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DIRICHLET FORMS FOR SINGULAR DIFFUSION ON GRAPHS

CHRISTIAN SEIFERT AND JURGEN VOIGT

Abstract. We describe operators driving the time evolution of singular diffusion on finite graphs
whose vertices are allowed to carry masses. The operators are defined by the method of quadratic
forms on suitable Hilbert spaces. The model also covers quantum graphs and discrete Laplace
operators.

Introduction

The present paper is a continuation and extension of [2]. We present suitable
boundary or glueing conditions on graphs (quantum graphs) with singular second order
differential operators on the edges. In particular, we describe those boundary conditions
leading to positive and submarkovian Cp-semigroups.

The graph consists of finitely many bounded intervals, the edges, whose end points
are connected with the vertices of the graph. On each of the edges e a finite Borel
measure U, is given, determining where particles may be located. The particles move
according to “Brownian motion” but are slowed down or accelerated by the “speed
measure” .. Further, each of the vertices v is provided with a weight w, > 0, and
particles may also be located at those vertices v with u, > 0.

The motivations for the treatment in [2] were twofold. The first issue was to treat
singular diffusion, including gap diffusion, on the edges of the graph, in the framework
of Dirichlet forms. The second aim was to describe glueing conditions on the vertices,
in the spirit of [4], and investigate conditions under which the associated self-adjoint
operator gives rise to a positive or submarkovian Cy-semigroup.

In the present paper, the extension with respect to [2] consists in two issues. On the
one hand, the boundary conditions we describe are more general than glueing condi-
tions. By glueing conditions or “local boundary conditions”, we understand conditions
where, for a given vertex, only the values of a function on adjacent edges and on the
vertex itself can interact. In our treatment in Sections 2 and 3, however, the graph
structure does not intervene at all, and we only specify later the case of local boundary
conditions, in Section 5. On the other hand, we include the general case of vertices with
masses, whereas in [2, Section 4] only a special case was treated. These results have
been obtained in [7].
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Keywords and phrases: gap diffusion, quantum graph, Dirichlet form, Cp-semigroup, positive, sub-
markovian.
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The ultimate objective of the treatment is to obtain a semi-bounded (below) self-
adjoint operator H on a Hilbert space .7t over the graph I" which can then be used in
the initial value problem for the diffusion equation or heat equation

W =—Hu, 0.1)

thus governing the time evolution of a process, i.e., giving rise to a Cp-semigroup on
7t . For this equation it is of interest to obtain H in such a way that the associated
Co-semigroup is positive or submarkovian. The self-adjointness of H is also of interest
for the initial value problem for the Schrédinger equation

/ .
u = —1iHu.

The part of the operator H acting on an edge e is of the form (Hf), = —dy,dfe,
where dj, is the derivative with respect to u,; cf. Section 1. The domain of H is
restricted by conditions on the boundary values of the functions on the edges and the
values at the vertices.

The Hilbert space ¢t is given by

J = ®L2([aeab€]a“€) EBKV?

ecE

where E is the set of edges, the interval [a,,b,] corresponds to the edge e, and V is
the set of vertices; cf. Section 2 for more details. The operator H is obtained by the
method of forms. Avoiding all technicalities (which will be given in Section 2), the
form 7 giving rise to H is of the form

W)=Y [ LRt (Lirf | trg),

ecE V/ de

with domain
D(t)={fe..;ufeX}.

Here, tr f denotes the boundary values of f on the edges and the values of f on the
vertices, X is a subspace of the set of possible boundary values and values on the
vertices, and L is a self-adjoint operator (matrix) on X. The boundary conditions for
functions in the domain of H are encoded in the space X as well as in the operator L;
cf. Theorem 3.1. Our treatment includes the case that some of the edges or vertices
may have weight zero.

For the discussion of positivity and the submarkovian property in connection with
equation (0.1) we use the Beurling-Deny criteria for 7. These yield the result that the
subspace X should satisfy lattice properties and L should satisfy positivity properties;
cf. Theorem 4.1.

The investigations mentioned so far did not take into account the graph structure of
I'. In the description of glueing conditions, allowing only interactions between vertices
and adjacent edges, the space X and the operator L decompose into parts corresponding
to single vertices; cf. Corollaries 5.1 and 5.2.
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In Section 1 we recall some notation and facts from the one-dimensional case on
an interval. In Section 2 we define the form in the Hilbert space ¢ on the graph which
then defines the operator driving the evolution. We show that the defined form 7 con-
stitutes a form that is bounded below and closed. Let us point out that our definition of
the form looks somewhat different from the one given in [2, Section 3]. In fact, looking
at the definition of 7 in [2, Section 3], one realises that there is some interpretation
needed in order to understand D(7) as a subset of the Hilbert space .. This inter-
preation is made explicit in the present paper by the use of the mapping t introduced
in Sections 1 and 2. In Section 3 we describe the operator H associated with the form
7 (Theorem 3.1). In Section 4 we indicate conditions for the Cy-semigroup (e~"),5
to be positive and submarkovian. In Section 5 we describe the case of local boundary
conditions.

1. One-dimensional prerequisites

In order to define the classical Dirichlet form we have to recall some notation and
facts for a single interval [a,b] C R, where a,b € R, a <b. Let u be a finite Borel
measure on [a,b], a,b € sptu, u({a,b})=0. Our function spaces will consist of
K -valued functions, where K € {R,C}. We define

Cula,b) := {f € Cla,b]; f affine linear on the components of [a,b] \ sptu },
W, ,(a,b) := W, (a,b) NCyla,b).

For later use we recall the following inequalities. There exists a constant C > 0 such
that

1/2

11l < U NZ 0y + 112 ) (1.1)
for all f € Wy (a,b) NCla,b], and for all r € (0,5 — a] one has
|f(a)| < rl/sz/”Lz(u,qur) + ||fHL2([u,u+r],y) u([a,a—i— r})—l/Z, (1.2)

and correspondingly for b; cf. [2, Lemma 1.4 and Remark 3.2(b)].
Let k: W, (a,b) NCla,b] — Ly([a,b], 1) be defined by kf := f. Then it can be
shown that R(k) = R(K|W21 (a h)) (cf. [2, Lemma 1.2]), and that K|W21 (ap) 1S injective
BT NS

(cf. [2, lower part of p.639]). We define 1 := (K|W1 (a b))_l. Thus, t is an operator
2,u\"
from Ly([a,b],u) to Wzl#(a,b),

D(1) = {f € Lx([a,b], u); there exists g € W5 (a,b) NCla,b] such that g = f p-a.e.},

and tf is the unique element g € Wzl#(a,b) such that g = f u-a.e.

In order to describe the operator associated with the form defined in the following
section we need some additional notions and facts concerning derivatives with respect

to U.
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If f€Lioc(a,b), g€Li([a,b],u) are such that f' = gu (where f' = df denotes
the distributional derivative of f), then we call g distributional derivative of f with
respect to W, and we write

Note that then necessarily ' =0 on [a,b]\ sptu, i.e., f is constant on each of the
components of [a,b] \ sptu. It is easy to see that this definition is equivalent to

Fx)=c+ /(”)g(wdu(y) ae. (13)

with some ¢ € K. Thus, the function f has representatives of bounded variation and
these have one-sided limits (not depending on the representative) at all points of [a, b].

2. The form on the graph

Let T' = (V,E,v) be a finite directed graph. This means that V and E are finite
sets, VNE = &, V is the set of vertices (or nodes) of I', E the set of edges, and
Y= (¥,71): E — V xV associates with each edge e a “starting vertex” yy(e), and an
“end vertex” y;(e).

We assume that each edge e € E corresponds to an interval [a.,b.] C R (where
ae,b. € R, a, < b,), and we assume that L, is a finite Borel measure on [a,,b,| satis-
fying either u, = 0 orelse a.,b, € sptike, Ue({ae,be}) = 0. We denote

E()IZ{EEE;‘UEZO}, E; Z:E\E().

We further assume that, for each v € V, we are given a weight u, > 0, and we
define
Vor={veViu,=0}, Vi:=V\%.

REMARK 2.1. The sets E; and V| encode the parts of the graph I', where a
particle driven by the diffusion can be localised. In the present section we describe
general glueing conditions which do not take into account the correspondence of the
edges to the vertices. In the case E; = E, V; = & and U, the Lebesgue measure on
[@c,b.], the model will describe quantum graphs; cf. [3], [4], [5]. In the case E; = &
we obtain (weighted) discrete diffusion on the vertices; cf. [1].

We are going to describe the self-adjoint operator driving the evolution in the
Hilbert space
= KN,

where on
%‘ = @ LZ([aeybE}uué’)

eckEy

we use the scalar product

((fe)ecE, ‘(g6)5€El),}ﬁ~ = 2 (fe |ge)L2([ae7be]7#e)7

eckEy
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and on K" we use the scalar product

((fV)VEV1 ‘(gV)VEVl z HEv

vev)

(for f = ((fE)EEEl ) (fV)VEVl ) 8§ = ((ge)eeEl ) (gV)VEVI) € ﬁ%)

In the following, the mapping t defined in Section 1 will be applied in the situation
of the edges e € E, and will then be denoted by 1,. We then define the operator t from
410 Tleeg, Wy, (G be) x KY, by

D(1):={f € f.€D(t) (e€E)},

(1f)e == tefe (e€ Ey),
(lf)v fv (VGVI)'

We define the trace mapping (or boundary value mapping) tr: [1.cg, Clae,b.] x
K" — KE\WY where E}| := E; x {0,1}, by
. fe de ifEEEl,j:O,
trf(e,j) := (ac) . :
fe(bf:) 1fe€E17.]:17
trf(v) ;== f (vewn).

The space KE1"1 will be provided with the scalar product

EIn) =Y Eeimlei)+ Y EV)

( J)EE] vev)

For the definition of the form we assume that X is a subspace of KE1YW1 and that
L is a self-adjoint operator in X . Then we define the form 7 by

D(t):={feD(); u(1f) € X},

(f,8) == Y / (tefe) (x) (tege) (x) dx + (Ltr(1f) | tr(1g)).

eckEy

REMARK 2.2. The subspace X encodes boundary conditions for the elements of
D(7). One would expect boundary conditions to be in the form of some equation for
(L f). Of course, if P denotes the orthogonal projection from KZ1“V1 onto X, then

D(t) ={f € D(1); Pur(1f) =0}.
Further boundary conditions for the elements of the associated operator H are
encoded in the operator L; we refer to the description of H in Theorem 3.1.

LEMMA 2.3. The form T defined above is symmetric. D(t) is dense if and only
if
pry, (X) =K", @2.1)

. . . U
where pry, denotes the canonical projection pry, : KA K
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Proof. The symmetry of T is obvious.

Assume that D(7) is dense. The image of the dense set D(7) under the orthogonal
projection

pry: H4 — K"
is dense in K"1, and therefore is equal to K"1. From the definition of D(7) it follows
that pr,(D(7)) is contained in pry, (X), and therefore pry, (X) = K.

Now assume that (2.1) holds. For v € V; let &Y € X be such that £"(v) =1 and
EV(w)=0forall we V;\ {v}. Let g" € D(1) be defined by tr(1g") = &", and g" affine
linear on the edges. The affine linear interpolation of the prescribed boundary values
evidently yields an element of g € D(1).

Let f € J7t, and define

f:: f= 2 g
vev)
Then f, = 0 for all v € V;. Because C.(ac,b,) is dense in Ly([ac,be], te) (e € Ey),
the function f can be approximated by functions in

De:={f € D(1); fo € Ce(ae,be) (e € Er), fr=0(vEVI)}.
Therefore f can be approximated by functions in

D+ Z He"CD(r). O

vev]

REMARKS 2.4. (a) For the special case that X = KE1Y"1 and L =0 we denote
the corresponding form by 7y (the index N indicating Neumann boundary conditions).
The form 7y decomposes as the sum of the Neumann forms on each of the edges and
the null form on KY1. Therefore the closedness of Ty follows from the closedness in
the one-dimensional cases; cf. [2, Section 1 and Remark 3.2].

(b) Condition (2.1) did not occur in the previous treatment [2]. The reason is
that it is obviously satisfied if the vertices do not have masses, i.e. V| = &. Also, in
the case of vertices with masses, but with local boundary conditions of continuity (see
Example 5.3), condition (2.1) is automatically satisfied.

THEOREM 2.5. The form 7 defined above is bounded below and closed.

Proof. For f € D(1) we obtain the estimate

(f) = w(f) + (Luf) | uwf) = w(f) — Ll ()

(with 7y defined in Remark 2.4(a)). From inequality (1.2) we obtain that the mapping
f = te(1f)] E| is infinitesimally form small with respect to 7. The remaining part
of the trace, f + tr(1f)|y, , is bounded. These observations imply that 7 is bounded
below and the that the embedding Dy 3 f +— 1f € ([Tee, Clae,be) X K", || +[|o) is
continuous. (Here, D, denotes D(1n), provided with the form norm.)

In order to obtain that 7 is closed it is sufficient to show that D(t) is a closed
subset of Dy . This, however, is immediate from the continuity of the mapping Dy >
ftr(1f) € KEi91 (and the fact that X is a closed subspace of KE1YV1).  [J
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3. The operator H associated with the form 7

We assume that the notation and the hypotheses are as in the previous section, and
that (2.1) holds.

Besides the trace mapping defined in the previous section we also need the signed
trace (or signed boundary values)

r: [ BV (ae,be) — KEW C KEIW
eckEy

(where BV (a.,b,) denotes the set of functions of bounded variation, with equivalence
of functions coinciding a.e.), defined by

strf(e ) o fe(ae+) ifecky, j=0,
VT fben) ifecEr, j=1.

The inclusion KEi C KEIY is to be understood in the canonical sense; we want to be
able to use str f also as an element of KEW1

For the description of the self-adjoint operator H associated with the form 7 we
use a maximal operator A for the differential part of the form. With the notation de-

scribed in Section 1, we define

={fe€ []P(w); (tefe) € Li(ac,be), Oy, (tefe) exists,
E
e aﬂe(lefe)/ ELZ([ambeL.ue) (eeEl)}7
Af = (=0 (tefe) )ecr,  (f € D(H)).
Thus, for f € D(H), the signed trace str((t.f.) )eck, exists, and it describes the “in
going derivatives” from the endpoints of the intervals. It is to be understood that for
(tf.) we choose representatives of bounded variation (which exist by the explanation
given at the end of Section 1), in order to be able to apply the signed trace mapping.

Let
Xo:={xeX;: pr, x=0},

which could also be expressed as Xy := X N KEi (with our understanding of KE! as a
subspace of KF1Y1), and let Qy be the orthogonal projection from KZ1YV1 onto Xj.
Also, for v € Vy, let £ € X be such that ", = 1;,) (see the proof of Lemma 2.3). In

the following, for f € D(1) we will use the shorthand notation (1f) := ((lefe)’)eeE1 :

THEOREM 3.1. The operator H associated with the form T is given by

H)={f € 4 (f.)ecr, € D(H), te(1f) €X,
Qostr(1f)" = QoLtr(1f)},
((Hf)e)eeEl = I:I(fe)eEEla

(H ), = i(Ltr(lf) “su(if) [E) (vew).
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Proof. (i) A preliminary step: Let f € D(H), g € D(). For all e € E; one has

be - N
[ et s W= [ Oheliefe) (el e
+ (tefe) (be=)1ege(be) = (tefe) (@et)tege(ae);
cf. [2, equ. (1.2)]. Summing this equation over all the edges in E| we obtain

S [k O B = (A1), — (1) et | 0(16)) o

e€E]

(ii) Let f € D(H), g € D(t). From D(H) C D(t) we conclude that tr(i1f) €
X. As in [2, proof of Theorem 1.9] one obtains that (f.)eer, € D(H), H(f.)ecE, =
((Hf)e)eeE1 . Using part (i) above we obtain

(Hf18)
== 3 [, e W) + 3 (Hp)m
eckE; vevV)
=Y / (tefe) (x) (tege) (x) dx+ (str(1f)' | tr(1g ) e+ Y, (H)vE -
ecE; vev)
Because of

(HF18) 5 = /’%ﬁ J(tege) () dx+ (Lur(uf) | tr(1g))

eckEy

we therefore obtain

Y (Hf)vgvuw = (Ltr(1f) —str(rf)' | tr(1g)). 3.1)

vev)

For & € Xy choose g € D(7) satisfying tr(1g) = £, and g affine linear on the
edges e € E;. Then equation (3.1) implies

0= (Ltr(1f) —str(1f) | £).

This shows that QoLtr(1f) = Qqstr(1f)’.
Let v €V}, and choose g € D(7) satisfying tr(1g) = £”, and g affine linear on the
edges e € E;. Then equation (3.1) yields

(Hf)viv =Y, (Hf)w& (W) oy = (Lur(rf) —ste(uf)' | €Y).

weVy

This shows the second part of the formula for H f.

(iii) Now let A denote the operator indicated on the right hand side of the asser-
tion, andlet f € D(H). Then f € D(7). Let g € D(7). Then & :=tr(1g) — Y,cy, 81" €
Xo, and therefore

(Ltr(ef) =ste(1f) [ &) = (Qo(Ltr(rf) —str(1f)) | €) =
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Using part (i) as well as the previous equality we obtain

(I:If|g)jfr :( (fe eeE1| ge eeEl) + 2 Ltr lf _Str(lf) |5 )gv.uv

VEVI

/bg (tefe) (x) (tege) (x) dx+ (str(1f)' | tr(18))

eeE1
+ (Ltr(vf) —str(vf)| tr (1g))
=1(f.8)-
The definition of H then yields that f € D(H) and Hf =Hf. [

REMARKS 3.2. (a) For f € D(H) and v € Vj, the expression given for (Hf),
given in Theorem 3.1 does not depend on the choice of £V.

(b) The case of a weight u, > 0 at a vertex leads to a case of Wentzell boundary
condition at v. The expression of (Hf), in Theorem 3.1 generalises the expression
obtained at a boundary point in the case of a single interval; cf. [8, Poposition 4.3].

4. Positivity and contractivity
In this section we indicate conditions for the Cy-semigroup (e *#),~¢ to be posi-
tive or submarkovian. We assume that the hypotheses are as in Section 2 and that (2.1)
holds.

In the following we need the notion of a (Stonean) sublattice of K". We con-
sider K" as the function space C({1,...,n}), and accordingly use the notation |x| =
(Jx1],-- -, xnl), for x e K", and x Ay = (x; Ay1,-..,Xn Ayn), for x,y € R". A sublattice
X of K" is a subspace for which x € X implies that |x| € X. A sublattice X is called
Stonean if additionally x A1 € X forall real x € X.

We refer to [2, Appendix] for the description of (Stonean) sublattices of K" and
of generators for positive (submarkovian) Cp-semigroups on these sublattices.

THEOREM 4.1. (a) Assume that X is a sublattice of KEYY and that the semi-
group (e™'F);> is positivity preserving. Then (e~'"),>q is positivity preserving.

(b) Assume that X is a Stonean sublattice of KEYW' and that the semigroup
(e7™1)1>0 is a submarkovian semigroup. Then (e~""),>¢ is submarkovian.

This result was proved for the case of local boundary conditions (cf. Section 5)
and no vertex masses in [2, Theorem 3.5], and for the case of vertices with masses
and local boundary conditions of continuity (cf. Example 5.3) in [2, Theorem 4.2]. Its
proof is completely analogous to [2, proof of Theorem 3.5]; so we refrain from giving
a complete proof but rather only mention the main ingredients. The proof consists in an
application of the Beurling-Deny criteria (cf. [6, Corollary 2.18]; see also [2, Remarks
1.6]). So, in order to prove part (a), it is equivalent to prove that the normal contraction
S —f| acts on D(7), and that 7(|f|) < ©(f) for all f € D(t). That the inequality
works on the differential part is a one-dimensional issue which is taken care of in [2,
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Theorem 1.7]. For the trace part, the main observation is the equation tri|f| = |trif]|.
This is less obvious than it might appear at the first glance since, in general, one does
not have t|f]| = |1f|. However, this equality holds on spt ., and therefore at the end
points of the intervals [a,,b,], for all e € Ej. The reasoning for part (b) is analogous.

5. Local boundary conditions

So far, the structure of the graph did not enter the considerations; in fact the func-
tion y linking the edges to the vertices was not used at all. In order to explain what we
understand by local boundary conditions, we need the following definitions.

For v € V, the sets

Elv; —{EEEl,Y, _V} (.]:()71)

describe the sets of all edges having mass and starting or ending at v, respectively, and
the set

ELV = (E17V70 X {0}) U (ELV.,I X {1})

is the set of all edges having mass connected with v (and where loops starting and
ending at v yield two contributions). Note that then E{ = U,cy E1 v

Recall that the boundary conditions are specified by the choice of a subspace X C
KEYWYi and a self-adjoint operator L in X. The boundary conditions will be called
local if for each v € V there exists a subspace

X, CKEw ifveV,, X, CKEWUYY ifvev,

and a selfadjoint operator L, in X, such that

X=Ppx, L=PL.

veV veV
For v € V, we define the “local trace mapping”

KELy if v € Vo,
wy: [T Clae,be] x K" — KELU} ?fv :
e€E] ! e Vl

n f = trf|E1>\, if v eV,
' wflg, o0y iEVEVL

Then for the form 7 we obtain
:{feD ) tr(1f) €Xy (veV)},

/ (tefe) (%) (tege) (x)dx+ Y (Lytry(1f) | try(1g)).

eeEl veV



DIRICHLET FORMS FOR SINGULAR DIFFUSION ON GRAPHS 733

With
ifvel,

Xy
X0 :=
"0 {{g X E(M) =0} ifvew,
the condition (2.1) for D(7) to be dense then decomposes into
X0 # Xy (veV),

or expressed differently, for all v € V; there exists £¥ € X,, such that £V(v) = 1.
It is an easy task to translate the description of the associated operator H, given in
Theorem 3.1, to the present case of local boundary conditions, as follows.

COROLLARY 5.1. The operator H associated with T is given by

D(H) = {f € It (fE)eEEl € D([—AI), tr,(1f) € X,,
Ovostry(tf) = QyoLytr,(1f) (v € V)},
((Hf)E)EEEl = I:I(fe)eEEp

1
(Hf), = H—(Lvtrv(Lf)—strv(Lf)’|§V) (ven).
v

Here, for v € V the mapping stry: [1cg, BV (ac,b.) — KE1v is defined by str, f :=
(str f)] E,» and O, is the orthogonal projection onto X, in KELv | for v € Vy, orin
KEWiv , for v € V. We will not put down further details here. Similarly, the condi-
tions for (e 7"#),¢ to be positive and submarkovian, Theorem 4.1, can be spelled out
in terms of the spaces X, and the operators L,. The statements are then analogous to
[2, Theorem 3.5], where the case that E = E| and V =V}, is treated.

COROLLARY 5.2. (a) Assume that X, is a sublattice of KE1» (veVy) or KE1Viv}
(v € Vi) and that (e'Iv),~¢ positivity preserving, for all v € V. Then (e )59 is a
positivitiy preserving Cy-semigroup on 5.

(b) Assume that X, is a Stonean sublattice of KEvv (v € V) or KELWYY (y e
V1) and that (e "),>¢ is a submarkovian Cy-semigroup on X,, for all v € V. Then
(e7),~¢ is a submarkovian Cy-semigroup on .

EXAMPLE 5.3. (local boundary conditions of continuity) This special case of lo-
cal boundary conditions was studied in [2, Section 4]. In our framework, this example
reads as follows. Let X, =lin{1}, L, € R, [, := (L,1|1) for v € V. Then X, = {0}
for v € V| (which makes it clear that condition (2.1) is satisfied) and hence

0n0— Cl1D1 ifve Vo,
"7 Yo itvev.

Functions f € D(t) are continuous on T, i.e., for v € V} we have f, = (tr, f)(e, j) for
all (e,j) € E1,, and for v € V there exists a,(f) € K such that a,(f) = (tr, f)(e, j)
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for all (e, j) € E1, (note that we cannot write f, in this case since f is not defined on
Vo). The second part of the boundary conditions for f € D(H) translates to

2 felae+) — Z fe(be=) =hay(f) (veW);

eeElﬁvA,O eEElﬁvﬁl

see also [2, Theorem 4.3]. In the setup considered in [4], these boundary conditions are
called 6 -type conditions; cf. [4, Section 3.2.1].
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