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INVERSE ELEMENTARY DIVISOR
PROBLEMS FOR NONNEGATIVE MATRICES

B. NAGY

(Communicated by R. A. Brualdi)

Abstract. The aim of this paper is to answer three questions formulated by H. Minc in his two
papers and book on the problem of prescribed elementary divisors for entrywise nonnegative or
doubly stochastic matrices. They study the relation of the problem for a diagonalizable and for a
general entrywise nonnegative matrix, respectively. One answer is in the positive, two are in the
negative directions.

1. Introduction

The problem of prescribed elementary divisors for entrywise nonnegative and, in
particular, for row stochastic and doubly stochastic matrices was in a more detailed way
first considered by C.R. Johnson [4] and H. Minc [8], [7], and is more difficult than
the inverse spectrum problem for the same classes. An overview of early results and
problems is contained in Minc’s monograph [9], a good recapitulation of later results
together with new ones is in the recent paper by Soto and Ccapa [11].

The aim of this paper is to answer three open questions formulated by Minc in
[8], [7] and [9]. They concern the relation of the problem for a diagonalizable and
for a general entrywise nonnegative matrix, respectively, and will be precisely cited in
Sections 2, 3 and 4. Here we present the basic terminology and notation.

A complex matrix is called (doubly) quasi-stochastic if all its row sums (and col-
umn sums) are 1. Equivalently, an n X n matrix A is (doubly) quasi-stochastic if and
only if 1 is an eigenvalue of A and (1 ... 1)’ (* will always denote franspose) is a cor-
responding eigenvector for A (and A”). A matrix is called positive (nonnegative) if all
its entries are positive (nonnegative). A nonnegative (doubly) quasi-stochastic matrix
is called (doubly) stochastic (in the latter case also row stochastic).

The inverse elementary divisor problem (in its general formulation) asks for nec-
essary and sufficient conditions for a given matrix to be similar to an entrywise nonneg-
ative (row stochastic, doubly stochastic) matrix. The inverse spectrum problem asks
for necessary and sufficient conditions for a given list of n complex numbers to be
the list of the eigenvalues (with algebraic multiplicities) of an n X n nonnegative (row
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stochastic, doubly stochastic) matrix. In the second group of problems remarkable re-
sults were obtained by Boyle and Handelman [2], and by many other researchers, but
the first group of problems is apparently even more distant from a general solution.

We apply the usual notation C,R,N, and define Ny := NU{0}. Unless stated
explicitly otherwise, a matrix in this paper is considered over R. The [i,j] entry of
the matrix A will be denoted by A[i, j] or a;;. Vector without qualification will denote
column vector, and the Hadamard product of n x k matrices A,B will be denoted by
AHB, and defined as usual by AHB([i, j] := A[i,j]-B[i,j] (1 <i<n,1<j<k). We
use in R” the usual inner product, and the corresponding norm will be denoted by |- |.
An (upper triangular) Jordan block with eigenvalue s and order j will be denoted by
J(s,j). M— A will stand for M — A1, where I is the identity matrix. A matrix having
a prescribed list of elementary divisors or eigenvalues will be called a realization of the
given list. For a background on nonnegative matrices we refer to [1], [3] and [9].

2. Doubly stochastic matrices with prescribed elementary divisors

In [[7], Theorem 2] H. Minc proved that for any positive integers ej,e3, ..., e, with
sum N — 1, and any real number o satisfying —1/(N —1) < o < 1, there exists a dou-
bly stochastic N X N matrix with elementary divisors A — 1, (A — o)?,..., (A — o).
In [[7], Theorem 3] he showed that for each N > 2 there is exactly one diagonaliz-
able doubly stochastic N x N matrix with elementary divisors A —1 and A +1/(N —
1) (N—1times). Itis

1
D(N) := m[NJN —Iy],
where Jy denotes the N x N matrix with all entries = 1 /N, and Iy isthe N X N identity
matrix. Further, he proved that, surprisingly, there is no doubly stochastic 3 x 3 matrix
with elementary divisors 2 — 1 and (A + ).

Moreover, he exhibited a doubly stochastic matrix with elementary divisors A —
1,1+ %, (A+ %)2 on [[7], p. 123], and asked what the situation is for the dimensions
N >4 and o .= —ﬁ (see also [[7], pp. 122—123] and his book [[9], pp. 190-191]).
We formulate the answer in the following

THEOREM 1. Foreach N >4, o := —ﬁ and for any positive integers e, e3,
... e with sum N — 1, there exists a doubly stochastic N X N matrix with elementary
divisors A —1,(A —a)®,...,(A — ). Moreover, if at least one e; > 1, then there
exists a family (of the cardinality of the continuum) of doubly stochastic matrices, each
with the prescribed elementary divisors, the entries of which are real affine functions of
a finite number of variables.

In the proof we shall need the following

LEMMA 1. 1. Let s€ R, and G :=J(s,j1)® ... BJ(s, jg) be the direct sum of
Jordan blocks of the indicated orders. Let K be any modification of the matrix G by
changing the entries Gr,r+ 1] equaling 1 into K[r,r+ 1] := k., where k, are arbitrary
nonzero real numbers. Let M be any modification of the matrix G by changing the
entries G[1,r+1] into M[1,r+ 1] := m,, where m, are arbitrary nonzero real numbers,
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Jor some of those values r for which G[r,r+ 1] =1 (all the other entries of G remain
unchanged). Then the matrices G,K,M are similar.

2. Let the 2q x 2q matrix L have nonzero entries outside the main diagonal at
most in the submatrix S based on rows 1,...,q and columns q+1,...,2q. Let S have
rank q, and let L[i,i| =s (i=1,2,...,2q). Then L is similar to the direct sum of q
copies of J(s,2).

Proof of the Lemma. 1. It is easy to check that any Jordan block J(s, j) and its any
modification allowed above (for K) have the same elementary divisors. The elementary
divisors of a direct sum of matrices are the collection of the elementary divisors of the
matrices. Hence G is similar to K.

Assume now that M is a fixed modification allowed above. Apply the notation
x:=s§—A, and add the penultimate row of M — A multiplied by —(M — A)[1,j; +
...+ Jg] to the first row of M — A . We have changed then (M —A)[1, ji +...+ j,] into
0,and (M —A)[L,ji+...+jg—1] into (M —A)[L,j1+...+jo—1]—(M—A)[1, i1 +
...+ jg]x. Observe that continuing in this way with the last but two row multiplied
by the new value of —(M —A)[1, /1 + ...+ jo — 1], etc. upwards, the definitions of
G and M imply that G — A is similar to (= has the same elementary divisors as) its
modification having the first row

(x VI VX V3X L Vi 1 0) (v €R)

(all the other rows of G — A [which are also rows of M — A] remaining unchanged).
Adding now appropriate multiples of the first column (x 00... O)I of G— A, we can
change the first row to (x v 0... O) , where the real number v; is nonzero exactly
when G[1,2] = 1. By the preceding paragraph, G is similar to M.

2. By assumption, L — s = 8 g , where 0 denotes zero matrix of order ¢g. It
follows that rank(L — s) = rank(S) = q and rank(L — s)?> = 0. Hence the order of the
largest Jordan block of L is 2. The rank condition shows that there are at least (hence
exactly) g blocks of order 2. [J

Proof of the Theorem. Let n:=N — 1, and let

81 :ﬁ(ll) s

a normalized eigenvector corresponding to 1 of (any) doubly stochastic matrix of or-
der N. Let S = (s1 SN) be its arbitrary complementation (by the column vectors
$2,...,5n) to a real orthogonal matrix of order N. Since 22\': 1 sksﬁC is the spectral de-
composition of the identity Iy, we have

1 N 1 N
5185 — —[s28h + ... Fsyshy] = —s18) — —Iv = —JIv — —In.
151 n[zz NSy o5 v =y =y

By Minc’s cited result [[7], Theorem 3, pp. 128—129], this matrix is the unique diag-
onalizable nonnegative N x N matrix D(N) with the elementary divisors A — 1 and
A+1/n (ntimes) (independently of the choice of ).
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Let the matrix B be the direct sum of the 1 x 1 matrix 1 plus an upper triangular
n x n matrix F with exclusively the numbers —% in the main diagonal and with the
prescribed (nonunit) elementary divisors. If A = A(S) := SBS', then the matrix A will
have the prescribed elementary divisors. Further,

!
51

1
A=SBS' = (s1 ...sy)[L®F] [ : | =s1s] —=[sosh +...+swsh]+ Y Dusjst
: n 2<j<k<N
Sv
=D(N)+ Y busisi =DN)+ Y, fisjsh-
2<j<k<N 2< j<k<N

It follows that the matrix A is nonnegative if and only if the right-hand side matrix
above is a nonnegative matrix. In our case we have trace(A) =0, which is (if A > 0)
equivalent to A[r,r] =0 (r=1,...,N). Since [D(N)|[r,r]=0 (r=1,...,N), this
means

{ Z bisjsi}r,r]=0 (r=1,...,N).

2<j<k<N
This condition is equivalent to

N fusjHs =0, (*)

2<j<k<N

where the right-hand side is the N x 1 zero matrix (column vector).

Consider now a fixed prescribed list of elementary divisors as in the statement of
the Theorem, and one corresponding (upper triangular) Jordan matrix M = {my : 2 <
i,k <N} of order n of the form

M:=J(a,er)dJ(0,e3) ... BT (aep).
Let J := {j2,...,Jjr} be the finite sequence of all subscripts satisfying
2< p<j3<...<j,<N-—-1
and Mji, jx +1] =1 (k=2,3,...,r). We shall modify some entries of the matrix M
to obtain an upper triangular matrix F = { fir: 2<i,k<N } of order n, with the same

elementary divisors and satisfying (), according to the cases distinguished below.
Consider the N X N matrix

1—-n O 0 0 . 0
11 1-n O 0 . 0
11 1 2-n O 0
V=11 1 1 3—n... 0 |,
11 1 1 1 —1

—
—_
—_
—_
—_
—_
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denote its column vectors by vi,v2,...,vy, and their normalized variants by w; :=
\t_jl (j=1,...N). The vectors v; are pairwise orthogonal, and their Hadamard products
satisfy

kaVj:Vmax[k,j] (1<k7]<N)

The vectors wy form an orthonormal basis of RY, and their Hadamard products satisfy

1

wiHw; = —_Ww
[Vimini. ]

Vmax(k,j] = maxle,] (1 <Kk, j<N).

[val[v;]

It is convenient to introduce the notation z; := \vl_| Then 0 < z; < 1, and we have
: ; :

wieHw; =zwie  (J <k).

With the help of the matrix V above form the vectors wy, and define an orthogonal
matrix S (corresponding to M) with columns s;, in the first two of the following 3
possible cases (depending on M ):

Case 1: If there is at least one e; =1 (i.e., at least one Jordan block of order 1),
then we may and shall assume that e; = 1. Then my3 = 0, and we define

Sji=wj (j=1,2,3,...,N).

Case 2: If there is no Jordan block of order 1, but there is at least one Jordan
block of order greater than 2, then we may and shall assume that precisely e; > 2,
hence my3 = m34 = 1. In Case 2 we define

S1I=W1,80 1= Wy, 83 1= Wy, 84 1= W3,8;:=w; (j=5,6,...,N).

(This is simply changing the order of w3 and wy, and its usefulness will become clear
in what follows.)

Case 3: The single remaining case is when each ¢, is equal to 2, i.e., M is the
direct sum of blocks of order 2. Hence the order of M is even, say n = 2q, and we have
my j+1 = 0 for k odd, and my x4 =1 for k even.

In Case 3 we shall define the orthogonal matrix S below.

Consider the linear homogeneous system (x) of equations for the entries fj; of
the matrix F'. We state that in each of the 3 cases above we can find (an S and) a
solution matrix F which has exactly the prescribed elementary divisors.

In Case 1 : if my ;1 = 1 for some k, then we may define f; x4 and f5 41 to be
arbitrary nonzero real numbers (note that for k > 2 we clearly have m; ;.1 =0), and
for all other entries we let f;; := m;;. The Lemma shows that the elementary divisors of
F so defined coincide with the elementary divisors of M . Further, (x) is then equivalent
to

N fij1zj+ frj1z2lwjr1 =0.
jeJ

Hence, e.g.,

fij+1: =22, frj+1:=—z; (j€J), andalltheremaining f :=0 (j# k)
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is a solution of the required type.
In Case 2 proceed similarly as in Case 1, but leave f>4 := my4 = 0. Making use of
the slight modification in the definition of the sequence {s;}, (x) is then equivalent to

(322 + fuzslwa+ Y, [fjj+12j+ foj+122)wjp1 =0,
JEJ,j>3

and one (of many) possible definition of a matrix F of the wished type is clear.
In Case 3 consider the following matrix U of order N =2g+1:

11 0 0...0 1 1 11...1
1-10 0...0 1 1 11...1
10 1 0...0—-11 11..1
10-10...0-11 11..1
10 0 1...0 O0-211..1
vu=|10 0 -1...0 0 -211...1 ,
10 0 O0...0 O 0 =31 1
10 0 O0...0 O 0 =31 1
10 0 0...-.10 O O0O... 1
10 0 0...0 O O 0O...-2g

and denote its columns by u; (k = 1,2,...,2¢+1). They are pairwise orthogonal.
Normalize them by letting s; := % , and define the orthogonal matrix S by its columns
as

S:= (sl 5 ... sN).

If je{2,3,....q+ 1}, ke {g+2,9+3,...,2¢g+ 1}, then

il =v2, |wel =v2(k—q)(k—q—1) (k<2q+1), |uzgr1|=1/(29)*+2q,
and we have
ujHuk

Hs, =
S T ]

= 8jkUj-

It is easily seen that g j; = myjk, where yjx =1 for j<k—gq, yx=0for j > k—
g+2,and yjx = —j+2 for j=k—g+1. Hence the matrix y:= (yjx: j € {2,3,...,9+
1}, ke {qg+2,9+3,...,2q+ 1}) of order g may be represented as

11 11... 1 1

11 1 1.1 1
oo lo=211. 1
r=v(q) 00 -31... 1 1

By Lemma 1, if F = {fy: j,k €{2,...,2g+ 1}} is an upper triangular real matrix
of order 2g with main diagonal consisting of 2g copies of « and such that fj; #
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0, j < k together imply that j € {2,3,...,q+1}, ke {g+2,9+3,...,2q+ 1}, and the
corresponding submatrix Fo := {fjx: j€{2,3,....q+1}, ke {g+2,9+3,...,29+
1}} of order g has rank g, then the Jordan form of F has exactly g blocks of order
2. If the orthogonal matrix S is defined as above, and F has these properties, then the
system (*) has the form

fixgjkuj = 0.
J€{2,3,..qt 1}, ke{q+2,q+3,...2q+1}

Since the vectors {u;} are pairwise orthogonal, this is equivalent to the system

Z fjk

q+2<k<2g+1

Y= Y, fagx=0 (2<j<q+1).

|“/| |ty | g+2<k<2g+1

The form of the matrix y shows that this system has an infinity of real solutions { fj}
satisfying all the requirements formulated above (in particular, det(Fp) £ 0), if g > 1.
It is instructive to see how this argument breaks down for g =1 (hence N = 3), which
is exactly the case of Minc’s counterexample cited in the first paragraph of this Section.

Indeed, if g = 1, then we should have f>3 Tl Hu3\ =0 and fr3 =det(Fp) #0, a

contradiction. If g = 2, then the corresponding system of equations is

1 1 1
+ fas =0, —f4 + f35 =
|42 s |2 |us] |3 |ug |43 |ues |

This implies det(F()) = f24f35 —f34f25 = 2f24f34|u5\/|u4\ 75 O, whenever we piCk f24 75
0,f34 #0.

For any ¢ € N\ {1} we can construct a solution in the following way. Define

S

O = fix——— (€{2,3,....q+1}, ke {q+2,9+3,...,2q +1}).

|MJH 3

Then (x) is equivalent to the system

Y eavk=0 (2<j<q+1).
q+2<k<2g+1

It follows that, e.g., the choice
$rgi2:=1, Qg3 ==L @jjig-1:=1, 9jjrq:=j—2 (j=3,4,....q+1),
(and every other ¢ := 0) satisfies the system. Hence the definition
frgi2 = wallugial,  fagis = —luallugs3l,

figva—1:=ujllujrg1l,  fijrq: =G =2)ullujrgl (j=3,4,...,q+1),

(and every other fj; := 0) yields a solution matrix F'. Indeed, we have

det(Fo) = 2(q — 1)!ual 3] .. uzgl 2411 ] > O.
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Assume now that that (in any one of the 3 possible cases) we have determined
one pair of matrices (S,F) as above, satisfying (*). Since this system of equations is
homogeneous, we have for every p € R

Z ,ijijHSk =0.

2<j<k<N

Let F(p) denote the modification of the matrix F obtained by multiplying all the
nondiagonal entries of F by the number p > 0. The elementary divisors of F(p)
are identical with those of F. In Cases 1 or 2 this is seen by applying Lemma 1,
whereas in Case 3 we see that (with evident notation) det[F(p)o] = p?det[Fy] # 0. By
choosing p sufficiently small, all the nondiagonal entries of F(p) will have moduli
less than any prescribed € > 0. By choosing ¢ sufficiently small, and defining the
matrix B(p) :=1@® F(p) of order N, we obtain that each matrix

Alp):=SB(p)S' =DN)+ 3 pfius;s,

2<j<k<N

is nonnegative, and has the prescribed elementary divisors. Finally, we show that for
any real number p the matrix A = A(p) is doubly quasistochastic, i.e. 1 is an eigen-
value of A and e := (1 1... l)t is a corresponding eigenvector for A and A". We
know that the matrix D(N) is doubly stochastic, hence

Ae; = D(N)el + 2 pfjksjsﬁcel =e1+ 2 pfjksjsﬁcel.

2<j<k<N 2<j<k<N

For each k > 2 the scalar product sﬁce 1 of orthogonal vectors is 0, thus Ae; = e; . Since
every occurring number is real, we obtain similarly that A’e; = ¢;. Hence A(p) is
doubly quasistochastic for each p. The forms of D(N) and A yield the last statement
of the theorem. [

EXAMPLE. Let N =5, and the prescribed elementary divisors be A — 1, (A +
1)2,(A+1)2. We are then in Case 3 from above, and g = 2. The matrix U is given by

11 0 1 1
1-10 1 1
U=]110 1 —-11
10 -1-11
10 0 0 —4

Normalizing the columns u; by s; := u;/|u;|, taking the Hadamard products s;H s,
and introducing the notation

b::f247 C::f257 d::f347 e::f357

we see that () is in this case equivalent to the equalities

cz—\/gb, e=+/5d.
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Note that (with the notation of the proof of the theorem)
det(Fy) =be—cd =2v5bd 0 iff  bd #0,

which we assume from now on. Forming the orthogonal matrix S as in the proof of
the theorem, and applying the notation & := 4c//10, T := 4e/+/10, we see that each
matrix of the form

0 1 1+40l+01—-20
1 1 0 l-ol—-0l1+20
A=A(o,7)=-|1+7l1+7 O 1 1-27|, (o7 #£0)
l-7tl1—-7 1 0 1427
1 1 1 1 0

is doubly quasistochastic and has the prescribed elementary divisors. If 0 < |o|,|7|
are sufficiently small, then A(o,7) is also nonnegative, hence doubly stochastic. In
particular, the choice 0 =7 =2/5 yields the doubly stochastic matrix

05771

L |50339
A(2/5.2/5)= 35| 77051
33509

55550

with the prescribed elementary divisors.

3. No nonnegative matrix with the given elementary divisors

In [[8], Theorem 1] H. Minc proved that for every positive diagonalizable matrix
there is a positive matrix with the same spectrum [ = spectral list, allowing for algebraic
multiplicities] but with arbitrarily prescribed elementary divisors, subject to the condi-
tion that elementary divisors corresponding to nonreal eigenvalues occur in conjugate
pairs.

In his paper [[8], p. 665] and book [[9], p. 188] Minc posed the similar question
on the nonnegative inverse elementary divisor problem: ”whether for every nonnegative
diagonalizable matrix there exists a nonnegative matrix with the same spectral list but
with arbitrarily prescribed elementary divisors, subject to the condition that elementary
divisors corresponding to nonreal eigenvalues occur in conjugate pairs. In the case
of the doubly stochastic matrices, the answer to this problem is in the negative” [in
the sense that there may not exist any doubly stochastic matrix with the prescribed
elementary divisors as he showed by his Example 3.1 in [[9], pp. 188—189]]. We show
that the answer to Minc’s problem is in the negative in the following precise sense:

THEOREM 2. There exist a diagonalizable doubly stochastic matrix M and a pre-
scribed list of elementary divisors (subject to the condition above) with the same spec-
tral list as that of M such that there is no nonnegative matrix with the prescribed list of
elementary divisors.
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Proof. Consider the following doubly stochastic matrix

0100
1000
0001
0010

It is clearly diagonalizable, and has the spectral list L = (1,1,—1,—1) (with linear
elementary divisors). Any nonnegative matrix with the given spectral list cannot be
irreducible, and is cogredient (= permutationally similar) to its reducible normal form.
The trace condition evidently shows that it is a nonnegative matrix N of the block

structure
A0
N_(BC)

Here every block is a 2 x 2 submatrix, and A and C are irreducible, each with the
spectral list (1,—1), hence with the elementary divisors A —1 and A +1. If B=0,
then the matrix N has the 4 linear elementary divisors. If B # 0, we can apply a result
of Rothblum [10] (cf. also [[1], Chapter 2, (3.28), p. 45]) implying that the elementary
divisors of N then necessarily include (A —1)>. Whichever the case for B, it follows
that the list

A—1A—1,(A+1)?

cannot be the list of the elementary divisors of any matrix N, which proves the theo-
rem. [J

REMARK. If we want to avoid invoking Rothblum’s result, it can be shown that
the (nonnegative) entries of any N are as follows:

N=N(b,fx.y.mz) = bf > 0.

Thus it is possible to determine directly the cases of the distinct elementary divisor lists.
It will turn out that each list distinct from that given above can be the list of a suitable
nonnegative matrix N.

4. No nonnegative diagonalizable matrix with the given spectrum

Recall that in his book [[9], p. 188] H. Minc posed the following question on a
variant of the nonnegative inverse elementary divisor problem: whether for every non-
negative (or even positive) matrix there exists a diagonalizable nonnegative (positive)
matrix with the same spectrum. Before we answer this question, it may be interest-
ing to note that an ingenious result of Johnson, Laffey and Loewy [5] and its proof on
nonnegative realizations of nonzero lists can be slightly modified to yield the following
result for the positive case.
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THEOREM 3. If A is a positive matrix of order m and of rank r, then there is a
positive integer g < r* and a positive matrix A, of order q having the same nonzero
spectrum (i.e. list of nonzero eigenvalues counting algebraic multiplicities) as A (in
signs: A1 ~ A), and having rank not greater than r.

Proof. We can clearly assume > < m. Since A has rank r, there are r x m real
matrices B,C with columns as follows:

B:(bl...bm), C:(cl...cm)

satisfying A = B'C. We have then A ~ CB' = ¥ | ¢;b%, and the dyads ¢;b! are in
the 2 -dimensional vector space of r x r real matrices. Applying a classical result of
Caratheodory’s (see also [5] ), there are nonnegative numbers di,...,dy,...,d,> such
that

2
,
CB' =Y, djci;b},.
j=1

We may and shall assume that exactly the first ¢ < r> numbers d ; are positive, hence
the upper boundary of the summation can and will be ¢g. Let now

B, := (b,‘l b, ... b,'q) , Cp:= (C,‘l Ciy -+ C,'q) , D:= diag(dl,... ,dq),
i.e., D be the diagonal matrix of order ¢ with the indicated main diagonal. Then
CB' =C|DB| ~ BiC|D =: A;.

The matrix A; is of order ¢, and its entry (j,k) is dkbi-jc,-k. Since di > 0, and the
product of the last two factors is the entry (ij,ix) of the positive matrix A, the matrix
A is positive, and we clearly have A; ~ A. The last assertion follows simply from the
size of, say, C;. U

COROLLARY. Assume that the list L € C" is the nonzero spectrum of a nonnega-
tive (or positive) matrix. Then there is a nonnegative (or positive, respectively) matrix
A with nonzero spectrum L and with o copies of zeros in the spectrum, where the
number o, satisfies

o <n(n—1)+d(d+2n).

Here d denotes the dimension of the quotient G/K, where G,K denote the subspaces
of all generalized and proper eigenvectors of A corresponding to the eigenvalue 0,
respectively. Equivalently, d = o —Y, where Y is the geometric (and o is the algebraic)
multiplicity of 0 in the spectrum of A.

Proof. Consider the family of nonnegative (positive) matrices with nonzero spec-
trum L. It contains a matrix A of the least order m. Let r denote the rank of A. [5] or
Theorem 3 above shows that then m < 2.

Considering the Jordan form of A, we see that r =n+ o — y. Hence

a+n=m<r*=n+a—y)*=n+d)>
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Reordering we obtain
a<n’—n+2dn+d>,

i.e. the stated inequality. [

The following result (with the help and with the notation of the Corollary above)
answers Minc’s problem at the beginning of this Section in the negative.

THEOREM 4. Let D € Ng. There is a positive matrix P (with diagonalizable
Jordan direct summand corresponding to the nonzero eigenvalues) such that there is no
nonnegative matrix N with the same nonzero spectrum and having the dimension

d(N) := dim[G(N)/K(N)] < D.

Proof. Let 0 < & < /2, and consider the list L(¢) := {V/2,i,—i,€}. From results
by Johnson [[4], Theorem 4] and by Loewy and London [6] (cf. also [[2], pp. 310—
314]), it follows that for every such € there is a positive matrix P(g) whose nonzero
spectrum is the list L(€), and also that the minimal size s(€) among such nonnegative
matrices satisfies the inequality
S(g) > 8_2
Note that for each P(¢) (with the notation of the above Corollary) we have n =4. Any
nonnegative matrix N with the same nonzero spectrum and satisfying d(N) < D has at
most rank r =n+ D. By the Corollary, there is such a nonnegative matrix N of size
< (4+D)?. However, if € > 0 is so small that

2
= > (4+D)?,

there cannot exist such a nonnegative matrix. The case D = 0 yields the negative answer
to Minc’s question above. [

Acknowledgement. The author is indebted to a referee for his/her careful reading
of the manuscript.
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