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AMBARZUMYAN-TYPE THEOREMS ON STAR GRAPHS

CHUAN FU YANG, VYACHESLAV N. PIVOVARCHIK AND ZHEN YOU HUANG

(Communicated by L. Rodman)

Abstract. The so-called Ambarzumyan theorem states that if the Neumann eigenvalues of the

Sturm-Liouville operator — % +¢ with an integrable real-valued potential g on [0,7] are {n”:

n >0}, then g =0 for almost all x € [0, 7]. In this work, the classical Ambarzumyan theorem is
extended to star graphs with Dirac operators on its edges. We prove that if the spectrum of Dirac
operator on star graphs coincides with for the unperturbed case, then the potential is identically
Zero.

1. Introduction

Quantum graphs have proved an important model in the study of semiclassical sys-
tems whose classical analogues are chaotic [16, 17]. Recently, there has been increasing
interest in spectral theory of differential operator on graphs [2, 5, 10, 13, 15, 16, 17, 18,
20, 27]. The Dirac operator on a graph was considered previously, e.g., by Bulla and
Trenkler [5] as an alternative model of a simple scattering system. Self-adjoint realiza-
tions of the Dirac operator on graphs were considered by Bulla and Trenkler [5], and
Bolte and Harrison [2].

Ambarzumyan [1] in 1929 proved that for an integrable real-valued potential g on
[0, ] if the eigenvalues of a Sturm-Liouville differential expression

—"(x) +q(x)y(x) = Ay(x) on [0, 7]

subject to the Neumann boundary conditions y'(0) = y/(n) = 0 are equal to n?> for
n=0,1,2,---, then g(x) = 0 for almost all x € [0,7]. This is an exceptional situation
since in general additional information is needed in order to reconstruct the potential
q(x) uniquely [3, 4, 21]. Since then there have appeared many generalizations of the
result of Ambarzumyan in various directions [1, 6, 7, 8, 9, 11, 12, 14, 19, 23, 24, 25,
26]. The main aim of this work is to prove several generalizations of the well-known
Ambarzumyan theorem for Dirac operators on star graphs. New Ambarzumyan-type
results for Dirac operators on star graphs are obtained by applying the method of [25].
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2. Main Results

In this work, we consider Dirac systems on star-shaped graphs consisting of d
segments of equal length 7, d > 2:

def d m 0 .
Lij':{Bod +V()+<O_m>}y1=lyj,yj=<§j;> j=1d. 2D

Here A is a spectral parameter, m > 0 is the mass of the described particle and

01 pi(x) qj(x) )
By = , Vi) = 7 / ,
’ (—10) i (cu(x) —pj()
and pj(x) and ¢;(x) belong to AC([0,7]) (absolutely continuous functions on [0, 7z]).
Systems (2.1) are subject to the boundary conditions

yj1(0)=0, j=1.d (2.2)
or
y;2(0)=0, j=1.d (2.3)
at the pendant vertices 0, and
() =y21(n) =+ = ya1(7), (2.4)
d
Zy, 2(m) =0 2.5)
j=1

at the central vertex 7.
Equations (2.1), (2.2), (2.4) and (2.5) or (2.1), (2.3), (2.4) and (2.5) can be rewrit-
ten in the following form

def i I; 0O o o Y
LY—{de+V(x)+m<O_Id>}Y—)LY,Y—<Y2), (2.6)

subject to the boundary conditions

Y1(0)=0, AY () +AYa(m) =0 (2.7)
or

Y2(0) =0, AY (7)) +AYa(m) =0, (2.8)

where the values of ¥} = (y1,1,--+,v4.1)" and Y» = (y12,---,va2)" are vectors of length
d,and A" denotes the transpose of amatrix A, B and V(x) are given by

p=(58) vo= (g0 %)
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where

P(x) = diag[p:(x), p2(x),- -+, pa(x)], Q(x) = diag[q1(x),q2(x), -, ga(x)]
are matrix-valued functions, and, finally, A; and A, are the following d x d matrices:

1-10 ---00

01 —=1---00 00
Ap=| 0 ot ], A= o (2.9)
00 0 --1-1 Lo

00 0 --00
For convenience, we denote by Ty(V),T»(V) the operators acting in Hilbert space
d
H =®L,(0,7) forthe problem (2.6), (2.7) or (2.6), (2.8), respectively. We notice that
1

the domain of an operator 7;(V), j=1,2,is

D(T;(V)) = {(Yl> | ¥;(0) =0, A1Y; () +AsYa(m) =0, Y1, Vs € W21[0,n}}.

We denote by W, [0, 7] the space of vector-valued functions F(x),x € [0,7], such that
d

the vector-valued function F(x) is absolutely continuous and F’(x) € ©L,(0,7). It is
I

easy to verify that the operators T (V) and T>(V) are both self-adjoint, and have real
discrete spectra [2]. Denote by o(7;(V)) the spectrum of self-adjoint operator T;(V),
i=1,2, respectively.

In the case V(x) = 0 in (2.6), we can calculate the eigenvalues of the operators
T1(0) and T(0). The spectrum o(7;(0)) of the operator 7;(0) consists of

An = /mZ T (0 F (122, Vi,
n=—m2+(n+(1/2))%, —vVm?2+n? neNU{0}.

Each of the eigenvalues 4+/m? + (n+ (1/2))? is simple, and £v/m? + n? is of multi-
plicity d — 1.
The spectrum o(7>(0)) of the operator T>(0) consists of
A= /m>+(n+(1/2))2, Vm2+n2,
n=—m2+(n+(1/2))%, —vVm?2+n? neNU{0}.
Each of the eigenvalues ++v/m? + n? is simple, and each of the eigenvalues

+/m? + (n+(1/2))? is of multiplicity d — 1.
In thlS work we obtain the following results.

(2.10)

@2.11)

THEOREM 2.1. Let tr [y P(x)dx = 0, and Q(0) = Q(n) =0. If o(T1(V)) =
o (T1(0)) (including multiplicities), then V(x) =0 on [0, 7].

THEOREM 2.2. Let tr [ P(x)dx = 0, and Q(0) = Q(n) =0. If o(Tr(V)) =
0 (T»(0)) (including multiplicities), then V(x) =0 on [0, 7].
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3. Proofs

In the proofs of the main results, we shall use the second power [? of the Dirac
operator L, which is a 2d -dimensional vectorial Sturm-Liouville operator generated by
the differential expression

—Y"+Q(x)Y, x € (0,7). (3.1
Here Q(x) is a 2d x 2d self-adjoint matrix of the form

(P mP Q) + 0 P
a2 = ( P ) PO -0) O

Let @;(x,A) satisfy the matrix differential equation

Y+ Q(x)Y =AY
{Y(O) = b, Y'(0) =0, G-
then, by [9, 22], the solution ®;(x,4) can be expressed as
@, (x, 1) = cos(V7x) g + / " K (x,1) cos(VA)dr, (3.4)
0

where K(x,7) is a symmetric matrix-valued function whose entries are continuously
differentiable in both of its variables.
Similarly, let ®,(x,A) satisfy the matrix differential equation

—Y'+Q(x)Y =AY
{Y(O) =0, Y'(0) = b, (3-5)
then the solution ®;(x,A) can be expressed as
sin(v/A.x) x sin(V/A1)
® J::————I+/L7t————m 36
2(x,4) i (x,1) T (3.6)

where L(x,t) is a symmetric matrix-valued function whose entries are continuously
differentiable in both of its variables. Furthermore, the kernels K(x,z), L(x,z) satisfy
[9, 22]

K(x,x) = 1 [ Q(x)dx, K](x,0) = 0;
L(x,x) =} [§ Q(x)dx, L(x,0) =0.

Thus (D;(x,A),D,(x,A)) is the fundamental matrix of solutions of the equation
—Y"+Q(x)Y =AY [25] and

3.7

@ (m,A) = cos(VAT) by + K (, )Si“(*fr” 7 / K/ (m,1)sin(VAr)dt, (3.8)
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and

@ (1,1) = —VAsin(VAT) g+ K(m, ) cos(VAT) + /0 i K. (m,1)cos(VAt)dt. (3.9)

Similarly,
@ (7, 1) = Si“(\‘//)_L’TMIM— Cos(fn)L(n,n)+%/OnL;(n,t)cos(\//Tt)dt, (3.10)
and
@) (1,1) = cos(VAT) by + %L(n,n)+/j%(n,ﬂ%dﬁ (3.11)
Here
K(m,7) = L(n,7) = %/Ong(x)dxdéf (P(O)’flp(n) P(O>I;P(”)) . (12

where the d x d matrix K| satisfies
Ky = 3 [T 1(P(x)+m)? + Q*(x)]dx
= ddiag[ [ ((p1(x) + m)* + @ (x))dx, -, [ ((pa(x) + m)* + g2 (x))dx]  (3.13)
L diag ki, kq].

Denote the 2d x 2d matrices

] dif CD,-l(x,)L) CD,'Q()C,)L) .
Difx,A) = (dJB(x,)L)d)M(x,)L) , i=1,2

and
Ci = (Cli—t)at1," > Ci-1)a+a) s 1= 1,2,3,4.
Therefore, general solutions of the equation —Y” + Q(x)Y = AY have the form

Y(x,4) = (P1(x,A),P2(x,A))C
(qmu,x)q+q>12<x,x>c2+q>zl<x,x>ca+d>zz<x,ﬂ>c4) G149

@13()6,1)(:1 —|—d>14(x,/1)C2 + ®y3 (x,/l)C3 —|—d>24(x,/1)C4

where C = (61,62,"',C4d)[, c€C, k=1,4d.
Now we can prove theorems in this work.

The proof of Theorem 2.1. First, we study the second power operator T2(V) of
Dirac operator T1(V) defined by (2.6) and (2.7), where the domain

D(TE(V)) ={Y | Y € D(Ty(V)), Ty(V)(Y) € D(T(V))}.
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By the assumption Q(0) = Q(7) = 0 and a direct calculation, the operator T2(V) can
be rewritten as

TE(V)Y =Y+ Q(x)Y =AY, Y = (2) ,AeC, (3.15)

subject to the boundary conditions (i.e., the domain D(T£(V)))

(0) = ¥4(0) =0 16
A (717) +A2Y2(7Z') =0, Ale/(ﬂ?) —AZY{(T[) =0.

Substituting (3.14) into (3.16), we have

Ci1=0
Cy=0

(Alq)ll(ﬂf,)t)+A2q)13(71',l))cl+(Alq)lz(ﬂ?,)t)+A2q)14(71',l))C2
+(A1 D21 (7, A) +A2D3(7,4))C3 + (A1 P22 (7, A) +AxPos(7,4))Cs =0
(A1 @3(m,A) — Ax®) (7, 4))C1 4 (A1 Dy (7, A) — Ay @5 (7, 1))C
+(A 1 D3 (,A) — Ay @) (71,4))C5 + (A1 Py (1, A) — Ay @, (7,A4))Cs =
(3.17)
Denote the matrix
b 0 0 0
o I, 0 0
Wi (L) = , (3.18)
= 500 2(4) $3(4) S(4)
S5(A) Se(A) S7(A) Sg(A)
where
S1(A) =A1P11(m,A) +ArD13(,A), S2(A) =A 1P (7, A) +ArDoy(7, A ),
S3(A) =A1P12(m,A) + Ay Dia(m,A), Sa(A) =A1Dyi(m,A) +ArD3(,A),
S5(A) =A@ 5(m,A) — Ay D), (m,A), Se(A) =A D), (m,A) — Ay D)y (7, 1),
S7(A) =A@, (m,A) —Ar D), (m,A), Sg(A) =A1DPhs(m,A) —Ar D, (,A).

From (3.17), we see that if Y (x,A) = (®;(x,A),D,(x,A4))C is a nontrivial solution of
the problem (3.15) and (3.16), then there exists a non-vanishing vector C satisfying the
matrix equation

Wi(A)C = 0.

Therefore, A is an eigenvalue of the operator T2(V) (the problem (3.15) and
(3.16)) if and only if the matrix W;(A) is singular. Furthermore, the multiplicity of A
is equal to 4d —rank Wi (4).

For d x d matrix A, denote by (A); the last row vector in A and (A);.;_; the
(d — 1) x d matrix consisting of the first (d — 1) rows of A.
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The spectral mapping theorem for self-adjoint operators implies that the point
spectrum o(T2(V)) of the operator T2 (V) is the square (o(T1(V)))? of the point spec-
trum of an operator 7;(V); moreover, the multiplicity of an eigenvalue A% of T7(V)
equals the sum of multiplicities of A and —A as eigenvalues of T1(V).

Since by assumption {+vm?+n?:n=0,1,2,---} C o(T1(V)), and each of the
eigenvalues is of multiplicity d — 1, by the spectral mapping theorem for self-adjoint
operators we know that the sequence {m?+n*:n=0,1,2,---} consists of the eigen-
values for the problem (3.15) and (3.16), and each of the eigenvalues is of multiplicity
2d—2.

From (3.18) it follows that (for brevity we set A, = v/m? -+ n?)

rank Wi (A2) =2d +2.

Using Riemann-Lebesgue Lemma, from (3.8)—(3.11), we obtain

cos(A,m) = (—1)"cos 27 ’x ~=(=1)"+o(1/n),

sin(A,7) = (—1)"sin 22 = (—1)" 2 1 (1 /n?),
D14(m,A2) = cos(Aym)y + Ka(mr,m) 52 4 o(1/n), (3.19)
@1 (.A7) = Ty — EIK +o(1/n?)

n+1
= (-1)"5 W)Id + = Qz Ki+o(1/n?),
which yield, together with (2.9) and (3.18),

(S3(AD)a = (A1P1a(7, A7) +A2@ra(m,A7))a = (A2 Pra(m, A7) )a
(=1)"+o0(1/n),---,(=1)"+0(1/n)),

(S3(A1))1:a—1 = O(1/n?),
(SaAiN)1:a—1 = (AP (A7) + Ar®3(7, A7) 1:a—1 = (A1 P21 (7,A7)) 1:a-1
(1 tz A+ Ak +o(1/n?))
(Sa(A7))a = o(1/n),
§7(A7) = Mi®y(m A7) =A@y (7, A7) = O(1),
(Ss(A7))a = (A1®@s(m, A7) — Ap®%y (m,47))a = (=A@ (7, 4,)))a
= (=" +o(1/n),---,(=1)"" +o(1/n)),

Ld—1’

(Ss(A1))1:a—1 = o(1/n).
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Denote
(S3(A2))1:a-1 (Sa(A2))1:a-1
gt S3(A) Sa(Ay) _ (S3s(A))a (Sa(A))a
S7(A7) Ss(Ay) (S7(A2N)1a—1 (Ss(A2)1:a-1
(S7(A)a  (Ss(A2))a
then
ot/ (GEEA+ S AK te(y)
s— | (=1)"ixa+o(1/n) o(1/n) ,
o(1) o(1/n)
o(1) (=1 g+ o(1/n)
where I =(1,--+,1).
d

The fact that rank Wy (A2) = 2d +2 yields

rank § =2,
which implies that
o) (~HEA+AK +o(1)
rank | fixa+o(1/n) o(1/n) =2,
o(1) o(1/n)
o(1) Lixqa+o(1/n)
i.e.,
(-Z2a+aiki+o(n)  O(1)
rank Lixa+o(1/n) o(1) =2.
o(1/n) Lixqa+o(1/n)
o(1/n) o(1)
From (3.13) and (2.9), we see that
(—@A1+A1K1+0(1)>
2 Ld—1
Iixa+o(1/n)
ki —"E _fp+™E 0 .0 0
0 hk—"E fgZE.. 0 0
= Fo()
0 0 0 kgl — MRk, ymn
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Denote
<_@A1 +AIK +0(1)>1:d—1 o)
glef lixa+o(1/n) o(1)
o(1/n) Iixa+o(1/n)
o(1/n) o(1)

Then rank § = 2 implies that for each 3 x 3 minor of S vanishes. Thus, for all n € N
we obtain

ki — 4 o(1) —ky+"Z 4 0(1)  O(1)
det 1+o0(1) 1+o0(1) o(1) =0
o(1/n) o(1/n) 1+o0(1/n)
and
ki — "2 4 o(1) —ky+"E +0(1)  O(1)
det o(1) k=" 4o(1) O(1) | =0.
o(l/n) o(l/n) L+o(1/n)
By calculation of two determinants above, we have for all n € N

2 2
ki+ky—m*m+o(1)=0 and (kl—an> (kz—mTﬂ>+o(l):07

letting n — oo, it yields that

=k =" (3.20)
2
Similarly, we obtain

kj= —mzn, j=14d, (3.21)

therefore

From (3.13) it follows

diag [ [ (@160 m2 + @a)az.-o, [ (pa) +mP+ g3x))dx| =it

and from this, we obtain
d rm
)y /O [(pj(x) +m)* +¢5(x)|dx = m*nd,
Jj=1
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which implies, by the assumption tr [j' P(x)

therefore,

The proof is finished. [

dx =0,

The proof of Theorem 2.2. The operator T5 (V) can be rewritten as

subject to the boundary conditions

{

(V)Y =—Y"+Q(x)Y =AY, A €C,
¥{(0)=1(0)=0
AY () +AxY(m) =0, AY;(m) —AxY{(m) =0.

Substituting (3.14) into (3.23), we have

where the matrix

WZ(A) (CI,C27C3,C4)[ = 07

A) Sa(A) S1(4) Sa(
A) Sg(A) S5(4) Ss(A)

0 0
0 0

1) $>(A)

For brevity we set A, = v/m? + (n+ (1

{:I:\/m

and each of the eigenvalues is of multiplicity d — 1, from (3.25) it follows that

n+

rank Wy(A2) =

/2))?, by assumption

(1/2))?:n=0,1,2,---} C 6(T(V)),

A simple calculation implies

2d+2.

(ST At = (1) =22+ G A K +o(1/%))
(S1(A2))a = O(1/n),
(420 = (LA +o(1/m) |

(S2(4))1a—1 = ((=1)""1 A4z 4 0(1))4,

(Ss(A2)a-1 =O0(1/n),  Ss(A2) = O(1/n).

1:d—1

)

(3.22)

(3.23)

(3.24)

(3.25)
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Denote
(SIA) 1:a-1 (S2(A2))1:a-1
pef [(S1(&) $H03)\ _ | $iA)a (S2(A))a
Ss(Aq) Se(Ay) (Ss(A2)) 1:a—1 (S6(A2))1:a-1
(Ss(A e (Se(A)a
then
(321)':13’111/227;‘41 + (_/li)nAlKl +0("1_2)>1:d71 oGz)
T= O(1/n) C cato(L)
o(1/n) o(1/n)
n(—=1)"* " a+o(1) O(1/n)

The fact that rank W5(4,2) = 2d + 2 yields

rank T =2,
which implies that
(~22a Ak +o(1)  o(1/n)
rank o(1) Lixa+o(1) =2,
o(1) o(1)
Iixqg+o(l) o(1)
ie.,
(~5=A1+AiKi+o(D)  o(1/n)
rank Iixq+o(1) o(1) =2.
o(1) Lixa+o(1)
o(1) o(1)
Denote
(~5r A+ aKi+o(1) - o1/n)
7 et Iixa+o(l) o(1)
o(1) Lixa+o(1)
o(1) o(1)

Then rank T = 2 implies that for each 3 x 3 minor of T vanishes. Thus, for all n € N
we obtain

140(1) 14+0(1) o(1)

(/q — "4 o(1) —ka+ "E 4 0(1)  o(1) )
det =0
o(1) o(1) 1+0(1)
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ki =2 4 o(1) —ky+ 2+ 0(1) o(1)
det o(l)  k—"E+o(1) o(1) |=0
o(1) o(1))  1+o(1)

By calculation of two determinants above, we have

2

m-T
ki=ky = —
Similarly, we obtain
m2r
ki=ky=-=k;= —

Therefore, the proof is completed. [
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