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GENERALIZED BICIRCULAR PROJECTIONS VIA
RANK PRESERVING MAPS ON THE SPACES OF
SYMMETRIC AND ANTISYMMETRIC OPERATORS

AIDA FOSNER AND DIJANA ILISEVIC

(Communicated by N.-C. Wong)

Abstract. We study several related maps from the space of symmetric (respectively, antisymmet-
ric) operators, acting on a complex Hilbert space, to itself: rank preserving linear maps (more
precisely, maps preserving rank one operators in the symmetric case, and maps preserving rank
two operators in the antisymmetric case), surjective linear isometries and generalized bicircular
projections.

1. Introduction

Let 57 be a complex Hilbert space and let Z(5¢) be the algebra of all bounded
linear operators on .. Throughout this paper we will fix an orthonormal basis {e; :
A €A} of . Forx € # wehave x=3)cp (x,e;) ey anddefine X=3) 5 (e;,x) e, .
Notice that (x,y) = (y,x) forall x,y € J7.

Let T € B(H). If S € B(H) is such that (Te; e, ) = (Sey,e; ) forall A,u €
A, then S is called the transpose of 7 associated to the basis {e; : A € A} and it is
denoted by T'. An easy computation shows 7’x = T*X for all x € . This implies
(T'x,y) = (Ty,X) forall x,y € 5. If T" =T, then T is called a symmetric operator,
and if 7" = —T, then T is called an antisymmetric operator.

For x,y € 2 we write x®y for the operator defined by (x®y)(&) = (&,y)x for
all £ € 7. Clearly, x®y € B(°) and ||[xQy|| = ||x| - ||v]|- If x and y are nonzero,
then x®y is rank one. It can be easily verified that (x®y)’ =y®Xx for all x,y € 7.

By .7(7¢) and </ (%) we will denote the linear subspaces of all symmetric and
antisymmetric operators in # (), respectively. The matrix space ., (C) of all n x n
complex symmetric matrices, and the matrix space %, (C) of all n X n complex skew-
symmetric matrices, equipped with the spectral norm, can be considered as a special
(finite dimensional) case of .7 (%) and &7 (), respectively.

Let X be a complex Banach space. A linear map P: X — X satisfying P> =P is
called a linear projection on X. By P is denoted its complementary projection I — P,
where I is the identity operator on X.
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DEFINITION 1.1. A linear projection P on X is called bicircular if the map P+
AP is an isometry for all modulus one A € C, and it is called a generalized bicircular
projection if the map P+ AP is an isometry for some modulus one A € C, A # 1.

The structure of bicircular projections on . (¢) and &/ (%) is determined in
[9, Theorems 2.3 and 2.5], and the structure of generalized bicircular projections on
Z(C) and J%,(C), with respect to the spectral norm, in [4, Theorems 5.1 and 5.2].
The aim of this paper is to fill a gap between these results by deducing the form of
generalized bicircular projections on () and o7 (), where S is infinite di-
mensional. Although most of our results hold for finite dimensional J# as well, we
will assume throughout the paper that 7# is infinite dimensional.

By [9, Theorem 2.3] there are only trivial bicircular projections on (7€), that
is, zero and the identity operator. However, if P is a bicircular projection on 7 (¢),
then either P or P is of the form X — RX +XR' with R = x®x for some norm one
x € I, see [9, Theorem 2.5].

According to the recent general result [5, Theorem 2.1] in the setting of JB*-
triples, a generalized bicircular projection P acting on a JB*-triple A is either bicircu-
lar,or A = —1 and P = %(I + @) for some surjective linear isometry @ : A — A sat-
isfying @ = I. Since .7 () and o (/) belong to the class of JB*-triples and the
structure of bicircular projections on these spaces has been already known, it remains to
determine the structure of surjective linear isometries on these spaces. It turns out that
this problem can be reduced to the problem of linear maps preserving rank, more pre-
cisely, preserving rank one operators in () and preserving rank two operators in
/(). Recall that every surjective linear isometry ¢ : A — A, where A = . () or
A= (), satisfies 9(XY*X) = o(X)p(Y)*@(X) forall X,Y € A (the correspond-
ing result in a more general setting of JB*-triples can be found in [6] and [3, Theorem
D]). Our purpose is to find an explicit formula for ¢.

The linear preserver problem which concerns characterization of linear operators
on matrix spaces that leave certain functions, subsets, relations, etc., invariant has been
one of the most active and fertile subjects in matrix theory during the past one hundred
years. In the last few decades a lot of results on linear preservers, not only on matrix
algebras, but also on more general rings and operator algebras, have been obtained.
It has turned out that one of the most important classes of linear preserver problems
in matrix and operator theory is the one concerning rank. More information on linear
(as well as nonlinear) preserver problems can be found e.g. in a book [7], where an
extensive list of references on this subject is given.

2. Generalized bicircular projections on .7 (.%¢)

If X € #(H) is arank one operator and u is a nonzero element of its range, it is
an easy exercise to prove the existence of v € S such that X =u®7v (e.g. [8, p. 56]).
If X € .7(), then u®7V = v®u. Thus there exists a € C such that v = owu. If we
define x = al/zu, then
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(u@V)er,en) = (vez)(u,en) = otu,e5)(u, ey)
= (r,en)(xen) = (x@X)ej, ep)
forall A,u € A. Hence, X =x®X. If x® X=y®}Y, then y =x or y = —x. Therefore,

every symmetric rank one operator has the form x ® X for some unique (up to a sign)
xe .

LEMMA 2.1. A nonzero operator X € /() is rank one if and only if X . (7€) X
=CX.

Proof. If X € .#() is rank one, then there exists x € ¢ such that X =xQX.
Forall Y € .7(5) and y € 7 we have

XYXy = (x@X)Y (x@X)y = (x@X)Y ((y,X)x)
= (1 X)(x@X)Yx= (yX)(Yx,X)x = (Yx,X) (x@X)y = (Yx,%)X).
Therefore, X. ()X C CX. Fix A € C. If (Yx,X) =0 for all Y € . (%), then

X7 ()X = 0. In particular, XX*X = 0 which yields X = 0. Hence, there exists
Y € S (H) such that (Yx,X) # 0. If we define Z = (cht—,my’ then Z € () and
XZX = AX. Hence, CX CX.¥(H)X.
Assume that a nonzero X € .(.7¢) is such that X. (%)X = CX. There exists
A € A such that Xe) # 0. Furthermore, there exists o € C with the property X (e) ®
e))X = aX. Thus,
(Xx,e;)Xe), = oXx

forall x€ 5. If o =0, then (Xx,e;)Xe; =0 forall x € .. Thisimplies (Xx,e,) =
0 for all x € 7. In particular, for all u € A,

<Xe/l7e#> = <Xe#7e/l> = Oa
which yields Xe,; = 0; a contradiction. Hence, o # 0. Thus,
1
Xx= a(Xx,q)Xe,l e C(Xey),
so X isrank one. [

LEMMA 2.2. If A € S () is such that XAX = 0 for all rank one operators
X e S (), then A=0.

Proof. Let x € 7 be nonzero and let X = x®X. Then

0=XAXT=(x®X)A(xQX)X
= (x,x) (x®X)Ax = (x,x) (Ax,X)x.
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Thus (Ax,x) =0 for all x € 5. Inserting x+7 instead of x, and using the assumption
that A is symmetric, we get

0= (Ax,y) + (A7,%) = 2(Ax, )

forall x,y € . Hence, A=0. O

LEMMA 2.3. If A,B € B(H) are such that AXA' = BXB' for all rank one op-
erators X € ./ (), then A=B or A= —B.

Proof. For all x,y € 5 we have
A(x®x)A'y = (A'y,X)Ax = (Ax,y)Ax

and analogously
B(x®X)B'y = (Bx,y)Bx.

Our assumption yields
(Ax,y)Ax = (Bx,y)Bx. (1)

This implies
(Ax,y)* = (Bx,y)*. 2

Assume A # B and A # —B. Let x; € 7 be such that Ax; # Bx;. Then there
exists y; € S such that (Axy,y;) # (Bx1,y1). By (2), we have (Axy,y;) = —(Bx1,y1)-
Then (1) implies

(Bx1,y1)(Ax1 + Bx;) = 0.

Since (Bxi,y1) = —(Ax1,y1) # —(Bx1,y1), we have (Bxj,y;) # 0. Hence, Ax; =
—Bx;. Let x, € 5 be such that Ax; # —Bx;. In the same manner we conclude
Axy = Bx,. Inserting x| + x; instead of x and y; instead of y in (1), we get

<Bxlayl>Bx2+<Bx2ayl>Bxl :Ov (3)

which implies
<Bx17)’1><Bx2a}’1> =0.

Since (Bxj,y1) # 0, we have (Bx,,y;) = 0. Notice that Bx, = Ax, # —Bx, implies
Bx; # 0. Then the first summand in (3) is nonzero, and the second one is zero; a con-
tradiction. Hence, A=BorA=—-B. U

PROPOSITION 2.4. Let ¢ : () — S () be a bounded injective linear map
preserving rank one operators. Then there exists a unique (up to a sign) T € B(H)
such that

Oo(X)=TXT'

Sor all rank one X € /(). Furthermore, the map T is injective.
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Proof. Let us fix a nonzero xy € 5 and write @(xo ®Xp) = up Qg with ug € 2.
Let x € S be such that x and x( are linearly independent and write @(xRX) =u®u
for some u € 7. Then u and ug are also linearly independent.

Notice that
1 - 1
P(Xo@I+xR7) = 5@(()60 +X) ® (X %)) — E(P((xo—x)®(xo—x))
1

for some linearly independent v,w € .7#. On the other hand,
P(x0 @X+x®%0) = @ ((x0+x) ® (X0 + X)) — P(xo ®X7) — P(x D)
=VvRV—uyg@uog—uRUu.
Hence, | |
Ev@ﬁ—f— §W®W=u()®%+u®ﬁ.
If & € 5 is such that (w,&) =0 and (v,£) = 1, then
v=2{ug, & up+ 2(u, &) u,
that is, v = aug + Pu for some o, B € C. This implies
Oxo®X+xX0) = (otug + Pu) @ (oug+ Pu) —ugRup —u@u
= (& = Dup@ W+ of(ug @+ u@m) + (B>~ Nuen. (4

Assume that B2 —1#0. Let A = ([f;ijf — o>+ 1. Then

¢ (X0 @X+x Xy + Axo @ Xp)
= QX0 ®X+xR@X)) +A@(xo®X))
= (0® =1+ ANup @70+ of(ug a+u ) + (B> — Nu®a
(ap)?
B*-1

_ (ﬁg‘_fluoﬂ)@ (0B + (B2 — D)u)

= u0®< u0+aﬁu)+u®(aﬁuo+(ﬁ2—1)u)

B ﬁ (otBuo+ (B — 1)u) ® (Bug+ (B2 — 1)u)

is rank one. Thus, A # 0. However,
O (X0 X+ xRX) + Axg RX0)
= (A7 2+ 2 2x0) @ (A 120+ A1/2x)) — A lp(x @)

is rank two; a contradiction. Therefore, ﬁ2 — 1= 0. Analogously, o? —1=0. Hence,
off =1 or aff = —1. Let us define Tx = aSu. Then (4) can be written as

P(xo@X+x®X0) = up @ Tx+ Tx @ Up.
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‘We also have
o(x®%) =uxu=afu®afu=TxTx.

If x = uxy for some u € C, define Tx = puy. Then

P(xo ®X+x®@X0) = 2UQ(x0 ®X0) = 2Uuo D Uy
= 1o ® Witg + Puo @y = uo © Tx + Tx ® g,
and also o
P(x®%) = ule(xo ®X9) = Muo @ Wity = Tx O Tx.
Hence, for all x € 57,
P(x®%) =Tx®Tx,
O(xo@X+x0%)) = Txo @ Tx+ Tx® Txo.
Since ¢ is linear, forall A € C, x,y € 2,

Txo@T(Ax+y)+T(Ax+y)®Txo
= ¢(x @ (Ax+y) + (Ax+y) © o)
=AQ(xpRX+x®X0) + P(xoRY+y®X0)
=A(Txo@Tx+Tx®Txo)+Txg@Ty+Ty®Txo

=Txo® (ATx+Ty)+ (ATx+Ty) ® Tx,

which implies

Txo® (T(Ax+y)— (ATx+Ty)) + (T(Ax+y) — (ATx+Ty)) @ Txg =0
and we finally conclude that 7 is linear as well. Furthermore, for all x € J#,
ITx|? = ITx@ Tx|| = |o(x@ D) < o] - k@3] = loll- |+,

hence T € B(7).
For all x,y,z € 5,

(T(x@X)T'y,z) = (T"y,X)(Tx,z) = (Tx,y)(Tx,2)
= (0, Tx)(Tx,2) = (Tx@Tx)y,z) = (P(x @)y, 2).

Hence, ¢(X) =TXT' for all rank one X € .(5¢). By Lemma 2.3, we conclude that
such T is unique, up to a sign.

It remains to prove that T is injective. Let x € ¢ be such that Tx = 0. Then
0 (x®x) =0, thus injectivity of ¢ yields x@ X =0 and finally x=0. O

THEOREM 2.5. Let ¢ : ./ () — /() be a surjective linear isometry. Then
there exists a unitary U € HB(5€) such that

o(X)=UXU"'

forall X € S ().
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Proof. If X € .#(5) is arank one operator, then X.7(.7)X = CX according to
Lemma 2.1. This implies

Co(X) = 0(CX) = o(XF(H)X) = 0(X)@(S () ¢(X) = 9 (X)L (H)p(X).

Lemma 2.1 implies that ¢(X) is rank one as well.
According to Proposition 2.4 there exists U € #(s¢) such that

o(X) =UXU'
for all rank one X € .7 (7).
Let X,Y € .(7¢) and let Y be a rank one operator. Then
p(YXY)=o¥)oX) oY)
implies
e(YX'Y)=UYU o(X)*UYU',

that is
P(YX'Y) = @(YU'o(X)"UY)

since YU'@(X)*UY € #(H) is either zero or a rank one operator. Injectivity of ¢
yields
YX'Y =YU (X)*UY.

Lemma 2.2 implies
X*=U'¢(X)'U,

hence
X =U"o(X)(U"* (5)

forall X € . (7). Since ¢ is bijective, replacing X with ¢~!(X) we get
(pil(X) _ U*X(Ut)*7
that is
X =oUX(U))

forall X € .7(J#). In particular, if X € (%) is rank one, then U*X (U")* € /()
is either zero or rank one, so we have

X =UUX(U)'U".
Lemma 2.3 yields UU* =1 or UU* = —1. Since UU* is positive, UU* = I. Then (5)
implies
o(X)=UXU" (6)
forall X € (). Inserting (6) in (5) we get
X = U'UXU' (U",

thus U*U =1 or U*U = —I by Lemma 2.3. Since U*U is positive, U*U = I. Hence,
U is unitary. [J
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REMARK 2.1. The proof of Theorem 2.5 can be obtained using the results from
[1]. However, we decided to prove it via Proposition 2.4 for the sake of completeness,
since we deal with the maps having more properties than those in [1].

COROLLARY 2.6. Let P: /() — S (H) be a nontrivial linear projection
and A # 1 a modulus one complex number. Then P+ AP is an isometry if and only
if A = —1 and there exists R = R* = R*> € B() such that P or P has the form
X — RXR +(I—R)X(I—R').

Proof. According to [9, Theorem 2.3], there are no nontrivial bicircular projec-
tions on . (), so [5, Theorem 2.1] implies A = —1 and P = (I + ¢) for some
surjective linear isometry ¢ : . (J#) — () such that ¢ =1. According to Theo-
rem 2.5, there exists a unitary U € () suchthat (X) =UXU" forall X € ().
Since @2 =1, we get

UX(UHr =X

forall X € .7 (). Lemma 2.3 implies U? =1 or U? = —I.

If U? =1, then P has the form X +— RXR' + (I —R)X (I —R') with R=1(I-U).
If U? = —1, then P has the form X — RXR'+ (I—R)X(I—R') with R= $(I—iU).
In both cases, R=R* =R?. [

3. Generalized bicircular projections on o7 (7)

In the setting of o7 (.7¢) we follow the same pattern as in the setting of . (%),
but the role of rank one operators is now played by rank two operators. However,
as expected, it is more difficult to deal with rank two operators than with rank one
operators.

First recall some well-known facts on rank two operators. If X € #(J¢) is rank
two, then its range is a two-dimensional Hilbert space. Let {e, f} be an orthonormal
basis for the range of X. There exist linear functionals f,g on 7 such that X§ =
F(&)e+g(&)f forall & e . Since f(&) = (XE,e), we conclude that f is bounded.
If we define X, & = f(&)e forall & € 7, then X; € B(I) is rank one. Analogously,
Xo& = g(&)f defines a rank one X, € Z(H). Hence, X is a sum of two rank one
operators in B(.).

LEMMA 3.1. If X € &/ (J€) is a rank two operator, then there exist x,y € A
suchthat X =xQy—y®X.

Proof. Let X =x®@u+v®w with x,u,v,w € 5 and x,v linearly independent.
Since X € &7 (),

XQUAVOIW=—URX—WR.

This implies

<u,§>x+<w,§>v—|—<x,§>u—|—<v,§>w:0 @)
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for all £ € . Since x and v are linearly independent, there exists & € J# such
that (v,&;) =0 and (x,&;) = 1. Then (7) implies u = ox+ Bv for some o, € C.
Furthermore, there exists & € J# such that (x,&) =0 and (v,&) =1, so (7) implies
w = yx + Ov for some y,8 € C. Now (7) can be written as

Qox+(B+y)v,E)x+ ((B+7y)x+26v,E)v=0
forall £ € 5. Since x and v are linearly independent,
2x+ (B+y)v=(B+7y)x+25v=0
and finally o« =6 =0 and y = —f3. Hence, u = Bv and w = —fx, thus
X=xPfv—v@Px=x®Pv—ProOX

It remains to put y = fv. 0O

REMARK 3.1. It is clear that for a rank two X € o/ () the representation X =
x®y—y®Xx from Lemma 3.1 is not unique. Namely, if o, 3,7, € C are such that
od —PBy=1and z=ax+ Py, w=yx+ Oy, then zQW—wRZ=xRy—yXX.

Let us prove the converse. Let x,y € ¢ be linearly independent and let z,w € J¢
be linearly independent. Assume that

XRQY—yR®X=70W—wRZ.

Let 74 be the linear subspace of .7 generated by x and y, and let 7% be the linear
subspace of .7 generated by z and w. For & € 74" we have

w,E)z—(z,E)w=0.

This implies (w,&) = (z,E) =0, so & € J4*. Hence, J4 - C /5", which yields
26 C 4. Thus, z= ax+ By and w = yx+ 8y for some a,f,y,6 € C. Then

xRy—yRXx= (a8 — By)(x®y—y®X),

which implies ad — By = 1.
In particular, if x,y,z € 57 are such that x®y—y®@X =x®Z—z®X, then the
above consideration yields z = Ax+y for some A € C. The converse is trivial.

LEMMA 3.2. Let x,y € J be linearly independent and let z,w € € be linearly
independent. Let T =xQy—yQX and S=zQwW—w®Z If T+ S is rank two, then
the set {x,y,z,w} is linearly dependent.

Proof. According to Lemma 3.1, there exist u,v € 5 suchthat T+S=u®vV —
v®u. Then
XRY—YRX+ZROW—WRI=uRV—VvQu
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Let .7 be the linear subspace of .7 generated by {x,y,z}. Forall £ € /4" we

have
<W7 €>Z = <V, 5>u - <u7 €>v

‘We consider three cases.

Q) If (u,&) = (n,&) =0 forall & € G-, then w € 4. Hence, w= ax+ By +7z
for some o, B,y € C.

(ii) If there exists & € ;- such that (u,&) #0, then v = o+ Bz for some o, f €
C. Then T+ S = Bu®Z —z® Bu, which implies T = (Bu+w) @7 —z® (Bu+w).
According to Remark 3.1, z is a linear combination of x and y. Hence, the set {x,y,z}
is linearly dependent, and so is {x,y,z,w}.

(iii) The case when (v, &) # 0 for some & € ,%’E)L is analogous to the case (ii). [

LEMMA 3.3. Let T,S € o/ (J€) be rank two operators such that T + S is also
rank two. Then there exists x € 7 suchthat T =xQy—y®X and S=xQR7— 7%
for some y,z € 7. If T and S are linearly independent, such x € 7€ is unique, up to
a scalar multiple.

Proof. According to Lemma 3.1, there exist a,b,c,d €  suchthat T =a®b —
b®a and S =c®d—d®¢. Lemma 3.2 implies that the set {a,b,c,d} is linearly
dependent. Without loss of generality, we may assume that there exist o, 8,y € C such
that d = aa+ Bb+yc, thus S =c® (aa+ fb)— (aa+ Pb) ®C.

If =0, then d =aa+yc and S=a® (—ac) — (—ac) ®a. It remains to define
x=a, y=b, z=—0c.

If B #0, we have T = %a@ (aa+Bb)— (ca+Bb)® %a. We define x = aa+

Bb, y= —%a7 7= —c.

Assume that there exist u,v,w € 7 suchthat T =uv—vQuand S=uQw—
w®u. By Remark 3.1, u = ax+ By = yx+ 8z for some «,3,y,6 € C. If T and §
are linearly independent, {x,y,z} is linearly independent. Thus, oz =y and f =8 =0.
This implies u = ax. [

REMARK 3.2. Let {x,y,z} be a linearly independent subset of 7. Define T =
XQY—yRX, S=xQ7—z0X, W=y®7—2z8Y. Let A,u,v € C be such that AT +
uS +vW = 0. Then, forall & € 57,

Ay+uz,E)x+ (—Ax+ vz, E)y+ (—ux— vy, E)z=0,

which implies Ay+ puz = —Ax+vz=—ux—vy =0, and finally A = u =v =0.
Hence, {T,S,W} is a linearly independent subset of &7 (7¢).

LEMMA 3.4. Let x € 5 be nonzero and let Q = {x@y—yQ®X : y € H}. Let
{T,S,W} be a linearly independent set of rank two operators in </ () such that
T,5€Q, W ¢ Q, and such that T+ W and S+ W are rank two. Then there exist
unique y,z € 7 and u € C such that

T=xQ7-y®F% S=x07-z0% W=p(ye7i—z0Y).
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Proof. Let T =xQu—u®Xx, S=x®Qv—v®Xx forsome u,v € 7. Since T+ W is
rank two, Lemma 3.3 implies the existence of p,q,r € 5 suchthat T = pRg—q® P,
W =p7—r®p. By Remark 3.1, p = ayx+ Biu for some «;,p; € C, B; # 0.
Since S+ W is also rank two, Lemma 3.2 implies that the set {x,v,p,r} is linearly
dependent. Then the set {x,u,v,r} is also linearly dependent. Since {x,u,v} is linearly
independent, we may write r = opx + Bu + yv for some o, B,y € C. Then

W= (oufr—0f)xQ@uU—u®%)+oun(x@v—veX) + Pi1rUv—yQu).

If we define V=u®v—v®u, then W = aT + S+ yV forsome a,f,y € C. Clearly,
v # 0. We write

Wz)/((%x—i—u) ®(—%7x+v>— (— %x—f—v) ®(€)€7—|—u>>.

It remains to define u =y, y=yx+u, 2= —%x—i— V.
Let us prove that this representation is unique. Assume that there exist y;,z; € ¢
and u; € C such that

T=xQV—y1®F S=xQ77—23% W=u(y®7—21¥).

According to Remark 3.1, there exist o, € C such that y; = ax+y, z; = fx+z.
Thus,

W=w(ax®zi—z0%) - Baey—yo%) +(yRI—2Y))
= =BT +owmS+ %W

Since the set {7,S,W} is linearly independent, u; = u, a=p=0. O

LEMMA 3.5. Let T C o/ (H) be a set of rank two operators such that T + S is
either zero or a rank two operator for all T,S € I'. If I is not contained in a three-
dimensional subspace of </ (), then there exists a unique (up to a scalar multiple)
x€ A suchthat T C{x@y—yQ®% : ye H}.

Proof. Let T,S €T be linearly independent. By Lemma 3.3, there exists a unique,

up to a scalar multiple, x € 7 such that T,S € {x®y—y®X : y€ '} Lo,
Suppose that there exists V in I which is notin Q. Then 7T +V and S+ V are
rank two. By Lemma 3.4, there exist unique y,z € 7 and u € C such that

T=xR7—y®%, S=xR7-z0% V=u(y@i—z07y).

Since T and S are linearly independent, {x,y,z} is linearly independent, thus {T,S,V}
is linearly independent by Remark 3.2. Since I" is not contained in a three-dimensional
subspace of <7 (), there exists W € " such that {7,S,V,W} is linearly independent.
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If W ¢ Q, then Lemma 3.4 implies the existence of unique u,v € 5 and v € C
such that

T=xQu—u®x, S=xvV—vRY, W=vu®v—vQu).

Remark 3.1 yields u = ox+y and v= Bx+z for some o, 3 € C. Then W = v(—BT +
oS+ ﬁV), which is in contradiction with linear independence of {T,S,V,W}.

If W € Q, then Lemma 3.4 applied to 7, W and V implies the existence of unique
p,q € ¢ and 1 € C such that

T=xRp—pR%, W=xR7—q®%, V=1(pR7§—q®D).

Now we have V = u(y®z—2zQ5) =17(p®g—q®P). According to Remark 3.1,
q="Yyy+ 0z for some y,6 € C. Then W =x®g—q®x=yT + 05, which contradicts
the fact that {T,S,W} is linearly independent.

Hence, ' C Q. [

LEMMA 3.6. A nonzero operator X € &/ () is rank two if and only if X of ()X
=CX.

Proof. If X € &/ () is rank two, then there exist x,y € .7 such that X =x®
y—y®X. Forall Y € &/ () and z € 5 we have

XYX7=(x@y—y@X)Y(x®—y®X)z
= (x®@y—-y®X)((z,9)Yx— (,X)Yy)
)(Yx,3)x — (Yx,X)y) — (2, %) ((Yy,y)x — (Y, X)y)
(Y x,y)x+ (2, X)(Yy,X)y
¥ (2, 3)x = (z,X))

= (z,
= (z,
= (
= (Yx,7)(x®@J—y®X)z= (Yx,5)Xz.

X,
Yx,
Hence, X.o7(¢)X C CX. Analogously as in the proof of Lemma 2.1 we get CX C
XA (H)X

Let us assume that a nonzero X € o7 () has the property X.o/ ()X = CX.
There exists A € A such that Xe; # 0. Then there exists u € A such that (Xe;,e;) #0.
Since X € &/ (), u# A. If we assume that Xey, =0, then (Xe; ,ey) = —(Xey,ey) =
0; a contradiction. Hence, Xe, # 0 as well. In particular, there exists o« € C such that
X(e) ®ey—e,®ey)X = oX. This implies, for all x € 72,

(Xx,eu)Xey — (Xx,e))Xey = aXx. (8)

If ¢ =0, then
(Xx,ep)Xey = (Xx,ep)Xey

for all x € 7. In particular, for x = ¢; we get

(Xep,eu)Xe; =0,
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a contradiction. Therefore, or # 0. Hence, (8) implies
Xx= l(X)c,eu>Xe,1 - l(X)@e;L)Xeu.
o a
Let §,¢ € C be such that 6Xej + €Xe, = 0. Then
0=205(Xey,eu)+e(Xeu,en) =08(Xey,eu),

which implies 6 = 0, thus € = 0 as well. Hence, the set {Xe;,Xey} is linearly inde-
pendent. Thus, X is rank two. O

LEMMA 3.7. If A € /() is such that XAX = 0 for all rank two operators
X € (), then A=0.

Proof. If A # 0, then there exist x,y € # such that (Ax,y) # 0. Since A €
(), x and y are linearly independent. In the same manner as in the proof of
Lemma 3.6, for X =x®y—yRX we get

0 =XAX = (Ax,7)X,

a contradiction. Hence, A=0. O

LEMMA 3.8. If A € B(H) is such that AXA" = X for all rank two operators
Xed(H), thenA=1or A=—I

Proof. Forall A,u € A, A # u, we have
Aler@ey—ep@ez)A'ey = (e ®eu—eu®e; ey,

which implies
(Aey,en)Aey — (Aley,e;)Aey = e;,

that is
(Aey,eu)Ae; — (Aey,en)Aey =e;. )

Let n € A be such that 1 # A and 1) # u. Replacing A with 1 in (9), we get
(Aey,ey)Aen — (Aey, e )Aey = ey. (10)
Then (Aey,eu) # 0 or (Aey,eu) # 0. From (9) we get
(Aey,en)(Aey,en) = (Aey,en)(Aey,en). (11)
Interchanging the roles of u and 1, (11) becomes

<Aen,en><Ae;L,eM> = <A€)La€n><Aenaeu>~ (12)
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If (Aey,eu) #0, divide (11) by (Aey,ey) and substitute (Aey,ep) into (12). If (Aey,ey)
# 0, divide (12) by (Aey,ey,) and substitute (Aey,ey) into (11). In both cases we get

(Aey,en)({Aen,en)(Aey,en) — (Aey,en)(Aen,eu)) =0,

that is
(Ae,17eﬂ><<Aeu7eM>Aen — (Aen7eM>AeM,en> =0,
which implies, by (10), (Ae,,eu) =0 forall A, € A, A # pu. Substituting this into
(9) we get
(Aey,en)Aey =ey, (13)

which implies

(Aeu,en)(Aey e;) =1 (14)
forall A, u e A, A£u.LetneA, n#A, n#u. Wehave

(Aey,en)” = (Aey,en)’((Aey,ex)(Aen,en))
= ((Aex,en)(Aep,en))((Aey,en)(Aen,en)) =1

for all u € A. By (14), either (Aey,e,) =1 forall u € A, or (Aey,ey) = —1 for all
u € A. By (13), either Aey = ¢, forall A € A, or Ae; = —e; forall A € A, and the
lemma follows. [

PROPOSITION 3.9. Let ¢ : o7 () — o (F) be a bounded injective linear map
preserving rank two operators in both directions. Then there exists a unique (up to a
sign) T € B(I€) such that

o(X)=TXT'

Sforall rank two X € o/ (). Furthermore, T is injective.

Proof. Let x € 7 benonzeroandlet Ty = {@(x®y—y®X) : y€ 5 }. Then 'y C
o/ (A) is a set of rank two operators and zero, and the sum of any two operators in I'y
is either zero or rank two. Assume that I'y is contained in a three-dimensional subspace

of & (). Let y,z,w € A be such that the set {x,y,z,w} is linearly independent.
Suppose that

AP(xRY—yRX)+PBO(xRT— X)) +yP(x@W—w®X) =0
for some o, 3,7 € C. Linearity and injectivity of ¢ then imply
x® (ay+Bz+yw)— (oy+ Bz+yw)@x=0.

Then there exists § € C such that oy + Bz +yw = x. Since {x,y,z,w} is linearly
independent, & = 3 =y =0 = 0. Hence,

{p(x®F—y®T), p(x®7—2®X), px@W—w®X)} C I
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is linearly independent. Then for every v € J# there exist o(v), B(v), y(v) € C such
that

OxRV—vRX) =a(»)PxRy—yRX)+P(»)P(xRZ—zX) +Y(V)P(x@W—Ww®X),

which yields

x@V—vRXx=xQ (a(v)y+BW)z+y(V)w)— (a(v)y+BW)z+y()w) @X.
Remark 3.1 implies the existence of d(v) € C such that
v =)y +BO)z+ 7w+ 3()x.

Hence, {x,y,z,w} is a basis for 7, which is impossible.

According to Lemma 3.5, for every x € J there exists a unique, up to a scalar
multiple, u, € 7 such that I'y C {u, @V —vQ®uy : v € H}. Let us fix such a u, and
define Sx=u,, x € . Let Q, = {Sx@V—v®@Sx: v € H#}.

Let x,y € A be linearly independent. Since @(x ®y—y®X) € Q,NQ,, there
exist uyy, vy, € C such that

PEXDF—YDF) = SXD Uy — Uy @ Sx = Sy DTy — vy @ Sy.
By Remark 3.1, there exist a(x,y),B(x,y) € C such that
Sy = 0(x,y)Sx+ B (3, ¥ )y

This implies o .
SxRSy—Sy@Sx=B(x,y) (xR —y®X). (15)

Assume fB(x,y) =0. Then Sy = a(x,y)Sx. Let z € 5 be such that {x,y,z} is linearly
independent. Then

B(y,2)e(y®z—zQY) = Sy®Sz—Sz® Sy
= a(x,y)(Sx® Sz— Sz ® Sx)
a(x,y)ﬁ(x,z)(p(x®2—1®x),

which implies f(y,z) = B(x,z) = 0. Hence, Sz = a(x,z)Sx. Let w € 7 be such
that {x,y,z,w} is linearly independent. Since Q(z@W —w®3Z) € Q,, the operator
PXRY—yRX+z@W—w®7Z) is in , as well, in particular, it is either zero or rank
two. If it is rank two, since ¢ is rank two preserving in both directions, Lemma 3.2
implies that {x,y,z,w} is linearly dependent; if it is zero, the same conclusion follows
from injectivity of ¢ and Remark 3.1. Since this contradicts the fact that {x,y,z,w} is

linearly independent, 8 (x,y) # 0. If we put u(x,y) = B (i_y), then (15) implies

P(x@Y—y@x) = u(x,y)(Sx® Sy — Sy @ Sx) (16)

for all linearly independent x,y € 2. Obviously, u(x,y) = u(y,x).
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Let x,y € JZ be linearly independent. Inserting x +y instead of x in (16), we get
P(r®y—y®I) = u(x+y.y)(Sx+y) @Sy~ Sy S(x+)). (17

Comparing (16) and (17), we conclude, by Remark 3.1,
H(x+y,y)S(x+y) = pu(x,y)Sx+ v(x,y)Sy (18)

for some v(x,y) € C. Let w € . be such that the set {x,y,w} is linearly independent.
Then (18) implies

u(x+3,y)(Sx+y)®Sw—SwaS(x+y))
= U(x,y)(Sx@Sw—Sw @ Sx) + v (x,y)(Sy © Sw— Sw @ Sy),

that is
pix+y,y) _ o
ey (PEET WO + 9y @W—wET))
p(x,y) _ . vixy) _
= W—wR®X)+ PHYRW—wRYy),
and finally
pux+yy)  py)  vixny)
plx+y,w)  plow)  uly,w)
Hence,

plyw)  v(xy)

forall w € 5 such that {x,y,w} is linearly independent. Let o, € C\ {0}. If r €
is such that {x,y,¢} is linearly independent, then the sets {x,z,ax+ By} and {y,7, cx+
Py} are linearly independent as well. Thus, using (19) several times, we get

plx,w)  u(x,y) (19)

ux ox+By)  plx,ax+fy) p,ax+pBy)
u(y.ox+By) — ult,ax+By) ulyax+py)
_pn) vt opr) v
vixt) ut)  ut) vixt)
_ uxt) vy x)
put) vx)u(x,y)
_ulnn) pnnux)  u(x)
w(ye) ulnu(,y)  ue

By (19), this yields
= . (20)
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Now (19) and (20) imply
ulyw)  v(xy)
for all w € 22 such that {x,w} and {y,w} are linearly independent.
From now on, z is a fixed nonzero element in 7. Define v(x) = v(x,z) for all
x € J linearly independent with z. Then

V() = Hx,2)u(z,y)

22
u(x,y) (22)

for all x,y € J such that {x,y}, {x,z}, {y,z} are linearly independent. Notice that,
for all such x,y € 52, we have

v(y) = KOIREY) _ pdpu@y) oy 23)

©(y,x) p(x,y)

Fix a nonzero o € C. Inserting ax instead of x in (16), we get

ap(x®y—y@%) = wlox,y)(S(ox) @Sy — Sy ® S(ax)). (24)
Comparing (16) and (24) and using Remark 3.1, we get
p(ox,y)S(oex) = ap(x,y)Sx+ 7(x,y)Sy (25)
for some 7(x,y) € C. Let w € S be linearly independent with x. Then
u(ox,w)S(ox) = o (x, w)Sx + T(x, w)Sw. (26)
Comparing (25) and (26), we get

g B o Ty o mlew) o Tlow)

ulax,y) — p(ox,y) ulox,w) - p(ox,w)

which implies

7(x,y)
u(ax,y)

This yields, by (16),

T(x,w)

Sx® Sy — Sy ® Sx) =
(Sredy=fvesy u(ox, w)

(Sx @ Sw— Sw® Sx).

T(x,w)

7(x,y) -
x (e w) i (x, )

—_— RY—YRX) = PXRW—WRX).
(o () ) ( )

In particular, for w € 5 such that {x,y,w} is linearly independent, we conclude
7(x,y) = 0. Hence, (25) can be written as

p(ox,y)S(ox) = ap(x,y)Sx. (27
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Therefore,
p(ax,y) — oSx

u(x,y) — S(ox)
for all x,y € S such that {x,y} is linearly independent. This implies

ulox,y)  p(ox,w) (28)

plxy)  u(xw)

for all x,y,w € S such that {x,y}, {x,w} are linearly independent.
Let o € C be nonzero and let x € JZ be linearly independent with z. Let y € 7
be such that {x,y}, {y,z} are linearly independent. By (22) and (28), we have

V(o) = HOXIREY) _ pxIuEY) _ |0 (29)

u(ax,y) u(x,y)
By (23) and (29), v(x) is a constant for all x € J# linearly independent with z; let us
denote it by v. Let w € JZ be linearly independent with z and define, for all nonzero

AeC,
p(Az,w)
Az,7) =v— L
Hire3) w(z,w)
By (28), u(Az,z) does not depend on the choice of w. We have

_ p(Azz)u(zw)
V= wGaw) G0

for all w € S linearly independent with z. According to (22) and (30), for all linearly
independent x,y € .77 we have

y = BEuEY) 31)

p(x,y)

Define Tx = v~/2u(x,z)Sx for all nonzero x € ./, and Tx =0 for x = 0.
Let x,y € S be linearly independent. Using (31) and (16), we get

Tx@Ty—Ty®@Tx=v "' u(x,z)u(z,y)(Sx® Sy — Sy ® Sx)
= U(xy)(Sx@Sy—Sy@Sx) = p(x @Y~y D).
Let us prove linearity of 7. Let x,y € 57 be linearly independent. By (31),

plxy)  ulzy)  wpl+yy)  pzy)

u(x,z) v o op(x+yz) v’
hence
px+yy)  ulx+yz)
According to (21),

Ul y)p(x+y,y)

Vi) = p(x+y,x)
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which, together with (32), implies

viny) __ B»2) (33)

px+yy)  uE+yz)

Then (18) implies, using (32) and (33),

_ Ky oo vy
Strty) = u(ery,y)S +u(x+y,y)Sy

_ k>3 o RO o
p(x+y,z) ux+y,z)

1
=——  — (Tx+T
V*1/2u(x+y,1)( )

and finally T(x+y) = Tx+Ty. Let oo € C and x € ¢ be nonzero. By (31),

plx,y)  ulzy)  wloxy)  u(zy)

= s =

u(x,z) Y u(ox,z) v

b

which implies
pixy)  pxz)

u(ax,y)  p(ox,z)’

According to (27),

1
S(ax) = aMSx = Hlx2) Sx = aTx

u(ox,y) ulox,2)™"  v12u(ox,2)

and finally T(ax) = aTx.
For all x,y € 57 and all A,u € A we have

(T(x®y)T ey en) = (T'ey,y)(Tx,en) = (Ty,e; )(Tx,eu)
= (es, Ty)(Tx,ep) = (Tx@Ty)e; ,ep).

Hence, T(x®y)T" = Tx®Ty. Since T is additive, we conclude, for all linearly inde-
pendent x,y € J,
PRY-—yRI) =Txy—yox)T".

Thus, ¢(X) =TXT" for all rank two X € &/ ().
Furthermore, for all linearly independent x,y € J¢, we have

ITx®Ty—Ty@Tx| = lo(x@y—y@3)| < [|lo] - [x®y—y D |-

If {x,y} is linearly dependent, then linearity of T yields that {Tx, Ty} is linearly de-
pendent as well. Hence,

ITx@Ty—Ty®Tx|| < ||| - [x®F—y @X]|
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holds for all x,y € 5. Let (y,) be a sequence in ¢ such that y, — 0 and Ty, — w
for some w € 7. Then

[Tx@ Ty, — Ty, @ Tx|| < [|@]| - [|x @ Fn — ya @X].
After taking the limits, we conclude
TxQW—w®Tx=0

for all x € . Assume w # 0. Then for every x € S there exists y(x) € C such that
Tx = vy(x)w. If x and y are linearly independent, then

P(xRy—yRX) = TxRTy—Ty®Tx

=y(x)weyy)w—y)wey(x)w =0.

Since ¢ is injective, this is impossible. Hence, w = 0. According to the closed graph
theorem, 7T is bounded.

Let us prove that T is injective. Suppose that there exists a nonzero x € ¢ such
that Tx=0. Then ¢(x®y—y®X) =0 forall y € 5. Since ¢ is injective, this yields
that {x,y} is a linearly dependent set for all y € #; a contradiction.

Let V € B(H) be such that @(X) = VXV’ for all rank two X € &/ (.5). Let
x € 7 be nonzero and let y € 5 be linearly independent with x. Then we have

Vx@Vy—Vy@Vx=TxQTy—Ty®Tx, (34)

and Remark 3.1 implies
Vx = oa(x,y)Tx+ B(x,y)Ty. (35)

Analogously, if w € J# is such that {x,y,w} is linearly independent, we get
Vx = o(x,w)Tx+ B (x,w)Tw. (36)
Since T is linear and injective, comparing of (35) and (36) yields
(c(x,3) — (v, w) -+ B, )y — B, w)w = 0.

Since {x,y,w} is linearly independent, c(x,y) = o(x,w) and B(x,y) = B(x,w) =0.
Then Vx = ot(x,y)Tx. Analogously, Vy = a(y,x)Ty. Inserting this in (34), we get
o(x,y)o(y,x) = 1. Hence,

1= (a(x,y)a(x) (alx,w)o(wx)) (aly,w)e(w,y))
= (a(xy)alx,w) (alyx)a(y,w) (e(w.x)o(wy))
= a(x,y) a(yw)’a(w.y)?
= a(x.y) (a(.w)a(ny) = aloy),
which implies o(x,y) =1 or a(x,y) = —1. Hence, for every x € J#, Vx = Tx or

Vx= —Tx. If Vx=Tx for some x € S, then (34) yields Vx = Tx for all x € 72,
hence V = T. Analogously, if Vx = —Tx for some x € 57, then V=—-T. [



GENERALIZED BICIRCULAR PROJECTIONS VIA RANK PRESERVING MAPS 259

REMARK 3.3. As far as we know, linear maps on o7 (.7°) preserving rank two
operators have been studied only in the finite dimensional (matrix) case, see [2, Theo-
rem 2.4].

Based on Lemmas 3.6, 3.7, 3.8 and Proposition 3.9 one can prove the following
result in an analogous way as Theorem 2.5. Let us emphasize that the assumption that
¢ is a surjective linear isometry yields not only that ¢ preserves rank two operators,
but that it preserves rank two operators in both directions.

THEOREM 3.10. Let @ : o/ (H) — &/ (F€) be a surjective linear isometry. Then
there exists a unitary U € B(H) such that

o(X) =UXU'
forall X € of ().

Theorem 3.10 together with [9, Theorem 2.5] and [5, Theorem 2.1] yields the
following corollary.

COROLLARY 3.11. Let P: of () — o/ () be a nontrivial linear projection
and A # 1 a modulus one complex number. Then P+ AP is an isometry if and only if
one of the following holds:

(i) A = —1 and there exists R = R* = R*> € B() such that P or P has the form
X — RXR' + (I-R)X(I—R),

(ii) P or P has the form X — RX +XR', where R = x®x for some norm one x € 7.
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