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(Communicated by C.-K. Li)

Abstract. Let A € M,, be a normal matrix and let k € N. In this note we introduce the notion
”Polynomial inverse image of order k”. The polynomial numerical hull of order k, denoted by
VK(A) are characterized by the intersection of polynomial inverse images of order k. Also, the
locus of V"~1(A) in the complex plane are determined.

1. Introduction

Let M, be the set of n x n complex matrices. Motivated by the study of conver-
gence of iterative methods in solving linear systems (e.g., see [4, 5, 7]), researchers
studied the polynomial numerical hull of order k of a matrix A € M,,, which is defined
and denoted by

VEA) = {E € C:[p(&)| < lp(A)]| forall p(z) € Z[C]},

where Z7[C] is the set of complex polynomials with degree at most k. The joint
numerical range of (A1,A,...,Ap) € M, X --+ X M, is denoted by

W(ALLAz,...,Ap) = {(x"A1x,x"Aox, ..., x"Apx) 1 x € C" x*x = 1}.
By the result in [4] (see also [5])
VE(A) ={{€C:(0,...,0) € convW (A — CI),(A—CI)%,...,(A—CDMY},

where convX denotes the convex hull of X C Ck.

In Section 2, we introduce a new concept ’polynomial inverse image of order
k”. Also, we study the relationship between polynomial inverse image of order k and
polynomial numerical hull of order & for a normal matrices. In section 3, by using the
polynomial inverse images of [0,<), the locus of the polynomial numerical hulls of
order n — 1 are characterized. Additional results are given in Section 4.
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2. Polynomial inverse image of order k

In this section we are introducing the notion polynomial inverse image of order k
to study the polynomial numerical hulls of order k. We are using Re(w) and Im(w) to
denote the real and the imaginary parts of w € C, respectively.

It was shown in [3, Theorem 3.1] that if A € M,,(C) is normal with 6(A) lying on
a rectangular hyperbola Z in the complex plane, then V2(A) is a subset of % as well.
It is readily seen that, if L is a straight line in the complex plane then the set L'? =
{z: Ze L} is arectangular hyperbola. In [1, Theorem 4.3], we obtained that, if A isa

normal matrix and S is an arbitrary convex set with o (A) C S %, then VA (A) C S i, By
using the following definition, we are going to extend the above results.

DEFINITION 2.1. Let g be a polynomial of degree k and let S C C. The set
{z€ C:Im(q(z)) € S} is called a polynomial inverse image of order k of S and is ab-
breviated by PII (S).

PROPOSITION 2.2. Every rectangular hyperbola is a PIl, ({0}) and vice versa.

Proof. Let Z = {(x,y) € R? : ry (x* —y*) +roxy+ r3x+ray+rs =0} be a rect-
angular hyperbola, where ry,---,rs ER, (r1,r2) # (0,0). Define p(z) = (%rz + irl) 2
+ (ra+irs3) z+irs. It is readily seen that # = {z € C : Im(p(z)) = 0} is a PII, ({0}).
By the same method the converse is trivial. O

We know that Im(ip(z)) = Re(p(z)), then {z€ C:Re(p(z)) =0} is also a
PII; ({0}).
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THEOREM 2.3. Suppose p is a complex polynomial of degree k and A € M,
is a normal matrix. Let S C C be a convex set and let ¢ : C — C be a real linear
transformation such that o (A) C (£o p)~1(S). Then V¥ (A) C (£op)~1(S).
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Proof. Without loss of generality we assume that A = diag(ay,az,...,a,). Let
u € VK(A). By [4], we know that, the joint numerical range W(A,A%,... A¥) is
convex. So there exists a unit vector X = (x1,Xx2,...,x,)" such that u’ = X*A'X =
Zyzl\ija.’}, i=1,...,n. Hence p(u) = X*p(A)X = 2;9=1|xj|2p(aj). Therefore, ¢ o
p(u) :Z?=1|xj\2€(p(aj)). Since ¢(p(a;)) €S, j=1,...,n and S is convex, we obtain
that £op(u) € S and hence u € (fop)~1(S). O

In Theorem 2.3, we consider the linear transformation ¢ : C — C by £(z) =
Im(z), Vz € C and S = {0}. Hence, the following holds.

COROLLARY 2.4. Let A € M, be a normal matrix. If o(A) is a subset of a
PII; ({0}), then V¥(A) C PII; ({0}).

Also, if we consider the linear transformation £ : C — C in Theorem 2.3 by ¢(z) =
z, ¥z € C and p(z) = ¥, we obtain the following:

COROLLARY 2.5. [1, Theorem 4.3] Let A € M,, be a normal matrix andlet S C C
1 1
be a convex set. If 6(A) C (S)*, then V¥(A) C (S)*.

If we have 4 points in the complex plane, then there exists a rectangular hyperbola
(PII; ({0})) passing through these four points. Now, we attempt to extend this result to

PIL ({0}).

THEOREM 2.6. Let {ay,...,axy} be a set of complex numbers. Then there exists
a PII; ({0}), (1 < €< k), passing through these 2k points in the complex plane C.

Proof. We are looking to find a non-constant complex polynomial p(z) = ogz* +
-4 ayz+ o, where Imp (a;) =0, i =1,...,2k. We consider the 2k x (2k+ 1) matrix
A such thatit’s /" row A; = (1,Re(a;),Im(;),...,Re(af),Im(af)) . We know that the
homogeneous system AX = 0 has a nontrivial solution X = (xo,x{,...,x)" € R**1,
Define oy = ixp and O =Xxpj+ixpj—1, j= 1,...,k. Hence p(Z) = (X2k+iX2k,1)Zk +
<o+ (x2 +ixy)z+xoi. Let £:=deg(p). Then 1 < £ < k. Direct computation shows that
Imp((a;)) =0, i = 1,...,2k. Therefore, {ay,---,ax} C [Imp]~' ({0}). O

The following example shows that in general it is not possible to find a PII; ({0})
passing through any 2k points in the complex plane.

EXAMPLE 2.7. Let # = PIL; ({0}) = {z:Im (z?) =2} and suppose that z; =
k+ %, k=1,2,...,6 be complex numbers. It is easy to see that &% passing through
these 6 points. We will show that there is no PII3 ({0}) passing through these 6 points.
Assume, if possible that, there exists a polynomial ¢(z) = (a; +ia2)z> + (b1 +iby)z> +
(c1+ica)z+ (dy +idy) such that Img(zx) =0,k=1,...,6 and (a;,az2) # (0,0). There-
fore,

ark® +bok® + (Bay + c2) kK + (2by + do) K+ () — 3az) K> —brk—a; =0, k=1,2,...,6.
(L
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Define h(z) := a2z’ + b2z’ + (3aj + ¢2) 2* + (2by +da) 22 + (¢ — 3a2) 22 —boz—ay. By
(1), we know that h(1) = h(2) =--- = h(6) = 0. Then a; # 0. Since, the coefficients
of 2 and —z in the polynomial h(z) are the same, we obtain that 1 +2+ - +6 =
Z_; =—(1x2x---%x6) (1+%—|—---+%),acontradiction.

3. Polynomial inverse image of [0,)

Let A € M, be a normal matrix. By Corollary 2.4, if o(A) is a subset of a
PII; ({0}), then so does VX(A). But exactly which part of PII; ({0}) belongs to V*(A)
was not determined. In the following we characterize these parts. First, we need the
following (see [3, Section 3]).

-5 u] ]

-10 5 o ] 0

[Im(%)] ' [0,e°) [Im(5iz> — (1+1)2* — 3iz2 —3+2i)] ' [0,00)

LEMMA 3.1. Let A € M,, be a normal matrix such that 6 (A) is a subset of a
polynomial inverse image of {0},

PIL({0}) = {Z s rxRe (Zk> + rog—1Im (Zk) +--+mRe(z) +rIm(z) +ry = 0} ;
(2)

where ry,...,ry are real numbers and (rax_1,7r2) # (0,0). Then
(@) If ry—1 # 0, then

z€C: (Re(z),Im(z), -, Re (ZF1) . Im (ZF7') ,Re () }

VE(A) = PIL({0}) N { € W (Re(A),Im(A), -, Re (4%~1) Tm (A%~1)  Re (44))

(b) if ryp #0, then

B € C: (Re(z),Im(z),---,Re (ZF71) ,Im (X=1) ,Im (2*
VE(4) =PI ({0}) N { Ze 114 (Rf(:(A),ZIm(A)Z, ~--,Re (/gkl)), Im (I(Akl)),lm ((jk)))) }

Let A = diag(ay,...,as). By [2, Theorem 2.2] we can write V>(A) as the inter-
section of 4 PII ([0,0)) sets and the rectangular hyperbola passing through o(A4). In
the following theorem we extend this result.
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THEOREM 3.2. Let A = diag(ay,...,ax) € My (C). Let PI ({0}) as in (2) be
the unique polynomial inverse image of order k of {0} passing through c(A). Then
Jorany 1 <i< 2k, there exist a polynomial inverse image of [0,00) of order 1 < ¢; <k
such that V¥ (A) = N, PIL, ([0,e0)) NPII; ({0}).

Proof. By Lemma 3.1, without loss of generality we assume that

Koa) ueC: (Re(u),Im(u), -, Re (u*~1) . Im (u*~")  Re (u¥))
VE(A) = PIL({0}) N { € W (Re(A),Im(A), - ,Re (4F1) ,Im (441} Re (4%))
(3)
By [4, Theorem 2.11], we know that W (Re(A),Im(A), - ,Re (A*~1) . Im (AF1) |
Re (AY)) is convex. Then by (3), u € V¥(A) if and only if u € PII;({0}) and there
exist Ay, ...,Ax > 0 such that

1 1 | 2 1

Re(ar) Re(az) -+ Re(ay) /11 Re(u)
Im(ay) Im(az) --- Im(az) > 2 | Im(w)
Re(at) Re(ah) -+~ Re(aty) | L72) | Reut)

B

Since PII; ({0}) is the unique polynomial inverse image of order k of {0} passing
through o(A), we obtain that B is invertible. Let By, ...,By; be the rows of the matrix
B~!. Thus u € V¥(A) if and only if u € PII; ({0}) and B;[1,Re(u),Im(u),...,
Re(yk)]t >0, 1 < i< 2k. Define polynomial inverse image of order 1 < /¢; <k as
follows:

PIL,, ([0,00)) = {u €C:B; [LRe(,u),Im(u),...,Re(,uk)]t > 0} i=1,...2k
Therefore, V¥ (A) = N7, PII,, ([0,50)) NPIL ({0}). O

REMARK 3.3. Let A = diag(ay,---,a,) € M,. We know that if there exist 1 <
i < j < n suchthat a; = aj, then V"~1(A) = o(A) [3, Lemma 1.2]. Thus, without loss

of generality, we assume that ay,...,a, are distinct complex numbers. We are looking
to find the locus of the set V"1 (A)\ 6(A). Note that by [2, Theorem 5.1] and its proof,
for a normal matrix A with distinct eigenvalues aj, ... ,a,, we have u € V*~1(A)\ o (A)
if and only if u is the unique element not in o(A) such that the system
1 r -1 1
ap a -+ day ‘LL
X= : “)
arltfl 61371 (1271 ‘unfl

has a nonnegative solution X = (xi,...,x,)". By Cramer’s rule, x; = px(tt) > 0, where
p (Z) — Hi#k(zfai)

k izr(ax—ai)’
tively.

k=1,...,n are the Lagrange polynomials for ay,...,a,, respec-
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By Remark 3.3, we have the following:

THEOREM 3.4. Let A € My, n > 3 be a normal matrix with distinct eigenvalues
and let the Lagrange polynomials py, k = 1,...,n be as above. Then V'~ !'(A) =

i=1p5 ! ([0,%0)).

Theorem 3.4 characterize the locus of the set V"~ (A) as the intersection of some
PII; ([0,20)) . In the following examples we are using the Matlab programs to draw the
figures (see [1, Theorem 2.5]).

EXAMPLE 3.5. Let A =diag (1, —l,i, i). The Lagrange polynomials for {1,—1,i,
—i} are Pl( )_ 242 +z+l pz( ): =z +z —z+1 p3( )_ iz3fz2 iz+1 p4( ): 7iz3fz:+iz+l

respectively. Then V3 (A)= J 1P; ([, o)) ={1,—-1,0,i,— z}, (see Figure (i)).

3 3[
2 2
1 1
0 0
-1 -1
2 -2
-3 -3
-3 2 1 0 1 2 3 -3 2 1 0 1 2 3
Figure (i) Figure (ii)

EXAMPLE 3.6. Let B=diag (1,—1,2i,—i). The Lagrangepolynomialsfor{1,—1,
2i,—i} are q1(z) = % @(2) = % g3(z) = 2t et

—15i

qa(z) = SH2542 respectively. Then V7 (B) = Y1y 471 ([0,%)) = {1,~1,~i/3,2i,
—i}, (see Figure (ii)).

REMARK 3.7. Let A € M,, be a normal matrix. By [4, Theorem 2.11] we know
that
P =W (Re(A),Im(A),--- ,Re (Ak) ,Im (Ak)) is a polytope and by Minkowski-Weyl
theorem [6], every polytope is a bounded polyhedron. Then there exists an m x 2k
real matrix D and b € R* such that P = {X € R* : DX > b}. Also, we know that
w € VE(A) if and only if (Re(ut),Im(u),--,Re(u*),Im(u¥))" € P. Therefore, V¥ (A)
is the intersection of at most m sets PII;, ([0,00)) (1 < ¢; <k).

QUESTION. Let A € M,, be a normal matrix. It would be nice to find the smallest
integer m such that V¥(A) is the intersection of m polynomial inverse images of [0, )
of orders ¢;, (1 < ¥¢; <k).
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4. Additional Results

In this section, we shall characterize the polynomial numerical hulls of order 2k
for normal matrices such that their spectrum belong to a PII; ({0}).

THEOREM 4.1. Suppose that A € M, is a normal matrix and o (A) is contained
in a PIl; ({0}). Then V*(A) = o (A).

Proof. Assume, if possible that, u € V*(A)\ o(A). Without loss of generality,
we assume that 6(A) contains n distinct complex numbers and 2k < n. Let p be a
complex polynomial of degree k such that

P =PI ({0}) = {z € C:Im(p(z)) = 0}.

Whereas 0 (A) C %, then p(A) € R, for all A € 6(A). This means that p(A) is
Hermitian. Since u € V**(A), and deg(p) = k, we obtain that p(u) € VZ(p(A)) =
o(p(A)) = p(c(A)). Therefore, there exists A; € o(A) such that p(u) = p(A;). With-
out loss of generality we assume that A = [A;] @Ay, A ¢ 0 (A;). Therefore, there exist
x = (x1,%2)" € C" such that x; € C and p’ = Al|x;|? +x3Aix2,i = 1,2,...,2k. Thus,
p(u) = p(M)i[x1)? +x3p(A1)x2,i = 1,2. Since u # A;, we obtain that x, # 0 and
hence p(u)! = 11 p(A1) f27,i = 1,2. Therefore, p(u) € V3(p(A1)) = o(p(A1)) =
p(6(A1)). Thus, there exists Ay € 6(A;) such that p(u) = p(Az). After k+ 1steps we
obtain that A = diag(?th ... ,)Lk_H) @ Ay, where {)Ll, . 7A'k+1} n O'(Ak_H) =0. De-
fine g(z) = p(z) — p(u). Then g(A;) = --- = q(Axy1) = 0. Therefore, the polynomial
q(z) of degree k has k+ 1 roots, a contradiction. [

COROLLARY 4.2. Suppose that A € M,, be a normal matrix such that A* is Her-
mitian. Then V¥ (A) = 5 (A).
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