(G) ® £*,1*(G))
be the operators corresponding to a; and a4, respectively.
Let f € A(G). Then there exist &,1 € L?(G) such that

O(f) (ns- o sx1) = (Ao E.11) = /Gﬁ(xl_l...x;ls)st.

We have
(96()) (... 1)
= @(Xn,. ., x1) f(Xn ... x1)
= [ Ol Ea7 oy ST
:/Gu/x; cx s s ) EG L x ts)m (s)ds
= [ani@anl's) s ox 9EG o G
On the other hand,
(Ant1 (e, ® DA A2y © DAIE, )
= (A ® DA, As(A, © 1)A1E, AL 7)
= [ (G © DA sl © DM, (450 (),,
= [ arr($)(2a, © DAs-. . Aoy @ DAE) SN (S)ds
= [ a9 Ax(r © DAE) (5 )
[ a1 (5)an15) (o, © 1) Aoy @ DAIE) (5, )T G) s
= [ ann©anle's) (o 9E Gy s () ds
It follows that

(@O(f)) (xns- -, x1) = (Ang1 (A, @ DAn. . Az (Ay @ 1)A16,1) (12)

and hence @0O(f) € A"(G). Thus, ¢ € M,A(G) and, by Remark (ii) after Definition
5.3, the map f — @O(f) is bounded. Equation (12) implies that if ®,, is its adjoint
then

Dp(hg, @ ... D Ay)) = Ans1 (g, @1) ... (A @ DAL, x1,.... 5, €G. (13)

Thus, @, is completely bounded, and hence ¢ € M;”A(G).
Now suppose that ¢ = (¢, 4) € Mi(L*(G")) and that ||(@pq)|lms < L. Let yp 4
be the map corresponding to @, , as specified in the case kK = 1 above and y =
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(Wp,g). Theorem 3.2 implies that [[y|[mx = [|@|lmx < 1. Thus, in the notation of
Theorem 3.2, |[Sy [ < 1, where Sy, = (Sq/p .)p.q 18 the canonical normal completely
bounded multilinear map from %(L*(G)) x ... x B(L*(G)) into My(%(L*(G))). By
Theorem 3.2, we can write W(y1,...,Vnt1) = dpt1(Ynt1) --- a1(y1), where a; :
G—M.,i=2,...,n, a1:G— My and g,y : G — M. are functions such that
esssup, oIl ai(i)|| < 1. As before, let A; € B(L*(G)™), i=2,...,n,
A1 € B(L*(G)*,L*(G)™) and A, 11 € B(L*(G)™,L*(G)¥) be the operators correspond-
ing to the g;’s in the canonical way. Let A” | (resp. A?) be the pth row (resp.
the gth column) of A, (resp. A;). By (13), @g,, (A, ®...QA,) = Aﬁﬂ(/lxn ®
DA,... A2 (Ay @ 1)A], forall xy,...,x, € G. It follows that if @, = (D, ) then (13)
holds in the case under conmderatlon as well. Since IT"1'[|A;]| < 1, we conclude that
[@gllcr <1 or, equivalently, [[@|[y, yebay < 1. O

COROLLARY 5.6. We have that B"(G) C M?A(G). Moreover, the inclusion map
is a complete contraction.

Proof. The inclusion follows from Theorem 4.1, Theorem 5.5 and Theorem 3.4 of
[15].

Let ¢ = (¢pq) € Mi(B"(G)), |y 87y <1 and @ : C*(G)" — My be the
completely bounded mapping associated with ¢. By Theorem 5.2 of [6], there exist
Hilbert spaces H,,...,H,, representations 7; : C*(G) — %(H;) and operators V; €
$(H,CF), HHE%(C H) and V;€ #(H), i=2,...,n, such that

(I)(ah e ,a,,) = V1 m (al)Vg e Vnnn(a,,)VnH

and TI7H!|V;|| < 1. Let &% : W*(G) — (H) be the canonical normal extension of 7,
i=1,...,n. Since the extension ® of ® to a normal completely bounded map from
W*(G)" into M;, is unique, we have that

&)(bl,...,bn) = Vlﬁ'l(bl)Vz...Vnﬁn(bn)vn+17 bl,...,bn € W*(G)

Let ai(y1) = in(@(y1))Var1, a2(y2) = ﬁn—l(w(ﬂ))vnﬁn(w(YEI))’ covs gt (Vnt1)
= Vifti(o(y,};)). Then

POt Ynr1) = (O, )0, -, 0 o))
= an+1(yn+1)~~a1(y1)

and esssup, . cg T |ai(y:)|| < 1. Theorems 3.2 and 5.5 imply that the norm

of ¢ as an element of M;(MS’A™(G)) is less than one. Thus, the inclusion B"(G) C
M A(G) is a complete contraction. [

We recall that C/(G) is the reduced C*-algebra of G. We write C*(G)®h for
CH(G)®p... 2, C(G). Let B.(G) =C*(G)* and B*(G) = (C*(G)®h)*. Itis standard
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to identify the elements of B.(G) with functions from B(G) in such a way that the
duality between B,(G) and C:(G) is given by (b,A(f)) = [ f(x)b(x)dx, f € L'(G).
We equip B,(G) and B”(G) with the canonical operator space structure as dual operator
spaces. Let M be the completely contractive mapping from C:‘(G)®Z to C/(G) which
maps A(f1)®...@A(f,) (for fi,..., [, € LY(G)) to A(f), where

= /G” h (xl)fz(xl_lxz)...fn(x;flx)dxl codxn_1.

It is easy to check that the adjoint mapping M* maps f € B.(G) to 0(f) € B?(G) (here
O(f)(x1,...,%2) = f(x1...x,)). We define M’B,(G) to be the space of all ¢ € L*(G")
such that the mapping T, : f — @0(f) is completely bounded as a map from B,(G) to
B*(G). We note that this map is normal. In fact, if fi,...,f, € L'(G) then

0O(1). 2 () ® ... @ A(fu)
—/ O(1s- o ) (1) i (1) o () .ty
A(8)),

where g(x) equals
/f1 (xl)fg(xl_lxg) .. .fn(x;_llx)(p(xl,xl_lxz, . ,xn__llx)dxl codx,_1;

it is easy to see that g € L!(G). Therefore T, has a predual M, which is given by
A1) ®@...@A(fu) — Ag). If ¢ € MPB,(G) then M, is completely bounded and
191lpev5,(G) = Mg ||cp - From the definition of the operator space structure of B,(G),
we have that if (¢, 4) € My(M? B,(G)) then ||(@pq)|| = [Mop]|c», Where My, = (My,.,)
is the corresponding mapping from C*(G)% to M(C*(G)).

The following theorem supplements Theorem 5.5 and provides a multidimensional
version of Proposition 4.1 of [21].

THEOREM 5.7. Let ¢ € My(L”(G")). Then the following are equivalent

(i) ¢ €bi(M(MPA(G)));

(ii) the multilinear mapping My : (A(f1),...,A(fn)) — (A(fij)), where fi, ...,
fi € LY(G) and fi;(x) equals

/f1 (xl)fz(xflxz) . .fn(x;jlx)(pij(xl,xflxz, ... ,xr;llx)dxl codxp—

extends to a complete contraction from C:(G)®h into My(C*(G));
(iii) @ € by (M (M?B,(G))).

Proof. For the sake of technical simplicity we assume that n = 2; the general case
can be treated similarly.

(i)=(ii) Let @ = (@p4) € b1(My(MPA(G))). By Proposition 5.4, there exist
operators

Vo € B(L*(G)*,L*(G)™), Vi € B(L*(G)™) and V, € B(L*(G)™,L*(G)Y)
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such that ||Vpl|||V1]|||V2|| < 1 and
O (x2,x1) Ay, = Va(Ae, @ 1)V (A, @ D)V (14)

Let f1 = (f'?) € My,(C:(G)) and fo = (f27) € My (C;(G)). We denote by A(f1) ®
A(f2) € Mi(C;(G) ®,CE(G)) a k x k-matrix whose (p,q) entry equals Y\_, A(f,l,s) ®
A(fE,). If f}w € L'(G), 1=1,2, then

)L (fi) ©A(f2))

/
/

i M\

Fps(01) frq (a0 )Q)(p(xl,xllxz))t(xz)dxldx2>
p4q

M\

1

I
[
0
(
(

fpsx1)fe, (2 (P(xl,xz)/l(xlxz)dmdm)
pPq

—
_M*

fps X1 fsq(XZ)VZ(Axl oy I)Vl()txZ ® )VOXmdXz)
P4

2V2 /fps X1 )Lxldxl V1 /fsq X2 )LXZdXQ) ) 0)

s=1 pa

M\

V2 fps ®1)V1( (fs2q)®l)vo>

1

pq

Therefore

k
M, )(l(fl)G/l(fz)ll < [VolllVilllV2 [l A CA)HIA (f2)
and hence ||M ||
(i1) < (iii) Follows trivially from the definition of the operator structure of M,‘;b B/(G).

(iii)= (i) We only consider the case k = 1. Let ¢ € M’B,.(G), ||| <1 and
v € A(G)NC.(G), where C.(G) is the space of compactly supported functions on
G. We can find g € A(G) such that g = 1 on the support of y so that yg = v.
As 0(g) € A”(G) and A"(G) is an ideal in B?(G) we have @0 (y) = @0(y)0(g) €
A"(G). Since the A”(G)-norm and B”(G)-norm coincide on A*(G) and A(G) NC.(G)
is dense in A(G) we obtain that @ is in by (M, (G)). Similar arguments show that ¢ is
a completely contractive multiplier. [

We next supply some corollaries of the previous results.

COROLLARY 5.8. Let G be an amenable locally compact group. Then B"(G) =
ML A(G) completely isometrically.

Proof. If G is amenable then B"(G) = B?(G) completely isometrically. Hence,
by Theorem 5.7, M?A(G) = M’ B(G) completely isometrically. Since B(G) contains
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the constant functions, it is easy to see that M’B(G) = B"(G) completely isometri-
cally, O

COROLLARY 5.9. Let & be the block (k,n)-partition associated with the se-
quence n = ny > ... >ny > 1 such that each block contains at least two elements, and
g==1,i=1,...,n. Assume that G is amenable. Then the function y : G" — C given
by

£ Eni—1 Enk71 n
W (SnyeenS1) = @(s) oo, U S sy

is a Schur multiplier with respect to the left Haar measure if and only if ¢ € BX(G).

Proof. We prove the statement for k =2 and a partition of the form &2 = {{n,...,m},
{m—1,...,1}}; the other cases are similar. Assume V¥ is a Schur multiplier. Then
W (Sny-..,81) =ai(s1)...an(sy) for some (essentially bounded) functions ¢; : G — M.,
i=2,....,n—1,a,:G— My and a1 : G — M ... Therefore, the function

—&n—1

(51,82,83) — (p(sglsz,s2_1s1) = llj(sf”,s2 7e7...,e,s§27s37‘9')

is a Schur multiplier and hence by Theorem 5.5, ¢ € M5?A(G) = B*(G).
Let now ¢ € B?(G). By Theorem 4.1, there exist representations 7;, 7, of G on
H and vectors &, 1 such that @(sp,s1) = (m(s2)71(s1)E, 1), and

W(Spye..y81) = (77:2(sfl ...sﬁq’”:ll)m(sﬁq’”...sﬁ”)&,n).

Theorem 3.4 of [15] now easily implies v is a Schur multiplier. [

REMARK 5.10. Since if G is abelian then B(G) = {ft: u € M(G)}, Corollary 5.9
implies the following classical result: If G is a discrete abelian group and ¢ € I*(G)
then the function y given by u/()Ac,y) = @(y~'x) is a Schur multiplier if and only if

@ = [i for some measure u € M(G).

Here is a more general result:

COROLLARY 5.11. Let G be a locally compact abelian group, my,...,m, = *£1,
© € L”(G) and  be the function given by
W(snyooys1) = @7 ooosi™), s1,...,5, €G.
Then v is a Schur multiplier (with respect to the Haar measure) if and only if ¢ = [i
for some measure u € M(G). In this case, | y||m = ||ut]|-

We close this section with a multidimensional version of [5, Theorem 1]. We use
the notation from Proposition 5.4. Recall [10] that if f € A(G) and T € VN(G) then
ST € VN(G) is the operator given by the duality relation (g, fT) = (fg,T).
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PROPOSITION 5.12. Let @ : VN(G)" — VN(G) be a normal completely bounded
multilinear map. Then ® = ®, for some ¢ € MPA(G) if and only if

forall f € A(G) and all Sy,...,S, € VN(G).

Proof. Since @ is a normal completely bounded map, ® =¥* for a completely
bounded map from A(G) to A"(G),

(@(O(F)(S1 @ .. ©S,))h) = (S8 ... 8, 0(f)¥(h)
and

(fO(S1®...Q8,),h) = (S| ®...08,,¥(fh))
Thus, if ® satisfies (15) then 0(f)¥(h) =¥(fh) forall f, h € A(G). Since A(G) is
commutative, 0(f)¥(h) = 0(h)¥(f) and therefore W(h) = @6 (h) for some function
@ on G". Since ¥ is completely bounded, ¢ € M,‘,"’A(G). Moreover,

(DA, ®@...Q Ay ), 1) = (A, @ ... Q@ Ay, 0O (h)) =
Oy, x)R(xn - x1) = (@ (Xns ., X1) Ay x5 1),

thatis, ® =®,. [

6. The abelian case

In this section we assume that G is abelian. We denote by G the character group
of G. Let Cy(G) be the algebra of continuous functions vanishing at infinity on G.
The Haagerup tensor product Co(G) ®y, ... ®}, Co(G) will be denoted by V/'(G). The

n
dual space of V/*(G) is the space of n-measures on G. Let Cj(G) be the C*-algebra
of continuous bounded functions on G and ¥"(G) = C»(G) ®y, ... ®, Cp(G).

Denote by G, the group G equipped with the discrete topology and recall that
the Bohr compactification G of G is the dual of G;. We note that there is a canonical
inclusion of V/"(G)* into V;*(G)*: for ® € V;*(G)* define ® € V;*(G)* by

q_)(al ®...®an) = &)(l(aﬂc)@...@ l(an‘G)), ay,...,ay € C(G),

where @ is the extension of @ to a normal completely bounded multilinear map from
(Co(G)™)%n to C, and 1 : C»(G) — Co(G)** is the canonical injection.
We claim that
191y 6y = 1@ v o) (16)
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If qp = (aﬁj), k=1,...,n, are n by n matrices let a; ©®...® a, be the n by n matrix
whose (i, j)-entry is equal to

aj, ®a; ;,©...0d,

11712 —1.J"

To show (16), first note that if a; ®... ®a, € V/*(G) is a function of unit Haagerup
norm then

|D(a;©...0a,)| = |®((alc)®...0tans)| < ||®|,

where for a = (a;;) € My ;(C(G)) we denote by a|g the matrix (a;j|g). Hence, ||(I_)HV,1(C—;)*
) h
< ||(I)HV}:1(G)* . Conversely, let a denote the canonical extension of a function a from

Co(G) to a function from C(G) and i € V;*(G) denote the corresponding extension of
an element u € VJ'(G). Thus, if u=a;®...®a, then i = a;®...® a,. It follows
that ||u||V,1 < [lullvr(G) and hence

1P|y (c)- = sup{[@(u)] - u € VI(G), [Julln < 1}
sup{|® ()] : u € V;'(G), [|uelly < 1}
sup{|®(v)[ : v € VI (G), [[v][n < 1}

Hq)”Vl;l((;)*

1

AN

Thus (16) is established. We hence have a canonical isometric embedding of M"(G)
into M"(Gy), which gives rise to an isometric embedding of B"(G) into B*(G,). The
next proposition generalises [12, Theorem 3.3] to the multidimensional case. We note
that the proof we give is new in the case n =2 as well.

PROPOSITION 6.1. Let f € B*(G;). Then f € B"(G) if and only if f is continu-
ous.

Proof. 1t is clear that if f € B"(G ) then f is continuous. For the converse direc-
tion we use induction on n. If n =1 the claim follows from a classical result of Eberlein
[20, Theorem 1.9.1]. Suppose that n > 1 and fix a continuous function f from B"(G,).
For an element y € G let §, € B(G;)* be the evaluation functional, 8,(h) = h(y),
h € B(G). Using the identification (4), we let Ls, : B'(G) — B"~'(G) be the corre-
sponding slice map. We have that Ls, (f) € B"'(G4) and that Ls,(f) is continuous.

By the induction assumption, Ls, (f) € € B*1(G). Since every element of B(G;)* can
be approximated in the weak* topology by a bounded net consisting of linear com-
binations of the functionals §,, y € G, we conclude that Ls(f) € B"~(G) for every
8 € B(G,)*. An application of [21, Theorem 2.2] shows that f € B(Gy) ®e, B"'(G).
Repeating the above argument with a right slice map in the place of Ls shows that
feB(G). O
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The following lemma generalises a theorem of Eberlein [20, Theorem 1.9.1] to the
multidimensional case.

LEMMA 6.2. Let ¢ € L”(G"). The following are equivalent:
(i) ¢ €B"(G);

(ii) ¢ is continuous and there exists a constant C > 0 such that

}zcil...in(p(%il7---,%1,1 } CHZCH ..... 1,1Xll® ®%1,1 7/,1( )

where x;, € G and the summation is over a finite number of indices (iy,...,in).

Proof. For notational simplicity we assume n = 2.
(i)=(ii) Let ¢ € B*(G); by Corollary 4.2, ¢ is continuous and since w(y;) =
1(%:), where %;(x) = xi(x) = xi(x~1) (see (7)), we have

1Y ciio (i xi)| = [P cijt() @ (%))
< ||| Hzciﬂ(fﬁ)®l(??j)’|c0(c)**®hco(c)**
= @l Xciiz @ xill 12

The last equality follows from the injectivity of the Haagerup tensor product.

(ii)= (i) Assume first that G is compact. Then G is discrete. Let T : Co(G) ®
Co(G) — C be the mapping given by T (X cijxi ® xj) = Xcij¢(%i, xj)- Then |T(f)| <
Cllflly2q) = C||fHVh2(G) for finite sums f = Y ¢;jx; ® x; and therefore T can be ex-
tended to a bounded linear functional on th(G). Thus, there exists u € M?(G) such
that

ZQ;‘P XHXJ ZCIJXI®XJ>

In particular, ¢ (x1,22) = (u, 21 ® x2), thatis, ¢ = ity € B*(G), where (u1, i ® x;) =
<”a Xi®X j>

If G is not compact let G be the Bohr compactification of G. Extending each
% € G toacharacter on G we define a linear functional T on the space of all functions f
on G x G of the form f(x,y) = Y cijxi(x)x; (), x,y € G, where x;, %; € G, by letting,
for f as above, T(f) = Xcij¢(%,x;)- Let i €N, gi =¥y cixxi and h; = 3;d;y;; be
trigonometric polynomials on G, where Xkis Wi, € G. Then

(3men) -

C\| Y cdixri®wji
ik,j

<

> cidid (xwi> wii)
ikj

72(G)

i @ hj i @ h;

72(G) Vi (G)
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The last equality follows from the injectivity of the Haagerup tensor product and the fact
that C,(G) is completely isometrically embedded in C(G). Thus, T can be extended
to a bounded linear functional on V?(G) and hence ¢ (x1,%2) = (u, X1 ® x2) for u €

M?*(G) = M*(Gy), and ¢ € B>(G,). Since ¢ is continuous, Proposition 6.1 implies
that ¢ € B*(G). O

The following lemma is a multidimensional version of [20, Theorem 3.8.1].

LEMMA 6.3. Let ¢ € L*(G"). Assume @0(g) € B"(G) forevery g € A(G). Then
0 € B"(G).

Proof. We only consider the case n =2 ; the general case can be treated in a similar
way. Let T : A(G) — B%(G) be the linear mapping defined by T(g) = ¢0(g). We show
that T is continuous. If g, — g in A(G) and ¢0(g,) — # in B*(G), where u € M?*(G),
then

i(hi,ho) = '}iilgow(h17h2)gn(h1h2) = @(hy,h2)g(hihy),

hence @ = ¢0(g). By the Closed Graph Theorem, T is continuous and [|¢6(g)]|(G)

< Cllgllae-
Given hy,...,h, € G, € > 0, there exists f € A(G), ||fHA(G) < 1+ &, such that

f(hihj) =1, forall i,j. Let u € M*(G) be such that &t = @O(f). Then
|2 cij@(hishy)| = | Y cijo(hihy) f(hihy)| = | X cijii(hi hy)|

= ﬁ(zcijl(ili) ® l(lvij))|
< C(+e) [ Xeijhi@hj 2

where ii is the extention of u to a normal completely bounded linear map from (Cy(G)**)"

to C and 1 : C,(G) — Cy(G)** is the canonical inclusion. Given open sets Vi, Vo C G
with compact closures we can find f € A(G) such that 6(f) is constant on V; x V5.
Therefore, ¢ is continuous on V| x V;,, and hence ¢ is continuous on G x G. By
Lemma 6.2, ¢ € B(G). O

In the next corollary, we denote by M, the operator of multiplication by the func-
tion g.

THEOREM 6.4. For every block (k,n)-partition &, we have that B"(G) = M (G)
= M»(G).

Proof. Let &) (resp. £7,) be the block (1,n)- (resp. (n,n)-)partition. We have
that 64, is the identity map. For any block (k,n)-partition &7 we have that

ran0z, Cranfy Cranbyp, = A"(G).

Thus,
Mz,A(G) C M»A(G) C M, A(G),
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and similarly for the completely bounded multipliers. By Theorem 5.1, B*(G) C
M5,A(G). By Lemma 6.3, M5 A(G) C B"(G) and hence B"(G) = M5 (G).

The fact that B"(G) = M%A(G) follows in the same way, using Proposition 4.3
and the fact that for completely contractive Banach algebras A, onehas A C M ,A. O

COROLLARY 6.5. Let ¥ : A(G) — A"(G) be a bounded linear map such that
WMy = My,)¥ forany x € G. Then Y(f) = @0(f), f € A(G), for some ¢ € B"(G).

Proof. 1t follows from the proof of Theorem 5.12 that ¥(f) = @0(f) for some
bounded function ¢ on G. Thus @ € M,A(G). The statement now follows from
Theorem 6.4. U
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