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SPATIAL DISCRETIZATION OF RESTRICTED GROUP C*-ALGEBRAS

STEFFEN ROCH

(Communicated by P.-Y. Wu)

Abstract. We consider spatial discretizations by the finite sections method of the restricted group
C* -algebra of a finitely generated discrete group, which is represented as a concrete operator
algebra via its left-regular representation. Special emphasis is paid to the quasicommutator ideal
of the algebra generated by the finite sections sequences and to the stability of sequences in
that algebra. For both problems, the sequence of the discrete boundaries plays an essential role.
Finally, for commutative groups and for free non-commutative groups, the algebras of the finite
sections sequences are shown to be fractal.

1. Introduction

Approximately finite algebras and quasi-diagonal algebras are examples of C*-
algebras which are distinguished by intrinsic finiteness properties. These properties can
be used in principle to approximate the elements of the algebra by finite-dimensional (or
discrete) objects and, thus, to discretize the algebra in a sense. In this paper we consider
a completely different kind of discretization, called spatial discretization, the main idea
of which is as follows: We represent a given C*-algebra 7 faithfully as an algebra A
of linear bounded operators on a separable Hilbert space with basis {e;};en. Then we
let P, stand for the orthogonal projection from H onto the linear span of ey, ..., e,,
associate with each operator A € A the sequence (P,AP,) of its finite sections, and
consider the C*-algebra .#(A) which is generated by all sequences (P,AP,) with A €
A. There is a natural homomorphism from .#’(A) onto A which associates with each
sequence in .%(A) its strong limit. Thus, the algebra A appears as a quotient of .7’ (A)
by the ideal of all sequences tending strongly to zero.

The idea of spatial discretization has its origins in numerical analysis, where the
numerical solution of an operator equation Au = f is a basic problem. Numerical anal-
ysis provides a huge arsenal of methods to discretize this equation for several classes of
operators. Perhaps the simplest (from the conceptual point of view) and most uni-
versal (applicable to each operator) method is the finite sections method which re-
places the equation Au = f by the sequence of the finite-dimensional linear systems
P,APu, = P,f, n=1,2,.... The basic question is if these systems are uniquely solv-
able for sufficiently large n and if their solutions u, tend to a solution of Au = f. The
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central aspect of this question is whether the operators (= n X n-matrices) P,AP, are
invertible for sufficiently large n and whether the norms of their inverses are uniformly
bounded. In this case, the sequence (P,AP,) is called stable.

A Neumann series argument shows that the sequence (P,AP,) with A € A is sta-
ble if and only if its coset is invertible in the quotient of the algebra .(A) by the ideal
of all sequences which tend to zero in the norm. This observation due to Kozak brings
numerical analysis into the realm of C*-algebras (and conversely). It was soon real-
ized that, for instance, Gelfand theory and its several non-commutative generalizations
provide effective tools to study stability problems for the finite sections method for
convolution type equations; see [9] for an overview. In the consequence, the algebras
#(A) were examined for several classes of operator algebras A. The pioneering ex-
ample was the Toeplitz algebra, T(C), generated all Toeplitz operators on /%(N) with
continuous generating function. This algebra can be viewed as a faithful representation
of the universal C*-algebra generated by one isometry (Coburn’s theorem, [6]). The
algebra . (T(C)) of the finite sections method is very well understood; for several as-
pects of finite sections of Toeplitz operators as well as for the rich history of the field
see [3, 4]. These results were later extended to algebras generated by Toeplitz operators
with piecewise continuous (and even “more discontinuous”) symbols and to algebras
of singular integral operators, see [8]. The algebra . (BDO) of the finite sections of
band-dominated operators was subject of [18, 15] (note that the algebra BDO of the
band-dominated operators is a faithful representation of the reduced crossed product
algebra [*(Z) X oy Z), and the algebra .#(Oy) where Oy is a concrete representation
of the Cuntz algebra Oy was considered in [19].

The present paper is devoted to the spatial discretization of restricted group C*-
algebras Cf(I') where T is a finitely generated discrete and exact group. Basic proper-
ties of group algebras can be found, e.g., in [2, 5, 7]. Restricted group C* -algebras come
with a natural representation, the so-called left-regular representation, which makes
C}(I") isomorphic to the algebra Sh(T") of shift operators on 1?(I"). It is this algebra to
which spatial discretization is applied in what follows.

The paper is organized as follows. In Section 2 we provide some preliminaries
on spatial discretization of represented C*-algebras. Section 3 is devoted to the spatial
discretization of Sh(I"). For we choose a family # = (¥,) of finite subsets of T and
consider the sequence of the finite sections Py, APy, of A € Sh(I'). We show that the
algebra .75 (Sh(I")) generated by these sequences splits into the direct sum of Sh(T")
and of an ideal which can be characterized as the quasicommutator ideal of the algebra.
A main result is that the sequence (P,y,) of the discrete boundaries always belongs to
the algebra .# (Sh(T)), and that this sequence already generates the quasicommutator
ideal. This surprising fact has been already observed in other settings, for example
for the algebra .#(T(C)) of the finite sections method for the Toeplitz operators (a
classical result, closely related to the present paper), but also for the algebra . (Oy)
related with Cuntz algebra (see [19]).

In Section 4 we derive a necessary and sufficient criterion for the stability of se-
quences in .z (Sh(I)). The criterion is formulated of terms of limit operators (see
[14, 18]). It turns out that it is sufficient to consider limit operators with respect to
sequences 1) such that each 7, belongs to the boundary of some set Y;,, which gives
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another hint to the exceptional role of the discrete boundaries. In two special settings
(commutative groups and free non-commutative groups) we show moreover that one
can restrict to the case when 1 is an (inverse) geodesic ray, which implies the fractal-
ity of the algebra .#% (Sh(I")) for these groups. We will not present the details, but
it should be at least mentioned here that one consequence of fractality is the excellent
convergence properties of certain spectral quantities. For example, if a sequence (A,,)
belongs to a fractal algebra, then the sets of the singular values (the points in the &-
pseudospectrum, the points in the numerical range, respectively) of the A, converge
with respect to the Hausdorff metric. For these and other applications of fractality, see
[9, 17, 18, 20].

2. Spatial discretization

2.1. Hilbert spaces and projections

For a non-empty finite or countable set X, let /?(X) stand for the Hilbert space of
all functions f : X — C with

el o= 3 1 () < eo.

xeX

For X = 0, we define /?(X) as the space {0} consisting of the zero element only. For
each subset ¥ of X, we consider /?(Y) as a closed subspace of /?(X) in a natural way.
The orthogonal projection from 72(X) to I2(Y) will be denoted by Py. Thus, Py and
Py are the identity and the zero operator, respectively. For x € X, let §, be the function
on X which is 1 at x and O at all other points. If X is non-empty, then the family
(8x)xex forms an orthonormal basis of 2(X), to which we refer as the standard basis.
For each sequence (Y;),>1 of subsets of X, define its upper and lower limit as

limsupY, := Mk>1 Uy Y and  liminfY, := Ugsg Ny Ve

Thus, limsupY, is the set of all x € X with x € ¥}, for infinitely many n, whereas
liminfY, contains all x € X such that x € Y, for all but finitely many n. A set sequence
(Y,) is said to converge if limsupY, = liminf¥,,. In this case we denote the upper and
lower limit by limY;,. The following assertions are easy to check.

PROPOSITION 2.1. (a) The sequence (Py,) of projections converges strongly if
and only if the set sequence (Y,) converges. In this case, s-lim Py, = Biny, -

(b) The sequence (Py,) converges strongly to the identity operator if and only if
liminfY, = X.

COROLLARY 2.2. (a) If Y, C Y4 for all n, then the sequence (Py,) converges
strongly to B, .y, -
(b) If YuNY, =0 for all m # n, then the sequence (Py,) converges strongly to 0.
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2.2. Algebras of matrix sequences

Let X be as before. Given a sequence % := (¥;) of subsets of X, let %5 denote
the set of all bounded sequences A = (A,) of operators A, : im Py, — im Py, . Equipped
with the operations

(An) + (Bn) = (An+Bn), (An)(Bn) = (AnBy), (An)":=(4,)

and the norm ||A[| #,, := sup||A,||, the set %5 becomes a C*-algebra with identity,
and the set ¥y of all sequences (A,) € %5 with lim||A,|| = 0 forms a closed ideal of
Fa . The relevance of the algebra .%4 and its ideal ¥ in our context stems from the
fact (following from a simple Neumann series argument) that a sequence A € Zy is
stable if, and only if, the coset A + ¥ is invertible in the quotient algebra Zu /Yy .
Thus, every stability problem is equivalent to an invertibility problem in a suitably
chosen C*-algebra.

Further, let .Z5, stand for the set of all sequences A = (A,) of operators A, :
imPy, — imPy, with the property that the sequences (A,Py,) and (A*Py,) converge
strongly. By the uniform boundedness principle, the quantity sup ||A,Py, || is finite for
every sequence (A,) in L%f, Thus, L%f, is a closed and symmetric subalgebra of %y
which contains ¢ . Note that the mapping

W25 — L(?(X)), A s-limA,Py, (1)

is a *-homomorphism.

2.3. Spatial discretization of represented algebras

Let A be a C*-subalgebra of L(I>(X)) (i.e., a represented C*-algebra), and let
% = {Y,} be a sequence of subsets of X. Write D for the mapping of spatial (= finite
sections) discretization, i.e.,

D:L(*(X)) = Fu, A (Py,APy,), ©)

and let .“ (A) stand for the smallest closed C*-subalgebra of the algebra %5 which
contains all sequences D(A) with A € A. Clearly, .% (A) is contained in %, and
the mapping W in (1) induces a *-homomorphism from % (A) onto A. On this level,
one cannot say much about the algebra .75 (A). The little one can say will follow from
the following simple facts. A proofis in [19].

PROPOSITION 2.3. Let A and % be C*-algebras, D : A — P a symmetric linear
contraction, and W : B8 — A a *-homomorphism such that W(D(A)) = A for every
A€ A. Then

(a) D is an isometry, D(A) is a closed linear subspace of A, and algD(A), the
smallest closed subalgebra of 9 which contains D(A), splits into the direct sum

algD(A) = D(A) @ (kerW NalgD(A)). 3)
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Moreover, for every A € A,

ID()] = min D(4)+K]. @

(b) If # = algD(A), then kerW coincides with the quasicommutator ideal of
B, i.e., with the smallest closed ideal of 9 which contains all quasicommutators
D(Al)D(AQ) —D(AlAz) with Ay, Ay € A.

We shall apply this proposition in the following context: A is a C*-subalgebra of
L(I*(X)), % is the algebra .5 (A), D is the restriction of the discretization (2) to A,
and W is the restriction of the homomorphism (1) to ¥ (A). Then Proposition 2.3
specializes to the following.

PROPOSITION 2.4. Let A be a C*-subalgebra of L(I*(X)). Then the finite sec-
tions discretization D : A — Fy is an isometry, and D(A) is a closed subspace of the
algebra Sz (A). This algebra splits into the direct sum

Sy(A) = D(A) & (kerW 1.7 (A)),
and for every operator A € A one has

DA)||= mi D(A)+K]||.
ID(@)] = min [D(A)+K]|

Finally, ketW N %y (A) is equal to the quasicommutator ideal of Sz (A), ie., to
the smallest closed ideal of Zz (A) which contains all sequences (Py,APy,A2Py, —
Py, A1AyPy,) with operators Ap, Ay € A.

We denote the ideal kerW N.7 (A) by _Z (A). Since the first item in the decom-
position D(A) @ _# (A) of .75 (A) is isomorphic (as a linear space) to A, a main part
of the description of the algebra . (A) is to identify the ideal ¢ (A). Here is a first
result which describes _# (A) in terms of generators of A. Abbreviate I — Py =: Qg4.

PROPOSITION 2.5. Let A be a C*-subalgebra of L(1*(X)) and let E be a subset
of A which generates A as a Banach algebra, i.e., the smallest closed subalgebra of A
which contains E is A. Then, for each m > 2 and each choice of operators A; € E,
the sequence

(Py,A10y,A20y, ... Ov, APy, )n>1 5)

belongsto Z (A), and Z (A) is the smallest closed ideal of g (A) which contains
all sequences of the form (5).

Proof. First we show per induction that all sequences of the form (5) belong to the
quasicommutator ideal _# (A). This is evident for m = 2:

(Py,A1Qy,A2Py,) = (Py,A1A2Py,) — (Py,A1Py, A2 Py,).
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Suppose the assertion is proved for sequences (5) of length less than m. Then

(Py,A1Qy, ... Qv,Am—10y,AnPy,)
— (PyA10y, .. OnyAm1AnPy,)
—(Py,A1Qy, ... Ov,Am—1Py,) (Pr,AnPy, ).

The second sequence on the right-hand side of this equality isin _# (A) by assumption.
Write the first sequence as

(Py,A1Qy, ... Ov,Am—20y,An—1AnPy,)
= (Py,A1Qy, ... Ov,Ap—2An_1AnPy,)
—(PLA10y, - QvyAm 2Py,) (PryAm 1AnPy,).

Again, the second sequence on the right-hand side is in _# (A). We continue in this
way to arrive finally at

(P, A101,A2As .. AnPy,) = (PyAiAs... APy,
_(PYnAIPYn) (PYnA2A3 e AmPYn)

which is in _# (A) by the definition of the quasicommutator ideal.

Conversely, we are going to show that the sequences (5) generate _# (A) as a
closed ideal of 75 (A). Let _# refer to the smallest closed ideal of .7 (A) which
contains all sequences (5). From the first part of this proof we infer that ¢ C ¢ (A).
For the reverse inclusion it is sufficient to show that

(Py,AQy,BPy,) € ¢ forallA,BeA.

Since / is a closed linear space, it is sufficient to verify this claim in case A and B
are finite products of operators in E. Thus, we have to prove that

(Pr,Ai...AnQy,Bi ... BiP;) € F (6)

for arbitrary operators A;, B; € E and integers [,m > 1. Again we use induction. The
assertion is evident in case m = [ = 1. For the general step we write

(PyAy...AnQy,Bi ... BiPy,)
= (PynAlpyn) (PynAz .. -AmQYnBl .. .BIPyn)
+ (PY,,AIQY,,A2 .. ~AmQY,,Bl .. ~BZPY,1)~

The first summand on the right-hand side is a product of a sequence in % (A) and a
sequence of the form (6), but with less factors. By assumption, this summand is in _¢# .
The second summand can be again written as a sum by inserting I = Py, 4+ Qy, after A,.
We continue in this way and arrive finally at the sequence (Py,A;Qy,A20Qy, ... Qy,Bi—1
Qy,BiPy,) whichisin _# by definition. [J
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3. Spatial discretization of restricted group C* -algebras

3.1. Left regular representations

Let I" be a (not necessarily commutative) countable discrete group. We write the
group operation as multiplication and let e stand for the identity element. With I" we
associate the Hilbert space 1?(I") with its canonical basis (8)ser. The left regular rep-
resentation L : T — L(I>(T')) associates with every group element 7 a unitary operator
L, such that L,§; = 6,5 for s€ .

Since &,5(t) = 8(r~'t), one has (L,u)(t) = u(r~'t) for every u € [*(T"). Hence,
r+— L, is a group isomorphism. We define Sh(I") as the smallest closed subalgebra
of L(I*(T)) which contains all operators L, with ¢ € T'. The algebra Sh(I") is *-
isomorphic to the restricted group C*-algebra C;(T') in a natural way (see Section 2.5
in [3]). It can thus be considered as a concrete representation of C(T"). Note also that
the restricted group C*-algebra coincides with the universal group C*-algebra C*(T")
if the group I is amenable. For this and further characterizations of amenable groups,
see Theorem 2.6.8 in [5].

We have seen above that every restricted group C*-algebra C;(I') comes with a
canonical faithful representation as the concrete operator algebra Sh(I") on [*(T"). We
will take this representation as the basis for the spatial discretization of C}(I") by a
finite sections method in the following sections.

3.2. Discretization of Sh(T")

To discretize the algebra Sh(I") by the finite sections method we choose a se-
quence % = (Y,) of finite subsets of I" and consider the sequences (Py,APy,) of the
finite sections of A € Sh(T"). Usually we will assume that the set limit limY, exists
and is equal to I', in which case the Py, converge strongly to the identity operator, but
some of the following results will hold without this assumption. In accordance with
earlier notation, let . (Sh(T")) stand for the smallest closed C* -subalgebra of the al-
gebra %5 which contains all sequences (Py,APy,) with A € Sh(I"). The associated
quasicommutator ideal is denoted by _# (Sh(I')).

In the next section, we shall present some characterizations of _# (Sh(I")). For we
have to introduce some notions of topological type. Note that the standard topology on
I' is the discrete one; so every subset of I' is open with respect to this topology.

Let Q be a finite subset of I' which contains the identity element e and which
generates I" as a semi-group, i.e., if Q, denotes the set of all words of length at most
n with letters in Q, then U,>0Q, =I'. By convention, Q := {e}. Note also that the
sequence (Q,) is increasing; so the operators Pg, can play the role of the finite sections
projections Py, , and in fact we will obtain some of the subsequent results exactly for
this sequence.

With respect to €, we define the following “algebro-topological” notions. Let
A CT. A point a € A is called an Q-inner point of A if Qa :={wa: w € Q} CA.
The set intgA of all Q-inner points of A is called the Q-interior of A, and the set
JoA := A\ intgA is the Q-boundary of A. Note that by this definition, the Q-boundary
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of a set is always a part of that set. (In this point, the present definition of a boundary
differs from other definitions used in the literature, see, e.g., [1].)

One easily checks that the Q-interior and the €2-boundary of a set are invariant
with respect to multiplication from the right-hand side:

(intgA)S = intg (AS) and (aQA)S =da (AS)
for s € I". One also has
Q, 1 CintgQ, CQ, foreachn>1, 7

whence
009, CQ,\Q,_| foreachn> 1. (8)

In many concrete settings, one has equality in (8).

3.3. The structure of the quasicommutator ideal

Let Q and % := (¥,) be as in the previous section. We will derive two results on
the structure of the quasicommutator ideal ¢ (Sh(T')).

THEOREM 3.1. _# (Sh(T")) is the smallest closed ideal of -7z (Sh(I")) which
contains all sequences

(Pr,Ly10y,LoPy, )uz1 with © € Q. ©)
Proof. First note that, for arbitrary w € Q and A C T,
OaLlwPy = QaLloPaLy—10aLoPy. (10)
Indeed,

OQaLoPr = QaLwPaLy-1LoPy
= QaLoPALy-104LoPs + QaLloPaL,y-1 PALyPy.

The second summand on the right-hand side vanishes since Ly, PsL, P,s com-
mutes with Py.

Let now, for amoment, ¢ denote the smallest closed ideal of . (Sh(I")) which
contains all sequences (9). Clearly, # C _#(Sh(I")). The reverse implication will

follow via Proposition 2.5 once we have shown that each sequence

(Py,La, Ox,Lar, O, - - - Ov, Lo, Py, )n>1 (11

with m > 2 and w; € Q belongs to _# . Write the sequence (11) as (A4,Qy,Lq, Py,)-
By (10),

o1 =

(AnQYanmPY,,) = (AnQY,,mePYn) (PYan’l QYanmPYn)'

Since the sequence (11) belongs to .7 (Sh(I')) and ¢ is an ideal of that algebra, the
sequence (11)isin ¢ . [
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LEMMA 3.2. Let A CT. Then Nyea(AN @~ !A) = intpA.
Proof. Let a € intgA . Then, for each w € Q,
a=0w"'vac 0 'Qa C o 'A QAﬁw‘lA,

whence the inclusion O. For the reverse inclusion, let a € A\ intgA = doA . By defini-
tion of the Q-boundary, there is an @y € Q such that woa ¢ A. Hence, a ¢ AN @, 14,
which implies @ € Npeo(ANw~'A). O

LEMMA 3.3. Let A be a subalgebra of L(I1>(T)) and A C T. If the operators
PyLyy-1PALy Py belong to A for each o € Q, then the operators Pa, Puga and Py, s
belong to A, too.

Proof. Since e € Q, the assertion is evident for P4 . Further we have
PAwalPALwPA = PAowlA = PAﬁw*IA eA

foreach w € Q. Since A is an algebra, this implies

I1Pio1a= P, colano-1a) €A

weQ
By Lemma 3.2, this is the assertion for Py,4. The assertion for Pyoa follows since
Py = Pga + Pyon- U

We call (Py,y, )n>1 the sequence of the discrete boundaries of the finite section
method with respect to (¥;,). Note that the assumptions in the following theorem are
satisfied if Y,, = Q,, due to (7).

THEOREM 3.4. Assume that Y, CintgY, CY, forall n > 2 and that limY,, =
['. Then the sequence (Pyy,)n>1 of the discrete boundaries belongs to the alge-
bra Sz (Sh(I')), and the quasicommutator ideal is generated by this sequence, i.e.,
7 (Sh(')) is the smallest closed ideal of .#2 (Sh(I')) which contains (P,y, )n>1-

Proof. By definition, the sequence (Py,L,,-1Py,LoPy, )n>1 is in Zz (Sh(T')) for
each € Q. From Lemma 3.3 we then conclude that the sequence (Pj,y,) is in
Za(Sh(T)), too. That this sequence is even in the quasicommutator ideal, is a conse-
quence of the assumptions. Indeed, from Y,_; C intgY, C Y, we conclude that

,715}30 intqY, = nlg}go Y,=T
whence s-limP;_y, = 0. By Proposition 2.4, this implies (Pj,y,) € _Z (Sh(I')).

It remains to show that the sequence (Pj,y,) generates Z (Sh(I')). Let _# denote
the smallest closed ideal of .77 (Sh(I")) which contains the sequence (Pj,y, ). By what
we have just seen, # C _# (Sh(I)). The reverse inclusion will follow from Theorem
3.1 once we have shown that

(Py,Ly-10y,LoPy, )n>1 € / foreach w € Q. (12)



62 STEFFEN ROCH
Note that
Py,Ly 10y, LoPy, = Py, — Py Ly 1P LoPy, = Py (r,00-11,)-
From Lemma 3.2 we know that intoY, C ¥, Nw~'Y,. Hence,
Y, \ (YN0~ 'Y,) C Y, \inteY, = do¥,
which implies that

Py, Ly-10y, Loy, = PY,,\(Y,,ﬂw*IY,,) = PY,,\(Y,mwfly,,) PagYn-

This verifies (12) and finishes the proof of the theorem. [

4. Stability

In this section, we are going to study the stability of sequences in % (Sh(I))
via the limit operators method. The key ingredients are the facts that the stability of
a sequence A in that algebra is equivalent to the Fredholmness of a certain associated
operator and that the Fredholmness of that operator can be studied by means of its limit
operators due to a result of Roe.

4.1. Fredholmness vs. stability

Let % := (Y,) be a sequence of finite subsets of I". A sequence (v,) C I is called
an inflating sequence for % if Y,,v,,' NY,v; ! =0 for m # n. The existence of inflating
sequences is a consequence of the following lemma.

LEMMA 4.1. Let A, B C T be finite and V C T be infinite. Then thereisa v €V
such that ANBv~! = 0.

Indeed, let ANBy~! = @ for every v € V. Then, foreach v € V, thereisa b, € B
such that b,v~! =:a, € A. Thus, v =b,a,'. But since A and B are finite, there are
only finitely many products b,a;!. Hence V is finite, a contradiction. [

COROLLARY 4.2. Let % = (Y,) be a sequence of finite subsets of T and V an
infinite subset of I'. Then there is an inflating sequence for % in V.

Proof. Let vi € V. Then Ylvl_1 is finite. By the lemma, there is a v, € V such
that Ylvfl ﬂszz’l = (. Further, since Ylvfl Uszz’l is finite, there is a v3 € V such
that

-1 -1 -1 _
(Yivy 'UYav, ) Yyt =0.

We proceed in this way to find the desired inflating sequence. [
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In what follows let ¢ as above and choose and fix an inflating sequence (v,) for
% . Further set
I =T\U>, T, b (13)

For s € T, let Ry : I>(T") — I(T") refer to the operator (R,f)(t) := f(ts). Evidently,
the mapping R : s — R; is a group isomorphism from I" into the group of the unitary
operators on [>(I"). Moreover, R,L; = LR, for s,t € T". The proof of the following
theorem is adapted from [18].

THEOREM 4.3. Let A = (A,) € Fu . Then
(a) the series

Y Ry, AuR,! (14)
n=1

converges strongly on 1>(T'). The sum of this series is denoted by Op (A).

(b) the sequence (A,) is stable if and only if the operator Op (A) + P is Fred-
holm on 1>(T").

(¢) The mapping Op is a continuous homomorphism from Fz to L(1>(T)).

Proof. The proof is straightforward. We will only sketch the proof of assertion
(b). Let A = (A,) be a stable sequence, i.e., there is an ny € N such that the operators
A, :imPy, — im Py, are invertible for n > ny and that the norms of their inverses are
uniformly bounded. Then the operator

no—1 oo
B .= 2 Panfl + 2 RVnAnR;nl —|—PF’
n=1 " n=ngp
is invertible with inverse
}’10—1 oo
B =S Bt SRR R
n=1 ! n=ngp

Since Op (A) + P is a compact perturbation of B, Op (A)+ P is a Fredholm operator
(with Fredholm index 0).

Let, conversely, Op (A) + P be a Fredholm operator. Then there are an operator
B € L(I*(T")) and a compact operator K on [%(T) such that

B-(Op(A)+Pr)=1+K.
Since the projections PY,zv*I commute with Op (A), and since Y,v; INnT" =0, we find
PYnV;lBPYnVEI ’ RvnAnR;'ll = PYnV;lBPYnV;l ’ PYnV;l Op (A)PYnV;l
= Pan;lBOp (A)PY,,V;I

= Pan;l B(Op(A) + PF,)Pan;l
=Py KBy
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whence
R,'P, ~\BP, iR, -Ay=Py, +R,'P, KP, iR, (15)

Since P, il 0 strongly by the inflating property and by Corollary 2.2 () and since
K is compact and ||R,,|| = 1, we further conclude

-1
IR, P, 1 KP, iRy, || =0 asn— oo,

nVn

Hence, the operators on the right-hand side of (15) (considered as acting on im Py, ) are
invertible for n large enough, and the norms of their inverses are uniformly bounded
with respect to n. This implies the uniform boundedness of the operators

~1
Bui= (P +R, Py KPRy, ) RGPy 1BPy iRy,

also considered as acting on im Py, . Since B,A, = Py, for all sufficiently large n and the
A, act on a finite-dimensional space, the stability of the sequence (A4,) follows. O

4.2. Band-dominated operators

Theorem 4.3 translates the stability problem for a bounded sequence of finite-
rank operators into a Fredholm problem for an associated operator. In case of the
finite sections sequence of an operator in Sh(T"), the associated operator is a band-
dominated operator in the sense defined below. Since there is an effective criterion to
verify the Fredholm property (which we will recall in the subsequent section) of band-
dominated operators, this observation offers a way to study the stability of the finite
sections method for operators in Sh(T").

Consider functions k € [*°(T x ') with the property that there is a finite subset Ty
of I such that k(z, s) = 0 whenever ts~! ¢ I'g. Then

(Au)(r) == Y k(r,5)u(s), t€T, (16)

sel

defines a linear operator A on the linear space of all functions u : I' — C, since the
occurring series is finite for every t € G. We call operators of this form band operators
and the set I'g a band-width of A. It is not hard to see that the band operators form
a symmetric algebra of bounded operators on 12(I"). Operators in the norm closure of
that algebra are called band-dominated operators. Thus, the band-dominated operators
form a C* -subalgebra BDO(T) of L(I*(T)).

It turns out that band operators on I'" are constituted by two kinds of “elementary”
band operators: the unitary operators L, of left shift by # € I", and the operators b/ of
multiplication by a function b € [*(G),

bI:13(T) — 12(T), (bu)(s) = b(s)u(s).

PROPOSITION 4.4. A operator in L(I*(T')) is a band operator if and only if it can
be written as a finite sum Y,b;L;, where b; € [”(T') and t; € T.
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Proof. Let A be an operator of the form (16) and let Ty := {#;,72,...,,} be a
finite subset of " such that k(¢,s) = 0 if ts~! ¢ Ty or, equivalently, if s is not of the
form #; 14 for some i. Thus,

(Au)(t) = Y k(t,¢7't)u(t;'t) forallz €T.
=1

Set b;(t) := k(t, 1, 't). The functions b; are in [*(T'), and one has

A=Y bil,. (17)
i=1

Conversely, one easily checks that each operator L, with # € I' is a band operator with
band width {¢} and that each operator oI with b € [**(T") is a band operator with band
width {e}. Since the band operators form an algebra, each finite sum Y b;L,, is a band
operator. [

It is easy to see that the representation of a band operator on I' in the form (17)
is unique. The functions b; are called the diagonals of the operator A. In particu-
lar, operators in Sh(I") can be considered as band-dominated operators with constant
coefficients.

As before, let % := (Y,) be a sequence of finite subsets of I" and (v,) an associ-
ated inflating sequence. Note that the following proposition remains valid if the algebra
Sh(T) is replaced by the C*-algebra BDO(T") of all band-dominated operators.

PROPOSITION 4.5. Let A = (A,) be a sequence in the finite sections algebra
o (Sh(T)). Then Op (A) is a band-dominated operator.

Proof. Firstlet A € Sh(I') be a band operator (i.e., A is a linear combination of a
finite number of the L;) and let 'y be a band width of A. It is easy to check that then
RVHPYHAPynR;n1 is a band operator with the same band width for every n. The inflating
property ensures that Op ((Py,APy,)) is a band operator with band width Ty, too. Now
Theorem 4.3 (c¢) yields the assertion. [

To define limit operators, let 7 : N — I' be a sequence tending to infinity in the
sense that for each finite subset I'y of T, there is an no € N such that i(n) ¢ Ty if
n = ng. Clearly, if & tends to infinity, then the inverse sequence h~! tends to infinity,
too. We say that an operator A, € L(I*(T")) is a limit operator of A € L(1*(T")) defined
by the sequence h if

R71

pom ARy — Ay and - Ry

h(m)A*Rh(m) — 4

strongly as m — oo. Clearly, every operator has at most one limit operator with respect
to a given sequence /. Note that the generating function of the shifted operator R, !AR,
is related with the generating function of A by

kp-iap (1:8) = ka(er™! sr7 1) (18)
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and that the generating functions of R;(L)AR;,(,”) converge pointwise on I X I" to the
generating function of the limit operator A, (if the latter exists).

It is an important property of band-dominated operators that they always possess
limit operators. More general, the following result can be proved by a standard Cantor
diagonal argument (see [12, 13, 14]).

PROPOSITION 4.6. Let A be a band-dominated operator on 1>(T'). Then every
sequence h: N — I which tends to infinity possesses a subsequence g such that the
limit operator Ag of A with respect to g exists.

Let A be a band-dominated operator and 4 : N — I' a sequence tending to infinity
for which the limit operator A;, of A exists. Let B be another band-dominated operator.
By Proposition 4.6 we can choose a subsequence g of & such that the limit operator B,
exists. Then the limit operators of A, A+ B and AB with respect to g exist, and

Ag = Ap, (A+B)g=Ag+ By, (AB)g = AgBg.

Thus, the mapping A — Aj, acts, at least partially, as an algebra homomorphism.

The following theorem is due to Roe [22], see also [11]. Recall in this connec-
tion that a group I' is said to be exact, if its reduced translation algebra is an exact
C*-algebra. The latter is defined as the reduced crossed product of [*(I") by I' and
coincides in our setting with the C*-algebra of all band-dominated operators on 12(T").
The class of exact groups is extremely rich. It includes all amenable groups (hence,
all solvable groups such as the discrete Heisenberg group and the commutative groups)
and all hyperbolic groups (in particular, all free groups with finitely many generators)
(see [21], Chapter 3).

THEOREM 4.7. (Roe) Let I be a finitely generated discrete and exact group, and
let A be a band-dominated operator on 1*(T'). Then the operator A is Fredholm on
I12(T") if and only if all limit operators of A are invertible and if the norms of their
inverses are uniformly bounded.

Note that this result holds as well if the left regular representation is replaced by
the right regular one and if, thus, the operators L; and R; change their roles. In fact, in
[11, 22] the results are presented in this symmetric setting. In [11] we showed moreover
that the uniform boundedness condition in Theorem 4.7 is redundant for band operators
if the group I' has sub-exponential growth and if not every element w of I' is a torsion
element (i.e. such that w" = e for some positive integer n). For details see [11]. Note
that the condition of sub-exponential growth is satisfied by the abelian groups Z", the
discrete Heisenberg group and, more general, by nilpotent groups (in fact, these groups
have polynomial growth), whereas the growth of the free groups Fy is exponential.

THEOREM 4.8. Let I' be a finitely generated discrete and exact group with sub-
exponential growth which possesses at least one non-torsion element, and let A be a
band operator on 1>(T'). Then the operator A is Fredholm on 1>(T) if and only if all
limit operators of A are invertible.
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4.3. Limit operators and stability

Let % = (Y,) be a sequence of finite subsets of I". To verify the stability of a
sequence A = (A,) in .5 (Sh(T")) via the results of the previous section, we have to
choose an inflating sequence for % and to compute the limit operators of Op (A) + Pp.
Note that the exactness of I is not relevant in this computation. Note also that large
parts of this computation hold for sequences in . (BDO(I')), too. We will consider
the finite sections method for operators in BDO(T") in detail in a forthcoming paper.

Let Q be a finite subset of I with e € Q which generates I" as a semi-group.
Let Q, denote the set of all words with letters in € of length at most n. Thus I' =
Up>182, = limy,—e0 ), .

By Theorem 4.3, the Fredholmness of the operator Op (A) is independent of the
concrete choice of the inflating sequence. For technical reasons, we choose an inflating
sequence (vy,) for the sequence

(Y UQ) (Y, UQ,) (Y, u,))

n>1

instead of (¥;). Since
Y,UQ, C (Y, UQ,) (Y, U, C (¥, uQ,) (¥, uQ,) ' (¥,uQ,),
(vn) is also an inflating sequence for (¥,). Moreover, since limQ, =T, one also has
lim (Y, UQ,)(Y,UQ,) ' =T. (19)

Let now A = (A,) € %% (Sh(T")), set as before

Op(A) =Y R,AR;' and I'=T\U Yy,

n=1

and let & : N — I" be a sequence tending infinity for which the limit operator
(Op(A)+ P )y = s—lim,HooR;(L) (Op (A) + Pr)Ryyn

exists. Then the limit operator (Op (A) + Pv), exists for every subsequence g of #,
and it coincides with (Op(A) + Pp);,. So we can pass freely to subsequences of &. By
passing to subsequences, we can restrict the computation of the limit operator to the
following cases:

Case 1: All elements i(n) belong to Uy kak_l.
Case 2: No element h(n) belong to Ug> kak_l.

Consider Case 1. Passing again to a subsequence of 7 we can further suppose that each
h(n) belongs to one of the sets kak_1 ,say to v, Y,;l , and that vy, Y,;l contains no other
element of the sequence & besides h(n). For each n, let r, denote the smallest non-
negative integer such that h(n) € vy, (do¥y, ) 'Q,,. Thus, r, measures the distance
of h(n) to the Q-boundary of anYl;l. Finally, let r* := liminf, _r,. Again we
distinguish two cases.
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Case 1.1: r* is finite. Then there are infinitely many n € N such that r, = r*. Thus,
there is a subsequence of & (denoted by & again) such that

h(n) € v, Y, ' Nvg, (0aY,) ' Qe forall n.

n

Further, for each n there is an w} € Q,« such that h(n) € v, (daY¥x,) " 'w};. Since Q,« is
a finite set, one of its elements w;, occurs for infinitely many n. Let w, be an element
of Q,+ with this property. Consider the subsequence of 7 which contains all elements
h(n) with w! = w, . Denoting this subsequence by & again, we can hence assume that

h(n) € vi, Y, ' g, (Fa¥e, )~ we (20)
for all n. With respect to this sequence . we obtain
Ry (0P (A) + Pr)Ry )
= kg Ry Ry AR, Ry + R PRy

—1 —1 —1 —1 —1
— k;: Ry o Ry ARRy Ry + R b PRy + Ry Ry Al Ry Ry 1)

with I as in (13). By (20), h(n) = vi, M, w« With i, € (daY,)~!. Thus, the last item
in (21) becomes
R, iRy 1A;, Ry, Ry.. (22)

Set ITy := Py, ugy, (v, Uy )~ w, - BY (19), I, — I strongly. Since Ay, acts on im Py, ,
the operator (22) acts on im Py, n, w. . The evident inclusion

Ykn nkn Wi g (Ykn U an ) (Ykn U an ) ! Wi
implies that

I,R; ! RvknAkR;ki Ry =R,

1 —1 —1 1
h(n) (n)RanAkRvknRh(")H" =R RanAkRanRh(l’l)'

h(n)
Let now k # k; . Then, by the inflating property,

(YeUQ) (Y UQ) H(HeuQov !
N(Ye, ULy, ) (Ye, U, )~ (Y, Uy, v ' = 0. (23)

Since YkV]:1 - (Yk U Qk) (Yk @] Qk)_l (Yk @] Qk)vk_l and
(Y, U, ) (Y, UL, )~ v C (Y, Uy, ) (Y, U, )~ (Y, U, vy
we conclude from (23) that

Yev ' 0 (Y, U, ) (Y, U,) ' vt =0
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whence
kak_lvkn Nk, W N (Yk,, U an)(Ykn U an)_lw* =0.

Since R

h(n)RVkAkRV_kth(”) is an operator living on imPYk -1 we conclude that

Vi Vin Mk W ’

-1 -1 _ -1 -1 _
Ry Ry LRy Ry Tl = TLR, | Ry AR, Ry = 0

for k # k,,. Hence,

R;:(i,)(op (A) + Pr)Ryn)
= Z R}?(L)RV/(AkRv_kth(n)(l - Hn) +R}7(1,)PF’Rh(n)
k#kn

+R,! R;kln Ag, Ry, Ry, Tl (24)

Since I1, — I strongly, the first summand on the right-hand side of (24) converges
strongly (and even *-strongly since I1,, commutes with that sum) to zero. Thus,

s-limR;(L) (Op (A) + Pr)Ryyn
= s-lim R, Ryl Ay, Ry, Ry, Tl + s-im R, | PRy

provided that the strong limits on the right-hand side exist. The existence of the second
strong limit can always be forced by passing to a suitable subsequence of /. Collecting
these facts, we arrive at the following.

THEOREM 4.9. Let h be a sequence such that the limit operator Op (A) + P
exists. In Case 1.1, there is a subsequence g of h such that the limit operator (Ppr),
exists, and there are a monotonically increasing sequence (k) in N, for each n a
vector N, € (daYy,) ", and a w. € T such that

(Op(A) + Ppv)p, = s-lim R, 'Ry ! Ay, Ry, Ry, + (Prv)g.

Thus, the operator Ay, living on imPy, is shifted by a vector 1y, € (da¥i,) !
and by another vector w, independent of n. It is only a matter of taste to consider Ay,
as shifted by the vector 7, ! belonging to the Q-boundary of Yy, . In particular, every
limit operator of Op(A) is a shift by some vector w, of a strong limit of operators
Ay, » shifted by vectors in the boundary of Y, . This is well known for the group Z and
intervals Y = [—k, k] NZ, and it was observed by Lindner [10] in case I" = ZN and
Y, = Qy is a polygon with integer vertices.

Before turning to the other cases, let us specify Theorem 4.9 to pure finite sec-
tions sequences for operators in Sh(I"). The existence of the limit operator (Pr);, is
guaranteed if the strong limit

. —1p—1 . .
s-limR,, Rmn Py, R Ry, = s-limPy n, w,

exists, i.e., if the set limit
limY,, ng we = & (25)

exists. In this case, (Prv)g =1 — Py .
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COROLLARY 4.10. Let A € Sh(T'), and let h be a sequence such that the limit
operator Op (A);, for the sequence (Py,APy,) exists. In Case 1.1, there are k,, Ny, and
wy as in Theorem 4.9 such that the set limit (25) exists. Then

(Op (A) + P )i = Py APy + (I = Py))- (26)

Conversely, if the limit (25) exists for a certain choice of kn, M, and w. as in Theorem
4.9, then the limit operator Op (A)y, exists for the sequence h(n) := vy, N, wx, and (26)
holds.

The proof of the first assertion follows immediately from Theorem 4.9 and from
the shift invariance of the operator A:

Rw;ln[n' Py, APy Ry w. = Rw:'ﬂ,;IPYkanknW* A 'Rw;lm;lPYknR”knW*'
The second assertion is evident. [

Case 1.2: r* is infinite. Recall that
h(n) € v, Y, ' and  h(n) & vi, (dals,) ' Q-1 27)
for all n € N. The second assertion in (27) implies that
h(n)S.lr_"l_1 N, (89Ykn)_1 =0.

Hence, we can rewrite (27) as
e €Y 'h(n) and Q. 1N (d¥k,)vi h(n) =0. (28)

We claim that this implies that
Q-1 CYe,v 'h(n). (29)

Suppose (29) is wrong. Then Q,, _; has at least one point outside Y, vk’nlh(n), say a,
but it also has points inside this set, for example the point e due to the first assumption
of (28). Write a as a product a =w,, 1 ...wiwg of elements w; €  with wy := e, and
let 0 < j < r, — 1 be the smallest integer such that

Wj...wiwg € Yknvk_nlh(n), but wjwj...wiwy & Yknvk_nlh(n).
Then Qw;...wiwy Yknvk_nlh(n), hence
Wj...wiwg € 8Q(Yknv,;lh(n)).

Since w;...wiwy € Q,,_1, this contradicts the second assertion of (28), and the claim
(29) follows. Roughly speaking, we used the fact that Q-boundaries do not have gaps.
Since Pq, — I strongly, we conclude from (29) that

P

—1
ka, an h

) I strongly. 30)
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THEOREM 4.11. Let A € .75 (Sh(I")), and let h be a sequence such that the limit
operator Op (A), exists. Then in Case 1.2,

Op(A)y=A with A:=slimA,Py,. 31)

Proof. 1tis sufficient to prove (31) for pure finite sections sequences A = (Py, APy, )
with A € Sh(I"). For these sequences, one has

-1 -1 -1
Rh(n)(Op (A) +PF’)Rh(n) = k%; Rh(,,)RkaYkAPYkRvk Rh(n)(l - PYan/:nlh("))
~1
+ Rh(,,)Pr/Rh(n)(l — PYk,, V;nlh(n))
+ PYkn Vk;l h(n)APYkn v,:nl h(n)"
Letting n go to infinity the assertion follows due to (30). [
Thus, in Case 1.2, the invertibility of the limit operators of Op (A) + P follows
already from the invertibility of A.

Now consider Case 2, i.e., suppose that none of the h(n) belongs to kaYk’l. For
n € N, let r, stand for the smallest non-negative integer such that there is a k, € N
with i(n) € v, (daYi,) " 'Q;, . Consequently,

h(n) & vy, (da¥i,)"'Q,, 1 foralln.

Again we set r* := liminfr, and distinguish two cases.

Case 2.1: r* is finite. We proceed as in Case 1.1 and find a subsequence of 4 (denoted
by h again) and an element w, € " such that h(n) € vy, (d¥;, )~ 'w.. Since the inclu-
sion h(n) € v, Y,;l in (20) had not been used in Case 1.1 we can continue exactly as in
that case to obtain that Theorem 4.9 and its corollary hold verbatim in the case at hand,
too.

Case 2.2: r* is infinite. As in Case 1.2, we choose the sequence (r,) as strongly
monotonically increasing. Then we have

h(n) ¢ Y, ' forallk, n, (32)

h(n) € vi(da¥)'Q,, 1 forall k, n. (33)

We claim that these two facts imply that
Q, 1N 'h(n) =0 forallk,n. (34)

Indeed, from (32) we conclude that e ¢ kak’lh(n). Thus, for each k and n, Q,, _;
contains points from the complement of Yv; '1(n), for instance the point e. Suppose
that Q, _; also contains points in kak_lh(n) . Then the arguments from Case 1.2 imply
that Q,,_; contains points in the Q-boundary of Y;v; 'h(n). But (33) implies that
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Q1N (Hng)v;Ih(n) =0. Thus, Q, _; is completely located in the complement of
Yyv, 'h(n), whence (34).
Since the operator R

h(n)RVkAkRV_kth(”) lives on imPkak—l (n) » W€ Obtain from (34)

Ry (0D (A) + P)Ryy = 3 Ryl Ry AR Ry (1= Pa, )

k>1

+ Ry PRy (I = Po,, ) +Pa

rm—1 m—1"°

The first two summands on the right-hand side of this equality tend strongly to zero
as n — oo, whereas the third one tends strongly to the identity. Thus, the identity
operator is the only limit operator of Op (A) + P in Case 2.2. The following theorem
summarizes the results from Cases 1.1 - 2.2.

THEOREM 4.12. Let A € S5 (Sh(T")). Then the limit operators of Op (A)+ Pp
are the identity operator 1, the operator A := s-limA, Py, , and all operators of the form

s-imR, Ry A Ry Ry, + (Pro)g
with a suitable subsequence g of h and with elements M, € (doY;,)~! and w, €T.

Combining this theorem with Theorems 4.3 (b) and 4.7 we arrive at the following
stability results.

THEOREM 4.13. Let ' be an exact discrete group, and let A € .#g (Sh(I')). The
sequence A is stable if and only if the operator A := s-limA, Py, and all operators of
the form

s-imR,! A, Ry, + Ry, (Pr)gR,!

with a suitable subsequence g of h and with elements 1, € (doY;,) ™! and w, € T are
invertible and if the norms of their inverses are uniformly bounded.

COROLLARY 4.14. Let T be an exact discrete group, and let A € Sh(T'). The
sequence A = (Py,APy,) is stable if and only if the operator A and all operators

Py APy gy - im Py gy — im Py )

where
" = limY, ni, (35)

with certain elements 1y, € (89Ykn)’1 are invertible and if the norms of their inverses
are uniformly bounded.

Theorem 4.8 allows us to remove the uniform boundedness condition in the previ-
ous corollary.

COROLLARY 4.15. Let T be a finitely generated discrete and exact group with
sub-exponential growth which possesses at least one non-torsion element, and let A €
Sh(T") be a band operator. Then the sequence A = (Py,APy,) is stable if and only if the
operators mentioned in the previous corollary are invertible.
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4.4. Geodesic rays

Now we turn to special sequences % = (Y,) and 1 : N — I" for which the ex-
istence of the set limit (35) can be guaranteed. Let again Q, refer to the set of all
products of at most n elements of Q and set Qj := {e}. A sequence (v,) in I is
called a geodesic ray (with respect to Q) if there is a sequence (wy) in Q\ {e} such
that v, = wiwy...w, and v, € Q,\ Q,_1 for each n > 1. Note that this condition
implies that each v, is in the right Q-boundary of Q,,, which is the set of all w € Q,
for which wQ is not a subset of Q,,.

We will see now that the limQ,n, exists if 1 is an inverse geodesic ray, i.e., if
N = Vv, ! for a geodesic ray v.

1 1 —1

LEMMA 4.16. Let (Wp)n>1 be a sequence in Q and set N, :=w, 'w, | ... W]
for n > 1. Then the set limit limQ,n,, exists, and
limQ,n, = Un?lgnnn- (36)

Proof. For n > 1, one has Q,n, = QanJer;_,iIW;l...Wfl C Qu11Np+1- These

inclusions imply the existence of the set limit and the equality (36). O

The natural question arises whether every sequence 1 : N — I" for which the set
limit (35) exists has a subsequence which is a subsequence of an inverse geodesic ray.
If the answer is affirmative, then it would prove sufficient to consider strong limits with
respect to inverse geodesic rays in Theorem 4.13 and its corollary. We are going to
answer this question for two special families of groups.

4.5. Commutative groups

Let I be a commutative group which is generated, as a semi-group, by the finite
set Q with e € Q. Define Q, as in the previous section.

PROPOSITION 4.17. Let T be commutative, and let i = (Up)neN be a sequence
in I which has a subsequence (Up)nen, With t, € Q,\ Q,—1 for each n € Ny. Then
(Mn)nen, has a subsequence which is a subsequence of a geodesic ray.

Proof. Let Q = {e, w, ..., w}. Each w, can be written as @;" ;> ... 0"
where ey, + ey, + ...+ ex, = n for n € Nyg. (We do not claim that this representation
of u, is unique.) Consider the sequence (ej,)scn,. This sequence has a constant
subsequence or a strongly monotonically increasing subsequence. Let (e1,)nen, With
an infinite subset N; of Ny be a subsequence of (e 1n)n€N0 which owns one of these
properties. Then consider (e,)ncn, and choose a subsequence (e2,)ncn, Which is
constant or strongly monotonically increasing. We proceed in this way. After k steps
we arrive at a subsequence (U, )neny, Of (Un)neny, With w, = w{l"wgz" . w,{"” and f,+
Son+ ...+ fin = n for n € Ny and where each of the sequences (f;,) is either constant
or strongly monotonically increasing.

For n € Ny let v, := U, and set vy := e. Let (k,) be the enumeration of the
elements of N; in increasing order, and set ko := 0. In order to define v,, for k. <n <
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kry1 we proceed as follows. Let i; be the smallest positive integer such that f;;, <
filkrﬂ cForl=1,..., fuyksy = firk, set

Sik,

. fiy =1k
Vi1 - =W ... O

i—1

Jiy o+t

Siy+1ker Sk
il :

o ey

w

Now we are looking for the next subscript, say iy, for which the exponents at w;, of
Vi, and vy, . are different and proceed in the same way. After a finite number of steps,
we arrive at a sequence V = (Vy),en With v, € Q, for each n € N.

It remains to show that the sequence Vv is a geodesic ray, i.e. that v, € Q, \ Q,_;
for each n. Suppose that v & Q;\ Q;_; for some k > 2. Then v is a product of
I < k elements from Q\ {e}. Choose n such that k, > k and let a € € _; such that

Ui, = avi. Then
Ui, € Qi = Qp k1 With  k, —k+1 <k,

a contradiction to the hypothesis that p, € Q¢ \ Q,— foreach n. O
Since commutative groups are exact, one has the following consequences.

COROLLARY 4.18. Let I be a commutative discrete group, and let € be a finite
subset of T which generates T as a semi-group. Set Y, :==Q,,, andlet A € S (Sh(I)).
The sequence A is stable if and only if the operator A := s-limA,Pq, and, for each
inverse geodesic ray 1, the operator

. _1 L .
s-hmRnn ARy, :imP gy, — imPyg,y,

are invertible and if the norms of the inverses of these operators are uniformly bounded.

COROLLARY 4.19. Let T and Q be as in Corollary 4.18, and let A € Sh(T'). The
sequence A = (Po,APq,) is stable if and only if the operator A and, for each inverse
geodesic ray n, the operator

PUQ)I”)IAPUQ}'!T’H : imPU-ann - imPUann
are invertible and if the norms of their inverses are uniformly bounded.

In many cases, there will be only finitely many different set limits 1im€,7,,; then
the uniform boundedness condition in the previous corollaries is redundant. The same
happens if A is a band operator by Theorem 4.8.

The perhaps most important consequence of Corollary 4.18 is that the finite sec-
tions method for operators in Sh(T") is fractal. More general, one has the following.

COROLLARY 4.20. Let ', Q and % be as in Corollary 4.18. Then the algebra
o (Sh(D)) is fractal.

Roughly saying, an algebra of matrix sequences is fractal if each sequence in the
algebra can be reconstructed from each of its (infinite) subsequences modulo a sequence
tending to zero in the norm. For an exact definition and some properties of sequences
in fractal algebras, see [9, 17]. The proof of Corollary 4.20 follows immediately from
Corollary 4.18. See Theorem 1.69 in [9] and its corollary for the argument.
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4.6. The free non-commutative group Fy

Proposition 4.17 does certainly not hold for all discrete groups. For example, let
' = F, with generators u and v, set Q := {e, u™!, v}, and let Q, stand for the set
of all products of at most n elements of €. Consider 7, := "L Ttis easy to see
(indeed, drawing pictures will help a lot in what follows) that the set limit limQ,n),,
exists, but the sequence 1 has no subsequence which is a subsequence of an inverse
geodesic ray. On the other hand, a simple calculation gives

limQ,n, = limQ,_ "
thus, the set limit 1im €2, n,, coincides with another set limit which is taken with respect
to an inverse geodesic ray. We will see now that this observation is archetypal for the
free non-commutative groups Fy .

Still for a moment, let I be a general discrete group with a finite set Q of gen-
erators. Let (1y,) be a sequence with 1y, € (€, \ @, 1)~ for each n. Write 1, !
as

n'=o"ol . o wih o cQ\{e} 37)

foreach i=1, ..., k,. Again, we do not claim that this representation is unique. Since
Q is finite, there is an @; € Q such that wf") = @; for infinitely many n € N, say for

all n € N;. By the same argument, there is an @, € Q such that a)z(") = ), for infinitely
many n € Ny, say for all n € N,. We proceed in that way to obtain a sequence (@,)nen
in Q\ {e} having the property that, for each r € N, there are infinitely many elements

Nk, with

N = oo 0l .. o, (38)
For r > 1, set
fiy = (D@, ... @) (39)

By Lemma 4.16, the set limit limQ, 1), exists.

LEMMA 4.21. Let 0y, and 7y be as in (37) and (39), respectively. Then

lim Q,7), C limsupQy My, . 40)

r—ee n—oo

Proof. Let x € Q,1, for some r, and let n,:nl be as in (38). Then

(n) () (1)

i 0 ()7 (0™

—1 ~—1 ~—1
r+1) wr e wl g an nkn'

x € Q1 =Q,m
Since there are infinitely many elements as in (38), this inclusion implies that x €
limsup £, Nk, » whence U,»1Q,7), C limsup &2, M, . This is the assertion. [J

It is one consequence of the lemma that the set limits lim€2; 7, cannot be too
small. In particular, they contain a shifted copy of Q, for each r and are, thus, growing
sets in the sense of Shteinberg (see [23] and Definition 2.4.8 in [14]).
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In general, one cannot expect that equality holds in (40). For example, let I" be
the (additively written) group Z? with Q = {(0, 0), (£1,0), (0, 1)} and consider the
sequence 1My, = (—n, —n). If we write —15, as

N2 =(1,0)+...+(1,0)+ (0, 1) +...4+ (0, 1)

with each summand occurring n times, then the above construction yields 7, := (—r, 0).
In this setting, both set limits lim €2, 1y, and limQ, 7, exist, but they do not coincide
(the first one is the intersection of Z? with a half plane, the second one with a quadrant).

It turns out that, in case of the free non-commutative groups Fy , equality holds in
(40).

THEOREM 4.22. For N > 1, let Fy be the free group generated by its elements
oy, ..., Oy, set Q:={e, a)lﬂ, e, wﬁl}, and let Q, be the set of all products of ele-
ments of Q of length at most n. Further let (1) be a sequence with

Mo, € (R, \ p—1) ™!
which we write as in (38) and let (1)) be the associated sequence as in (39). Then
lim inf s, s, C lim Q7. (4D
In particular, if the set limit lim,,_.. L Ny, exists, then
lim Q, i, = lim Q. 42)

Proof. Let x € liminf€2; 7y, . Then thereis an ng such that x € £ 1y, for n>ny.
Thus, for each n > ny,

x€ an(w,gf))‘l .. (w}E’Ql)‘l @, ... o
Choose elements vl.(") in Q such that
(wkn )71"’ (U)n+1)71(1~),1 d)f . 43)

(%) (*)

The assumption 1y, € (4, \ Qk,—1) "' guarantees that there is no cancelation possible
inside part () of the representation (43) but, of course, there might be cancelation
inside part (xx) as well as between the most right of the v and the most left of the
o L.

For each n > ng, we cancel the representation (43) of x as far as possible. Sup-
pose that, after complete cancelation, at least one factor (a),in))_1 remains in each
representation. Then, for each n > 1, we can represent x as a word without further
cancelation which starts from the right-hand side with ... &, 1. o, 1 and, hence, has
length at most n. This is impossible since each x € Fy can be uniquely represented

as a reduced word of finite length. This contradiction shows that there is at least one
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n > ng such that all factors (w,f"))*l in the representation (43) can be canceled. Thus,
x € Qy (Dk_1 ... (I)l_1 = Q7 for some k > ng. Since the set sequence (L i) is mono-
tonically increasing, this implies

x € Up> Qkﬁk = 1lim Q; ﬁk

whence the first assertion. Combining this result with Lemma 4.21, the second assertion
follows. O

Thus, each set limit lim€2; 7, can be obtained as a set limit along an inverse
geodesic ray. Since free groups are exact, this leads to the same consequences as for
commutative groups.

COROLLARY 4.23. Let I' =Fy and Q and Q,, as in Theorem 4.22. Set Y, :=
Q,, and let (A,;) € S5 (Sh(Fy)). The sequence (Ay) is stable if and only if the oper-
ator A :=s-1imA, Pg, and, for each inverse geodesic ray 1, the operator

. _1 L .
s-hmRnn ARy, :imP gy, — imPyg,y,
are invertible and if the norms of the inverses of these operators are uniformly bounded.

COROLLARY 4.24. Let Q be as in Corollary 4.23 and let A € Sh(Fy). The
sequence A = (Pq,APq,) is stable if and only if the operators A and, for each inverse
geodesic ray 1,

PUannAPUann : imPUann — imPuann

are invertible and if the norms of their inverses are uniformly bounded.

COROLLARY 4.25. Let Q, % be as in Corollary 4.23. Then the algebra
Za (Sh(Fy)) is fractal.
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