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CHERNOFF’S THEOREM FOR BACKWARD PROPAGATORS
AND APPLICATIONS TO DIFFUSIONS ON MANIFOLDS

EVELINA SHAMAROVA

Abstract. The classical Chernoft’s theorem is a statement about discrete-time approximations of
semigroups, where the approximations are consturcted as products of time-dependent contrac-
tion operators strongly differentiable at zero. We generalize the version of Chernoff’s theorem
for semigroups proved in [3] (see also [4] and [5]), and obtain a theorem about discrete-time
approximations of backward propagators.

1. Introduction

Let E be a Banach space, and let .Z(E) denote the space of all bounded operators
E — E. Let U(s,t) be a backward propagator on E possessing the left generator A, .
For convenience, we give definitions of backward propagators and their left generators
(see [1]). A two-parameter family of operators {U(s,) € Z(E) : 0< S<s<r<T}
is called a backward propagator on E if

U(s,t) =U(s,t)U(7,1), (1)

forall s, 7, ¢ suchthat S <s <7 <r<T. Theoperator A; on E, 0 <t < T, defined
as

U(t—h,t)x—
A = lim LU X
hl0 h

with the domain D(A;) consisting of those x € E for which the above limit exists, is
called the left generator of the backward propagator U (s,7).

Analogously, we can introduce the concept of the right generator of a backward
propagator (see [1]): the operator A;” on E, 0 <t < T, defined as

Atz = fim LT Rx =X
h]0 h
with the domain D(A;") consisting of those x € E for which the above limit exists, is
called the right generator of the backward propagator U (s,1).
Let Q;;, 0<S<s <t <T,beatwo-parameter family of contraction operators on
E, whose left derivatives at s =t equal to A;. The discrete-time approximations of the
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backward propagator U (s,t) are constructed as products of Onpp» s<t <t <t. Note
that we could equivalently use right generators of the backward propagator and right
derivatives of Qy, at t = s. The theorem will also work in the situation with (forward)
propagators and the two-parameter family of contractions Q; ; parametrized by times ¢
and s suchthat T >t > s > S > 0. We prove our main result for backward propagators
because in the application to diffusions on manifolds (Section 3) backward propagators
will be associated to transition probability functions. Specifically, we consider the situ-
ation when the backward propagator is represented by a transition probability function
of a time-inhomogeneous diffusion on a compact Riemannian manifold, the contrac-
tion operators are integral operators with probabilistic kernels, the left generators are
second-order differential operators on the manifold, and the discrete-time approxima-
tions are distributions of diffusion processes in the surrounding Euclidean space. We
then obtain the approximation of the distribution on the manifold by distributions in the
Euclidean space.

Compared to the situation considered in [7], the stochastic processes under con-
sideration are non-homogeneous. In particular, the coefficients of the second-order
differential operator representing the generator of the manifold-valued diffusion are
time-dependent. Therefore, in the current paper we consider a more general situation
compared to [3], [4], [5], and [7] for both Chernoff’s theorem and its applications to
diffusions on manifolds.

2. Chernoff’s theorem for backward propagators

THEOREM 1. (Chernoff’s theorem for backward propagators) Let U(s,t), 0 < S <
s <t <T, be a backward propagator with the left generators A;, and let Qy ,,
S< <t <T, be a two-parameter family of contractions E — E. We assume that
the following assumptions are fulfilled:

1) The subset Mic(s)D(A;) is dense in E.

2) There exists a dense in E Banach space Y such that Y C ﬁ;e[s,T]D(At) and
U(s,0)Y CY forall s,;t €[S,T], s <t, and, moreover, so that there exists a
constant 'y > 0 such that the norm in Y satisfies the inequality ||x||y = y[||x||z +

SUPzels,T] [Azx]].

3) Forevery x€Y andt € [S,T), the function [S,t] =Y, ©— U(7,t)x is continu-
ous.

4) Forevery x €Y, the function [S,T] — E, t — Ax is continuous.
5) Forall x €Y there exists the uniform in t limit

. Qt—h,tx —X
lim ——

= A;x.
110 h o
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Then, for any subinterval [s,t] C [S,T], for any sequence of partitions {s =1ty < t; <
-+ <ty =t} such that max |tj —tj_1| — 0 as n — oo, and forall x € E,

Qthtl ...Qt’lil’tnxﬁU(S,t).X} n — oo,
Proof. Fix an x € Y. First consider the case s > S. Using relation (1), we obtain:

Oty Oty - byt — U(s,t)

n

- 2 Qto,tl ---Qtj,z,t_,-,l (Qt_,-,l,tj - U(tj—lytj))U(tj;t)~ (2)

Let 6, = max;(t; —t;—1), j > 1, be the mesh of the partition {s =1 <1; <--- <1, =
t}. Relation (2) implies:

[1(Qr0.1 Oty y -+ Oty — U(s,1))x]|e
d =1 U(tiZq,t)—1

< 3 (Bt B
j=1 ¢

tji—1j1 l"—lj',l

<(t—s) sup{H(QT L U(T_Z’T)_I>U(T7t)x

<(t—s) sup{H(QT hie —A )U( )xE

+(r—s) sup{H (%ﬂ_l —AT>U(T,t)x

€ (s,i],he (o,sn)}
1T € (s,1],h € (O,5n)} (3)

E

(T E (s,2],h € (075,,)}. “4)

E

Note that for every x €Y,
U(t—h,7)—-1
(LN 5)

converges to zero uniformly in 7 € [s,7]. Indeed, by Assumption 4, one can find a 0 €

(0,1) such that W =A_gpx. Since the function [s,7] — E, T+ Azx is contin-

uous by assumption, it is also uniformly continuous which implies the uniform conver-

Conel g o UEh)l 4

gence in (5). Let B;_j, ; denote one of the operators or
We know that for every x € Y, B;_j rx converges to zero uniformly in 7 € [s,7]. We
would like to prove that B;_j, ;U (7,t)x also converges to zero uniformly in 7 € [s,7].
By the continuity of the map [s,7] — Y, T+ U(7,t)y, the set {U(7,t)x, T € [s,t]} isa
compact in Y. Let us consider now B;_j ; as an operator from Y to the Banach space
& of continuous functions [s,7] — E with the norm sup (|| fz||lz. By the Banach-
Steinhaus theorem the norms ||B;_j ¢|| #(v,¢) are bounded. This implies the uniform in
T € [s,1] convergence to zero of B;_j ;U(7,t)x, and therefore the convergence to zero
of terms (3) and (4).

Thus, we have proved that Qs ... Oy, ;X — U(s,t)x as n — oo for each x €
Y where Y is dense in E. Since the operators Qy s, ... O, , 1, are contractions, the
convergence Qs s, ... 0O, ,,* — U(s,1)x holds for all x € E by the Banach-Steinhaus
theorem. We proved the theorem for the case s > S.
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Let us consider the case s =S. Fix an x € Y. Let sy > s be a decreasing sequence
of real numbers such that limy_.. sy = s. Consider a partition Py = {sy <t; <--- <
ty =1t} of [sn,t]. We have:

||Q-V7SNQSNJI e Qtnflvtnx - U(S’t>x||f(E)

< Qssn (Qsy oty -+ Oty = U sns 1)) Ly + [1(Qs.sy = U (s,58)U (s )xel| () -
(6)

Let us prove that as N — co, (Qy5y — U(s,5n5))U (sn,¢)x — 0. We have:

(QS,SN - U(S7SN))U(SNat)x = (Qst(sts),.\'N _I)U(SN7Z)X
—(U(sny—(sv—s),s8) = 1) U(sn,t)x. (7)

We have proved that for every x € Y, B;_; :U(7,t)x converges to zero uniformly in
T € [s,¢]. This implies that the both summands in (7) converge to zero as N — oo.
Further note that as the mesh of &y tends to zero,

QSN,II -"Qtn,l,tnx_U(sN7t)x—>Oa (8)

since we can repeat the argument that leads to estimates (3) and (4). To make our
argument precise, we define U(t —h,7) =U(s,7) and Q;_pr = Q(s,7) if T—h <s.
Next, since Qs gy is a contraction, we conclude that the first summand in (6) converges
to zero as the mesh |Zy| goes to zero. Thus for any x € Y, the left-hand side of (6)
converges to zero. By the Banach-Steinhaus theorem it converges to zero for all x € E.
The theorem is proved. [J

COROLLARY 1. (The case of commuting generators) Let A; be a stable (see [2])
family of pairwise commuting generators of strongly continuous semigroups, and let
Onpn» t,t >0, be a two-parameter family of contraction operators E — E, such
that Assumptions 1-5 of Theorem 1 are fulfilled. Then, for any subinterval |[s,t] C
[S,T], for any sequence of partitions {s =1ty <t} < --- <t, =t} of [s,t] such that
max (tj41 —t;) — 0 as n — oo, and for all x € E,

't
cApdr
QtO:tl e Qtn717tn.x — E'A "X, n-— oo,

For the proof of Corollary 1 we will need Proposition 1 below (see [2], p.489 for de-
tails).

PROPOSITION 1. Let {A;} be a stable family of pairwise commuting genera-
tors of strongly continuous semigroups. Let us assume that there exists a space Y C
Nyels,r)D(A:) which is dense in E, and let for all y € Y, the mapping [S,T] — E,t
Asy be continuous. Then, ([l A.dr,Y) is closable and its closure (which we still denote
by |. f A,dr) is a generator. Moreover, the backward propagator with the left generator
A; takes the form:
U(s,t) = eliArdr,

Proof of Corollary 1. Proposition 1 and Theorem 1 imply Corollary 1. [
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3. Application to diffusions on manifolds

Let M be a d -dimensional compact Riemannian manifold isometrically embedded
into a Euclidean space R”. Further let o(¢) be a nongenerate matrix in R” . We assume
that the map [S,T] — GL(m), t — o(¢) is continuously differentiable, where GL(m)
denotes the space or real nongenerate matrices m x m. Consider the transition density
function

2
deto(r) . ( }O'(Z)y— O-(S)X|Rm>
—— m Xp| — .
Qr—s)E T 20—

One can easily verify that the non-homogeneous Markov process associated to (9) is
X+ O'(t)’IW, , Where W, is an R -valued Brownian motion.

p(s,x,1,y) = )

3.1. A short time asymptotic of a Gaussian-type integral operator

In this paragraph we obtain a short time asymptotic for the intergral of the form

1 e . .

o Jug(z)e” 2 Ay(dz), where Ay is the volume measure on M. Unlike the short

t(ime asymptotic of the same integral obtained in [3], we compute the coefficient at ¢

precisely. In [3], the authors do not obtain the precise expression for this coefficient.
Let scaly, denote the scalar curvature, and Ay, denote the Laplace-Beltrami oper-

atoron M.

PROPOSITION 2. Let g € C? (M). Then, there exist a constant K, a time 1y, and a
Sfunction R : [0,t0] x M — R satisfying |R(t,y)| < Kt? forall y e M and forall t € [0,1)]
such that

,“2

1 _ t
Tl B Au(de) =50) = 5mel)

1 1
e <6sca1(y) =Bt |- =P )z+tR(t ) (10)
Sforall y e M and for all t € [0,1].

Proof. Let 1 be the isometrical embedding of M into R™. It is well known that
l1(z) —1(y)|? = d(y,2)* + @(v,z), where d is a geodesic distance in M, and ¢(y,z) =
0(d(y,z)*). Let Uy C M be a neighborhood of y, U be a neighborhood of zero. Let
Y, : U — U, be the diffeomorphism providing the normal coordinates in Uy, f,(x) =
O, wy(x)), hy(x) = /detg;;(x) g(wy(x)) where g;; is the metric tensor. We have:

22400z pef2-+-fy (x)
e g(@mtaz) = Je T st = [ o

Uy

By results of [3], there exist a function R(¢, -) and a constant K such that

1 IR t t N
(m);’/ye 2y (x)dx = 1y (0) + £ Ay (0) — <= Iy (0)AA£,(0) +1R(1,x), (1)
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and |R(z, -)| < Kt'/?. By arguments of [3], the neighborhood U C R¥ and the constant
K can be chosen the same for all y € M. Note that hy,(0) = g(y). Next, it was obtained
in [3] that Ahy(0) = —Apu(y) — S u(y)scal(y). Let us compute AAf,(0). Note that
AAd(y, wy(x))* = AA|x|* = 0. Hence,

AA(0) = AA(Jro iy (x) —1(3)*) limo = AnrAur | - =y .

Substitute the expressions for Ahy,(0) and AAf,(0) into (11). Next, we need to estimate
1
a
(2me)2
form Uy ={z€ M :|z—y| < &} where &, can be choosen bounded away from zero
(see [3]), say, by €. Let o > 0 be small enough so that

Y
I, 8(2)e” S Au(dz). Neighborhoods Uy, can be choosen of the

the integral

==y 1

1 _
/M\Uyg(z)e " Auldz) < (2mt)

(Znt)%

&2
s [ Je@na) < ()
2 M

for t < tp. Estimate (12) and the choice of the function R imply (10) with R(z,y)
satisfying |R(z,y)| < K1'/?, where the constant K does not depend on y. [J

COROLLARY 2. Let g € C>(M). Then, there exist a constant K, a time ty, and a
function R :[0,10) x M — R satisfying |R(t,x)| < Ki? forall xe M andforall t € [0,1]
such that for all x € M, and for all t € [0, 1),

2
fMg(y)e“L?'_‘lM(dy)
=2

Jue 7 Au(dy)

—g(x)— %AMg(x) F1R(1,%).

Proof. The statement of the corollary easily follows from Proposition 1 applied to
the functions g(y) and g(y) =1 respectively. O

3.2. A special case of Chernoff’s theorem

Consider the integral operator C(M) — C(M):

o = Jup(T—hx7.y)f(y)Am(dy)
(QT—hﬂ.’f)( ) - fMp(T — h,x, T,y>)aM(dy) . (13)

After introducing the notation

I (y)p(f—h,x,f,y)
M(t—h,x,1,y) = i
P ) = bt o) A ()

we can write (13) in the form:

(Qenah)) = [ p(x=hx 730 ()b (). (14)
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Consider the operator product:

(QloJl Qll EOREE an—l Jnf) (x)
=/ PM(IOax;tlyxl))LM(dxl)/ PM(t1,x1,12,%2) Apa (dxa)
M M

N /M DM (1 Xt st f o) g (). (15)

THEOREM 2. Let the operator Qr_j r : C(M) — C(M) be defined by (14). Then,
as the mesh of & tends to zero, the operator product defined by (15) converges at every
point f € C(M) with respect to the norm of C(M) to the backward propagator U (s,t)
whose left generator is given by

(Acf)(x) = = % Au, fi(0()x) + (Vg /i (0 (1)x), 0" (1)) pen, (16)

where M, = o(t)M, f, = foo(t)™', xe M.

Proof. Let us first show that the operators A; generate a non-homogeneous dif-

fusion on M. Note that M; is also isometrically embedded into R”. The isometric
embedding 1 defines a metric tensor g;;(f,x) = X %%(x) on My, and the Levi-
Civita connection [}, (¢, -) of the metric §;;(z, ). Let f € C*(M) and ¥ = o(r)x € M, .

Further let {%;} be local coordinates in a neighborhood U of X. We have:

2
(A ) = (0,9 5T (3) — (1, T 1.5) 22

Lo+ 2 (o)

l

where (0/(¢)x) are the coordinates, with respect to the basis %, of the projection of
the vector ¢”(t)x onto the tangent space T;(M;). The matrix ()~ can be regarded
as a change of coordinates in U. Let {x;} = o(t)~!{%} be the new coordinates in U
due to this change. Further let g(¢,-) and Fi-‘,»(t, -) denote the metric tensor and the
Levi-Civita connection written in the coordinates {x;}. Note that {x;} are also local
coordinates in the neighborhood o (¢)~!U C M of the point x € M. Also, g"/ and Ff-‘j
can be ragarded as the metric tensor and the Levi-Civita connection on M. Taking into
account this, we obtain the following connection between g’/ and g%/, Fk and Fk

L5(1,3) = of (1) (0™ )] (1) (0™ ) (1) T g (1,).

Moreover, %(i) = azf,(x)(a’l)’-‘(a’l) and af’ L(%) = (%1( )(o~ ). This im-
plies that
af

(3) = 80 0)Th (1,0 S5 (0 + 52 (o007 (17)

(A f)(x) = g™ (2,x)
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where (0’ (¢)x)? are the coordinates, with respect to the basis % , of the projection of
the vector 6”(z)x onto the tangent space T,(M). The existence of a unique diffusion on
(M ,8ij(t, )) generated by the time-inhomogeneous differential operator on the right-
hand side of (17) is known (see, for example, [6]). Therefore the operator A; defined
by (16) generates a diffusion on M.

Let us show that Assumptions 1-5 of Theorem 1 are fulfilled. Note that all the
generators A; have the same domain C?(M). Therefore, the space ¥ can be taken to
be the common domain C?(M). The norm in Y is the following: ||x[|y = [[x[|c(m) +
supzes,r) [Aexllc) - Let f € C%(M), and let u(s,x) be the solution to the following
final value problem on C(M):

{%@wz—mw»w as)

limgy u(s,x) = f(x).

Further let P(s,x,7,A) be the transition probability function of the diffusion generated
by A;. Then, the backward propagator U (s,#) can be expressed via P(s,x,7,A):

Sy P(s,x,t,dy) f(y), s <t,
U0 =42 7

fx), s=t.
Moreover, u(s,x) = (U(s,t)f)(x) (see [1]). Clearly, u(s,-) € C*>(M), and therefore
Assumption 2 is fulfilled. Next, it is known that u € C*!(M x [S,#]), which implies
that the map [S,7] — C>(M), s — u(s, -) is continuous. Therefore, Assumption 3 of

Theorem 1 is also fulfilled. Assumption 4 is implied by (17) and the compactness of
M.

Let us show now that Assumption 5 is fulfilled. Let y; = 6(¢)y, x; = o(s)x. Then

p(s,x,t,y) = detO'(t)q(t _Saxs‘;yl)

where ¢(7,x,y) is the Gaussian density with respect to the Lebesgue measure on R™.
It is easy to verify that

/p(s,x,t’y)f(y)/lM(dy)=det0(t)/ q(t —s,%5,¢) fr () Aag, (dyr). - (19)
M M;

—lxr—x,_g ‘ngm
Using this formula and canceling the multiplier e 25 in the numerator and the

denominator of the fraction below we obtain:

[Pl = 85,0 0)F0)ar(dy) [ 9(8.3.3)e” 0 O 3, g )
M _ M

fp(t_67x7t7y))t’M(dy) B fq(saxt7yt)e_(yl_xt7Gl(t_ea)x)leM/(dyt)
M M;

(20)
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Multiplying the numerator and the denominator by [y, q(8,x:,y:)An, (dy:), and then
applying Corollary 2, we continue (20):

/M PM (e = 8,x,0,9) F(3) A (dy)

— 38y () + (Vi fi (), 0 (1 = 08)x)pn — f(X)R(1,8) + R(1,8)
t

1— % Ay e~ 0=, 0" (1=08)x)m +8R(1,8)

— f(x)+6

4 }J’t =X;

where 6 € (0,1) is the number satisfying o(¢)x— o(r — §)x =8 6'(t — 65)x, and the
functions R(¢,8) and R(¢,8) are the higher-order terms that appear in the numerator
and the denominator of (20) after applying Corollary 2. The term (Vy, f; (x/), o' (¢t —
00)x)rm appears after computing

VM e—(y, —Xt, c’(t—@S)x)Rm

t

—PI'T)'CI (M;) OJ(t — 95)x

V=Xt

where Prz, (y,) denotes the projection onto the tangent space T, (M;) . Due to the con-
tinuity of the map ¢ — o'(t)x, o'(t — 08)x converges to ¢'(¢)x uniformly in ¢ as
§ 0. Also,as § —0, & AMIe—(yt—Xlaff’(t—(?(S)")Rm’ converges to zero uniformly

in ¢ by boundedness of the second multiplier. Therév:tforte, to show that Assumption 5
is fulfilled we have to prove that R(5,7) and R(¢,8) tend to zero uniformly in ¢ as
8 — 0. We prove it for the function R(¢,8). In the proof of Proposition 2 we con-
sidered the neighborhoods Uy = {z € M, |z —y| < &} where the normal coordinates
can be introduced. Moreover €, is bounded away from zero by € as y € M varies.
Let Uy, = o(t)U,, where y; = o(t)y, and U; = o(¢)U . Clearly, the exponential map
exp : Uy — U,, is well-defined, and therefore we can introduce normal coordinates in
Uy, . Let €, =inf{|z—y:|,z € Uy, }. Due to the continuity of the map 7 — o (¢), &, are
bounded away from zero, say, by €, as 7 runs over [S,T] and y runs over M, i.e. when
ye runs over Ugc(s 71Mr . This and estimate (12) imply that

1 2=y [?
et o, O Al <2

Next, we have to analyze the higher-order term in every neighborhood U; = exp~! Uy,.
We use the estimate of this term obtained in [3] (Lemma 2). All multipliers in the
function estimating the higher-order term as well as the integral over R\ U, are con-
tinuous in ¢ € [S,T]. This proves that R(z,8) is bounded by K 52 where K does not
depend on 7. Now the statement of the theorem follows from Theorem 1. [

3.3. Surface measure generated by an M -valued non-homogeneous diffusion

Let us discuss now a probabilistic interpretation of Theorem 2. Let W, & € [7 —
h, 7], be an R™-valued Brownian motion starting at 0, and let W% be the distribution
of the process x + O'(é)_IW§ . Further let U(M) denote the €-neighborhood of M,
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and g : C([t—h,7],R™) — R be a Borel measurable function. The right-hand side of
the equality

my s g )W (dw
/ §(©) W +(dw) — fc([fh,f],&,z {w.'w(f)EUg(M)}g( )W (dw)
C([t—h,7],R™) *{o:o(t) eUs(M)}

defines a probability distribution W¢ .. Clearly, W% ; is supported on C([7 —k, 7],R™).
The diffusion associated with WY _ is a time-inhomogeneous Markov process that starts
at x € M attime 7 — h, and is conditioned to come to the neighborhood U (M) attime
7. The transition probability function P;_j ¢(x, -) defined via W§ ,,i.e. Pr_j¢(x,A) =
Wi (0 : o(7) € A), possesses the density

p (T_h x.T y) — HUS(M)(Y)P(T—h,x,T,y)
€ sy by er(M)p(T—h,x,r’y)dy'

As ¢ tends to zero, pe(T — h,x,T,y)dy converges weakly relative to the family of
bounded continuous functions to p™ (7 — h,x,7,y) Ay(dy). The latter function defines
a probability distribution on the algebra of cylindric subsets of C([7 — &, 7],R™). The
Markov process associated to this probability distribution starts at x € M at time 7 —h,
and is conditioned to return to M at time 7. Consider a partition & = {s =ty <
t) <--- <t, =t} of an interval [s,¢] C [S,T], and think of a Markov process X;” that
starts at x € M at time s and is conditioned to return to M at all times t; € &2. Let
iy <r<t<t. If T=1 then the transition probability function P (r,z,7,-) of
X,ﬁa, considered as a measure, is concentrated on M and pM (r,z,t;,y) is its density
with respect to the measure Ay;. Moreover, the latter holds also if z;_; <r. If T <1
then P? (r,z,7, -) is a distribution on the enveloping space R". The conditional prob-
ability argument implies that P? (r,z,, ) has the density with respect to the Lebesgue
measure on R":

p(r,Z,T,y) fMp(T’yatirf))‘M(d‘i) )

7(
fMp(r,Z,l‘i, f)ﬂM(df)

p” (rnz,T,y) = (21)

Now let t; | <r<t; <tj_| <7 <tj. In this case the density of P? (z,r,T, -) with
respect to the Lebesgue measure on R™ is given by

py(nzﬂ'ay):/MPM(nZJi»xi))LM(dxi)/MPM(ti,xiatiJrl7xi+l))LM(dxi+l)

7

~~~/MPM(tjf%xjfbtjfl7xj71)P](tjflvxjfl»T7y))LM(dxjfl)~ (22)

COROLLARY 3. As the mesh of & tends to zero, the finite-dimensional distribu-
tions of the process X,‘y converge weakly to the finite-dimensional distributions of the
M -valued diffusion X, genarated by A;.

REMARK 1. The disribution of the process X; van be regarded as a surface mea-
sure on C([S,T],M) while the distributions of the processes X,” can be regarded as
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“volume” measures on C([S,T],R™). These “volume” measures are concentrated on
certain neigborhoods of C([S,T],M) which can be associated with “¢-layers”, Cor-
rolary 3 states the convergence of the distributions of X,;” (“volume” measures) to a
surface measure on C([S,T],M), where the latter is the distribution of the diffusion X;
generated by A;.

Proof. We have to prove that for any partition s < 7] < --- < T; < ¢ and for any
bounded continuous function f : R¥ — R,

Elf(X,... X )] = E[f(Xr,....Xs)] as|2|—0.
First we consider only those partitions &2 that contain all the points 7;, 1 <i < k. Pick

up two subsequent points 7; and 7,4 . Let f; € &2 and t,, € & be such that f; = 7; and
tm = Tit1- Then,

py(TivsziJrhy):/MPM(ThZJHl»xl+1))LM(dxl+l)
M M
/MP (tm—2axm—2atm—laxm—l)p (tm—laxm—laTi+lay))LM(dxm—l)~ (23)

Now let f € C(M*), and let P(s,x,t,A) be the transition probability function of the
process X; on M generated by A;. We have:

/Mpgz(&xvfhxl))LM(dxl)u~/Mpgz(fk—lvxk—lvTk»xk)f(xh~~~»xk))LM(dxk)

—/MP(s,x7‘L'17dx1)...></MP(‘L'k_l,xk_l,Tk7dxk)f(x1,...,xk)
k71 2 7
= 2/Mp"z(s,x,‘chxl))w(dxl).../Mp‘](‘c,-,hxi,l,Ti,xi)/lM(dx,-)
i=1

{/Mpy(fz‘,xi,Ti+1,xi+1)/1M(dxz'+1)—P(Ti,xz',fi+1,dxz'+1)}
/MP(Ti+1axi+1;Ti+27dxi+2)~~~/MP(kalaxkflaTkadxk)f(xla~~~7xk))LM(dxk)~ (24)

Each term of this sum converges to zero as the mesh |£?| goes to zero. Indeed, for
every i, 1 <i <k, for every function g € C(M‘“), the difference

/M(Py(fi,fi,Ti+17xi+1)/1M(dxi+1) - /MP(Ti,fi,Ti+17dxi+1))g(xl7~~~,xi+1) (25)

converges to zero. This follows from Theorem 2. Indeed, the second term in (25) is
the backward propagator with the left generator A;, and the first term is the operator
product (15). The convergence in (25) holds in C(M*!) by the argument of Theorem
2. The latter argument has to be applied to operators C(M'T!) — C(M**!) and with
respect to the norm of C(M*!) instead of C(M), as in Theorem 2, which, however,
leaves the proof of Theorem 2 without changes.
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Now let us assume that an infinite number of partitions &7 with the meshes de-
creasing to zero do not include some of the points 7;. Then, instead of formula (23)
for p? we have to use formula (22). We would like to reduce this case to the previous
one, i.e. when all the points 7; are always among the partition points of &?. For this
purpose we have to analyze the expression:

Rmpfﬂ(tiaxiaT7y)dyA4pM(Tayaxi+l7ti+l)f(z7y7xi+l))‘M(dxi+l>7 (26)

where the variable x;1; comes from the subsequent integrals as the result of their re-
placement with the backward propagator. The variables z and y come from the original
integrand function, 7 is one of the points 7;, 1 < i < k, and the partition points # and
t;+1 are choosen such that #; < 7 <t;,;. We would like to show that as #;,¢;11 — 7, the
difference between (26) and [, pM (ti,Xi,ti1,Xi+1) f(2,Xi, Xip1) Am (dxiy1) converges to
zero. By the Banach-Steinhaus theorem, it suffices to prove this when f is continuously
differentiable with respect to y. Applying formula (21) we observe that (26) equals to

me dyp(ti7xi7 Tay) fMp(T’yatH-laxH—l)f(Z7y7xi+l))‘M(dxi+1)
S P xistivr, Xi1) Ay (dXigr)

Applying formula (19), for the numerator of (27) we obtain:

27)

/ngrCI(T_ti,xtmyr)/MCI(tiH _Tvy‘t'7xti+l)ff7ti+l(Z7y7.'7xti+1)A'M,I.Jrl(dxfprl) (28)

lit1

Where fT,ti+1 (Z7 KR ) = f(Z7 G(T)_l(. )7 G(ti+1)_1( : )) ’ xt,' = G(Ii)xi’ Y= O-(T)y9 xti+l =
O (ti+1)Xi+1. Also, in (28) we omitted the multiplier deto (#;11) which will be taken into
consideration later again. Application of Taylor’s formula to fr, (2, -,X;,,) at point
Xz, gives:

fT,l,'H (Z,YT,Xr,-H ) = f‘L’J,‘H (Zaxti 7~xl,'+1 ) + a2f‘L'J,'+1 (Zap(xliayf) 7~xl,'+1 )(yT - xli) (29)

where p(x;,yz) is a point on the segment [x,,y7| and ¢, means partial differentiation
with respect to the second argument. If we substitute the first summand of (29) into
(28) as an integrand, we obtain:

/M q(tiv1— Liy Xty » Xy )fTJi+1 (Z7'xfi’xli+l ))‘Mr,-ﬂ (dxli+1 )-
lit1

Further, this substitution brings (27) to
AlpM(ti,Xi,ti+1,Xi+1)f(Z,G(T)_lG(fi)xi’xi+1)/1M(dxi+1)~

The latter converges to [, M (t,xi,tiv 1, %0 1) £(2,%i,%i01) Am(dx; 1) . Thus, we have
to prove that

detG(li+1)
fMP(fi,xi;fiH axi+1))LM(dxi+l) Rm

dyr q(T —t;,X;,y1) (30)

X /M ‘l(tiJrl — T, V1, X, ) a2fr.,t,~+1 (Z7P(xt,-»yr)»xti+1 )(yr —xt,-)lM/Hl(dxtiH)

Tit1
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converges to zero as t,ti+1 — T. We change the order of integration in (30) and split

the integral with respect to y, taken over R, into two: over the set {yr : |yr — x| <
1 . 1 Lo

(t—1;)3} and over its complement {y; : |yr — x| > (7 —#)3 }. Estimation of the first

term gives:

’/ 1 dyr‘l(f_ti,xt,-»yr)CI(tiJrl - T7yr,xti+1)
{lye—x;|<(z—1:)3 }

XaZfTJ,url(Zap(xli7yf)axl,‘+1)(y‘f_xfi) (31)

1
< sup ‘aZfT,l,url(Zap(xliay‘[>7xli+1)‘q(ti-‘rl_tiaxli7xli+1>(r_ti)3
X,‘,X,’+1EM,yEUg(M)7ZEK

where K is a compact, since without loss of generality we can consider that the totality
of variables z belongs to a compact K . Indeed, the integrand 0> f7 ;. , (2, p(Xs;,¥7) %, )
(yz —xy,) is bounded by (29). The preceding integration w.r.t. each variable from the to-
tality z is either taken over the manifold M or similar to the integration w.r.t. y in (26).
In the latter case we can replace the integrals over R with integrals over compact
neighborhoods of M because the integrals over the complements of these neighbor-
hoods tend to zero as the mesh |Z?| goes to zero. Further, since y; is always in the
(t —t,-)% -neighborhood of M;, , then y is always in some & -neighborhood of M. There-
fore, the supremum in the last line of (31) is finite. Hence, the summand in (30) which

corresponds to the integration over {y; : |yr — x| < (T —1) %} is bounded by

1
Sup|92fr,r,-+1\(’5—li)3/MPM(ti,xi,fiH,xi+1))LM(dxi+1)

which tends to zero as #;,;11 — 7. The other summand, which corresponds to the
. . 1y .
integration over {y; : |yr — x| > (7 —1)3 }, is bounded by

1
1 - I
B Tl 1 2r—1j)3 / AM ) (dxt’_ )
(27‘[(1’—1,'))7 M’i+1 Tit1 +1

X /R’” dyT|82fT7ti+1 (va(xt,'7y7.')7xti+l)(y7:_xti)’q(ti+1 _Tvyﬁxt#l)

which also tends to zero as f;,#;11 — T since the product of the partial derivative
A frs,, and (yr —x;) is bounded by formula (29). The multiplier in front of the
integrals in (30) also converges to zero as | £?| — 0, and therefore the convergence of
(30) to zero as t;,t;+] — T is proved. [
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