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A CLASS OF EVOLUTIONARY OPERATORS AND
ITS APPLICATIONS TO ELECTROSEISMIC WAVES
IN ANISOTROPIC, INHOMOGENEOUS MEDIA

DES MCGHEE AND RAINER PICARD

Abstract. In the framework of a comprehensive theory for a new class of evolutionary problems
wellposedness of associated initial boundary value problems is considered. The dynamic linear
model for electroseismic waves in anisotropic, inhomogeneous, time-shift invariant media is
used as an illustration of the theory.

1. Introduction

In [4, 6] it is shown that a canonical form for a large class of evolutionary problems
from mathematical physics is

d)V +AU = g on R,
V(0+) =,

where dy denotes the time-derivative and A is skew-selfadjoint! in a suitable Hilbert
space setting. Here however we shall prefer to consider problems on the whole real
time-line and we shall assume — without loss of generality — that @ = 0. This results in
the problem

oV +AU =g on R. (1.1)

This evolutionary problem is now completed by a “material law”, which we assume to
be time-translation-invariant and of the form

v=M(9,")U, (1.2)

where z— M (z) is uniformly bounded as a mapping from C into the Banach space
of continuous linear mappings and analytic in an open ball B¢ (r,r) in C centered at
r € Ry with radius r. The interpretation of M (80’ 1) in the sense of a functional cal-
culus rests on establishing dy as a normal operator. The operator class in question has

Mathematics subject classification (2010): 37L05, 58D25, 74F15, 74F10, 74D05, 86A15.
Keywords and phrases: electroseismic waves, poro-elastic media, memory.
'Such skew-selfadjoint operators A occur in applications frequently in the simple block operator matrix
form (Hamiltonian form)
0 C
“(15)

where C is a closed, densely defined, linear operator, see e.g. [5].
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been demonstrated to cover all the standard initial boundary value problems of mathe-
matical physics and has proven to be useful for describing coupling between different
physical effects. While the applications previously considered are of considerable com-
plexity, we consider here a particular model for which the suitability of our operator
class is far from obvious. The model describes the interaction of elastic, acoustic and
electromagnetic effects in seismic activities.

Based on Frenkel’s pioneering work from 1944, republished as [1], Pride [9] de-
veloped a system of equations, which can be considered to be the standard model for
the description of time-harmonic electroseismic phenomena in isotropic, homogeneous
media.

Later this was generalized to the anisotropic case by Pride and Haartsen [8]. Tran-
scribing this system into the underlying time-dependent system with dy denoting the
derivative with respect to time, we obtain:

pddu+prdgw—DIVT =F
B=uH
D=¢E

1
dow =L (9 )E—i—k(i )( gradP — pdsu+ f)

J=00(0"VE+L(dy") (—gradP—pjogu+ f)
P+ WGradu+ M divw =0
doB+curlE =0
a()D— curlH = —J—J()
T =% Gradu+W* divw

Here grad, div, curl are the familiar vector analytic operations. In contrast Grad
denotes the symmetric part of the derivative of vector fields and Div denotes the di-
vergence operator applied to symmetric-matrix-valued functions in three space dimen-
sions:

1
Grad (uk )1 53 = ) (diuj+ ajui)i,j:l,2,3 J

Div(T’Jl/ 123_<Zazl> .
=123

Other notations are standard, see [9, 8]. The aim of this paper is to establish from
this formal set of equations a well-posed evolutionary problem describing the propa-
gation of electromagnetic waves associated with seismic waves. This system however,
obtained via a number of heuristic variational arguments, is not of a form suitable for
understanding the wave nature of the phenomena being modelled.

In the section 2 we shall formally transform the above system into an appropriate
evolutionary form and only in section 3 we shall endeavour to establish this formal
system as a rigorous evolutionary problem in a suitable Hilbert space framework. In
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the next section, however, we describe the operator class in which we will be able to
embed this standard model of electroseismic waves.

2. A Class of Evolutionary Operators and its Solution Theory

Asin [6] we recall from [3], section 1.2, that by introducing an exponential weight
function ¢ — exp (—v?), v € R, we may construct a weighted L?-space H, o generated
by completion of C.. (R) with respect to the inner product

ot (@w) = [ @) v exp(-2vr)ar.

The associated norm will be denoted by |- |, ,. The time-derivative operator dy has a
realization as a normal linear operator in Hy o. The composition .2, = .% exp (—vm)
of the Fourier transform % with the multiplication operator exp (—vm) given by

(exp(—vm) @) (x) =exp(-vx) @ (x), v,x R,

is a spectral representation for the imaginary part of dy. We shall refer to the uni-
tary mapping %, : Hyo — Ho as the Fourier-Laplace transform, where v € R is a
parameter, which for our purposes is always to be chosen as positive.

We shall use again the notation dy for the canonical extension of the time deriva-
tive to Hilbert-space-valued generalized functions. This is done in a standard man-
ner by extending the operators dy to the tensor product spaces Hy o ® H, where H
is some other Hilbert space, by interpreting dy henceforth as the operator dy ® lgy
with 1y : H — H being the identity operator in H. Moreover, we need to extend the
Fourier-Laplace transform to Hy, o ® H. We shall re-use the notation .#, and the name
Fourier-Laplace transform for the unique unitary extension of

C.(R)Y®H CHyo®H — Hyg @ H
a
pRW (Lo)dw

to Hy o ® H. With this extended Fourier-Laplace transform we will be able to describe
the class of material laws.
Let (M (2)),cpg(r) be a holomorphic family of uniformly bounded linear opera-

tors on H. We define, for v > %,

M) ::x;M( : )fv,

img+v

where my :=m® 1y . Note that for r € Ry

Bc (r,r) HiR+R>1/(2r)

2z}

is a bijection.
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As with dy, we also need to extend the operator A to the tensor product spaces
Hyo®H by interpreting A as 1y, , ® A where 1, : Hy o — Hy ¢ is the identity oper-
atorin Hyg.

Itis in the space Hy, o ® H that we pose the problem (1.1) - (1.2). Our aim is to be
able to find U,V € Hy gy ® H with v > % such that for a given g € Hy ¢ ® H we have

AV +AU =g 2.1

and
v=M(9,"U, (2.2)

where (M (z))
in H.

The solution theory for this class of evolutionary problems has been fully devel-
oped in [6]. We recall the following main result from there.

zeB(rr) 15 @ uniformly bounded, holomorphic family of linear operators

THEOREM 1. (Solution Theory) Let (M (2)).cp(ry) be a holomorphic family of
uniformly bounded linear operators on a Hilbert space H, satisfying

VoA R ME) =5 (M@ M@ ) 2 @)

c€R~g zeB(rr)

and let A be a skew-selfadjoint operatorin H. Then, for v > % and every g cHyo®
H, there exists a unique solution U € Hy o ® H of the problem

(oM (95 ") +A)U =3g. (2.4)

Moreover, the solution depends continuously on the data in Hy, o ® H and the solution
operator (80M (8(;1) —|—A)_1 is causal in the sense that, for every a € R, if g vanishes
as an H -valued function on R, then so does (BOM (8(;1) +A) - g.

REMARK. Asa matter of notational convenience, we have written here dyM (J; h

+ A instead of dyM (80_ 1) + A, which strictly speaking is only rigorously justified in
the Sobolev lattice sense.

The proof of the theorem rests on the simple fact that strictly positive definite op-
erators have a continuous inverse, which is densely defined, if the kernel of the adjoint
is trivial. The adjoint, however, is given by dyM (80_ l)* — A and enjoys the same strict
positive definiteness as the original operator.

Although the result presented here is expressed for the time-translation-invariant
case, we would like to mention that more general situations, such as time-varying coef-
ficients and nonlinear dependence, are accessible via perturbation techniques. This is,
however, beyond the scope of this paper.

In the next section we will establish that the standard model for electroseismic
phenomena is at least formally compatible with the problem class of theorem 1 and
only in section 3 do we endeavour to obtain a realization of this formal system as a
rigorous evolutionary problem in a suitable Hilbert space framework.
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3. The Formal System Equations

To begin this process we first note that the initial set of equations can be rephrased
in the following way by letting R := dyw, v := dou and & := Gradu:

p80v+pf80R—DivT =F

dow—R =

dou—v =

P+W&+Mdivw

nk(3y") " R+pidov+gradP—nk(9") L(3;")E
OoUH +curlE = 0
HeE+0 (95 VE+L (3 ) nk (") R—curlH = Jy
& —Gradu = 0

T =C&—-WM'P

Il
~ o oo

3.1
Here C ;=€ —W*M~'W, 6 (9,") =00 (95 ") —L (3, ") nk (35 ") L(d;"). Note
that by letting

W = wptrace
W* = trace* wy

for wg real and trace : C3*3 — C denoting the matrix trace operation (7; j)i.j=1.2.3 —
2§=1 T;;, the system derived in [9] is recovered. The operator trace” : C — C3%3 is
given by
w 0 0
trace’wg = 0 wy O
0 0 o

Next, we attempt to adjust for the proposed asymptotic behavior of

l/k((?’l)—i 14— 1/2+ia
0 ko OmOwr wro

and
1 —-1/2
L(9 ") =Lo <1+w—ao> (3.2)

due to [9] or rather the variants in [10], [7], compare also the transciption to the transient
case in Lu and Hanyga [2] for the poro-elastic part. Here the physical parameters
mg, 07, ko are non-zero and

L()ERgo.
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Indeed, we shall not need the particular form of L and k, but shall only be concerned
with their general form. It turns out that, with nk (8(; ! ) g doKo + 8& 2y (8(; 1) and
L(9,") = —80_1/2/10 — 3y M1 (9"), we have (with the abbreviations mg,m..,m_)

k(%) L")

— (ao Ko+ 9y (Kl + 0y i (80—1)» (ao‘l/leoJra(;% (30_1)>
- 5/2K0)L0— (K1—|—(9(;1/2K2 (80‘1)>/10
— 0k (35) =35 (s + 0y P (351 ) (057)
= —83/21@/10 — k1o — koA (95 ")
—ay M (k1 (35 ") + 12 (35 ) 20) — 9 2 (3 ) A (0571)
= =0y *koh0 —m (3 ")
L(35 ") k(")
— 9y *oko — Aok — A1 (35) Ko
=05 7 (2 (3 1+ Aoka (351)) = 05 2 (96 1) w2 (35 )
—: =0, hoko—m_ (9;7))
L@ ) k@) L")
=2 (3 ") koh (35) + 05 ' Pa (06) ()i + 0 Vi (31)) 2 (067
= (2043 2213 ko (R0 +05 P2 (351) ) +
+05 2 (R4 P2 (35)) (s +05 o (07)) (2040 P (067)
= dokoro+3y 2 (A1 (951 Koro+Aoko A (85)) +
+dy V2 (’lo"'ao gy (9 )) (Kl +dy 2 K2 (9 1)> (/10+8(;1/2/11 (80‘1))
—: Aokoro+3dy Pmy (357).

Substituting these calculations and the modified Hooke’s law into the remaining rela-
tions of (3.1) and differentiating the fourth and eighth equation with respect to time
yields
dou—v=20
pdov+do (psR) —DivT =0
o (C'T+C'W*M™' P) — Gradv =0.
(M +M'we'WM ) P+MT'WCT'T) +divR=0

o (KoR) + 95K (05") R+ pjaov + (ag/2xoxo+m+ (80_1)>E+gradP:f
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80w —R=0
0oeE + 0 (8(;1) E— (83/2/10K0+m, (80’1)> R —curlH = Jy
douH +curlE =0
To emphasize the composition of the equations from the Biot system (which is

itself a composition of the elastic and acoustic wave equation) and Maxwell’s equations,
we write the spatial derivatives in the following nested block form:

0 0 0 000 00
0 0 —Div 000 00
0 —Grad 0 000 00
i 000 0 div 0 00
000 grad 0 0 00
000 0 00 00

000) (000 0 —curl
((ooo) (000)) ((curl 0 ))

in order to write the system at least formally in the form
(aoM (35 ) +A) U =¢

to make it accessible to the theory developed in [4]. The block structure of A shows
that

T muN< S

is a corresponding block column vector arrangement of the unkowns. Although we
have in the above

O OO Mo

()

we may obviously allow for more general source terms. Concerning M (8(; 1) , We see
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that
10 0 0 00 00
0p O 0 pr 0 00
00cC! clwm=1 oo 00
M(0) = 00 M 'wc! Mt emtwetwrmM 0 0 00
- 0p; 0 0 Ko 0 00
00 0 0 01 00

000 000
000 000
To complete the formal transcription we need to add
M) (9') =M (9) ~M(0)

in order to represent the lower order time derivative terms. The above system form

suggests

My (951) =05 P M1 o)+ 05 ' (35 ).
where
000 000 00
000 000 00
000 000 00
Iy 000 000 0
(1/2) 000 0K 0 Kolo O '
000 000 0 0
000 0 —Aokp O 00
000 (o 0 0) (00)
0-10 000 00
000 000 00
000 000 00
1 . 000 0 0 0 0 0
My (%) = 000 0Kk(dy") 0 my (9,") 0
000 0 -1 0 0 0
(000) <0 —m_(aol)0> (0(801)O>
000 0 0 0 0 0

These reformulations allow us to establish a proper evolutionary system modelling
electro-seismic waves.

4. The Evolutionary System of Electroseismic Waves

Our above considerations were purely formal and we need to establish a proper
evolutionary system in a suitable Hilbert space framework in order to discuss well-
posedness issues. Our aim is to establish the above formal system as an evolutionary
equation

(oM (3 ') +A)U =g
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in the spirit of the theoretical framework developed in [6] or rather in the slightly sim-
pler form of [4]. As explained in the introduction, for this we need to establish that A
is a skew-selfadjoint realization of A and that the material operator M (8 ) is indeed
defined by an analytic operator family (M (z)).. Be(ry) for some r € R and satisfies
a positive-definiteness condition

Re (oM (951)) = co > 0.

To ensure that A becomes skew-selfadjoint we specify a suitable domain for the
formal operator A. Obviously this can be done in many ways. In order to be specific,
let us for example assume that v and P satisfy generalized homogeneous Dirichlet
boundary conditions and E satisfies the generalized homogeneous electric boundary
condition. The encoding of these generalized boundary conditions is standard and can
be achieved by the following recipe (compare [6, 4]). The formal operators grad, Grad
and curl are initially established as mappings in matching L?-type spaces defined on
smooth elements with compact support within the underlying non-empty, open set € C
R3:

grad|s_q) 16 (Q) C L7 (Q) — (L7 (Q))3,

Grad|(cew(g))3 : (Ce’oo (Q)>3 C (L2 (Q))3 N (L2 (Q))jyx,j )

curl|(Cow(Q))3 : <C°Lo (Q)>3 C(L? (Q))3 - (L? (Q))3

Here the Hilbert space L2 (©) may be understood as the completion of the space C.. (Q)
of smooth functions with compact support in Q with respect to the norm |- | 2(Q glven
by

2
- /Q|<p<x>\ dx.

Correspondingly, for (L*(Q)) ? the norm is given by

Whirza [, @Paxt [ e Part [ s P s

o 3x3
and (L? (Q))f;j may like-wise be considered as the completion of <C<x, (Q)) , the

sym

symmetric matrices with entries in C.. (Q) with respect to the natural norm

(E.f)i7j=l7273'_> 2 / }T,, | dx.

i,j=1

The mappings grad|s_ . » Grad| e )3 , have the analogously defined — div | (@)
—Div]| 3 is formally selfadjoint. As

3,
(¢ (Q))z;j as thelr formal adjomt and curl | (@)

the so-called weak derivatives associated with these differentiation operators we define

grad := — <div(c°m(§z))3> ,
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Grad := — (Div . 3><3) ,
(Cw(g))sym
curl := (curl(co (Q))3> ,

Div := — (Grad(é (Q))3> ,

div := — (grad|com(9)>*.

The adjoint of these operators can be utilized to formulate the desired boundary condi-
tions. With

grad := —div* = grad |C°w(£z)7

Grad := — Div* = Grad|

(Co@)™
curl := curl* = curl ‘(C"M(Q))“
Div := —Grad* = Div|, 33,
(CN(Q))sym
div := — grad* = div|(c°m(sz))3

we can now in particular formulate the stated generalized boundary conditions as v
being in the domain of Grad, P in the domain of grcad and E being in the domain of
curl. That is, we take A to be the block matrix operator
00
)
00

0 0 0 000

0 0 —Div 000

0 —Grad 0 000
000 000 0 —curl
000 000 curl 0

A 000 0 div 0
" 000 grad 0 0
000 0 00
where the entries are now the operators we have just established. Due to its structure
this operator can be seen to be skew-selfadjoint, see [6, 4], with respect to the Hilbert
space

3x3

((L2 Q) % (12(Q))” x (12 (Q))Sym> X (L2 (Q) x (12(Q))” x (12 (9))3)
< (@) x (2(@)’)

with its natural norm, which we shall abbreviate simply as H. This operator has a
canonical skew-selfadjoint extension, which we shall also denote by A, to the space
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Hy o0 of H-valued generalized functions given as the completion of the linear space
generated by H -valued functions of the special form

t—=ot)w=: (p@w)(t)

with @ € Co (R), w € H, with respect to the norm

i \// 1w (0)[% exp (—2vie) d,
R
Wlth Vv E R>O.

Diagonalization of My := M (0) by a symmetric Gauss elimination yields

1 0 000 00
0p O 000 00
00cC! 000 00
000 M1 0 0 00
(0()0) ( 0 Ko—prp 'p; 0) (00)
000 0 0 1 00

((50) (590)) ((52))

and so for this to lead to the regular case in the sense of [6] we require that

o O

pacz%_W*M_1W7M7 & U, Ko_pfp_lpf*

are strictly positive definite as continuous linear operators in their respective L% (Q)-
type spaces.

For the solution theory to hold, i.e. to have well-posedness, we need the leading
coefficient Ay in the expansion of L to be zero. Thus, we have the following constraints
on k and L:

Hypothesis I

(k (Z) o ) z€Bc(r,r)

must be analytic and the uniform operator limits

lim znk(z) ™' = xo
7—0

. —1)2 -1 _ _.
%g&z (znk(z) Ko) DK

exist with Kk selfadjoint, continuous, strictly positive definite and k; selfadjoint, con-
tinuous, nonnegative such that

(n/’c(zY1 —7 K —271/21(1)

2€Bc(rr)

is uniformly bounded, and
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Hypothesis 2:

(L (Z))ZEBC(nr)

z z€Bc(ryr)
is analytic and uniformly bounded.
For the conductivity coefficient oy we assume that (o (z))
and uniformly continuous family of linear operators.
Under these assumptions we obtain a material law operator of the form

must be such that

Be(ry) 18 an analytic

M(057") = Mo+ 9y *M,yjp+ 95 My (351)

with My bounded selfadjoint and strictly positive definite, M/, bounded selfadjoint

and nonnegative, the family (M (z)).cp ) V2 %, of bounded linear operators is
holomorphic and uniformly bounded in H . Thus from the general theory of section 1,
we obtain the following result.

THEOREM 2. Let
p,C:%—W*M_lW, Ma & U, Ko_pfp_lp‘;;

be strictly positive definite, continuous, selfadjoint mappings in their respective L* (Q)
-type spaces and let L and k satisfy the above hypotheses 1 and 2. Then the initial
boundary value problem of electroseismic waves is well-posed. Moreover, the solution

operator (BOM (80_1) —I—A)f1 tHyoo0— Hyoo is causal in the sense that if g € Hy
vanishes on R, then (80M (80_1) —|—A)_1 g also vanishes on R, for every a € R.

Proof. Due to the general framework, we only need to confirm that condition (2.3)
is satisfied. The above assumptions ensure that M, and

000 000 00
000 000 00
000 000 00
Mo 000 000 00
/2= 000 0k, 0 00
000 000 00
000 000 00

((590) (s00)) ((53))

are bounded, selfadjoint and non-negative operator matrices. For

My = mo >0, M), 20,
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for some constant my € R, we get
Rez M (z) = Rez My + Eﬁezfl/le/g +ReM, (2)

1
> —mo—||M (z
2o~ My ()]
for all z € B¢ (r,r). Indeed, noting that for such z, % =il+s,LER, s€ R>2L, and
A

with ¢ = arctan (;) we obtain

%e\/g: (s? +)L2)1/4cos((p/2)

/ (9) 1
_ (s2+)L2)1/4 14-cos
> y1+un(p/2)

1+tan(@/2)>
1/4 I+ 1+t1 (9)?
_ (232 an(¢
= (s +17) 5
e
— (2 )‘2 1/4 (5
(2 +42) .
21 )2
_ \/s+)L+S>\/E> 1.
2 V2r
Thus choosing
2

< b
sup{|[M1 (2)]| |z € Be (nr)}
which corresponds to
1
v=o>sup{IM )] |z€ Be (1)}

we have the desired estimate. That (M (z))
from the stated assumptions.

2B (rr) 1S uniformly bounded follows also

REMARK. The solution result is purely an L” -type result, which is all that can be
expected, given that there are hardly any regularity constraints on the model (boundary,
data and material properties). It would certainly be interesting to establish suitable
(local or global) regularity results. This, however, cannot be expected without imposing
severe regularity constraints on the model data.

In conclusion, we have established the well-posedness of the time-dependent (but
time-translation-invariant) model of electroseismic waves. There are, however, two
important issues, which were not apparent from Pride’s original ideas. The first is the
implicit smallness constraints on W and py needed for well-posedness, which do not
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seem to have been noticed before. Secondly, there is a stronger decay constraint at oo
for the coefficient L required to establish well-posedness. Since the original model was
time-harmonic, such a constraint could hardly be noticed but it is clearly needed in the
time-dependent case discussed here.
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