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SPACES OF p-INTEGRABLE FUNCTIONS WITH RESPECT
TO A VECTOR MEASURE DEFINED ON A §-RING

J. M. CALABUIG, M. A. JUAN AND E. A. SANCHEZ PEREZ

Abstract. In this paper we study the lattice properties of the Banach lattices L”(v) and L (v) of
p-integrable real-valued functions and weakly p-integrable real-valued functions with respect to
a vector measure v defined on a § -ring. The relation between these two spaces, the study of the
continuity and some kind of compactness properties of certain multiplication operators between
different spaces LP and/or LY, and the representation theorems of general Banach lattices via
these spaces play a fundamental role.

1. Introduction

Integration with respect to vector measures defined on § -rings is the natural vector
valued generalization of the case of integration with respect to positive o -finite mea-
sures. In terms of the corresponding spaces of integrable functions, this consideration is
also up to a point true. The spaces L!(v) of integrable functions and L (v) of weakly
integrable functions with respect to a vector measure v are broad classes of Banach
lattices of measurable functions, and in fact represent a large family of Banach lattices.
Regarding these representations, nowadays it is well-known that order continuous Ba-
nach lattices can also be written (isometrically and in order) as an L'(v)-space of a
certain vector measure vV on a 0-ring, and a similar result holds for Banach lattices
with the Fatou property and some additional requirement with the spaces L} (v) (see
[11, Theorem 5 and Theorem 10]; see also [4, pp. 22-23]).

The case of finite positive scalar measures is generalized using vector measures
on o -algebras. Such measures provide spaces of integrable functions that can be used
for representing any order continuous Banach lattice with a weak unit (L!(v)) or any
Banach lattice having the Fatou property with a weak unit belonging to the order con-
tinuous part of the space (L&v(v)) (see [5, Theorem 8] and [6, Theorem 2.5]). The
corresponding representation theorems for p-convex Banach lattices having these ad-
ditional lattice properties are also known; the spaces L?(v) and L (v) are involved in
this case (see [7, 20]). Although all the relevant (geometric, lattice, topological) proper-
ties of the spaces L”(v) of a vector measure v on a o -algebra with 1 < p < oo has been
already studied (see [12, 21]), this is not the case for the 0 -ring case. The difference
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is important, since the case of vector measures on a ¢ -algebra only covers the cases
of Banach function spaces (i.e. the reference measure space is o -finite); for instance,
Banach lattices as co(I) or ¢*(I) for an uncountable set of indexes I can be written
as spaces of p-integrable functions and weakly integrable functions with respect to a
vector measure, respectively. In fact, these spaces represent (in the case of -rings) a
big class of Banach lattices, as will be shown in this paper.

The aim of this work is to study the main properties of the spaces L”(Vv) and
LL(v) of a vector measure v on a §-ring, the natural sets of multiplication operators
and the inclusion relations with the spaces L(v) and L'(v). After the preliminary
Section 2, Section 3 is devoted to the study of the main Banach lattice properties of
the spaces LP(v) and L{(v). The general case 0 < p < oo is considered, although
for 0 < p < 1 these spaces are not necessarily Banach spaces; just consider the case
when the vector measure is a scalar measure. However, completeness is proved also for
this case but under a quasinorm. A general representation theorem for p-convex order
continuous Banach lattices with 1 < p < e as LP(v) spaces is also given in Theorem
10 (the case p =1 is already know, see [1 I, Theorem 5] and [4, pp. 22-23]). In Section
4 the spaces of multiplication operators between spaces of p-integrable functions and
spaces of integrable functions with respect to the same vector measure are computed,
and compactness type properties of these operators are studied, generalizing in this way
what is known in the case of ¢ -algebras (see [8]). Finally, Section 5 is devoted to the
analysis of the spaces L”(v) and L!,(v) as intermediate spaces of L=(v)NL!(v) and
L=(v) + L'(v), providing the vector measure version of the classical inclusions that
hold for the Lebesgue spaces L]0, o] .

2. Preliminaries

2.1. Banach lattices

Let E be a Banach lattice with norm || - || and order <. Let Bg denotes the unit
ball in E. A subspace F of E is an ideal of E if y € F whenever y € E with [y| < |x|
for some x € F. Anideal F in E is said to be order dense in E if forevery 0 < x € E
there exists an upwards directed system 0 < x; | x such that (x;)r C F and super order
dense if this is the case by means of increasing sequences. An upwards directed system
(x7)7 in E is said to be a Cauchy system if for any € > 0 there exists 7y in {7} such
that ||x;, — x,|| < & forall x¢; > xq, and xg, > xq,. A weak unit of E is an element
0 < e € E such that x Ae =0 implies x = 0.

The Banach lattice E is order continuous if for every downwards directed system
in E, (x¢)7 | 0 it follows that ||x¢|| ] 0. If ||x,|| | O for any decreasing sequence x, | 0
in E, then E is said to be o -order continuous.

The Banach lattice E is said to be Dedekind & -complete if every order bounded
sequence has a supremum. We will say that £ has the weak Fatou property if for
every upwards directed system 0 < x; | in E such that sup, ||xz| < e it follows that
there exists x = sup,x¢ in E. If moreover ||x|| = sup,||x¢|| then E will be said to
has the Fatou property. We will say that E has the weak o -Fatou property if for every
increasing sequence 0 <x, T in E such that sup,,; [|x,|| < eo there exists x = sup,~ | X,
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in E. If moreover ||x|| = sup,,~ [|x,| we will say that E has the o -Fatou property.
A Banach lattice E is said to be p-convex if there exists a constant M > 0 such
that

==

(S 1wi)?

n
<M( 3 lIxll”)
j= J=1

forall n € N and xy,...,x, € E. The smallest constant satisfying the previous inequal-
ity for all such n € N and x;’s (j = 1,...,n) is called the p-convexity constant of E
and is denoted by M(?)(E).

The definitions given above and the main results concerning Banach lattices that
we use in this paper apply for the quasi-Banach lattice case, although they are not in
general Banach spaces.

Anoperator T: E — F between Banach lattices is said to be an order isomorphism
if it is one to one, onto and satisfies that T (xAy) = Tx ATy for all x,y € E. In this case
we will say that E and F are order isomorphic. If moreover ||Tx||r = ||x||g for all
x € E, we will say that T is an order isometry and that E and F are order isometric.
Every positive operator between Banach lattices is continuous (see [1, Theorem 12.3]
or [15, page 2]).

The set consisting of all bounded linear maps from E into F will be denoted by
PB(E,F). Abounded linear operator T: E — F between Banach lattices is called .% -
weakly compact if T(Bg) is an . -weakly compact subset of F, that is, if ||x,| —
0 as n — oo for every disjoint sequence (x,), contained in the solid hull of T (Bg).
We denote by Z(E,F) this class of bounded operators and by % (E,F) the ideal of
weakly compact operators. Note that £ (E,F) C # (E,F) by Proposition 3.6.12 in
[19]. For these an other issues related to Banach lattices, see for instance [1], [15],
[16], [19] and [24].

2.2. Integration with respect to vector measures on 6 -rings

We recall here the integration theory of Lewis ([14]) and Masani and Niemi ([17],
[18]). We refer also to [10]. Let & be a 6 -ring of subsets of an abstract set Q (i.e.
a ring of sets closed under countable intersections) and consider %/°° the associated
o-algebrato % given by #' = {A C Q:ANB € %, forevery B € #}. Denote by
M (%"°) the space of measurable real functions on (Q,%'°¢) and by .7 (%) and
(%) the space of simple functions with support in %/°° and % respectively.

Let v: % — X be a set function with values in a real Banach space X such that
Y.>1V(A,) convergesto v(U,>1A4,) in X whenever (A,),>1 are pairwise disjoint sets
in Z with U,>14, € Z. We will say that v is a vector measure. Denoting by X* the
dual space of X, the semivariation of v is given by ||v||: %€ — [0,c0] with ||v||(A) =
sup{|x*V|(A) : x* € Bx+} for all A € Z'°° and where |x*v| is the variation of the
measure x*v: # — R. A set B € %'¢ is v-null if ||v||(B) = 0. A property holds
v-almost everywhere (v -a.e.) if it holds except on a v-null set.

We will denote by L] (v) the space of functions in .2 (2!°°) which are integrable
with respect to |x*v| for all x* € X* where functions which are equal v-a.e. are iden-
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tified. The space L. (v) is a Banach space when endowed with the norm
Iflv=sup [ Ifldixvl
x* EBX* Q

Moreover, it is a Banach lattice for the v-a.e. pointwise order and it is an ideal of mea-
surable functions, that is, if [f| < |g| v-a.e. with f € .#(%#'°°) and g € L.(v), then
f € LL(v). Even more, convergence in norm of a sequence implies v -a.e. convergence
of some subsequence (see [18, Lemma 3.13]). A function f € L. (v) is integrable with
respect to v if for each A € Z'°° there exists a vector denoted by [ W fdv € X, such
that

x*(/fdv) :/fdx*v for all x* € X*.
A A

We denote by L!(v) the space of integrable functions with respect to v. It is an or-
der continuous Banach lattice when endowed with the norm and the order structure
of LL(v). Moreover, it is an ideal of measurable functions and so an ideal of L. (v).
If =31 aixa, € S (%) then ¢ € L'(v) with [, 9dv =3" a;v(A;NA) for all
A € Z'°°. TIn fact, the space .#(%#) is dense in L'(v). The integration operator
I,: L'(v) — X given by I,(f) = Jo fdV is linear and continuous with ||I,(f)|| <
£l

A vector measure V: % — E with values in a Banach lattice E is positive if
v(A) >0 forall A € Z. In this case, the integration operator I, : L'(v) — E is positive
(i.e. I,(f) = 0 whenever 0 < f € L'(v)) and it can be checked that || ||, = ||I,(|f])||
for all f € L'(v) (see Lemma 3.13 in [20] with the obvious modifications in the case
of 0 -rings).

3. The spaces L?(v) and L} (V)

As was said in the Introduction, the spaces LP(v) and LL(v) of p-integrable
functions and weakly p -integrable functions are nowadays well-known when the vector
measure V is defined on a ¢ -algebra. The scalar measure counterpart is given in this
case by the finite measure spaces: every countably additive positive measure defined
on a o -algebra is bounded (finite). In the vector valued case, if this boundedness
requirement is removed the measure must be defined on a §-ring to make sense. In
this section we introduce and study the main properties of the corresponding spaces
of p-integrable functions. We extend the definition of L'(v) and L. (v) for a vector
measure on a §-ring givenin [17, 18] and [14] to LP(v) and L (v) as follows.

DEFINITION 1. Let 0 < p < e and let v be a vector measure defined on a § -ring
of subsets of an abstract set Q. We say that a measurable real function f € .# (%' is
weakly p-integrable with respect to v if |f|P € LL(v), and p-integrable with respect
to v if |f|P € L'(v). We denote by L%, (v) the space of (equivalence classes of) weakly
p-integrable functions with respect to v and by L”(v) the space of (equivalence classes
of) p-integrable functions with respect to v.



THE SPACES OF p-INTEGRABLE FUNCTIONS L{,(v) AND LP(V) 245

Itis clear that LP(v) C LL,(v). Moreover, they are ideals of the vector lattice (with
the v-a.e. order) ./ (%'¢) with (%) C L”(v). An homogeneous positive function
can be defined over L{,(v) by

1 1
£l = 11702 = sup ([ 177 aivi)e, £ L)
X*GBX* Q

The following well-known inequalities involving positive real numbers will be
necessary through the paper (see for instance [20, Section 2.2]).

LEMMA 2. Let a,b € [0,+e). Then the following inequalities hold.

(a+b) <d +0b" and |a"—b"| <|a—b|", for0<r< 1. (1)
a +b" < (a+b)" <2 N +b"), forr>1. (2)
la"—b"| <r-|la b Ja—b|, forr > 1. (3)

Since ||-||v is a norm, straightforward calculations using the previous lemma show
that || -||,,v is in fact a quasi-norm. We also use the notations || - ||L{j,(v) and || - ||zo(v)
when an explicit reference to the space is convenient. In what follows we prove some
fundamental topological and lattice properties of the spaces LP(v) and L} (v). We
write some of the proofs for the aim of completeness, since our arguments follow the
lines of the ones that prove the corresponding results for the case of vector measures
on o -algebras (see [20, Ch.2, Ch.3] and [12, 21]). However, there are several technical
things that makes the proofs slightly different. One of the reasons is that we are not
working in the setting of the Banach function spaces. For instance, in our spaces con-
vergence of a sequence in the norm still implies v-a.e. convergence of the sequence,
but we have to use the result given in [18, Lemma 3.13] instead of [20, Proposition 2.2
(i1)], that is used in [20].

When 1 < p<eoo, |- p,v 18 actually a lattice norm. To prove this result we need
first the following lemma that will be useful also in next sections.

LEMMA 3. Let q,r,s > 0 such that l =14 Landler feLj,(v) and g € Li,(v).
Then, fg € Li(v) and || fglq.v < Hf||rngHsv

Proof. Without loss of generality, it suffices to assume that || f||,.v = [|g]lsy = 1.
By using Young’s inequality
q r q s q 9.4
178l = 1171617, < 2000+ g, = Lgl,,=2+2=1. O

The same arguments prove that the result is also true in the case of L” (V).
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PROPOSITION 4. Let 0 < p < o and Vv a vector valued measure on a 0 -ring.
Then

(1) for 1 < p <o, (LL(V),||lpv) and (LP(V),|| - ||p,v) are Banach lattices with
the v-a.e. order, and

(2) for 0< p <1, (LE(WV), |- llpv) and (LP(v),| - ||p.v) are quasi Banach lattices
with the v -a.e. order.

Proof. We only prove the case of L(v). Let (fy),>1 be a Cauchy sequence
in L,(v). Due to the equality |a —b| = |a* —b" |+ |a~ —b~| for a,b € R and the
compatibility of the quasinorm || - ||, with the v-a.e. pointwise order, we can assume
that f, € L)(v)" forall n € N.

Step 1. Completeness for 0 < p < 1. Applying inequality (1) in Lemma 2 to f;
and f,, and taking norm || - ||, we have that

157 =281 < A1 =l

Therefore, (ff),>1 is a Cauchy sequence in L!(v) and so it has a limit f € L. (v).
Note that f >0 v-a.e. asin L. (v) convergence in norm of a sequence implies v-a.e.
convergence of some subsequence. Fix n € N. Using inequality (3) in Lemma 2 with
ri= }—), Lemma 3 with g := p,r:= ﬁ and s := 1 and again (1) and (2) in Lemma 2
but now with r:= % — 1 we obtain

1 1 1 1 1 1_
=771 < M7 = 17U < ST 4 £ AR = 11
1 1_ 1_
< =Dyt + 1HILVH\f,f—f\HV

p
l 1-2p

S max{2 DO + 1A Iz - All,
l 1-2p

gl—)max{Z P, }(Sup||fm||p,p+||fHV )H‘fp f‘”v’

1
hence f, — f7 in L5 (v) and consequently LL,(v) is complete.
Step 2. || -||p,v is a lattice norm for 1 < p < . Let f,g € Lii(v). Inequality (3)
in Lemma 2 and Lemma 3 with r:= p,s:= 1% and g := 1 yield that

If+glby = lf+el?ll, = I1f +el-1f+577Y,
< [[1A1- 17+ I, +lllsl - 1r + 8177,
<Al N+l + el I+

= 17+ ey (Al + el )

— 1 +8711,7 (170 + lel],.0)
=+l (el + lell,):
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hence [|f+gllpv < || fllp,v+1gllp,v and || -||p,v is a norm. That it is also a lattice norm
is direct since || - ||y so is. In fact this is also obviously true for the quasi-norm || - | .v
ifo<p<l.

Step 3. Completeness for p > 1. Fix nym € N. As i 1n the case 0 < p < 1, use
inequality (3) in Lemma 2 and Lemma 3 with g :=1,r:= p_ and 5s:=p to obtam

157 = £ollv < plIA7~ + 0 1= Al
<P A ol =l
< U ey + I ey e = Sl

=p(lIAll5, +WﬁM =1l
\2 n— Jm .
<P§£Wmmymf Sl

Therefore (f1),>1 is a Cauchy sequence in L} (v). Hence there is a limit f € L. (v).
Again f > 0 v-a.e. by the same argument as the one used above. We will show that

1
f7 is the limit of (f,),> in L5 (V). Indeed inequality (1) in Lemma 2 gives

1 = £7 oy = |1 = £717)|

1 1
s =l
Hence L (v) is complete. The proofs are similar for the space LP(v). [0

REMARK 5. As it was already mentioned, . (#) C LP(v). Moreover . (%) is

a dense set in L”(v). Indeed, let f € LP(v)™, then f” € L'(v) and by the density of

(%) in L'(v) there exists an increasing sequence 0 < (¢,),>1 convergingto f? v-
1 1

a.e. and in the norm of L'(v). Clearly, (¢! ),>1 € .7(Z) C LP(v) and @/ 1 f v-ae.
The same corresponding inequalities used to prove the completeness of Li(v) can be
1

used to take an inequality like || f — @/ [|,.v < K||f” — @al|v and conclude the result.

The extension to the general case is routine. Consequently, LP(Vv) is a closed ideal in
LL(v).

We study now the convexity behavior of our spaces.
PROPOSITION 6. Let 0 < p < . The spaces Li(v) and LP(v) are p-convex
with p-convexity constants MP) (L, (v)) = MP)(LP(v)) = 1. Moreover; for 0< p < 1,

if LL(v) (resp. L'(v))is Il;-convex, then L (V) (resp. LP(V)) is a Banach lattice with
the norm

H‘fmp = inf{z ”fjHP-,V : |f| < 2 |fj‘7 fj EL@(VL Jj= 17"'vn}v
j=1 j=1

1
which is equivalent to the quasinorm || - || ,.v. If moreover M(E)(Liv(v)) =1, the norm
Il |, coincides exactly with || - ||,y
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Proof. Fix fi,...,f,, n € N, and compute

(S0P, = | S 1) < <z A l)7 = ( z 15127,

j=1 J=1 J=1
We have clearly that L} (v) (and LP(Vv)) is p-convex with p-convexity constant
MP(LE (v)) =MP(LP(v) < 1.

Moreover, the p-convexity constantis M) (L5 (v)) =M(?)(LP(v)) = 1. Indeed letting
1

n =1 in the inequality above H(|f|l’)% Hp7v = Hpr,v = (Hf”;v)" and so M) (L5 (v)) =

MO (LP(v)) > 1.

It is direct to check that |- ||, is a lattice norm. From the definition of || - ||,
it is clear that [||f]], < ||flp,v just taking f; = f € Li(v). On the other hand, let
S €L(v) and € >0 and choose n € N and fi,... f, € Li;(v) such that |f| <3_; |f]

and ¥ [|fillp,y < [Iflp + €. Since LL(v) is };—convex with %-convexity constant

M) (L] (v)), we have

1Al = A7)17 < ||<z Dl =11
P>

< (ML) z 1))

<ML (v >>%<|||f|||p+e>

As € is arbitrary, we obtain that || - ||, and |- ||,y are equivalent. Note that || f||, =
1
| fIlp,y whenever M(E)(L‘ﬁ,(v)) =1. O

1

(i)Y

Mx

1

== \”‘

=M v) E 1l

PROPOSITION 7. Let 0 < p < oo. Then the space Li,(Vv) has the o -Fatou prop-
erty.

Proof. First, remark that f € LI(v) if and only if || \f\PHV <o since f€LL(V)if
and only if || f|ly < e. Now, let 0 < (f,),>1 be an increasing sequence in L (V) such
that sup,, || fu| p.v < e. By the measurability of f,, there exists f :=sup, f, € .4 (%').
Using the same argument as the one in the proof of the completeness of Lf(Vv), we
have that f > 0. Let us show that ||f||, v < ee. Consider the increasing sequence
0 < (fF)n=1 € LL(v) and fix x* € By+. Then for every n € N, f € L!(|x*v|) and by
the Monotone Convergence Theorem

ity = tim [ g1l v < fim [[107], = sup 1517, <
Q n—eo JQ n—ee neN

Hence |f|P € L}(v) and f € L{(v). Consequently, L, (v) has the weak o -Fatou
I, < sup, [[Iaf]] - hence [ £,y < sup, [[Iful]],, - On the
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other hand, 0 < f;, < f for every n € N, then ||f,||p.v < ||f]/p,v for every n € N and
sup, || fullp.v < || f]|p,v. Taking into account both inequalities we have sup,, || fu||p,v =
| £1lp.v» so LE (V) has the o-Fatou property. [

PROPOSITION 8. Ler 0 < p < co. Then the space LP (V) is order continuous.

Proof. First, show that L” (V) is o -order continuous. To this aim, take (f,),>1 a
decreasing sequence in LP(v)" with inf f;, = 0, that is, such that f, | 0 v-a.e. Then
(fP)u>1 is a decreasing sequence in L'(v)* such that £/ | 0 v-a.e. The o-order

1
continuity of L(v) yields limy_.c. || £7[|y =0, 50 limy—co || £ || = limy—sco || fu ]| p.y =0
and LP(v) is o-order continuous. Now, since L} (v) has the o -Fatou property, it is
Dedekind o -complete ([24, Theorem 113.1]) and as L”(V) is a closed ideal in i, it is
also Dedekind o -complete ([16, Theorem 25.2]). Proposition 1.a.8 in [15] yields that
LP(v) is then order continuous. [J

EXAMPLE 9. It is easy to find examples of L”(Vv) spaces which have not the ¢ -
Fatou property and L, (v) spaces which are not order continuous. In fact, under certain
requirements having these properties implies the coincidence of L”(v) and L, (v) (for
instance, when the 0 -ring is a o -algebra, see the comments at the end of this section).
For example, take the &-ring Z of all the finite subsets of N and the vector measure
N :% — cy given by n({n}) :=e,, where (e,), is the canonical basis of co. It is
known that in this case L'(n) = ¢y and LL(n) = £~ (see [10, Example 2.2]). Just
looking at the definition makes clear that for all 0 < p < o, LP(1) = co and LL(n) =
£>. The first one do not have the o -Fatou property, and the second one is not order
continuous. If we define the same vector measure but having values in the space 9,
1 < g <o, instead of in ¢y, it is shown in [10, Example 2.2] that L' (n) = L} (n) = ¢4;
for 1 < p < oo, then LP(n) = L4 (1) = ¢P9 that is order continuous and has the Fatou
property.

The following result gives a representation theorem for abstract order continuous
and p-convex Banach lattices. It generalizes the one in [12, Proposition 2.4] (see also
[20, Proposition 3.30] for a complex version).

THEOREM 10. Let 1 < p <o andlet E be a p-convex order continuous Banach
lattice. Then there exists a positive vector measure vV defined on a 8 -ring and with
values in E such that LP(v) and E are order isomorphic.

Proof. Since E is an order continuous Banach lattice, it can be renormed in order
to have a p-convexity constant equal to 1 (see Proposition 1.d.8 in [15]) and there
exists a vector measure v; defined on a &-ring and with values in E, such that the
space L'(v;) of integrable functions with respect to v; is order isometric to E with
the new norm. More precisely, the integration operator Iy, : L'(v;) — E is an order
isometry ([11, Theorem 5]; see also [4, pp. 22-23]). Consequently Ll(vl) isa p-
convex and order continuous Banach lattice with p-convexity constant equal to 1 (as
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1
above). Consider L7 (vy), by Proposition 6 we have that || - ||1 is actually a lattice
P

1 1
norm and then L7 (V) is a Banach lattice. Define the set function v, : Z — L»(v;)
by A — xa. Clearly, v, is additive. Moreover, if (A;);>1 C % is a pairwise disjoint
sequence such that ;> A; € Z, then by the order continuity of L' (v;) we have that

n n
[va(Uad=E v, =|=Jan-vaUan|, =lIva(Uas),
i>1 i=1 R i>1 i>1 Yl i>n pVi
1P 0
= P = . .
H|%Ui2)1AI‘ HVI ’%U12)1A1 Vi —Y,

as n — co. Hence, v, is a countably additive vector measure. Consider now the

i S .
integration operator Iy, : L'(v2) — L7 (v;) which is linear and continuous and take
¢ =2X)_1ajxa; € (%) (we assume that the sets A; are pairwise disjoint). Then,

1 . . . .
since L7 (v;) is a Banach lattice and the vector measure v, is positive,

n n
= dv. :H ajlva(A;j :H ajlxa; = .
lolhe = | [lolave], , = Zletvan], , = | Zlatun], , =lol,
On the other hand,
@)1y, = | [ @dva e I
Consequently, [[1v,(@)[|1 ,, = llollL , = [l@[lv,. Moreover, the integration operator
r’ p’

Iy, over % (%) is the identity map. Extending now by density, we obtain that L!(v,) =

1
L7 (vy) with equal lattice norms. Therefore, again the identity map will be an order
isometry between L”(v,) and L!(vy) and LP(v;) = L!(v;) with equal lattice norms.
Hence, E and L?(v,) are order isometric. [J

The properties of a vector measure v defined on a §-ring % influence the spaces
of integrable and weakly integrable functions L' (v) and L. (v) (see [10] and [3]). We
explain here the corresponding consequences on the spaces L (v) and LP(v) with
p>1.

In the general case it is not true that a measure v defined on a 6 -ring is bounded,
thatis ||v||(Q) = ||xallv < = which is equivalent to the fact that yq € L} (v) (see [10,
Example 2.1]). Due to the ideal property of L'(v) in %/°°, the space of measurable
bounded functions L*(v) is contained in L'(v) if and only if yq € L!'(v) (see the
comments after [10, Example 2.1]). Consequently, if v is not bounded, this premise
fails to hold. It is clear that the same conclusion holds for L?(v), p > 1. Moreover,
recall that a measure V is said to be strongly additive if (V(A,)),>1 converges to zero
whenever (A,),>1 is a sequence of disjoint subsets of %. Corollary 3.2 in [10] assures
that v is strongly additive if and only if yq € L!(Vv). Therefore, L=(v) C L!(v) if and
only if v is strongly additive. Again, the same result holds for L”(v), p > 1.

A measure V is said to be o -finite if there exists a sequence (A,),>1 in Z and a
v-null set N € 2'°¢ such that Q = (Un>14,) UN . Theorem 3.3 in [10] ensures that the
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o -finiteness of v is equivalent to the existence of a weak unit in L!(v). Clearly, this is
equivalent to the existence of a weak unit in L”(v) for any/some p > 1.

New requirements on the measure v (introduced and study in [3]) influence the
structure of the spaces Ll (v) strongly. Locally o -finiteness plays an important and
very special role as it gives the condition to L' (V) to be super order dense in L. (V).
More concretely, recall that a measure Vv is locally o -finite if given B € %'°¢ with
|V||(B) < e, B can be written as B = (U,>14,) UN, with A, € Z and N € %' a
v-null set. Theorem 4.8 in [3] proves that v is locally o -finite if and only if for every
0 < f € LL(v), there exists a sequence (¢,) C.7(R) such that 0 < ¢, T f v-a.e. This
characterization allows us to use the same arguments as the ones in Proposition 3.9
and Corollary 3.10 in [12], as well as certain well-known theorems on general Banach
lattices to prove the following proposition. We recall that a Banach lattice E is a KB-
space if every monotone sequence in Bg is convergent.

PROPOSITION 11. Let v be a locally © -finite vector measure on a &-ring % .
For p > 1, the following conditions are equivalent:

1. L{’v(v) is order continuous.

Ly, (v) is a KB-space.
Ly, (V) is weakly sequentially complete.

p
p
P(v) does not contain a (lattice) copy of cy.
P

W
Ly
w

)

V) is reflexive.

P(Vv) does not contain a (lattice) copy of cy.

P(v) is weakly sequentially complete.

O %2 N S kW

L
L
L
LP(v) is a KB-space.
L

Py

~
S

(v)
(v)
(v)
(v)
P(v) is reflexive.
(v)
(v)
(v)
(v)

=LP(v).
11. LL(v)=LY(v).

Remark that L! (v) = L!(v) holds if the space X where the vector measure takes
its values does not contain a copy of cg ([14, Theorem 5.1]). This always happens if X
is a weakly sequentially complete Banach space (see [, page 226]) and the converse is
also true for Banach lattices by Theorem 14.12 in [1]. This provides a quite large list of
examples which guarantees the equality L} (v) = L' (v).

Finally, let us note that there is a decomposition property for v which implies that
the space L. (v) has the Fatou property. It is the so called % -decomposability of v
(see Definition 17). For a measure satisfying such property, Theorem 5.8 in [3] assures
that L. (v) has the Fatou property and L!(v) is an order dense ideal in it. Thus, the
order density of LP(v) in L{(v) is an obvious consequence; clearly, we also get that
under this requirement for v the space L% (V) has the Fatou property for p > 1.
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4. Multiplication operators

Let 1 < p < e and consider a vector measure v defined on a ¢ -algebra. It is
well-known that in this case LP(v) C Li(v) C LL(v) and LP(v) C L'(v) C LL(v).
Moreover, by Proposition 3.1 and Corollary 3.2 in [12] a further inclusion can be es-
tablished: for p > 1, Lf(v) C L'(v). Actually, Proposition 3.3 in [12] establishes
that this inclusion is an L-weakly compact operator (and so a weakly compact oper-
ator). However, for vector measures on 0 -rings these inclusions are not necessarily
true (for instance, L”[0,%] is not included in L'[0,s]), but the inclusions between
the products of the corresponding spaces are still preserved; for example the equality
LP[0,00] - LP'[0,00] = L'[0, 0] remains true. In this section we analyze these inclusion
relations and the compactness properties of the multiplication operators that appear in
a natural way. Let us start with two simple examples related to Example 9.

EXAMPLE 12. (a) Let ' be an uncountable abstract set and % the & -ring of finite
subsets of T'. Clearly, %'°° = 2", Consider the vector measure v : % — ¢!(T') defined
by V(A) := X,ca ey, Where ey is the characteristic function of the point y € T'. It is
obvious that the only v -null set is the empty set. Since £!(T") does not contain a copy of
co, we have that LL (v) = L' (v) (see the explanation at the end of Section 3). Moreover
LL(v) =L (v) =¢Y(T) (see [10, Example 2.2] and Example 9). Take 1 < p < oo, then
L (v) =LP(v) = ¢P(T) and ¢P(T') ¢ ¢1(T). Therefore, LP(v) = LL(v) ¢ LL(v) =
L'(v) and some of the inclusions above fail to be true.

(b) Let 1 < p < ¢, and consider again the previous example. Then L?(v) =
LE(v) =¢P(T) and L4(v) = L}, (v) = ¢4(T"). Since ¢P(T") C £4(T), we have LP(v) C
L7(v) which is just the opposite inclusion of the one that holds in the case of o -
algebras.

The multiplication operators between L” (V) spaces have been studied recently in
a series of papers for the case of vector measures v on ¢ -algebras (see [20, Ch.3], [8],
[9], [13] and [2]). In particular, the equality L%(v)-L?' (v) = L'(v) and the compact-
ness properties of the multiplication operators are nowadays well-known in this case. In
what follows we will study multiplication operators and some of their properties in the
context of vector measures defined on a § -ring. We begin by proving some inclusions
without further requirements on the measure.

LEMMA 13. Let p,p' > 1 be conjugated exponents. Then
1 LO(v)-LE (v) = LL(v), and
2. LP(v)-LP (v) = LL(v) - LY (v) = LP(v) - LE, (v) = L' (v).
Proof. (1) Taking into account Lemma 3 we have that LE(v) - LE (v) C LL(v).
1 1
Now let f € LL(v). Then we can write f = sign(f)|f| = (sign(f)|f|?)-|f|” € LL(v)-

Ly (v) and check the converse inclusion.
(2) Note that the same proof of (1) yields L?(v)-L” (v) = L'(v). We will prove that
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LY(v)-LP (v) = L'(v). For this aim, let f € L}(v) and g € L” (v). We can suppose
without loss of generality that f,g >0 v-a.e. Since f € L’J.,(v), there exists a sequence
(W)n>1 in .7 (Z'°) such that 0 <y, T f v-a.e. and since g € L (v), there exists a
sequence (@, ),>1 in .%(Z) such that 0 < @, T g v-a.e. and in the norm of LV (v).
Note that for every n € N, y,, € .7(%) and that fg € LE(v)-LL (v) = LL(v), so
it suffices to prove that ||y, @, — fg|lv — 0 as n — oo as L'(v) is closed in L. (v).
Indeed

HWn@n_ngv:HfXSupp < )H ”fHLa _gHU’ (v)

fXSupp f H f%mpp

where the last computation has been made taking into account that L=(v)- LV (v) C

L” (v) due to the ideal property of L (v). Since 0 < fx S On 1 g v-ae., the order
upp(f

—0. Hence lvn®n— fgllv — 0 and

continuity of LP/(V) yields H fxl/mqon —f 7 (v)

fg e LY(v). Finally, since L' (v) = LP(v)-L¥' (v) C L}(v)- L (v), the equality holds.
Symmetry on the exponents p and p’ gives the final result. [J

REMARK 14. Note that in general L (V) -L{’V/(v) ¢ L'(v). To see this, just con-
sider a vector measure v such that L!(v) # L} (v) and take a function f € L} (v)\
L'(v). Then f can be written as f = sign(f)|f| = (sign(f)\f\%)-\f\i,but ferLi(v).

In fact, these spaces can be of a completely different size. Let us show an example.
Take a family of disjoint probability spaces (£2y,Xy, lly)yer for an uncountable set of
indexes I, the § -ring % defined by finite unions B =U_|A;,, Ay, € X, and the vector
measure K : % — co(I') givenby x(B) =X | Uy (Ay) Xy, - Then a direct extension of
the arguments that are used in Example 9 ([ 10, Example 2.2]) gives that the space L' (k)
is the direct sum @, ) L! (Uy). In particular, the support of each elements of this space
is contained in a countable union of sets Qy, y € I'. However, L} (k) = D) L'(uy)
and the functions of this space can be even strictly positive in all points of [J,er€2y.
(Notice that the notations ., ) and @~ indicate that the support of each function
in the first space is included in a countable subset of indexes y which do not happen in
the case of the second space).

Given g € . (%'°) we denote by M, : A (#'°°) — .4 (%'*°) the multiplication
operator by g.

LEMMA 15. Let p,p' > 1 be conjugated exponents and g € LP (V). Then
1. My € B(LP(v),L'(v)), and
2. Mg e B(LL(v),L(v)).

In both cases |Mg|| coincides with ||g||U,/(v)

Proof. It is a consequence of Lemma 13. Indeed, M, is well defined and so it is
automatically continuous since My = M,+ — M, that is, the difference of two positive
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operators between Banach lattices. Moreover ||Mg(f)l|.1(v) = 18/ ll1(v) < I8l ) -

1 £llep vy forall f€ Li(v), thus [[Mg]| < 8]l (y) - For the other inequality, just take

the function )
D
P

Jo= HgH;,,/(V)\é’W_I €Biy). U

The arguments used in the previous proof prove also the next lemma.

LEMMA 16. Let p,p’ > 1 be conjugated exponents and g € Lﬁ/(v). Then

1. My € B(LP(v),L'(v)) with ||Mg|| < lgll,p > and
2. My € BLL(V), Ly (V) with M|l = llgll e .,

In what follows we need further requirements on the measure space (Q,2%,V).
We will assume that v is % -decomposable. This is a vector measure extension of
a well-known decomposition property for scalar measure spaces that is called to be
decomposable (or strictly localizable) (see [22, Definition 46]). Let us consider a & -
ring Z of subsets of  and a vector measure v on it. Then Zorn’s Lemma gives a class
of pairwise disjoint sets {A;:i € I} C % and a disjoint v-null subset N C Q such that
A=UjcfA;UN.

DEFINITION 17. A vector measure v over a 0-ring # of subsets of Q is said to
be Z-decomposable if there exists a maximal decomposition of Q as before given by
(Q)oea in Z and a v-null N such that

1. for every arbitrary family (Ay)gea Of elements or % such that A, C Q for all
o € A, the union UgepAg is in £2'°¢, and

2. for each x* € X* and every arbitrary family of |x*v|-null sets (Zy)gea in Z
such that Zy C Qg forall o € A, the union UgepaZy is |x*v|-null.

For an % -decomposable vector measure, Theorem 5.8 in [3] assures that

THEOREM 18. Let % be a 0 -ring of subsets of Q, X a Banach space and Vv :
R — X an R -decomposable vector measure. Then L} (V) has the Fatou property and
L' (v) is an order dense ideal in it.

Consequently, in such case for every p > 1, LI (v) has also the Fatou property and
LP(v) is an order dense ideal. We will use this result in the sequel.

THEOREM 19. Let p,p’ > 1 be conjugated exponents and let g € M (#'°°). If
V is XZ-decomposable, then the following statements are equivalent:

I geLl(v).
2. My € B(LP(v),L (V).
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3. Mg € B(LP(v),LL(v)).
4. Mg € B(LL(v),LL(V)).

Proof. By Lemma 16 we have that (1) = (2). Let us see the converse. Assume
that My € B(LF(v),L'(v)) and so ||Mg|| < . Consider

A={felf(v):0<f<gl}.

By Lemma 16 for f € L’M’,,(v), M; € B(LP(v),L (v)) and ||Mf| = ||fHL,,/(v). In par-
ticular, this is the case for f € A. We order A to see it as an upwards directed system

where f1,f> € A are majorized by f1V f, € Lf.,,(v) NA. We use (A,V) to denote it.
Then, we have an upwards directed system such that

sup

A1,
fE(A,\/) L(A} (V)

= sup |[|My[| <[[Mgl| = [[Mg]| < ee.
fe(Av)

The Fatou property of Lﬁ/ (V) ensures that there exists fo :=sup ¢ f € L{C/(v) and
that
1foll ) = e 1 ) = [ 137

We claim that fy = |g| v-a.e. Suppose that this is not the case. Then the set B :=
{weQ: fo(w) # |gl(®)} C ¢ satisfies that ||v||(B) > 0. By Lemma 3.4 in [18],
| V][(B) = suppezroz || VI[(D). Thus, there exists D € #, D C B such that 0 < ||v||(D) <
oo. Note that D C supp(|g| — fo), then D Nsupp(|g| — fo) # 0 v-a.e. We know that
0< |g| — fo € 4 (%'°¢), therefore, there exists a sequence (@,),>1 in 7 (%'°°) such
that @, 1 |g| — fo Vv-a.e. This implies that @,xp T (|g| — fo)xp V-a.e. and so that
Ouxp+ foxp Tlglxp v-ae.

On the other hand, there exists n € N such that @,xp # 0 v-a.e. In other case,
if forall n € N @,xp =0 v-a.e., then supp(p,ND) =0 v-ae. forall n € N, thus
(U@l supp((pn)) ND =0 v-a.e., a contradiction. Let kK € N such a number. We have

that @xp + foxp < foxp = (SUpseav) |f1)xp Where @uxp + foxp € Li; (v), which
contradicts the definition of the supremum. Consequently, fy = |g| V-a.e. and g €
LL(v).

The proof of (1) <= (3) is analogous. (4) = (3) is evident so let us show now
that (3) = (4). For this aim we consider for every I C A finite the set Q7 = UperQq -
Consider 0 < f € LL(v) and choose (@,),>1 C . (%!°°) such that 0 < ¢, 1 f. For
each n > 1 and I C A finite, we define &, ;) = @uxq, € 7 (%). Then (&, 1)) 1) C
LP(v) is an upwards directed system 0 < &, ) T f. Moreover supy,, ) §.) = f- By (3)
we have that 0 < |g|&,1) = sign(g)gEn.1) € LL(v). Moreover, it is clear that 8|y T
|lg|f € 4 (') and that for every n € N and I C A finite,

1181811 vy = 1M (&)l g vy < 1Ml - 1601

The Fatou property of L. (v) yields that |g|f € L. (v) and so that gf € L!(v). The
extension to the general case is routine. Therefore M, : Li(v) — L (v) is well defined

o) < IMell - 11l ) -
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and the continuity is guaranteed since it is a difference of positive operators between
Banach lattices. [

THEOREM 20. Let p,p' > 1 be conjugate exponents and let g € .M (#'°). If v
is X -decomposable then the following conditions are equivalent:

1. ge L’ (v).
2. Mg € B(LL(v),LY(v)).
Proof. By Lemma 15 we have that (1) = (2). Letus see (2) = (1). Suppose that

M, € B(L(v),L' (v)). Then also M, € B(LP(v),L'(v)) so g € L% (v) by Theorem
19. That s, |g|”" € LL (v) which clearly implies that |g|”'~! € L(v). Therefore,

817" = Ig|-|gl"" ™" € Mig (LL,(v) = M (LL,(v)) € L'(v).

Consequently, g € LV (v). O
We finish this section by analyzing the compactness properties of the multiplica-

tion operators.

THEOREM 21. Let p,p' > 1 conjugate exponents and let g € M (#'°°). If v is
X -decomposable then the following statements are equivalent:

1. gelV(v).

N N e N T N U R \S}

=
m

B T B B i i
S

e e e e N e N
<
™~

~
S
=
m
S
<
~
€ —
—
=

Proof. The equivalence (1) <= (2) is precisely Theorem 20. Let us see (1) =
(3). We already have that M, € Z(L%,(v),L'(v)). We want to see that My(Byp ()
is an . -weakly compact set in L!(v), that is, Mg(Bypy)) is norm-bounded and such
that |71,y — O as n — e for every disjoint sequence (/,),>1 contained in the solid
hull of Mg(B,p (). Note that Mg(B;p ) is clearly norm-bounded by the continuity
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of Mg. Moreover, the solid hull of M,(B,p ) is itself, since Mg(B,p ) is solid in
L'(v). In fact, let |n| < |h|, with h € L' (V) and h € Mg (Byp ). We have that h=gf
with f € By, and then |h[ < |gf]. Thus,

" Fonts) < U 2ot < 171
| ‘XGupp XSllpp f

The ideal property of L% (V) yields that f Xsupp(s) € L{(v) and so Hf | ) <
1/1lzp(v) < 1. Then h= g%xsupp(g) € Mg(Bypy))- Finally let (h,), be such a sequence
and consider for each n € N the set supp(h,) € Z'°°. As (h,), is a disjoint sequence

(supp(h,)), is a disjoint family in Z'°. On the other hand, for every n € N there
exists fu € Byp(,y such that h, = M, (fu) = 8fn = &Xsupp(hy).Jn - BY Holder’s Inequality

”Mg(fn)”Ll(v) = ”hn”Ll(v) < anHL{j,(v) ’ ”ngupp(h,,)”LP’(v) < HgXSupp(hn)HLﬁ’(v)

but {|gXsupp(in) | ' (v) 0 since (gXsupp(i,))n 18 an order bounded disjoint sequence in

the order continuous space L (V). The implication (3) = (2) is evident and so we
close the chain (1) <= (2) < (3).

The implication (3) = (4) is clear because L”(V) is continuously contained in
L{(v) and the composition of a continuous operator (to the right) with an . -weakly
compact is an ¢ -weakly compact operator. Let us show now (4) = (1) and close
the equivalences from (1) to (4). Assume that M, € Z(L?(v),L'(v)). In particular,
M, € B(LP(v),L'(v)) and Theorem 19 yields that g € Ll (v).

In order to show that g € LI’/(V), we consider, for every I C A finite, the set
Q; = UqerQq and the o -algebra ;= { UgesAq : Ag € Zq forall a €1} of € where
Yo = %Ny . Note that Q; C Q and ¥; C Z. Denote by v;: ¥ — X the restriction
of v to ¥;. For each f € .#(%'), denote by f! the function resulting from the
restriction of f to Q. For every f € L} (v) we have that fyq, € L,(v) and f €
LY (vy) with [|f1|lv, = || fxe,|lv (see the proof of Theorem 5.8 in [3]). Moreover, for
every f € L'(v) we have that fyq, € L'(v) and fI € L'(v;) (see [11]). If Z is a
v-null set then ZN € is v;-null. Conversely, each function in L' (v;) (respectively in
L} (vy)) can be considered as a function in L'(v) (respectively L. (v)) with the same
corresponding relationships.

Define now By :={w € Q:0< |g(w)| <k}, for k € N, and consider (\g|ka)€k71) €
L=(v;) C L” (vi). Then [g|xs,xo, € LY (v). Clearly, |g|xs,xq, Tlg| v-ae.

We claim that the upwards directed system (|g|xs,xo, )k is a Cauchy system

in LP,(V); in this case it is also convergent in norm to the suprema, that is convergent
to g (see Theorem 100.8 in [24]) and then g € L” (V). Otherwise, there would exist a
number € > 0 and an increasing sequence (\g|kaXQIA )i in (lglxs X, ) k1) such that

|||g‘ka+1%Q’k+l \g|kaxQ,k||L,, > ¢ forall k €N, i.e. such that |||g\xq’ ) > €

LI’

where Cy := (Biy 1M, ) \ (BxN€y,) (note that C #0). Let fi := \g|1’ e}
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€ Bry(v)- Then [[Mg(fi)ll 1(y) — O as k — o due to the £’ -weakly compactness of
M, , but

/ /

xc, = sign(g)lgl” gl )

M, p-l
< (fx) = glg| HgHLa v La

Xck )

, v
and hence M (/0)11y) = 17 26, o gl - Therefore

/

H ‘g|XCk||Lp’(v) = ”Mg(fk)”Ll(v) . HgHLp{Z/(v) —0
as k — oo, that gives a contradiction.

Clearly, (3) = (5) since L!(v) is continuously included in L. (v) and the impli-
cation (5) = (6) follows by the same argument as the one used to prove (3) = (4).
We will show now that (6) = (4). Assume that M, € Z(L”(v),LL(v)). In particu-
lar, My € B(LP(v),LL(v)). Theorem 19 yields that M, € %(LF(v),L'(v)) and then
My, (LP(v)) C L'(v) which gives M, € Z(LP(v),L'(v)). We already have the equiva-
lences (1) to (6).

Since every ¥ -weakly compact operator is weakly compact, (3) = (7). Again,
since L!'(v) C LL(v) with equal norms, (7) = (9). The same argument that proves
(3) = (4) gives (9) = (10). (10) = (8) can be proved in the same way that (6) =
(4). Only (8) = (1) is needed to close the chain. Let us see this. Suppose M, €
W (LP(v),L'(v)), then My € B(LP(v),L'(v)) and g € L (v). Let Ay = {w € Q:
k—1< |g(o)]”" <k}, for k € N, and consider (|g|” ya, )k € L™(vi) € L'(vi) (we
follow the notation in the proof of (4) = (1)). Then |g|*' Xa X9, € L'(v). Define

Sy i= 3, [ 61 xa e dv = [ elsign(e)) 3. lel” ! zata, dv.
k=1 k=1

If we write f(, ) = sign(g) Xj_, |g\1’/*leka, (note that f(, ) € LF(v)), we have

1 = Ja&fmndVv =1yoM(f ). The ideal property of the weakly compact opera-
tors gives that S(, ;) € #/(LP(v),X). Since |f(, [P < |g?, we have that I fony lr(vy <
el
multiple of Byp(y)- Therefore, (S(, 1)) (n) is contained in a relatively weakly compact

, and hence (f(,.1)) (1) C HgHL{L’(v) “Brp(y)s thatis (fi,1))(n) is included in a

subset of X . Consequently, there exists (§(n71))(n’1) C (S(n,1))(n,) Weakly convergent to
some xp € X . On the other hand, recall that each weakly v -integrable function has an
integral belonging to X** (this fact can be easily proved following the same arguments
as in Corollary 3 and definitions in page 224 in [23]). So there is an element xj € X**
such that for every x* € X*

R R e A

due to the order continuity of L'(Jx*v|). Hence (Sn1)) (ny converges in the weak*
topology of X** to xjj. Since the weak* topology of X** coincides in X with the weak



THE SPACES OF p-INTEGRABLE FUNCTIONS L(v) AND L?(Vv) 259

topology of X, we can take xo := x;; € X . This assures the existence of xo € X such that

x*(x0) = fqlg|” dx*v. So the second condition in the definition of L'(v) is verified
and we conclude the result. [

REMARK 22. Following the results in [8], the previous theorem can be extended
to the corresponding cases of semi-compact and .# -weakly compact operators. For
the definitions we refer to [19, Definition 3.6.9] and for the proof check Theorem 7 in

[8].

5. L? and LI, as intermediate spaces

It is well-known that in the case of o -finite measures, the inclusions L'(u) N
L=(u) C LP(u) C L' (1) +L= () substitute for many purposes the inclusions L=(u) C
LP(u) C L'(u) that hold for finite measures. To finish the paper, in this section we
analyze the inclusion between the spaces L'(v)NL™(v), LP(v) and L'(v)+L>(v),
and also for the corresponding weak spaces.

PROPOSITION 23. Let 1 < p < oo. Then the following (continuous) inclusions
hold.

1. LL(v)nL=(v) C LL(v) CLL(v)+L=(v).
2. LY(v)nL=(v) C LP(v) C LY (v) +L=(v).

Proof. (1) Consider the Banach lattices L!,(v) NL™(v) and L (v)+L~(v) with
the v-a.e. order and the usual lattice norms

1A g vyne= vy = max{[L £y vy [ £l and

1l vy 2=(v) = A g ) + 18l s = F 48, f € Ly(V), g €L7(V)},
respectively.

For every f € LL(v )OL“’( ) we have that |f(@)| < || flle < | £ll28 (v)rz=(v) for
v-almost all @ € Q, so ||fH VL (v |f(a))| <1, v-a.e and then

||fHLl YNL=(v |f( )P ||fHL1 L= (v |f(w)|, v—a.e.

Hence, |f()|? < ||fH V)L (v \f(a))\, v-a.e. The ideal property of L. (v) yields
(v

that [f|P € LL(v), and therefore f cLh(v).
On the other hand, let 0 < f € L{L( v). For an arbitrary € > 0 define the measurable
set Ag :={w € Q: f(w) > e}. Note that if @ € Ag, then f(w)? > x4, . Therefore,

> sup | |fPdlv]>e" sup | xaodl'v]=el|2aclly ) = €7lIVI(Ae),
X*EByx X*EByx
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that is ||v|[(Ag) < eo. In particular, x4, € L{Z/(v). Write f = fxa. +/Xa\a. - Clearly,
fXa\a, € L™(v). Moreover, by Lemma 13, Li(v) ~Lﬁl(v) =Ll (v) with p,p’ con-
jugate exponents. Hence, fxa, € LL(v) and we conclude that f € LL(v) +L>(v).
The extension to the general case is routine. Finally, the continuity of the inclu-
sions is clear, since it is a positive operator between Banach lattices. The inclusions
L'(v)nL=(v) C LP(v) C L' (v) +L=(v) in (2) follow by the same arguments, using
in this case the identification L” (V) -L’M’,,(v) = L'(v) for proving the second one. [J

In general these relations cannot be improved by changing spaces of weakly in-
tegrable functions by spaces of integrable functions. The inclusions L., (v)NL*(v) C
LP(v) and LY (v) C L'(v) +L*(v) fail sometimes, as the following examples show.

EXAMPLE 24. Let I = (0,e) and consider the 6-ring % of the finite subsets
of T. Let ] <p<ooand v:Z% — co(I') be the vector measure given by v(A) :=
YyeaX{y}- The corresponding spaces of integrable functions can be calculated eas-
ily and are L'(v) = LP(v) = ¢o(T) and L} (v) = ¢=(T) (see Example 9, Example 12
and [10, Example 2.2]). Note also that L=(v) = ¢=(T). Therefore L. (v)NL"(v) =
() Z co(T') = LP(v).

EXAMPLE 25. Consider an uncountable index set / and a family of disjoint non
atomic probability spaces (€;,%;, lt;);es. Consider the vector measure Vv : Z — co(I)
constructed as the one in Remark 14. Let 1 < p < . The spaces L'(v) and L{(v)
can be identified with the spaces @, L'(w;) and @ (1) LP (W) , respectively, and the
space L”(v) is @1y L™ (1) Take an element of Lj,(v) defined by a set of functions
(f?)ier, each f; with support in Q;, with 0 < f; € LP(u;) \ L=(y;) for all i € I and
sup;c; || fill Lp(y;) < - Then it cannot be written as a sum of elements of L'(v) and
L= (v) since the elements of L!(v) are 0 in each ; except in a countable subset of
indexes of 1. Moreover, the functions in {f; : i € I'} are not essentially bounded, so f;
does not belong to L~ (y;) for any i. Consequently, L5 (v) ¢ L' (v) +L™(v).

However, an improvement is still possible in the right hand side inclusion by defin-
ing a new space. For this aim, denote

Ly,(v)

Lo(v):==LL(v)NL=(v) ™" C Ly(v).

Remark that L' (v) C Ly, (V) since .7 (%) € L,(v)NL™(v) and . (Z) is a dense set
in L'(v). We claim that,

THEOREM 26. Let 1 < p <oo. Then the (continuous) inclusion L}, (v) C L&v,o(v) +
L=(v) holds.

Proof. Let 0 < f € Li(v) and fix € > 0. Consider again the sets A¢ := {® €
Q: f(w) > €} of the previous proof, and recall that ||v||(A¢) <o and f = fyxa, +
fxawu, € LL(V)+L”(v). Define now forevery n €N, By, :={w €A : f(0) <n} €
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2'°¢ and f, == fxB.,,- Note that ||V||(Bg,) <eo. Then f, € L},(v)NL=(v). We claim
that || fxa, — full1(v) — O as n — eo. To see this, use Holder’s Inequality

1 2ae = Fallzy vy = 1506 Oene = Bea) It vy < WF gy - Iae = XBeall -

Let C, :=A¢ \ Bey, n € N. Let us see that (C,), | ,Cn and HXC"”LP' , —0as

n — oo, Otherwise, there would exist a number 6 > 0 such that ||v||(C,) > & for an
infinite subset M of N. Since ||v||(Cy) = supccproc ||V||(C) (see Lemma 3.4 in [18])
there would exist also C, 5 C C, with C, 5 € # such that ||v[|(C,5) > &, n€ M. But

nc,s < e, forall n € N, thus n87 < nlxe, slluz vy < I1fllyz(y) < . which is a
contradiction.

Consequently, || fxa, — fallzy () — 0 as n— oo, hence fyxa, € Lvlv70(v). The ex-
tension to non positive functions is clear. [

REMARK 27. Consider the case where the vector measure is defined on a o-
algebra. Then, L} (v)NL=(v) = L=(v) C L'(v) which is closed in L}(v). Hence,
Ll ,(v) = L'(v) and the inclusion in the theorem gives L (v) C L!(v). Therefore,
Theorem 26 is a generalization of Proposition 3.1 in [&].
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