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THE NEW v-METRIC INDUCES THE CLASSICAL GAP TOPOLOGY

AMOL SASANE

(Communicated by J. William Helton)

Abstract. Let <7y denote the set of Laplace transforms of complex Borel measures i on [0, +co)
such that u does not have a singular non-atomic part. In [1], an extension of the classical v-
metric of Vinnicombe was given, which allowed one to address robust stabilization problems
for unstable plants over .27y . In this article, we show that this new v-metric gives a topology
on unstable plants which coincides with the classical gap topology for unstable plants over <7,
with a single input and a single output.

1. Introduction

We recall the general stabilization problem in control theory. Suppose that R is
a commutative integral domain with identity (thought of as the class of stable trans-
fer functions) and let F(R) denote the field of fractions of R. Then the stabilization
problem is:

p € F(R) (an unstable plant transfer function),
find ¢ € F(R) (a stabilizing controller transfer function),
such that (the closed loop transfer function)

Hipe) = |7 (1=ep) [~ 1]

belongs to R>*? (that is, it is stable).

In the robust stabilization problem, one goes a step further. One knows that the
plant is just an approximation of reality, and so one would really like the controller ¢
to not only stabilize the nominal plant p, but also all sufficiently close plants p’ to p.
The question of what one means by “closeness” of plants thus arises naturally. So one
needs a function d defined on pairs of stabilizable plants such that

1. d is a metric on the set of all stabilizable plants,
2. d is amenable to computation, and

3. stabilizability is a robust property of the plant with respect to d.
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Such a desirable metric, was introduced by Glenn Vinnicombe in [15] and is called
the v-metric. In that paper, essentially R was taken to be the rational functions with-
out poles in the closed unit disk, and it was also shown that the topology obtained
was equivalent to the one obtained from the gap-metric (introduced by Zames and El-
Sakkary [16],[6], which in turn is equivalent to the graph metric of Vidyasagar [14]).

The problem of what happens when R is some other ring of stable transfer func-
tions of infinite-dimensional systems was left open in [15]. This problem of extending
the v-metric from the rational case to transfer function classes of infinite-dimensional
systems was addressed in [1]. There the starting point in the approach was abstract. It
was assumed that R is any commutative integral domain with identity which is a subset
of a Banach algebra § satisfying certain assumptions, and then an “abstract” v-metric
was defined in this setup, and it was shown in [1] that it does define a metric on the class
of all stabilizable plants. It was also shown there that stabilizability is a robust property
of the plant. In particular, this gave a metric on unstable plants over <7, , where .27,
denotes the set of Laplace transforms of complex Borel measures p on [0, o) such
that u does not have a singular non-atomic part.

One can also define a gap-metric for unstable plants over <7, , and so it is natural
to ask if the v-metric and the gap-metric induce the same topologies on unstable plants
over o7 . In this article we address this issue, and prove the following result.

THEOREM 1.1. On the set S(<.), the topologies induced by the Vv-metric dy
and the gap-metric dg are identical.

The notation S(.<7;) will be explained carefully in Section 3, but roughly speak-
ing, it is to be thought of as the class of unstable plants over .7, with a single input and
a single output. Owing to a technical difficulty, we restrict ourselves to single input and
single output systems. We end this article with an open problem, namely the validity of
our main result for systems with multiple inputs and multiple outputs, while pointing
out the precise nature of the technical difficulty.

The paper is organized as follows:

1. In Section 3, we recall from [1] the v-metric in the context of unstable plants
over 7, , and also derive an alternative expression for it in Proposition 3.6, rem-
iniscent of Georgiou’s formula for the gap-metric from [7].

2. In Section 4, we give the definition of the gap-metric in the context of unstable
plants over <7, . An alternative expression for the gap-metric is given in Propo-
sition 4.9, which will be used in order to show the equivalence of dy and dj.

3. Finally, in Section 5, we will prove our main result (Theorem 1.1). At the end of
this section, we also highlight the main obstacle towards extending Theorem 1.1
to systems with multiple inputs and outputs.
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2. Notation index

For the convenience of the reader, we have included a table here which shows the
page numbers of the places where the corresponding notation is first defined.

| Notation | Page number |
- Laplace transform (page 514) or
Fourier transform (page 514)
i pages 514, 516, 520
o page 514
oy page 514
AP almost periodic functions (page 514)
Co continuous functions on R vanishing at £ (page 522)
Cy right half of the complex plane (page 514)
5 directed gap (page 519)
d, gap-metric (page 519)
dy v-metric (page 517)
F(ay) field of fractions over <7, (page 516)
9 graph of a system (page 519)
G, 57 K, K matrices built from coprime factorizations (page 516)
inv - invertible elements of a ring (page 513)
Up stability margin of the pair (p,c) (page 517)
Py projection onto ¢ (page 519)
Py |4, restriction of Py, to % (page 520)
S(ety) plants with a normalized coprime factorization (page 516)
Tx Toeplitz operator (page 521)
W winding number for continuous closed
curves avoiding 0 (page 515)
w average winding number for invertible
AP functions (page 515)
w index for invertible elements in <7 (page 515)

3. The v-metric

In this section we will recall the new v-metric for unstable plants over the ring
o/ (defined below), which was listed as a particular example in [1, Subsection 5.3] of
the abstract v-metric introduced in that paper. At the end of this section, we will also
give an alternate expression for the v-metric, which will be used later in order to show
the equivalence of the v-metric topology with the classical gap topology.

If R is a commutative integral domain with identity 1, we use the symbol inv R
for the set of invertible elements of R.

We denote by 7, the set of Laplace transforms of complex Borel measures u
on [0,4o0) such that y does not have a singular non-atomic part. A more explicit
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description of the elements of 7, can be given as follows. Let
Ci:={seC:Re(s) >0}.

Then

Ay = {S(G Cy) > fals)+ Y, fre™

k=0

fa € LY(0,%), (fi)i=o € £, }

0=1y<t,,13,...

and equipped with pointwise operations and the norm:

IFN = 1 fallor + 1 Fdizollirs Fs) = fuls)+ X, fee ™™ (s € Cy),

k=0

o/ is a Banach algebra. Here fa denotes the Laplace transform of f:
fuls) = [ e puloydr, sec.
0

Similarly, define <7 as follows:

ot t 1 <0=ty<ty,to,...

%E{Memwfmw+2ﬂfm

keZ

fa € L'(R), (fi)kez € 1", }

Then, equipped with pointwise operations and the norm:

I = lfall + | (Fkezll s Fliy) = faliy)+ Y, fee ™ (y € R),
keZ

&/ is a unital commutative complex semisimple Banach algebra. Here fa is the Fourier
transform of f,,

o~

Juliy) = [ eV a (e

One can also define an involution -* on <7, given by

F*(iy)=F(iy), ye€R,

for F € o/ . Clearly, &/, C & .

The algebra AP of complex valued (uniformly) almost periodic functions is the
smallest closed subalgebra of L*(IR) that contains all the functions e, := ¢'*Y. Here
the parameter A belongs to R. For any f € AP, its Bohr-Fourier series is defined by
the formal sum

Y fre?, yeR, 3.1)
A

where
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and the sum in (3.1) is taken over the set 6(f) := {A € R| f, # 0}, called the Bohr-
Fourier spectrum of f. The Bohr-Fourier spectrum of every f € AP is at most a count-
able set. For each f € inv AP, we can define the average winding number w(f) € R of
f as follows [9, Theorem 1, p. 167]:

w(f) = Jim - (arg(F(7)) —are(£(-T)) ).
We set

Fyp(iy) = 2 fke*i)’lk (yeR) for F :fa_|_ 2 fkefi"k c .
keZ ke’
If F = f,+Fyp € inv., then it can be shown that ([1, Subsection 5.3]) Fyp(i-) €

inv AP. Moreover, F = fa + Fp € o isinvertible if and only if forall y € R, F(iy) #0
and inﬂg\FAp(iy)\ >0.
ye

Since L1(R) is an ideal in <7, it follows that F, A_Plfa is the Fourier transform of a
function in L!(RR), and so the map

_ F@y)
Fap(iy)
has a well-defined winding number w around 0. Geometrically, w(f) is the number of

times the curve ¢ — f(¢) winds around the origin in a counterclockwise direction.
Define the index W :inv &/ — R X Z by

v L (Eap(iv) ™ fuliy)

W) = (wEap) w1+ E o)), (3:2)
where F = j/‘; + Fup € inv &7, and

w(Eap) = lim o (arg (Fup(R)) —arg (Fyp(~iR)) ).

(14 o) = 5 (are (14 () "R ).

y=—oo
The map W :inv &/ — R x Z satisfies:

(I1) W(ab) =W(a)+W(b) (a,b € inv &).

(I2) W(a*)=—-W(a) (a €inv &).

(I3) W is locally constant, that is, W continuous when R x Z is equipped with the
discrete topology.

(I4) x e .oy N(inv &) is invertible as an element of <7 if and only if W (x) = (0,0).

A consequence of (I3) is the following “homotopic invariance of the index” (see [1,
Proposition 2.1]): if H : [0, 1] — inv ¢/ is a continuous map, then W (H(0)) =W (H(1)).

We recall the following standard notation and definitions from the factorization
approach to control theory.
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3.1. The notation F (<7, ):
(<7, ) denotes the field of fractions of <7, .

3.2. The notation F*:

If Feo/l™, then F* € &/™ P is the matrix with the entry in the ith row and

Jjth column given by Fj*- forall 1 <i<p,andall 1 <j<m.

i

3.3. Coprime/normalized coprime factorization:

Given p € F(R), a factorization p = nd~', where n,d € R, is called a coprime
factorization of P if there exist x,y € R such that xn+ yd = 1. If moreover there
holds that n*n+d*d = 1, then the coprime factorization is referred to as a normalized
coprime factorization of p.

3.4. The notation G, &K 71? :
Given p € F(«7,) with a normalized coprime factorization p = nd~', we intro-
duce the following matrices with entries from <7, :
G=1"] and G=[-dn].
d

1

Similarly, given ¢ € F(«7,) with normalized coprime factorization ¢ =xy™", we intro-

duce the following matrices with entries from <7, :

K:[i] and K=[-xy].

3.5. The notation S(.<7, ):

We denote by S(<7,) the set of all elements p € F(<7,) that possess a normalized
coprime factorization.

REMARK 3.1.

1. It can be shown (see for example [14, Chapter 8]) that if p € S(<7, ), then p is a

stabilizable plant over <7, , that is, there exists a ¢ € F(.<7}.) such that H(p,c) €
R2><2 .

2. [2, Subsection 3.5] shows that every stabilizable plant p € F(<7;) admits a co-
prime factorization over <7, .

3. It follows from the proof of [10, Lemma 6.5.6.(e)] and [10, Theorem 5.2.8] that
whenever p € F(7;) has a coprime factorization over <7, , it also has a normal-
ized coprime factorization over .27, .
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Putting these remarks together, we see that S(<7, ) is exactly the set of all plants in
F(<7,) that are stabilizable over <7, .

DEFINITION 3.2. (v-metric dy on S(<7;)) For p1,p> € S(<7;), with the nor-
malized coprime factorizations py = nid; I and P2 = nzd_l, we define

G261 |« if GG, € inv & and W (G;G,) = (0,0),

dy(p1,p2) = { 1 otherwise. o

where the notation is as in Subsections 3.1-3.5.

We have the following; see [1]:

THEOREM 3.3. d, given by (3.3) is a metric on S(<7,).

Moreover, stabilizability is a robust property of the plant in this new v-metric. In
order to see this, we first introduce the notion of stability margin for a pair comprising
a plant and its controller.

DEFINITION 3.4. Given p,c € F(&7,), the stability margin of the pair (p,c) is
defined by
[ ||H(p,c)||=" if p is stabilized by c,
Hre=10 otherwise.

The number p, . can be interpreted as a measure of the performance of the closed
loop system comprising p and c: larger values of p, . correspond to better perfor-
mance, with p, . > 0 if ¢ stabilizes p.

The following was proved in [1]:

THEOREM 3.5. If p,p’ € (/) and c € S(y), then Wy . > fp e —dy(p,p’).

The above result says that stabilizability is a robust property of the plant, since if
¢ stabilizes p with a stability margin u, . > m, and p’ is another plant which is close
to p in the sense that dy(p’, p) < m, then c is also guaranteed to stabilize p’.

We will now derive an alternative expression for the v-metric, which is reminis-
cent of Georgiou’s formula for the gap-metric from [7].

PROPOSITION 3.6. If p1,p2 € S(.), then

dy(pr,p2) = _inf [|G) = Gaglle-.
gEinv o7,
W(q)=(0,0)
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Proof. Let g € inv .o/ and W(q) = (0,0). We have

161~ Gaal = | | €] 61~ G20
e
GGy

> G261 ]|

~ TG
(as [Gg G;] [éﬂ =1

oo

(since GG, = 0 and G3G, = I)

oo

Soif G5G; €inv &/ and W(G5G;) = (0,0), then from the above it follows that |G| —
Gaqll = ||G2G1 e = dy (pl,pz). As the choice of g above was arbitrary, we obtain

qe |G1 — Gaglles = dy(p1,p2). 3.4

Wiq)= (0 0)

If we define go := G;G1 € 7, then gq € inv &/ and W(go) = (0,0), and so

G3Gi —CIO} ’

f G — Gyl < ||G1 — G o =
inf [G1 — Gagll= < [|G1 — Gaqo| H[ GrG
= |G2Gi || = dv(p1. p2).

gEinv
_ 0
“ILG2G1 ]

W(q)=(0,0)
From this and (3.4), the claim in the proposition follows for the case when G5G; €
inv.«/ and W(G3G;) = (0,0).
Now let ¢ € inv o/ be such that W(g) = (0,0) and ||G; — G2ql|~ < 1. Using
GG =1, we see that

11 = GiGadll = | G1(G1 = G2q) |l < |G} | ]|GL = Gagll- < 1-1= 1.

So G{G2q = 1— (1 — GjGagq) is invertible as an element of 7. Consider the map
H:[0,1] —inv o/ given by H(t) =1 —1(1 — G{Gagq), t € [0,1]. By the homotopic
invariance of the index,

(0,0) =W (1) =W(H(0)) = W(H(1)) = W(G1Gaq).

As W(q) = (0,0), we obtain that W(G}G2) = (0,0). So we have shown that if there
isa g € o suchthat g € inv.«/, W(q) = (0,0) and |G| — Gag||. < 1, then G;G> €
inv.«/ and W(G{Gz) = (0,0). Thus if either G{G, ¢ inv &7 or G{G;, € inv &/ but
W(G{G2) # (0,0), then for all g € o such that ¢ € inv &/, W(q) = (0,0), we have
that ||G; — Gag|| > 1, and so

inf  ||Gi—Gagqlle = 1 =dv(p1,p2).
ge<inv o,

W(q)=(0,0)

1
Also, with g, := —1I, g, € inv &/ and W(g,) = (0,0). We have
n

1
1G1 = Gagull < (|Gl + ([ G2l ol gl < T+1-—.
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Hence
. . . 1
;nf ||G1 — quHw < 11’1fHG1 — G2q"||°° < 1nf<1 + —) =1= dv(pl,pz).
gEinv o, n n n
W(q)=(0,0)

Consequently, inf ||G| —Gaglle =1=dy(p1,p2). O
geinv &7,
W(q)=(0,0)

4. The gap-metric

In this section we will recall the gap-metric topology for unstable plants over the
ring o7, . We will also prove a few technical lemmas which will be used in the next
section in order to prove our main result.

DEFINITION 4.1. (Graph of a system) For p € S(7;), with the normalized co-
prime factorization p = nd~', we define the graph of p, denoted by ¥, to be the
following subspace of the Hardy space H?(C?):

%:GH2:{[Z,$] :¢€H2}.

Using the fact that there exist x,y € <7, such that xn+ yd = 1, it is easy to see
that the graph ¢ is a closed subspace of H> x H>. We denote the orthogonal projection
from H> x H? onto & by Py.

DEFINITION 4.2. (Gap-metric d,) For py,p> € S(o7,), with the normalized co-
prime factorizations p| = nd| I and P2 = nzd_l, we define

dg(p1,p2) = HP% —P%||$(H2xH2)~ 4.1)

We will need a few technical results on the gap-metric d,. For a self-contained
account of these results, we refer the reader to [13]. It can be checked that d, given by
(4.1) is well-defined. Since the gap-metric is a metric on the set of closed subspaces of
a Hilbert space, it follows that d, given by (4.1) is a metric on S(<7y).

For py1,p2 € S(#,), dg(p1,p2) = max{&(p1,p2),8(p2,p1)}, where 8(-,-) de-
notes the directed gap, defined by

—

6(p1.p2) =l = Pgy) Py, || o2y

If dy(p1,pa) < 1. then dy(p1, p2) = 8(p1,p2) = 8(p2, p1) [8, Prop. 3, p. 675]. In [7],
it was shown that

do(p1,pa) = {'f Gi —Gogllw, inf |G2—G m}.
¢ (P1,p2) = max qlel}-IWH 1 24| qlel}{wH 2 14|l

For py,p> € S(4,), the infimums above can be taken over <7, instead of H”, and this
follows from [10, Theorem 11.3.3].
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LEMMA 4.3. If p1,p2 € S(), then

inf ||G; — Gagll.. = iInf ||G; — Gagl|e.
qleHwH 1 — Ga| qémﬂ 1 — Ga|

Proof. Clearly m:= inf |G| — Gaql|«~ < inf |G| — G2q|| =: M. Define
qeH” qEA+

G2 Gy x| 0
o=[20). wev ]l 8]

(For X € (H=)P*™, X* € (L™)™*P is defined by X*(iy) = (X (iy))*, y € R.) Suppose
that m < M. Then there exists a ¢ € H* such that |G| — G2¢|- < M. Now we apply
[10, Theorem 11.3.3, p. 654] to conclude that the ¢ can in fact be chosen in <7, . For
this, a few technical assumptions have to be verified first, and we give these details in
the following paragraph for the interested reader.

(First of all, the Standing Hypothesis [10, 11.0.1, p. 611] is satisfied, since o7}
does satisfy [10, Hypothesis 8.4.7., p. 384], by [10, Theorem 8.4.9(f3), p. 385]. Sec-
ondly, the Standing Hypothesis [10, 11.3.1, p. 654] is satisfied, since G5G, = 1. Ac-
tually, there are two extraneous assumptions in 11.3.1, but neither is used in the part
of the proofs required here, and these extraneous assumptions are anyway satisfied in
our case. Now as the Assumption (FI1 % s) of [10, Theorem 11.3.3, p. 654] holds, also
(FI13s) holds. By the last sentence of [10, Theorem 11.3.6, p. 659], as W has entries
from 7, , there exists a g € </, such that |G| — Gag|l < M.)

Consequently, m=M. [

We use the notation Py |y, to mean the restriction of Py to %, namely, the
operator from %, to ¢, given by

P(fl ‘g2g2:R§1g27 82 6g2~

Then ker(Py, |4,) = {82 € % : Py g =0} =% N (ker Py ) =% NY;-. Also, for g1 €%,
and g, € %, we have

(P |9,82:81)9 = (Py182,81)9 = (82:81)m2(c2)
= (82, P9,81) 2 (2) = (82: P 81)9,
= <g2a])g2|g1gl>gza
and so (Pgl |%)* = P% |gl . Thus ker((Pgl |%)*) = ker(P% |(¢1) = (‘jl ﬂgf‘ . So if Pgl |g2
is a Fredholm operator [ 12, §2.5.1,p. 218], then its Fredholm index is given by dim(%, N
YL —dim(4 NYsh).
We will use the following result from [1 1, p. 201].

LEMMA 4.4. (Lemma on Closed Subspaces) Let H be a Hilbert space and let
U,V be subspaces of H. Then the following are equivalent:

(S1) unv+=/{0}.
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(S2) Closure of PyV is U.
Also, the following are equivalent:
(S3) PyV =U and VNU* = {0}.

($4) ||(I - Py)Pyl| <1 and [|(1—Py)Py| <1.

LEMMA 4.5. Let py,p2 € S(<Zy). Then dy(p1,p2) < 1 if and only if the follow-
ing three conditions hold:

1. Py |y, is Fredholm,
2. 4 NY-={0}, and
3. gzﬂgll Z{O}.

Proof. (Only if) As Py, |9 is Fredholm, its range is closed, that is, Py % is a
closed subspace. Hence from the equivalence of (S1) with (S2) in Lemma 4.4 above,
we have that the closure of Py, %, which is the same as Py, %, is equal to ¢;. Now
from the equivalence of (S3) with (S4) in Lemma 4.4, we obtain that 6 (py,p2) = ||(I —
Py, )Py || <1 and 6(pa,p1) = ||(I = Py, )Py || < 1. Hence dg(p1,p2) < 1.

(1) As 8(p1,p2) = (1= Py)Py || < 1 and 8(pa,p1) = (I - Py )Py | < 1, by
the equivalence of (S3) with (S4) in Lemma 4.4, we obtain Py % = ¢, and so the
range of Py, |y, is closed. Moreover, %, N¥;- = {0} . By interchanging the roles of p;
and p,, we also get that 4, N%;- = {0}. O

The following is easy to check.

LEMMA 4.6. Let Hy,H, be Hilbert spaces and T € £ (H,,H,), S € £ (H»,H)
be such that ST = 1. Suppose that U is a subspace of H,. Then we have that TU is
closed if and only if U is closed.

Proof. (If) Since T is left invertible, ||x|| = ||[STx| < ||S||||Tx|| (x € Hy). Suppose
(yn) = (Txy) (x4 € U) is a sequence that converges in Hy. Thus ||y, — ym| = m ||, —

Xm||, showing that (x,) must converge to some x € Hy. As U is closed, x € U. Thus
yp=Tx, — Tx € TU. Hence TU is closed.

(Only if) Now suppose that TU is closed. If (x,) is a sequence in U that con-
verges to x in Hj, then clearly Tx, — Tx. But TU is closed, and so Tx € TU . Hence
Tx = Tx' for some x' € U. Operating by S, we have x = STx = STx' = x/, and so
x=x'€U. Thus U isclosed. [J

For X € (L*)P*™ Ty denotes the Toeplitz operator from (H*)™ to (H?)P, given
by Tx ¢ =), (X @) (@ € (H?)™), where X ¢ is considered as an element of (L*)?
and TT;2), denotes the canonical orthogonal projection from (L*)” onto (H?)”.
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LEMMA 4.7. Let p1,py € S(/y). Then Py, |q, is Fredholm if and only if Tg:,
is Fredholm. Moreover, their Fredholm indices coincide.

Proof. First of all, we note that TG»I«G2 = TG’I 1, (since G, has H™ entries). Also,
it can be checked that for a matrix X with L* entries (Tx)" = Tx-. Thus (Tg:g,)" =
T, -

As Tg, is an isometry, it follows that the orthogonal projection onto the range of
Tg, , namely the subspace ), is given by Tg, (Tg,)" = Tg,Tg; . Indeed, with P :=
Tg, TGT ,and using G{G| = 1, we can check that P2 =P, that P* = P and that P maps
onto the range of Tg, :

ran (Tg, Tg;) C ran T, = ran (Tg, Tg; Tg, ) C ran (TG, Tg;)-
We have that
ker(Tg: Tg,) = {@ € H* : T5: T, = 0}

= {p e H? : T, T: Tg,0 = 0} (since [x1 y1] Gy =1)

={QcH* :PyTs,0p=0}={p e H* : T5,0 € 9"}
Consider the map 1 : ker(7g: Tg,) — 4-N%, defined by 1(@) =T, ¢ for p € ker(7g: Tg, ) -
From the above calculation, we see that 1 is onto. Also, since [xz yz] G, =1 it follows
that 1 is one-to-one. So 1 is invertible.

The above shows that in case that Py, |¢, and TG’[ G, are both Fredholm operators,

their Fredholm indices will coincide.

In light of the above, we just need to show that the range of Py, |, is closed if and
only if the range of Tg:q, is closed. The range of Py, |y, is

Py, %, = Py ran Tg, = Tg, Tg:ran Tg, = Tg ran Tgrg, -

Since G has a left inverse [x; y| | € @2, it follows that Tg, is left-invertible. By
Lemma 4.6, the range of Py |4, is closed if and only if the range of ran Tg:a, is
closed. [J

We will need the following result, which follows from [4, Thm. 3, p. 150]. Here
Cyp denotes the set of continuous functions on R that vanish at =eo.

PROPOSITION 4.8. Let F = f+g, where f € AP and g € Cy be such that Tr is
Fredholm. Then the following hold:

1. Ty is invertible.
2. Feinv (AP+ ().

3. The Fredholm index of Ty is the winding number of 1+ f~'g.
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Proof. Since TF is invertible modulo the compacts, it is invertible modulo any
bigger ideal which we can take to be the kernel of the symbol map from the Toeplitz
C*-algebra .7 (AP +Cp) (generated by T, for ¢ € AP+ Cp) to AP+Cy. Thus F €
inv (AP+ ().

It follows from the invertibility of F = f 4 g in AP+ Cy that there are fe AP
and g € Cp such that

L=(f+&)(f+8) =+ (fg+ef+gd).
But fg+ gf—i— gg € Cp because Cy is an ideal in AP+ Cp. So
ff—1€APNG,.

By [3, 9.19, p. 407], APNCy = {0}. Consequently, ff =1, that is, f € invAP.
Moreover, using [4, Theorem 3, p. 150] (see also [3, Theorem 9.22]), one knows that
the generalized index of F is (0,n) for some integer n and hence the average winding
number of f is zero. Thus Ty is invertible [5, Theorem 11, p. 25].

Again using [4, Theorem 3, p. 150], one can see that the generalized index of Tr
equals the sum of the generalized indices of Ty and T} ;-1,. But the generalized index
of Ty is (0,0) which completes the proof. [J

PROPOSITION 4.9. If p1,p2 € S(.), then

d = inf G1— Grqle
.(P1,D2) qeilnv,oaHl 24|

Proof. 1° Consider first the case when d,(py,p2) < 1. From Lemma 4.5, it fol-
lows that Py, |, is Fredholm, 4 N%;" = {0} and %, N¥;" = {0}. Furthermore, the
Fredholm index of Py, |g2 is 0. By Lemma 4.7, TGTG2 is Fredholm, with Fredholm
index O too. From Proposition 4.8, it follows that GG is invertible as an element of
AP+ (. Thus it is also invertible as an element of <. Also, W(G;G2) = (0,0). Now
suppose that there is a g € <7, such that |G| —Gaqol|- < 1. Then ||I —G}Gaqgopl|- < 1
and so Gi{Gaqo = 1 — (1 — G1G2qo) is invertible in .o/. Hence G{Gyqo € inv .o/
In particular, go € inv 7. Consider the map H : [0,1] — inv &/ given by H(f) =
1 —1(1—-GiGaqo), t € [0,1]. By the homotopic invariance,

(0,0) =W (1) =W(H(0)) = W(H(1)) = W(G1G2q0).

Since W(G]G>) = (0,0), it follows that W(go) = (0,0). Thus by (I4), we obtain that
qo € inv <7, . Consequently,

1>dg(p1,p2) = 8(p1,p2) = inf ||G1—Gaglle = inf [|Gi—Gagll.
qey geiny o7
2° Now suppose that dy(p1,p2) =1, but that 3(p1,p2) < 1. Since we have

8(p1,p2) = (I = Pg,)Py, ||, we obtain % N%;- = {0}. For otherwise, if 0 # v €
4, NYs;", then we have (I — Py, )Py, v=v, and so we would obtain that ||(I — Py, )Py, || >
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|(I — Pg,)Pg,v||/ Hv|| = 1, a contradiction. From Lemma 4.5, it now follows that either
% NYt # {0} or Py g, is not Fredholm.

Suppose first that Py, |, is Fredholm. Then we must have % N%;" # {0}. This
gives that the Fredholm index of Py, |«, , namely

dim(% N%H) —dim(4 N%H) = dim(% NYH) — 0 = dim(% N9L),

is nonzero. By Lemma 4.7, TGT G, is Fredholm, with Fredholm index nonzero too. It
now follows from Proposition 4.8, that W (G| G») = (*,n) with the integer n # 0. By
the definition of dy, dy(p1,p2) = 1.

Next assume that Py, |«, is not Fredholm. Then Lemma 4.7 gives that TG’I G, 1s not
Fredholm either. Now if G*G2 is not invertible in <7, then we have d\ (p1,p2) =1 by
definition. On the other hand, if G{G; € inv &/ and W(G;G>) = (0,0), it follows from
[5, Proposition 6.3, p. 27] that TGTG2 is invertible, a contradiction. Thus W(G]G2) =
(0,0), and so dy(p1,p2) =1 in this case as well.

Now that we have obtained dy (p;,p2) = 1, it follows that there is no ¢ € inv .27
such that |G| — G2gl|. < 1. In other words, for each g € <7, , ||G] — Ga2gl| > 1. Also,
|Gt = G2l < [|Gi || + [| Ga || gl|oe < T+ 1-|]|-o, and by taking g1 = 31 € inv o7y,
we obtain

1
mf ||G1 Gl < 1nf<1+;>:1,

gE€invy

Consequently, 1nf ||G1 Gqu.x,zlzdg(pl,pg).

—

3° Now suppose that dy(p1,p2) =1=0(p1,p2) = 3(p27p1). We have

1
inf |Gy~ Gagll <inf |G — Ga- IH 1nf< ):1.
n

geinv o/

Also, 1 =8(p1,p2) = inf ||Gy — Gagl|e < inf HG1 G2 Thus
(1€,§7f+ €

qemf |G1 — Gaglle = 1 = dg(p1,p2).

This completes the proof. [l
5. Equivalence of the v-metric and the gap-metric

Proof of Theorem 1.1. We will show the following for py,p; € S(}):

dg(p1,p2)Hopt(p1) < dv(pi,p2) < dg(p1,p2), (5.1

where Lopti(p1) :=supUp, c.

c
This will prove the fact that the topologies induced by metrics d, and d, on the
set S(«7; ) are identical.
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The second inequality in (5.1) is an immediate consequence of the Propositions 3.6
and 4.9. Indeed, we have

dy(p1,p2) = inf ||Gi— Gzl

gEinv o,
W(q)=(0,0)

< inf |G —Gagll
ged L N(inv &),
W(q)=(0,0)

= inf ||G|—Gagll (using (I4))
geiny o7

= d[s’(plaPZ)'

Now we will show the first inequality in (5.1). This inequality is trivially satisfied if
dy(p1,p2) = Hopt(p1), since dg(p1,p2) < 1. So we will only consider the case when
dy(p1,p2) < Hopt(p1). Thus we can choose a ¢ that stabilizes both p; and p,. (Since
the above inequality shows that there exists a ¢ stabilizing p; such that dy (p1,p2) <
Up,c,- But by Theorem 3.5, it follows that ¢ also stabilizes p,.) If we now de-

ﬁnego = (IA(:QGl)_IIA(:QGQ, then we have G, — G1g9 = G2 — G (IA(:QGl)_IIZ()GQ = (1—
G (KoGl)flKo)Gz. Also

I— [1911} (I—cop1) ™' [—co 1] = [CIO] (1=pico) ™" [1 =p1].

thatis, I — G,(KoG1) 'Ky = Ko(GKo) ' G . Thus
G2 — Gigo = Ko(G1Ko) "' G1Ga.
Then we use ||Kp|| < 1 (since K;Ko = 1) to obtain

1G> — Gigol~ = ||Ko(G1Ko) "' G1Ga
< Kol || (G1Ko) "' G1Ga |-
< 1-|(GiKy) ' G1G
< (G1Ko) || G1Ga o
Asforeach ¢, u,, o <1, wehave Uop(p1) < 1. So dy(p1,p2) < Hopt(p1) < 1, and we

obtain dy(pi,p2) = HéleHw- _
From [1, Propositions 4.2,4.5], |[(G1Ko) " !|ee = 1/teq.py = 1/tp,.co - SO

~ B ~ d ,
G2~ Gl < (G1K0) ! G1Gal < P10,

P1,¢0

Thus

dg(p1,p2) = inf [[G1 = Gaglle < [|G1 = Gagol| < dv(p1,p2) /My, co-
geinv o/
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This inequality holds for any ¢y that stabilizes p; for which there holds dy (pi,p2) <
Up,.c,- We can choose a sequence (co,) such Uy, ¢, — Hopt(p1) as n — oo. Thus
dg(p1,p2) <dv(p1,p2)/Uopt(p1). This completes the proof the first inequality in (5.1).

(|

The question of whether our main result, Theorem 1.1 remains true for systems
with multiple inputs and multiple outputs (as opposed to just scalar inputs and outputs)
is open. A key technical difficulty is the validity of the analogue of Proposition 4.8
for matricial data. In this connection, we also point out [3, Remark 9.33, p. 413] to
highlight the gravity of the problem.
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