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ON JOINT SPECTRUM OF INFINITE DIRECT SUMS

SHUILIN JIN, QINGHUA JIANG, YADONG WANG AND GUANGREN DUAN

(Communicated by R. Curto)

Abstract. For families of uniformly bounded n-tuples 7; = (Tkl,m,Tk"),k =1,2,--- of com-
muting operators on .7, the joint spectrum of @;”_; T; is considered.

Let 7 be an infinite dimensional complex separable Hilbert space and Z(.%¢)
denote the algebra of all bounded linear operators acting on 7¢’. By Sp(T') we denote
the joint Taylor [5][6] spectrum of T = (Tj,---,T,), an n-tuple of commuting operators
on 7. Recall that Sp(T) consists of all points A = (41,--+,4,) in C" such that the
Koszul complex K, (T — 4, 5¢) of the operators (71 — Ay, ---,T, — A,) is not exact. Let
Spp(T') denote the joint point spectrum of T = (Ty,---,T,), i.e.,

Spp(T) = {A = (A1,---, Ay);there exists x € 7, x # 0,

such that (A;/ — T;)x =0,i = 1,2,---,n}.

J. Pushpa and S. M. Patel [4] showed for two n-tuples A = (A,---,A,) and B =
(B1,---,By) of commuting bounded operators on .7, the joint spectrum of A @ B =
(A ®By,---,A, ® B,) equals to the union of the joint spectrum of A and B.

A natural question is: For families of uniformly bounded 7 -tuples T = (Tk1 TN SO
of commuting operators on .77, is the joint spectrum of &7 _,7; the union of the joint
spectrum of 7 ?

Unfortunately, that is false.

01
EXAMPLE 1. Let T, = (1, 72),and T} = T2 = | 0 .

nxn
Then we have:

(2021 < 1) = Sp(aT) £ U Sp(Ti) = {(0,0)).

k=1
However, by considering the joint point spectrum, we obtain the following theo-
rem:
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THEOREM 2. Let Ty, = (Tkl, - T),k=1,2,--- be families of uniformly bounded
n-tuples of commuting operators on ¢, then:

Spp(di_1 Tk) = | Spp(Th)-
k=1

Proof. The fact &, T} is bounded on 57, for each i = 1,---,n, follows from
the fact (7);_, are uniformly bounded operator tuples, i.e., there is M > 0, such that

T <M, i=1,2,n; k=12,

where ,%2:%”@%@1%”@---.
Let x= @7 \x € 0, A= (A1,---,4,) € C", and assume that:

(A = S Tx = Sy (A = Tx, -, (A = T)x) = 0.

Therefore, either x =0 or A € Spp(®;_,Tx) , hence

Spp(di_, Tk) = | Spp(Th). O
k=1

REMARK 3. By Theorem 2, the condition of T} = (Tkl, -, T"),k=1,2,--- being
n-tuples of commuting operators is not necessary. However we do not know much
about the non-commutative operator tuples. The theorem can be seen as some work on
non-commutative operator tuples.

To get the relation between Sp(®y”_, Ti) and Uz_ Sp(7k) in details, we need study
the Koszul complex K, (T, 57).

Let n; be a sequence of nonnegative numbers with n; = 0, for k < 0, J4 =
A @C™ and dj, € B(H4,-7—1) such that for all k, dyodj1 = 0. Then the complex

1S

dit1 dy dy—y dp d
I, 1 e A 4 0.

If T=(Ty,---,T,) is an n-tuple of commuting operators on ¢, the Koszul com-

plex K. (T,5¢) is the one we get by taking n; = (Z) and

(—1)i+lr,'ix®€jl /\~~~/\€_ji/\~~~/\€jk.
1

di(x@ej N+ Nejy) =

k
i=

R. Curto [1] introduced an operator matrix corresponding to T = (T3,---,T,),
defined as:

P=|dds € B(AH T ).
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LEMMA 4. Let T = (Ty,---,T,) be an n-tuple of commuting operators on €,
then A = (A1,---,A,) € Sp(T) if and only if (T —A)" is not invertible.

LEMMA 5. Let T; = (Tkl,---,Tk"),k =1,2,--- be families of uniformly bounded
n-tuples of commuting operators on F, then (Dy_Ti)" is unitarily equivalent to
@Zczl(Tk)A

Proof. Since (&;,T;)" is a bounded operator in B(A ®(C2H) and &7, (Ti)"
is a bounded operator in Z (), where A = H S A O H @®---, then let

U:#0C” " 2,

U:(€11’§21""7€12v522""7 12”*1’ 22"717") (glvé’l? B 2’1152752’ ’ 2"1’.._)
where éj’ eAH,i=1,--2"1j=1,2---, thus we have that UU* = I Uu =1
and U(®7_Ti) "U* = & (Tx) " , therefore (@77 ,T;)" is unitarily equivalent to
e (T)” . O

THEOREM 6. Let T, = (Tkl, T, k=1,2,--- be families of uniformly bounded
n-tuples of commuting operators on ¢, then:

Sp(e-iT) = U Sp(Ti) Uo
k=1
where o = {A ¢ Sp(T});there exists ny, such that ||((A —T,,,)~1)"|| — oo}.
Proof. For A € Sp(Ty), it follows from Lemma 4 that (A —T;) " is not invert-

ible, thus @7 (A — ;)" is not invertible, then by Lemma 5, (@7, (A —T;))" is not
invertible, that is 4 € Sp(®}_; Tx). Thus we get the inclusion

U Sp(Tk) € Sp(&71 Ti)-
k=1

If A € o, then there is a sequence {x,, }7 {,Xn, € %@Cznq,”xnk” =1, such
that
||()L _T"k)AxnkH —0,

thus if u, = &7 0@ x,, &7, 10, then [jug| = 1,1 € A, and
(A = T)" ugl| — 0,

thatis @7 (A —Ti)" is not invertible, by Lemma 5, (&7 (A —T;))" is not invertible.
Hence

Sp(@i-1Tk) 2 | Sp(Ty) Uo
k=1

Forall A ¢ Uy, Sp(7;) Uo, then there is d > 0, such that for all %,
((A-T)™ )| <d
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thus @7 (A —T;)" is invertible, it follows by Lemma 5 that (&7 (A —Tx)) " is
invertible, therefore A ¢ Sp(®7_, T;), hence

Sp(er1Tx) = | J Sp(Tx)Uo. O
k=1

M. Cho and M. Takaguchi [3] showed that the joint spectrum of an n-tuple of
commuting operators on finite Hilbert space is the joint point spectrum. The following
corollary is a generalization of their result by Theorem 2.

COROLLARY 7. Let T}, = (Tk17 < T, k=1,2,--- be families of uniformly bounded
n-tuples of commuting operators on C", then

Spp(®r1 k) = | Sp(Th)-
k=1

The next corollary is a generalization of a special case of R. Curto and K. Yan [2].

COROLLARY 8. Let T, = (Tk17 - T, k=1,2,--- be families of uniformly bounded
n-tuples of commuting operators on €, if for all k, A ¢ Sp(Ty), where k=1,2,---,
there is d > 0, such that ||((A —T;)~')"|| < d, then:

Sp(@i1 T) = | Sp(Ty).
k=1

COROLLARY 9. Let T, = (Tk17---,Tk”),k =1,2,---,m be families of uniformly
bounded n-tuples of commuting operators on F¢, then

m
Sp(&p_ 1 Tr) = | Sp(Th).
k=1

It is noted that by using the Curto matrix, A & Sp(®]",T}) & (B, (A —T}))"
is invertible < (A — Tg)" is invertible for all k = 1,---,m < A ¢ Sp(T}) for all k =
17”'ﬂn¢$2'¢LmLISpU%)
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