oerators
nd
atrices
Volume 6, Number 4 (2012), 631-680 "doi:10.7153/0am-06-44

PARA-ORTHOGONAL RATIONAL MATRIX-VALUED FUNCTIONS
ON THE UNIT CIRCLE

BERND FRITZSCHE, BERND KIRSTEIN AND ANDREAS LASAROW

(Communicated by D. Alpay)

Abstract. In this paper, we continue previous investigations with the ultimate goal being a
Szegd theory for orthogonal rational matrix functions. We implement here the concept of para-
orthogonal functions on the unit circle in the context of rational matrix functions and present
some fundamental properties of the para-orthogonal functions in question. We discuss, among
other things, the relationship between these functions and orthogonal rational matrix functions
as well as existence criteria and some para-orthogonal functions of particular interest.

1. Introduction

Referencing and building on [30] and [31], the present paper continues towards
a Szegd theory of orthogonal rational matrix functions on the unit circle T. In do-
ing so, we turn to the work of Bultheel, Gonzdlez-Vera, Hendriksen, and Njastad on
orthogonal rational (complex-valued) functions and use the monograph [10] as guide.
These authors prepared systematically the topic of a rational generalization of the clas-
sical theory of orthogonal polynomials on T which goes back to Szegé (see, e.g., [53]
as well as [38], [47], and [54]). However, first considerations on orthogonal rational
functions on T occur already in the work of Djrbashian (see, e.g., [26]). We will also
refer to the paper [55] of Veldzquez, where a spectral approach to orthogonal rational
functions is pointed out. As a further aside, we mention the paper [44] of Njastad and
Velazquez, where a remarkable formula for orthogonal polynomials due to Khrushchev
(see [41, Theorems 2 and 3]) is extended to the rational case.

We develop here the basic concept of para-orthogonal functions in the context
of rational matrix-valued functions on T. Note that in the case of para-orthogonal
rational (complex-valued) functions, it is possible to obtain quadrature formulas on
T just as in the classical case of polynomials (see, e.g., [8] and concerning explicit
expressions and numerical examples [6]). Para-orthogonal polynomials on T seem to
have been first introduced by Jones, Njastad, and Thron in [40], even though some
related aspects had already been presented in a more classical context by Geronimus
[37], Grenander and Szegd [38], and also Szeg6 [53]. (For more information on para-
orthogonal polynomials and para-orthogonal rational functions on T, see also [4], [16],
[18], [19], [22], [39], [42], [47]-[52], [56] and [7]-[14], [23], respectively.)
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Classical Gaussian quadrature formulas are exact on sets of polynomials and opti-
mal in a sense (for a survey, see [35]). The Szeg6 quadrature formulas are the analogs
for these on the unit circle T. In that context the formulas are exact on sets of Laurent
polynomials. (As an aside, there are slightly modified techniques of computing inte-
grals with respect to Borel measures supported on T via quadrature formulas as well;
see, e.g., [3], [21], and [46].)

Since Laurent polynomials are rational functions with poles at the origin and at
infinity, the step towards a more general situation seems natural, where the poles are
at several other fixed positions. This gave rise to a discussion of orthogonal rational
functions and para-orthogonal rational functions with arbitrary, but fixed poles. In this
case (see, e.g., [8]), the nodes are the zeros of corresponding para-orthogonal rational
functions and the quadrature formula is an integral of the rational Lagrange interpolant
in these nodes, so that the weights can be obtained as the integral of rational Lagrange
basis functions. (In view of some numerical aspects of these rational Szegd quadrature
formulas we refer to [25], where similar to the case of rational quadrature formulas on
an interval studied in [24] and [36] error bounds are given and compared with other
bounds appearing in the literature.)

An alternative approach to a rational kind of Szeg6é quadrature formulas, by using
the Hermite interpolation, is pointed out in [9]. Based on the recently obtained matricial
representation for orthogonal rational functions on T in [55], a further way to calculate
the nodes and weights to rational quadrature formulas is presented in [5] (see also [15]).
This exposes particularly an interrelation between para-orthogonal rational functions on
T and eigenvalue problems for special matrices.

As another extension of the classical considerations on para-orthogonal polynomi-
als on T and related quadrature formulas, one can already find this topic with respect
to matrix polynomials in the literature (see, e.g., [20], [50], and [51]). In particular,
we present in this paper some results which can be regarded also as a generalization of
well-known facts in the theory of matrix polynomials to the rational case.

The considerations in the paper at hand are also motivated by those in [32] dealing
with particular solutions of the matricial Carathéodory problem in the nondegenerate
case that are extremal in several directions (see also [33], [34], and [43]). In particu-
lar, [32] is concerned with an extremal problem using an approach based on a general
result due to Arov (see [1]). More specifically, this problem is that of determining a
matrix-valued Carathéodory function such that its Riesz—Herglotz measure produces
the maximal value of the mass F({u}) for some fixed point u € T if F varies over
the Riesz—Herglotz measures of all solutions of the problem. In the classical case for
complex-valued functions, this problem can be handled in analyzing para-orthogonal
polynomials on T'. Having in mind discussions regarding similar questions (as, for in-
stance, presented in [32, Section 9]) concerning a moment problem for rational matrix
functions, we will point out some fundamental properties of para-orthogonal functions
on T in the context of rational matrix-valued functions. These will later be useful.

The approach can be outlined as follows. At first, in Section 2, we review symbols
and notation drawn from previous papers on orthogonal rational matrix functions.
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We present basic properties of the para-orthogonal functions in question in Sec-
tion 3. In particular, we discuss some connections between para-orthogonal systems
and orthonormal systems (or, alternatively, reproducing kernels) of rational matrix func-
tions. Theorem 3.5 (or Corollary 3.8) shows that the relationship in the matrix case is
quite similar to the well-known scalar case of rational (complex-valued) functions.

In Sections 4 and 5, we focus on the fundamental existence problem for para-
orthogonal systems of rational matrix functions. We present a thorough investigation
into the existence of these para-orthogonal functions in terms of the underlying nonne-
gative Hermitian matrix-valued Borel measure on T (which is used to define the as-
sociated left and right matrix-valued inner products). We will see that dealing with
the existence question for para-orthogonal rational matrix functions is somewhat more
complicated than in the scalar case. Via Theorem 4.4, we obtain a sufficient condition
for existence. Though this is, in general, not necessarily fulfilled. Thus, the condition
does not completely agree with the scalar case for rational functions (where this is suf-
ficient and necessary; cf. [14, Theorem 3.5]). We do find, however, that under certain
stronger requirements, the situation does closely correspond to the scalar case (see, e.g.,
Theorems 4.6 and 5.5). Along the way, we verify some auxiliary results on reproducing
kernels of rational matrix functions in Section 4. In Section 5, we present some results
on molecular matrix-valued Borel measures on T.

Finally, in Section 6, we consider particular para-orthogonal systems of rational
matrix functions. These para-orthogonal systems can be used to obtain rational Szegd
quadrature formulas in the scalar case of complex-valued functions. The essential re-
sult, in the scalar case, is that the zeros of these para-orthogonal rational functions are
simple and that all of them are located on T. In Theorem 6.5, we present a matrix
version of this result. In particular, this can be regarded as a starting point for obtaining
an extension of the Gaussian quadrature formula presented in [50, Theorem 3.3], where
instead of matricial Laurent polynomials then (more general) rational matrix functions
appear. We intend, however, to return to this topic at a later time.

2. Preliminaries

For convenience, we now review some notation introduced in [30] and [31].

Let Ny and N be the set of all nonnegative integers and the set of all positive
integers, respectively. For each k € Ny and each 7 € Ny or 7= oo, let Ny ; be the set
of all integers n for which k < n < 7. Furthermore, let D :={w € C: |w| < 1} and
T:={z€ C: |zl =1} be the unit disk and the unit circle in the complex plane C. We
will use the notation Cy for the extended complex plane CU {eo} .

Throughout this paper, p and g will be positive integers, unless otherwise indi-
cated. If X is a nonempty set, then X7*9 stands for the set of all p x ¢ matrices with
elements in X. If A € CP*?, then A* is the adjoint matrix of A. The null space of a
matrix A will be denoted by .4 (A) and Z(A) will be used for the range of A. The
zero matrix in C?*9 will be denoted by 0pxq- (In cases, where there is no chance for
confusion, the indices might be omitted.) It will be used I, to denote the identity matrix



634 B. FRITZSCHE, B. KIRSTEIN AND A. LASAROW

in C7%9, For A € C97*9, we use detA to denote the determinant of A .

Let 7€ N or 7=-eo. Let ()7, be a sequence, where a;; € C\ T, and let
ne€Ngg. If n=0, then let my o be the constant function on Cy with value 1. Let
Hq denote the set of all constant complex-valued functions defined on Cy and let
Poo:=0.1f n €N, then let 7y, : C — C be the polynomial defined by

n

Ton(u) 1= [T (1 —ju) 2.1)

j=1
and let Z, , denote the set of all rational functions f that admit a representation

1

To,n

f=—P

with some (complex-valued) polynomial P of degree not greater than n. Further, let

STES

J=1

(using 1 := o). We also use & to denote the constant function on Cy with value 0,
(for any choice of p,q € N), where the size p x g will be clear from the context.

Let B1 and B be the o-algebra of all Borel subsets of T and C, respectively.
Furthermore, let F € .#2(T,Br), where .#2(T,Br) stands for the set of all nonnega-
tive Hermitian g x ¢ measures defined on B . Asin [28]-[31], the right C”*?-module
R (resp., left CP*P-module %%,") is equipped with a complex p X p matrix inner
product which is given by

(X,Y)FJ::/T(X(z))*F(dz)Y(z) (resp., (X,Y)FJIZ/TX(Z)F(dZ) (Y(Z))*>

forall X,Y € Z4,! (resp., X,Y € #%,"). For details on integration theory with respect
to nonnegative Hermitian matrix measures, we refer to Rosenberg [45]. Note that

(K1), = (X0, (resp (X0),, = (X.1);) 2

forall X,Y € Z&,! (resp., X,Y € Z%,"). We will pay special attention to the case in
which some nondegeneracy condition is fulfilled.

Recall that a nonnegative Hermitian g x g measure F on B is called nondegen-
erate of order n if the g x g block Toeplitz matrix

T = (cﬁz)?k:o

CEF) = /EZ_[F(dZ)

for some integer £. We will write ./Z2" (T, Br) for the subset of .ZZ(T,B) consist-
ing of all nondegenerate measures of order n. Furthermore, we set

is nonsingular, where

MEZ(T, By) := () A" (T, Br).

m=0
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Let F € .#2"(T,Br). Because of [29, Theorem 5.8] and [28, Theorem 10] one can
find that (Zg.,, (-,-)r,) forms a right C7*9-Hilbert module with reproducing kernel
K% and that (%&3, (-, )Fy) forms a left C7<9-Hilbert module with reproducing
kernel Kr(lg’F). In fact (cf. [28, Remark 12]), if Xo,X1,...,X, is a basis for the right
C*4-module 2, (resp., if Y07Y1, LY is abasis for the left C7*-module Z¢,").

then the reproducing kernel K,, o (resp K ) can be represented as follows

n -1
Kiis " (v w) =Ea(v) ((/T (Xj<z>)*F<dz>xk<z>) ) (2a(w)”

k=0
2.3)

(resp., K,E;O;’F)(w, V) = (Yn(w))* ((/TXJ'(Z)F(dZ) (Xk(z))*)r'lk())_lYn(v))

for all v,w € Cy \ Py, where

Y,
Y,

Furthermore, for each w € Cy \ Py, let the matrix function A,(ﬁ;F) :Co\ Py — CI*4
(resp., ,(ff;F) :Co\ Py, — C9%7) be defined by

n;l

A0 =Ky (resp, G500 =K nn). @)

Having regard to [30], we focus on the situation in which the elements of the
underlying sequence (o j) _, are, in a sense, well-positioned concerning the unit circle
T. We will denote by 7] the set of all sequences ()7 of complex numbers which

satisfy oo # 1 forall j,k € N. Clearly, if (a;)7_, € ﬁl ,then a; ¢ T foreach j€N.
Let (0j)7.; € 1. Foreach j €N, let

—1 if 0;=0

nj ﬁ if OC,;EO
%

and let b : Co\ {a%} — C be given by

o;i—u .
njlii_u if MG(C\{O%}
b (1) = o (2.6)

— if u=oo.
|0t
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If BEf)O stands for the constant function on Cy with value I, and if, for each k € Ny,

(a) d
k= (10 1o
=1
(9) B(q)

then the system By, By .- ,Bg{ )n is a basis for the right C9*9-module Z¢,, and a ba-
sis for the left C4*9-module Z¢,,! (cf. [29, Remark 2.4]). More universal (cf. [29,
Remark 2.3]), if X € %’anq, then there are unique matrices Ag,Ay,...,A, belonging
to CP*4 such that

n
x=YABY.
=0

Thereby, the reciprocal rational (matrix-valued) function X (o] of X with respect to
(@j)7-, and n is given by

xleal .=y B A 2.7
j=0

g

where (B;)7_; is the sequence defined by f := 01—« foreach k €Ny , and f; := 0
otherwise (cf. [30, Section 2]). If a;; = 0 for each j € Ny, a function X belonging
to ,%’gjﬂ is a p x ¢ matrix polynomial of degree not greater than n and X%/ is just
the reciprocal matrix polynomial X"/ of X with respect to T and formal degree n (as

used, e.g., in [27]). In general (see [30, Remark 2.4]), we have X(*" € 247 and
(xlolylenl — x (2.8)
Furthermore (see [30, Remark 4.2]), for all X,Y € %gjﬁ , it follows that
(X[a,n],Y[a,n])FJ — (X7Y)F,l' 2.9)

Finally, we revisit the concept of orthonormal systems introduced in [30]. Here
and in the following, §;; stands for the Kronecker delta, i.e. 0y :=1 if j =k and
Ojk :=01if j#k.

DEFINITION 2.1. Let ()7_; € 1 and let 7 € Ny or 7 = co. Furthermore, let
F e . #%(T,Br). Asequence (X;)f_ (resp., (Yx)f_,) of matrix functions is called a
left (resp., right ) orthonormal system corresponding to (0,;)7_, and F if:

(I) For each k € Ny, the function X, (resp., ¥) belongs to Z¢"%.

(I) For all j,k € Ny, the equality (X;,X),, = &uly (resp.. (Y;,Yi)., = 6ily)
holds. |

If =0 orif oj =0 forall j € Ny, then a left (resp., right) orthonormal sys-
tem (Xy){_, corresponding to (;)7_, and some F € AE(T,Br) simply consists of
complex g X ¢ matrix polynomials. In that particular situation we will also refer to
(Xk)i_o as left (resp., right) orthonormal matrix polynomial system corresponding to
F (cf. [27, Section 3.6]).
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3. Some basics on para-orthogonal rational matrix functions

In this section, we begin to implement the concept of para-orthogonal functions
in the context of rational matrix functions and will point out some fundamental prop-
erties of the para-orthogonal functions in question. In particular, we will study the re-
lationship between para-orthogonal and orthonormal systems of rational matrix-valued
functions on the unit circle T. We start by presenting the central notion of this paper.

DEFINITION 3.1. Let (oc,);"_l € J1andlet teNor T=eo. Let F € .#%(T,Br).
A sequence (P;)7_; (resp., (R;)}_;) of matrix functions is called a left (resp., right)
para-orthogonal system corresponding to (aj);f’zl and F if, for each j € Ny ¢, the
following holds:

(I) The function P; (resp., R;) belongs to Zg, ;.

(I) The matrices (Pj?BE)Z)O)FJ and (P/’fo)/)Fz (resp., (BE)Z)O’RJ')F, and ( Ex)pr)FJ)
are not equal to Oyxg.

(D) If Z € 247" such that the identities Z(ctj) = Ogxq and ZI%7(0;) = 0ysq are
fulfilled, then (P},Z) ., = Ogxq (resp.. (Z,R;) ., = 0gxq)-

In the particular case that, for each j € Ny ¢, the conditions (I), (III), and

(II’) The matrices (P BEX)O)FZ and (P B( ))Fl (resp., (B(q) Rj)

(q)
P o,j o0 and (B . Rf)FJ)
are nonsingular.

Fr o,j’

are satisfied, we call (P;)7_, (resp., (R;)7_,) aleft (resp., right) strictly para-ortho-
gonal system corresponding to (0;)7_, and F .

Similar to the case for orthonormal systems (i.e. relating to Definition 2.1), if
aj =0 forall j € Ny, then we will also refer to a (P;)7_; (resp., (R;)}_;) as left
(resp., right ) para-orthogonal matrix polynomial system corresponding to F when the
conditions (I), (II), and (II1) hold and as a left (resp., right ) strictly para-orthogonal
matrix polynomial system corresponding to F' when (1), (I'), and (III) are satisfied.

The terminology “para-orthogonal system” introduced in Definition 3.1 is an adap-
tation of the scalar case ¢ = 1. Such rational (complex-valued) functions are studied,
e.g., in [8] (see also [7, Section 15], [10, Chapter 5], and [40]). The phrase “para-
orthogonal” is chosen because the orthogonality properties for the relevant sequences
fall short of providing proper orthogonality (cf. Definition 2.1). Comparing (III) of
Definition 3.1 and the corresponding part in the definition given in [8], we note that
[30, Equation (2.10)] implies, by setting

%gxzq ={z¢ %qu 2(0) = Opxq and %) = Ogxp }
(and we will use the notation QZA”ZXJ‘{ throughout this paper), that

R ={Ze R Z(0) = 0prg )} 3.1)
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for each j € Ny ;. Furthermore, the para-orthogonal systems of rational functions in [8]
include the index j = 0 (for which some constant functions result). For the purposes in
the current context, this would prove to be unwieldy, because it would be necessary to
repeatedly differentiate between cases (trivial, but mainly tedious). Consequently, the
systems here exclude the index j =0 and begin with j =1.

We now present some elementary properties of para-orthogonal systems of rational
matrix functions. These properties are closely related to properties of orthogonal sys-
tems of rational matrix functions on T (cf. [30, Section 3]). Unless otherwise indicated,
let (0j)7.; € 71 and let T € N or 7 = e as well as suppose that F' € ML(T, Br).

REMARK 3.2. Let (P;)7_; be a sequence of complex g x g matrix functions.
(a) Let (C;)j_, beasequence of nonsingular complex g x ¢ matrices. Then (P;)7_,
is a left (resp., right) para-orthogonal system corresponding to (Ocj)‘;"zl and F if
and only if (C;P;)}_; is aleft (resp., (P;C;)}_; is a right) para-orthogonal
system correspondmg to (x )°°: and F. (The special case for strictly para-
orthogonal systems is analogous.)
(b) (Pj)}—, is aleft (resp., right) para-orthogonal system corresponding to ()7,
and F if and only if (PT) _, is a right (resp., left) para-orthogonal system
corresponding to (orj)% - and FT . (The special case for strictly para-orthogonal
systems is analogous.)

(c) Suppose that P;j € %‘q 1 foreach j € N ;. Because of (2.2), (2.8), (2.9), and [30),
Remark 2.9] it follows that (P ) _, is aleft (resp., right) para-orthogonal system
corresponding to ()7, and F if and only if (P; P ])T_l is a right (resp., left)
para-orthogonal system corresponding to ((xj) ", and F. (The special case for
strictly para-orthogonal systems is analogous.)

REMARK 3.3. Let A € C9%9 be nonsingular. Then Fy : B — C7*? given by
Fx(B) := A*F(B)A for all B € Bt belongs to .#4(T,Br), since F € .#4%(T,Br).
Furthermore, a sequence (P;)}_; (resp., (R;)7_;) of matrix functions is a left (resp.,
right) para-orthogonal system corresponding to (¢;)? 71 and F if and only if (PiA™ ) =1
is aleft (resp., (A"'R; j)j— isaright) para-orthogonal system corresponding to ()7
and Fy . (The case for strlctly para-orthogonal systems is analogous.)

In the following, we study the relationship between the concepts of Definitions 2.1
and 3.1. We will be using the notation [(Xy){_, (Yx);_,] for a pair of orthonormal
systems corresponding to (0,)7_; and F, where (Xp){_, is a left (resp., (Yi){_, is
a right) orthonormal system correspondmg to (@j)7.; and F. If t=0 orif o =0
for all j € Ny ¢, then we will also refer to [(Xx){_, (Yx)i_o| as a pair of orthonormal
matrix polynomial systems corresponding to F (cf. [27, Section 3.6]).

LEMMA 3.4. Suppose that [(Xi)i_o, (Yx)i_o| is a pair of orthonormal systems
corresponding to (Otj);-":1 and F . Then:
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(a) Foreach j € Ny ¢, the matrix (X BY ))Fl (resp., (B(q)- Y/)F.r) is nonsingular

=, o)
and, if Z € %ngq, then (X Z)F.l =0yxq (resp., (Z’Yf)Fr =04yxq). But, it holds
(XJ'?BEJZ)O)F,Z = 0Ogxq (”esl’-» (BE;%J ) = quz]) (3.2)

for each j € Ny ;. In particular, (Xj)f | s not a left (resp., (YJ-);:1 is not a
right ) para-orthogonal system corresponding to ()7, and F .
(b) Forall j € Ny ¢, the matrix (Y[a"j] B(q)) (res (B(q) X[a’j]) ) is nonsin-
J & L i Pad)ry P \Baod ) Ey
[er.] _ ey _ 2
gular and (Y, / ,Z)FJ = 0yxq (resp., (Z7Xj / )F’r— Ogxq) when Z € %Z:}q.
But, it holds

(Y}a7j]aB(Z,)f)F,l = 0gxq <resp., (BEx)J,X[O‘ /]) _ 0q><q>

for each j € Ny 1. In particular, ( j[ ’j]) _, is not a left (resp., (X[a’j])

not a right ) para-orthogonal system correspondlng to (0j)7-, and F.

o
=1

Proof. (a) Taking (2.2) and (3.1) into account, we see that the first part (up to and
including (3.2)) of (a) is a consequence of [30, Lemma 3.6]. Because of (3.2) and (II)
in Definition 3.1 it follows that (X;)7_, is nota left (resp., (¥;)]_, is notaright) para-
orthogonal system corresponding to ()7, and F'.

(b) By part (c) of Remark 3.2 and part (a) we see that (X [a’j])f_l (resp., ( ,[a’j]); 1)
cannot be a right (resp., left) para-orthogonal system corresponding to ()7, and

F . The rest follows from part (a) along with (2.2), (2.8), and (2.9). U

Even though Lemma 3.4 suggests the opposite, there is a relationship between
para-orthogonal and orthogonal systems of rational matrix functions. Similar to the
scalar case g =1 (cf. [8, Theorem 2]), this relationship can be described as follows.

THEOREM 3.5. Let (Ozj);-"zl € 71 andlet T€N or T=oo. Let F € ML(T,Br).
Furthermore, let [(X)i_o. (Yi)i_o] be a pair of orthonormal systems corresponding
to (0j)7_y and F and let (P;)i_; (resp., (R;)7_|) be a sequence of complex qx q
matrix- valued functions. Then the following statements are equivalent:

@) is a left (resp., (R;)%_, is a right) para-orthogonal system corres-
=1 71/ j=1
pondzng to (0)7_ and F.

(ii) Foreach j € Ny ¢, there are complex q x q matrices A; and B;, both not equal
to the zero matrix, such that P; (resp., R;) admits the representation

Pi=AX;+ B,,'Y,-W] <r€spw Rj=YjA, +Xz['a7j]B~" ) '
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If () holds, then A; and B; in (ii) are uniquely determined for j € Ny ¢, where

Aj=(PBY) . X" ay) and B; = (P1.BY)),, (Y1 (0y)’

(resp., A;j :YJ[a il (B(q R‘)FJ and B; = (X,[a7'j](o‘j))* (B(q) RJ’)m)'

o, o,0°

In particular, (P;);_, is aleft (resp., (R;)_, is a right) strictly para-orthogonal sys-
tem correspondmg to (o j) ~_, and F if and only if, for j € Ny ¢, there are nonsingular
matrices A and B; such that P; (resp., R;j) admits the representation in (ii).

Proof. We will only show the assertion for the sequence (P;)? i1 - A similar argu-
ment can be used for the remaining case. We first suppose that, for each Jj € Nj 7, there
exist complex g x g matrices A; and B;, both not equal to the zero matrix, such that

Pi=AjX;+B;y" (3.3)
holds. Let j € Nj ;. Because of (3.3), Definition 2.1, and (2.8) we have
P; e %ngq
Furthermore, (3.3) and part (a) of Lemma 3.4 imply that
(P By

)pr = A (X B 4B (VB =BV B, (G4

Combining (3.3) with part (b) of Lemma 3.4 we obtain

(PijgI,)j) =A; ( ) EX)])FZ—’_B ( v ]7Bgz)j')p,z:AJ(XJ7BE>?)/)F1 (3.5)
Since B # 045, and since part (b) of Lemma 3.4 yields that (Yj[a’j LBEZZ)) &, is anon-

singular matrix, it follows from (3.4) that the relation

(P1B o) ry # Oaea
holds. Similarly, A; # 04, along with part (a) of Lemma 3.4 and (3.5) leads to
(Pj’BEZ)j)F,Z 7 Ogxg-
If Ze ,%?ijq, then by (3.3) and Lemma 3.4 we get
o
(Pij)FJ =Aj (vaZ)F,z +B, (YJ[ j]’Z)F,l = 0gxq-
Therefore, we have shown that (P;)® )1 is a left para-orthogonal system corresponding

to (o)) =1 and F. Conversely, we are now starting from a left para-orthogonal system
(Pj)_, corresponding to (e;)7_; and F'. We will prove that, for each j € Ny ¢, there
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exist complex g x g matrices A; and B;, both not equal to the zero matrix, such that
(3.3) holds. Let j € Ny ;. Recalling part (b) of Lemma 3.4, we set

B (700
and

J -1
)FZ(Y[ 1]7353,)0)317 Aji= (PJ"XJ')F,I _B./(Y[a / X )Fl’

Hj:=Pj—AX;—B;Y|*/. (3.6)

Obviously, A; and B; belong to C7*9, where B; # 0,x,. Because of (3.6) and (2.7)
the function H; belongs to %’Z(XJ” Thus, [30, Remark 3.4] implies that H; admits a
representation

J
Hj=Y CiXi, (3.7)
k=0
where C; € C7*7 for each k € Ny j. We will verify that H; is the constant function on
Co with value Oy, i.e. that H; = 0. Since (X;,X;),, =1, from (3.6) we see that

(HJ"XJ')FJ = (PJWXJ')F.Z _Aj - Bj (Yj[ahj]?Xj)F,z - OqXII'

Hence, in view of (3.7) and the orthogonality of (X;){_, we obtain
C;=C;(X;,X; ) 2 Cr (Xe, X ) = (Hj,X; ) = 0yxg- (3.8)

Furthermore, from part (a) of Lemma 3.4 we know that the identity (Xs , BE;’)O) = Ogxq
holds for each s € Ny ;. Consequently, because of (3.6) we have

(H BEX)O)FZ (P/’ngz))Fz B (Y[a / BEX)O)FI_OqX‘i

Using again that (XS7BEZZ))FI = 044 for each s € Ny ; and (3.7), this leads to

Co (X BI(ZO) ch(Xlﬁ fxé) (HJ'7BE)Z2))FJ:0‘1><‘I'

Since the matrix (XO,BE%) -, s nonsingular (see, e.g., [30, Lemma 3.6]), we obtain
Co = Ogg- (3.9)

In particular, for the case j = 1, due to (3.7)-(3.9) we get that H; = . Let j > 2.

From (3.7)-(3.9) we find
j—1
Hi=Y CiX. (3.10)

Let s € Ny ;1 and let p, ;j : C — C denote the polynomial given by
(aj—u) if s=1
px7j(u) = s—1

(otj —u) [ (o —u) if s>1.
k=1
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Let 7y s be defined as in (2.1) and let

Us,j = Do I,

7‘[0(7

It is immediately apparent that
Usj € Ras' C Ay sty and Uy j(0t) = 0guq.
From [30, Proposition 2.13] one can infer that there is some 11 € T such that

l—OCjV
1—0o,v

Uy =n I,
forall v € C\ Py . Thus, the matrix U, [o, 5j ]((xs) is nonsingular. From [30, Lemma 3.6],
(2.2), (3.10), (3.6), (ITT) in Definition 3.1, (3.1), and Lemma 3.4 we obtain

j—1

C (X17U17.f)F,l = kz Ci (kaULj)F,z = (Hj7 ULJ')F,Z
=1

= (PJ"ULJ')F,I _AJ'(XJ"ULJ')F,I —B; (Z/la?j]’UlJ)F,z = Ogxg-

Accordingly, since [30, Lemma 3.6 and Equation (2.10)] and det Ul[(;.’l] (o) # 0 imply
that the matrix (X;,U) ;) is nonsingular, it follows that C; = Oy, Iterating this
argument we obtain C; :’quq for each s € Ny ;. Therefore, (3.10) implies that
Hj; = 0 in the case j > 2 as well. Again, suppose that j € Ny ;. Since H; = 0, the
definition of H; in (3.6) leads to (3.3). As explained above, (3.3) results in (3.4) and
(3.5). In particular, from (3.4), (3.5), and Lemma 3.4 one can see that A; and B; are
uniquely determined by (3.3). Furthermore, by using (3.4) and (3.5) along with [30,
Equation (2.10), Remark 2.9, and Lemma 3.6], (2.2), (2.8), and (2.9) it follows that

(9) ] _ (@) [or,]] *

Aj=(P;,B, /)FZX/ Y(ej) and B;= (PijoZo)F,l(Yj May)) 0
Note that, for each j € Nj 7, the complex g X g matrices A; and B; in (ii) of The-

orem 3.5 depend on the choice of the pair of orthonormal systems [(X;)7_., (Yi)7_o]-

COROLLARY 3.6. Let (0;)7_, € 71 andlet T€N or t=oo. Let F € .#4(T,Br7).
Furthermore, let [(Xi){_o, (Yi)f_ 0] be a pair of orthonormal systems corresponding to
(@j)7-, and F. Suppose that (P;);_, is a left (resp., let (R;)}_, is a right) para-

orthogonal system corresponding to (o) -1 and F. Let j € NLT There are complex
q x q matrices A; and B; (resp., D; and E;) such that, for each v € C\ Py,

l—@T ) )
Pi) = T g, (A5 1)+ B )
e 3.11)
i 14 0~ o,j— -
(resp., R;(v)= 1_7(;_"1) (ba_,-,l (V)Yj—1(v)D; +X,/['¥i, ”(V)Ei,'))
]

holds, where A j and B i (resp., D j and E ;) are uniquely determined.
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Proof. By using [30, Corollary 4.4, Corollary 4.7, and Remark 6.2] and the recur-
rence relations of [3 1, Propositions 2.5 and 2.6], Theorem 3.5 leads to (3.11). That the
complex ¢ x g matrices A; and B; (resp., D; and E;) in (3.11) are uniquely deter-
mined follows from b, | (ctj—1) = 0 along with [30, Remark 6.2, Theorem 6.7, and
Theorem 6.9]. [

For each j € Ny ¢, based on Theorem 3.5 and [31, Proposition 3.14] it is possible
to obtain explicit expressions for the matrices A; and B; (resp., D; and E;) in (3.11).
In particular, it follows that one of these matrices could be the zero matrix.

Because of Theorem 3.5 there is also a relationship between para-orthogonal sys-
tems of rational matrix functions and the matrix functions defined by (2.3)—(2.5). The
following corollaries serve to further clarify this fact.

COROLLARY 3.7. Let (0j)7_; € 1 andlet T € N or T = co. Suppose that F €
{//lg,r(T,%T). Furthermore, let (P;)i_, (resp., (R;)j_,) be a sequence of complex
q % q matrix-valued functions. Then the following statements are equivalent:

() (Pj)}_y is a left (resp., (R;)}_, is a right) para-orthogonal system corres-
ponding to (0;)7_; and F.

(ii) Foreach j € Ny 1, there are complex q X q matrices ;\j and ]§j, both not equal
to the zero matrix, such that P; (resp., R j) admits the representation

P = Aj (A(.ao’f)) o] "‘E,fcj('iéf) (resp., R;= (C(a’F)) [a’j];&j +A(a’F)I§j>.

1,0 J:e J,0

If () holds, then AJ- and Ijlj in (ii) are uniquely determined for j € Nj z, where

(resp., A= (B(‘I), R.f)F,r and Bj = (B %,R./)F’r)
In particular, (Pj);:1 is a left (resp., (R j);: | is a right ) strictly para-orthogonal sys-

tem corresponding to (O(,')‘;f’zl and F if and only if, for j € Ny ¢, there are nonsingular
matrices A j and B i suchthat P; (resp., R;j) admits the representation in (ii).

Proof. Use Theorem 3.5 along with [30, Corollary 4.4 and Theorem 4.5]. [J

COROLLARY 3.8. Let (0)7_; € 71 andlet T€N or T=oo. Let F € #2(T,Br)
and let [(Xi){_o, (Yi){—o| be a pair of orthonormal systems corresponding to (0j)7_,
and F. Furthermore, for each j € Ny ¢, let z; € Cy \IP’a,j and let .

Pji= (1= Doy (z)bey ) L) (resp.7 Rj=(1— ba_,.baj(zj))A.(ﬁ’Q). (3.12)

(a) The following statements are equivalent:
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(i) (Pj)}_, isaleft (resp., (R;)i_, isaright) para-orthogonal system corres-
pondlng to (0)7., and F.

(i) For each j € Ny, one of the values X;(z;) and Y;(z;) as well as one of
the values X j[a’j ) (zj) and Yj[a"j ] (zj) is not equal to the zero matrix.

(iii) Foreach j € Ny ¢, the values Xj(z;), Yi(z;), Xj[a’j] (zj), and Yj[a’j] (zj) are
not equal to the zero matrix.

(b) The following statements are equivalent:

(iv) (P )ll is aleft (resp., (R; )ll is a right ) strictly para-orthogonal system
correspondmg 10 (04)7 and F.

(v) Foreach j € Ny, one of the matrices Xj(zj) and Yj(z;) as well as one of

the matrices X[ ]( ;) and Y[ ](zj) is nonsingular.

(vi) Foreach j € N\ ¢, the values X;(z;), Y;(z;), Xj[a’ﬂ (zj), and Yj[a’j] (zj) are
nonsingular matrices.

(c) If z; € T for each j € Ny, then (Pj);:1 is a left (resp., (Rj);:1 is a right)

strictly para-orthogonal system corresponding to (o ,')7’:1 and F.

Proof. Let j € Nj ;. Because of [30, Remark 6.2, Lemma 6.5, Theorem 6.7, and
Theorem 6.10] one can realize that (ii) and (iii) (resp., (v) and (vi)) are equivalent. By
using this along with the fact that from [30, Lemma 5.1 and Theorem 5.4] we obtain

Jj—1
(1 —baj(Zj)baj)C,ngz)j = (1—bo,(2))ba;) > (Xk(z.f))*xk
k=0
= (@)™ = (x,(2))'X;
(resp.7 ( ba,ba, (Zj))A(a’F), _ XJ['OCJ] (Xj[ 71]( )) _y, (Y( ))*>7

we see that applying Theorem 3.5 yields the assertion of parts (a) and (b). Furthermore,
if zj € T, then [30, Remark 2.6 and Corollary 4.7] imply that X;(z;), ¥;(z;). Xj[a’J] (zj),
and Y j[a’j ] (z;) are nonsingular matrices. Thus, part (c) is a consequence of (b). [

If we consider Corollary 3.8, it is not hard to accept that, for some left (resp., right)

para-orthogonal system (P;)7_; of rational matrix functions and s € Ny ¢, the matrix

function P; might belong only to %’gxsq_ \ (cf. (I) in Definition 3.1 and Remark 3.11).
We now make use of Theorem 3.5 and keep the results of [33] and [34] in mind.

Based on (2.6), for some m € Ny and n € Ny, , we will use the settings

(1) ;
BOC,O if n=m or Oyt 1,0042, .-, Oyt r eD

a —
bim = 1 ba if o4 €D for some k €Ny,

JE{KEN 1m0y D}
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and

1 .
if n=m or 0,1 1,042,--,0h1, €D

L
e

ba»

; if oy € D for some k € Ny g,
JE{REN 1m0y €D}

where BEXI)O stands for the constant function on C( with value 1 (as in Section 2).

COROLLARY 3.9. Let (0j)7_; € F1. Let n € No and let F € .#L"(T,Br).
Suppose that [(Xi)}_o, (Y){_o] is a pair of orthonormal systems corresponding to
(Ozj);f’zl and F. Let w € D\ Py, and let A%}F) and C,(l?i;F) be the rational matrix
functions given by (2.3)—(2.5). Furthermore, let the nonnegative Hermitian measure
Fn(.,?v) : B — C9*4 be defined by

T

W)= 5z [ (A0 (2)) 7 AED (w) (A% (2)) 7' Adz),

where ) stands for the linear Lebesgue measure defined on Bt. Let T €N or T =
and suppose that (P;)_; (resp., (R;)7_,) is a sequence of rational matrix functions.

Then F,,%) € ///;”(T, B1) and the following statements are equivalent:

(1) (P,');:1 is a left (resp., (R j);:l is a right) para-orthogonal system corres-

ponding to (o). and Fn(,ovi')-

(ii) Foreach j € Ny, there are complex q x q matrices A; and B;, both not equal
to the zero matrix, such that P; (resp., R;) admits the representation

and, if j >n and v € C\ Py j, then the value Pj(v) (resp., R;(v)) is given by

1—wvy ~ N N s
Pi) = gy (PR 0IA (A ) 8,7 ()B,C5 )
1—wvy ~ ) n )
(p Ri0) = T (B (B () (G5 ) )+ b,i‘_i?l(v)A,a?‘w”(v)B,-))-

If i) holds, then the matrices A; and B; in (ii) are uniquely determined for each
j € Niz. In particular, (P;)5_, is a left (resp., (R;)7_, is a right) strictly para-
orthogonal system corresponding to (o j);f’z | and Fn(ﬁi) if and only if, for each j € Ny ¢,
there are nonsingular matrices Aj and Bj such that the equalities in (ii) hold.

Proof. Recalling [33, Remark 3.6] and the rules for working with reciprocal ratio-
nal matrix function presented in [30, Section 2], one can apply Theorem 3.5 along with
[34, Theorem 4.5 and Remark 4.7] to obtain the assertion. [
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For each s € N, 7, the formulas (in [34, Theorem 4.5 and Remark 4.7]) for the
elements X; and Y; of a pair of orthonormal systems corresponding to (o ) ., and

Fn(ﬁi) require that we differentiate between the case in which o belongs to D and the

remaining case in which it does not. This case differentiation does not, however, appear
in the formulas of Corollary 3.9 for left (resp., right) para-orthogonal systems corres-

ponding to ()7, and Fn(?v)

REMARK 3.10. Let ()7, € 71 andlet T€ N or T=co. Let F € AML(T,Br).
Furthermore, let [(X)7_,,(Y);_,] be a pair of orthonormal systems corresponding to
()5, and F.If j €Ny ¢ andif A;,B; € C7*7 such that AjX,-+Bjyjla7J] =0 (resp.,
YiA;+X j[.a’j B j = O) holds, then based on Theorem 3.5 one can see that A; =0 and
B; = 0 follows (see also Remark 6.3).

The excluded case j =0 in Remark 3.10 does, indeed, not hold in general.
In view of (I) in Definition 3.1, we now emphasize a situation different from the
one for orthogonal rational matrix functions (cf. [30, Remark 3.4]).

REMARK 3.11. Let (0j)7.; € 71 and let T€ N or 7 =eo. Let (P)]_, be a
left (resp., right) para-orthogonal system corresponding to (¢t ,)J:1 and some measure
F e j/; (T,B). Let j € Ny ;. By Theorem 3.5 along with (2.8) and [30, Remark 2.7,
Remark 2.8, and Corollary 4.4] it seems reasonable that Pj(o;) =0 or Pj[-a’j ](aj) =0
might hold. Thus, from [30, Equation (2.10)] and (2.8) we see that it may be the case
that Pj[a’ 7l %qxq por Pie gy

The statement of Remark 3.11 does not apply to the matrix case. It holds, in
particular, for the scalar case ¢ = 1 and hence also for left (resp., right) strictly para-
orthogonal systems of rational (matrix) functions.

The next result shows that the “or”” in Remark 3.11 cannot be replaced by “and”.

PROPOSITION 3.12. Let (j)7- € 71 andlet T €N or T=eco. Furthermore, let

Fe.nd 2(T,®Br). Suppose that (P ) _, isaleft (resp., right ) para-orthogonal system
corresponding to (0;)7_; and F. Let j € Ni;. Then Pj(a;) # 0 or P[a ’](OCJ) #0
holds. In particular, PJ[ I or Pj belongs to %qxq \%Z‘XIZI. Moreover; if there exists a
pair [(X)i_o, Ye)i_o) of orthonormal systems corresponding to (o5)7 , and F such
that Xj(et;) =0 or Yj(a;j) =0, then Pj(oj) # 0, R,[a"i](oq/) # 0, as well as Pj and

[a Y belong to %qxq\%ngq_l.

Proof. Suppose that both equalities Pj(o;;) =0 and P[OC j]( oj) =0 hold. Recalling
(I) and (IIT) of Definition 3.1, we see that

(P Py) ) = Ogg (re8p-7 (PP, = OW)'

But, this implies
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(Rf’BE)Z)O)F,l:O‘IX’i (reSP" (B 512)713) Oqu>’

which contradicts (IT) of Definition 3.1. Therefore, it follows that P;(o;) or P[ j](aj)
must not be equal to the zero matrix. Hence, because of [30, Equation (2.10)] and (2.8)
we obtain

P e INFLS o Pre BYI\RLS .

We now consider the case for which there exists a pair [(Xk)izm (Yk)izo} of orthonormal
systems corresponding to (o), and F such that

Xj(ej) =0 or Yj(e;)=0

holds. Based on [30, Remark 6.2, part (a) of Lemma 6.5, Theorem 6.7,‘ and The-
orem 6.10] we find that X;(c;) =0 and Y;(a;) =0 and also that Xj[a’”((xj) and

Yj[a’j ] (o) are nonsingular matrices. Consequently, Theorem 3.5 along with (2.8) and
[30, Remarks 2.7 and 2.8] implies that P;(aj) # 0 and P,[a’j](aj) # 0. Thus, from [30,

Equation (2.10)] and (2.8) we get that PJ[‘” I'and P; belong to ,%’Z(X,q\,%’ngq_l O

With regard to the special case considered at the end of Proposition 3.12, in which

Xj(oj) =0 or Yj(aj) =0, it should be noted that it is closely related to the case studied
in Corollary 3.9 (see also [33, Proposition 6.2] and [34, Theorem 4.5]).

4. On the existence of para-orthogonal rational matrix functions

Because of Theorem 3.5 and [30, Corollary 4.4] it is clear that, for T € N or
T = oo, there is a left (resp., right) para-orthogonal system (Pj);=1 corresponding to
some (0)7.; € 71 and F € AE(T,Br) if the underlying measure F belongs to
Q//lg’r(’]l‘, Br). In this section, we study the question as to what extent this property is

necessary. In particular, we will see that, for T € N, the condition F € ///;”_1 (T,B71)
is already sufficient. This condition is, furthermore, necessary and sufficient for the
existence of a left (resp., right) strictly para-orthogonal system (Pj);=1 corresponding
to (@j)7-, and F.

As the following result emphasizes, we can essentially restrict the considerations
on existence criteria to the case of left para-orthogonal systems.

REMARK 4.1. Let (0;)7_; € 71 andlet 7€ N or 7 =oo. Let F € #4(T,Br).
By part (c) of Remark 3.2 we see that there is a left para-orthogonal system (Pj);=1
corresponding to (¢j)7_; and F if and only if there is a right para-orthogonal sys-
tem (R;)7_; corresponding to (e;)7-; and F. (The case for strictly para-orthogonal
systems is analogous.)

We now give some information on the special case T = 1. (In a sense, this case is
somewhat peculiar, since (IIT) of Definition 3.1 does not need to be regarded.)
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REMARK 4.2. Let ()7, € 71 and let F € .#(T,Br). Because of Defini-
tion 3.1 and (3.1) a sequence (P; )} | 1s a left para-orthogonal system corresponding to

()7, and F ifand only if P, € ¢\ such that (PI,BE)C O)Fl #0g4xg and (Py,B Ex)l)”
# 044 hold. Thus, one can see that there exists a left para- orthogonal system (Pj)}i1
corresponding to (;)7_; and F if and only if F(T) 7 Ogxg. Similarly, there is a left
strictly para-orthogonal system (PJ)1 | corresponding to (a,) - ; and F if and only if

detF(T) #0 (ie. F € .42°(T,Br)).

Remark 4.2 leads us to suspect that, for 7 € N, there is a left (strictly) para-or-

thogonal system (P;)]_; corresponding to (¢;)7_; and F if the measure F' belongs to

M 4 I(T B1). The following considerations are aimed at verifying this suspicion.
The proof relies on Corollary 3.8. We first point out some auxiliary results on the
reproducing kernels of rational matrix functions given by (2.3)—(2.5).

LEMMA 4.3. Let (0;)7_; € Z1. Let n € Ny and suppose that F € ML (T, Br).
Furthermore, let z € T. Then:

@ A% = (BY),(2)) (%) and %) = (B, (2))" (al%) %,
(b) The following statements are equivalent:

W (BY),.,.C\%"),, ~BY)

ant1(2) is asingular (resp., the zero ) matrix.

(i) ((1—bg,,,(z )banH)C(a F) B(q) is a singular (resp., the zero) ma-

. a,n-&-l)FJ
trlx

(iii) ( o 0, (1—=bg,,  bq,. (2) )A,(qi’F))E is a singular (resp., the zero) matrix.

Moreover, there is only a set A( 41 of at most (n+1)q (resp., a set Zﬁfll of at
most n+ 1) pairwise different points belonging to T such that (i) is satisfied. In
particular, Afﬁl - A}(Br | holds, Afﬁl consists of at most (n+ 1 —k)q—+k pairwise
different points if Z,(ql}r | includes k pairwise different points, and AV =0 in the

n+1
case of F € //g"“ (T,Br).

(¢) The following statements are equivalent:

(iv) (Aﬁf_x’F) ,BEZ)HH)H - Bff)nﬂ( ) is a singular (resp., the zero) matrix.
v) ( py n+1’ (1—=bq,, ba,,,(2) )Ag,i’F))F_r is a singular (resp., the zero) ma-

trix.

i) ((1—=bq,,,(2)ba,., )C,(g’F),Bg%)FI is a singular (resp., the zero) matrix.

Moreover, there is only a set A}(ﬁl of at most (n+1)q (resp., a set Zﬁlﬁzl of at
most n+ 1) pairwise different points belonging to T such that (iv) is satisfied. In

particular, Aflll ,(P)rl holds, Aflll consists of at most (n+ 1 —k)q—+k pairwise
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different points if Z +1 includes k pairwise different points, and A;(w)r 1 =0 inthe
case of F € ///;I’"H(T,%T).

Proof. (a) Recalling (Bgz),,(z))*B&)n( ) =1, and [30, Lemma 2.2], by using [30,
Lemmas 5.1 and 5.2] we obtain the assertion of (a) (see also [14, Lemma 3.2]).
(b) Based on (2.6), (2.2), and [28, Theorem 10], for each v € Cy \ Py 41, We get

F F — F
(1=bay (e, Cox™ B 1)y = (G B, 1) =B V) (Gl B

= (BE;Z)nJmCI%F));J_ (BE;I,LH (")) .

Furthermore, by (2.6), (2.2), [28, Theorem 10], BEZ)O(z) =1y, (a), (2.8), (2.9), [30,

Remark 2.9], and the structure of BEZ)” . (in particular, (BEZL @) BEZ)H @) =1y
we obtain the equality

TN F F F
(BEZ)O’ (1 - ban+lban+l(z) )Aﬁli ))F,r = (BEZ)O’AE(; ))F,r B (BEZ)()’bO‘n+lban+l(Z A’(loé ))F,r
[

=1;— (BEZZ)’ ba,, (BEZZ@H (Z))* (C'S%F)) aﬂ])F,r

=1y (B (2) (Bily bt (GE7) ),

)

= (B, @) (B, ()~ (B, 67, ),

where BEX )n 4 1(z) is a nonsingular matrix. Thus, we get that the statements (i), (ii), and

(iii) are equivalent. For some m € Ny, let

e . ((Bf,ﬁ)jﬁﬂ)m)j,k:o

and let (ho,hl,. n+1) denote the last ¢ X (n+ 2)gq block row of HELH ), where

h, € C9*9 for each k € No p11. By [29, Remarks 2.4 and 3.7] and (2.3)—(2.5), for each
v € Co\ Py i1, it follows that

B(q})(") * (P!
| : H,”
(BEJZL+17C»(1%'F))F,Z - (OW» e 70‘1“1’10 H’gi{) 9 ( )
o n(")
Ogxq
(a)
B
<H(oc.,F)>_1 OC’?(V)
:(ho,hl,n'vhn*‘rl) ! )
an(v)
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~1
_ (ho,hl, . ,hn> (H,(f"F)> :
()
Hence (note again [29, Remark 2.4]), we see that H : Cy \ Py 11 — C7*9 given by

H(v):= (BEZLH,C,S%’F)) _BEXZHI( )

defines a function belonging to ", |, where (2.7) implies H el (g, 1) = —1,. It

therefore follows from [30, Remark 2.6] and the Fundamental Theorem of Algebra that

)

there is a set A, 1 of at most (n+1)g (resp., a set Al )1 of at most n+ 1) pairwise

different points belonging to T such that (B EXLH,C(O( F)) BEX )n+1
()

matrix for each u € A, 1,

Z,SJ)F e A,SJ)F | holds and the set Ailll

different points if the set Z,(Br | includes k pairwise different points. Finally, part (c) of

Corollary 3.8 shows that Ai)l =0 if F belongs to t//lg’"H(’]Iﬂ Br).
(c) Use part (b) along with [28, Remark 8]. [J

If ()7, € J1 and F € #4(T,Br), then (with some 7 € N or 7 = o) we will
call a pair [(Pj)7_;,(R;)j_,], where (P;)]_, is a left (resp., (R;)7_; is a right) para-
orthogonal system corresponding to (¢t;) -1 and F, a pair of para-orthogonal systems
corresponding to (;)7_ and F. (If o; =0 for all j € Ny ¢, then we will also refer
to [(Pj);:17 (R j)le} as a pair of para-orthogonal matrix polynomial systems corre-
sponding to F.) We will use analogous terms in the case of strictly para-orthogonal
systems.

(u) is a singular
(resp., the zero matrix for each u e An i ). Furthermore,

consists of at most (n+ 1 —k)q+ k pairwise

THEOREM 4.4. Let ()71 € Ji. Let t€ Nand F € g//lg’rfl(']l‘,%qr). For each
J €Ny, let z; € T and let the matrix functions P; and R; be given by (3.12). Then:

(a) Thereis a set ZT of at most 27 pairwise different points belonging to T such that

(BE,Z)T, Cﬁ{g)” - BE;{), (2) and (A(Toi’ii,Bgz)T)F L= Bg{)f (2) are nonzero matrices

for all z € T\ A;. Moreover, [(Pj);zl, (Rj);zl] is a pair of para-orthogonal
systems corresponding to (o j);f’z L and F ifand only if z; € T\ZT. In particular,
there is a left (resp., right) para-orthogonal system (Qj);:1 corresponding to
(@), and F.

(b) There is a set A¢ of at most 2Tq pairwise different points belonging to T such
that (B EX)DC(OC’F))FI - Bg{)f(z) and (A(a’F) Bg{)f)ﬁ - Bg{)f(z) are nonsingular

-1,z T—1,20

matrices for all z € T\ Ac. Moreover; [(P;)_,,(R;)_,] is a pair of strictly para-
orthogonal systems corresponding to (&;)7- and F if and only if zz € T\ A.
In particular, there exists a left (resp., right) strictly para-orthogonal system

(Qj)- corresponding to (0;)7_, and F.
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Proof. Because of Lemma 4.3 it follows that there is a set A; of at most 27g
(resp., a set A of at most 27) pairwise different points belonging to T such that

det(( Ex)ﬁCgQ) —Bg{)f(z)> #0 and det((A(TOfQ,BE)Z)T)Fr—BE,ZL(Z)) £0
(resp., (Br.Cf))py # Ble(a) and (A1) BUE) ., # BUA(2))

for all z € T\ A; (resp., for all z € T\Ar). Let z; € T\ A; (resp., z € T\Zr).
Based on (3.12) and Lemma 4.3 we see that (PnBEf,)r)F_,, (PT’BI(JZ)O)FI’ (BE)Z)T»RT)F_,
and ( EX)O,RT) F, are all nonsingular matrices (resp., nonzero matriées). In partié-
ular, for the case 7 = 1, it follows that [(P;)7_;,(R;)7_,] is a pair of strictly para-
orthogonal systems (resp., a pair of para-orthogonal systems) corresponding to (o ,)°°
and F. Now let 7> 2. Noting that F € ./#Z (T, B7), from Corollary 3.8 we find
that [(P, ); 11, (R );zll] is a pair of strictly para-orthogonal systems corresponding to
()7 and F. Let Z € %A”ngfq. In view of (3.1) the function Z admits

Pt
o, t—1

7 =

with some complex ¢ x g matrix polynomial Q of degree not greater than 7 —2, where
Tgr—1 is given by (2.1) and p;(v) := a; —v foreach v € C. If q¢(v) := ¢ (1 — 0zv)
for each v € C with a view to (2.6), then (2.2) and [28, Theorem 10] imply

(Pe2) = (GO 75— 0) gy = bace) (b G 22— 0)

7*172177-[&7171 T—1,z¢° T

= (2 o))~ Fate(elnf), Qm

”om—l(z‘r) Ly Tor,t—1

_ (MQ(ZTD* —bar(zr)<L7))Q(zT)>* = Oyq-

To,1—1 (ZT) To,1—1 (ZT

Similarly, we obtain

(Z,Re):, = 0gxq-
Thus, for 7> 2, we again have that [(P;)7_,, (R;)7_,] is a pair of strictly para-orthogonal
systems (resp., a pair of para-orthogonal systems) corresponding to (aj);": jand F.o O

Because of Theorem 4.4 and the Christoffel-Darboux formulas for orthonormal
systems of rational matrix functions we obtain the following (cf. Corollary 3.6).

COROLLARY 4.5. Let (a;)7_; € 7. Let t€N and F € .27 (T, By). Let A,

and A; be the subsets of T as in Theorem 4.4 and let [(X Oio, (Ye)fZy] be a pair of or-
thonormal systems corresponclfing to

(ej)7-y and F. Furthermore, let z; € T and let A; := —bajfl(zj)(X‘,',l(zj))*,
= -1 o= T * = -1 *

B; = (Yj[f’l" ](Zj)) , Dji=—bo, (z))(Yj-1(z)))", and E; := (X,[ﬁ{ ](Zj)) for
each j € Ny ;. Then:
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(a) There exists a pair [(P;j)® jy (R))® j. \J of para-orthogonal systems corresponding
to (0j)7-; and F such that, for each j € Ny and each v € C\ Pg,;, both
equalities in (3.11) are satisfied if and only if z; € T'\ As.

(b) Thereis apair [(P;)", =1 (R j);: || of strictly para-orthogonal systems correspond-
ing to (o )1:1 and F such that, for each j € Ny ; and each v € C\Pgy, ;, both
equalities in (3.11) are satisfied if and only if z: € T\ Ar.

Proof. Let j € Ny ¢ and let z € T. Furthermore, let f; be the rational function
given by

(1 —oy*)(1 —Zoy—1) (1 —G=1v)

T = o Py — 2oy (=)

Ve C\Pa,j-

Thus, from (2.6) and [30, Corollary 4.4, Lemma 5.1, Remark 5.3, and Corollary 5.5] it
follows

1 = bgy (Dbe e
(1B )= 22 (1 5, )Y (o)
- aj—l( )baj—l k=0

= (@)Y~ oy @ (Xj1(2) X1 )
= fi(bay AjX; 1+ By

and similarly

(1_bafbaj@)A,(,zQ:fj(ba,1 1D, +X[°" i)

Applying this along with Theorem 4.4 and part (a) of Remark 3.2 we get the asser-
tion. [

As an aside (cf. Corollaries 3.6 and 3.8), it should be noted that the statements of
Theorem 4.4 and Corollary 4.5 are valid for T = oo (with T—1 =c0 and A; =A; =0)
as well. Furthermore, in the scalar case g = 1 (see [14, Theorem 3.5]), a converse to
Theorem 4.4 (resp., Corollary 4.5) holds. Thus, if 7 € N, then F € ///21’771(11‘, B) is
necessary and sufficient for the existence of a left (resp., right ) para-orthogonal system
(Pj)i_, corresponding to (;)7_; and F'. Because of Remark 4.2 we see that this is
particular to the case ¢ = 1. Even for 7 = 1, Remark 4.2 shows that in the case g > 2
the existence of a left para-orthogonal system (P;)}_, corresponding to some (ct;) 1€
1 and F € #4(T,Br) does notyield F € .42 (T, Br) in general. Concerning this,
the remaining question is if the existence of a left (resp., right) strictly para-orthogonal
system (P;)}_; corresponding to (e;)7.; and F leads to F € ML (T, By) for
some T € N. As the following result empha51zes this guess is true.

THEOREM 4.6. Let (o)., € 1. Furthermore, let T €N and F € 4%(T,Br).
Then the following statements are equivalent:
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(i) F belongs to Jlg’rfl(’ﬂﬂ Br).

(ii) There exists a sequence (z;)° =1 of points belonging to T such that, by using both
declarations in (3.12) for each j € Ny ¢, the pair [(Pj);zl,(Rj)le] is a pair of
strictly para-orthogonal systems corresponding to (o j)(}o:l and F.

(i) There is a pair [(P;)}_y,(R;)j_,] of strictly para-orthogonal systems correspon-
ding to (0j)7_y and F such that with some pair [(Xy)_ O,(Yk) } of orthonor-
mal systems corresponding to (Ozj)j_1 and F, for each j € Nl,r and each v €

C\ Py, both equalities in (3.11) hold, where A; := —ba; l(zj)(Xj,l(zj))*,

B;:=(v,%" ”(z»)*, D; = —ba, (&) (¥1(z))) s and Bj = (X (z))"
with some z; €

(iv) There is a left (resp., right) strictly para-orthogonal system (Qj);:l corre-
sponding to ()7 and F.

Proof. Because of Theorem 4.4 it follows that (i) leads to (ii). Furthermore, the
equivalence of (ii) and (iii) is a consequence of the Christoffel-Darboux formulas for
orthonormal systems of rational matrix functions (cf. the proof of Corollary 4.5). We
see next that, (ii) clearly yields (iv). Suppose now that (iv) holds. We will show by
induction that (i) follows from (iv). By Remark 4.1, without loss of generality, we
can restrict the considerations to the case in which there exists a left strictly para-or-
thogonal system (Pj) -1 corresponding to (¢;j)7_; and F. If 7 =1, then Remark

4.2 yields F € j/; (T,BT). Now suppose that, for some n € N, the existence of
a strictly para-orthogonal system (P;)_; corresponding to ()7, and F implies

that F € .4 q’"fl(T Br1). We then show that the same implication holds for n+ 1.
Let (P; )”Jrl be a strictly para-orthogonal system corresponding to ()7, and F. In
partlcular (P;)i_; is a strictly para-orthogonal system corresponding to ()7, and
F . From the induction hypothesis, it thus follows that F € .#3"" YT, B1). We verify
below, by using an argument by contradiction, that F' € ///ﬁ’"(’]ﬂ B1). We first assume
that F belongs to .- q’n_l(T Br)\.#L"(T,Br). From that assumption along with
[29, Theorem 5.8] one can see that there is a function X € %, \%‘qx‘il such that

(X.X) ;= Ogxq- (4.1)

Obviously, (4.1) implies
(P"+17X)F,l = Ogxg-

Hence, since (3.1) gives us that Y := X (0,+1) — X belongs to %an‘ﬂrl, we get

Ogxq = (P"+1’Y)F,l = (P"""I’BEJ?}))FJ (X(O‘"H))* - (P"+1’X)F,l

= (P"+1’BEJZ)())F,Z (X(O‘"H))*'
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Because (Pj)'j’i} is a strictly para-orthogonal system corresponding to ()7 and F it
follows that X (04,41) = 044 . Therefore, there is a complex ¢ x g matrix polynomial P
of degree not greater than n— 1 such that P # & and so that X admits the representation

_ Pn+1
Toon

X P

)

where p,; : C— C is the polynomial given by p,41(v) := ot,+1 — v and where 7y, is
the polynomial defined as in (2.1). We note that the rational (complex-valued) function

._ Pn+1

To,n

does not have any poles or zeros on T (which also means that the restriction of g to
T is a ‘Bp-‘B-measurable function and that there are positive real numbers L; and
L, such that L; < |g(z)| < Ly holds for all z € T). Recalling this, the assumption

F e (T,B)\ 42" (T,Br), and [29, Remarks 1.1, 1.3, and 5.9], by setting
HB):= [ (s0L) FUs@l, BeDBr,

we obtain a measure belonging to //lg’"fl(T, Br)\ 42" (T, Br). Furthermore, the
choice of H, [29, Remark 1.1], and (4.1) imply

[POH@) (PQ) = [ 8Q)PPEFW) (PE) = (X.X) 5, = Oy

Consequently, by using [29, Theorem 5.8], we get H € .4 (T,Br) \t//lg’"*l(’]I‘7 Br).
This is a contradiction to H € ///;”'_1 (T,Br)\ .#L"(T,Br). Therefore, the assump-

tion that the matrix measure F belongs to /{;’"71 (T, Br) \ .A4L"(T,Br) was false
and it follows that F € ///g" (T,B1). Thus, (iv) implies (i). O

COROLLARY 4.7. Let (o)7-) € 71 andlet F € AML(T,Br). Then the following
statements are equivalent: ‘

(i) F belongsto ML (T, Br).

(ii) There exists a sequence (zj);f’:l of points belonging to T such that, by using
both declarations in (3.12), for each j € N, the pair [(P;)7_;,(R;)7] is a pair
of strictly para-orthogonal systems corresponding to (o j)(}o:l and F .

(iii) There is a pair [(Pj);f’z (R j);f’z \| of strictly para-orthogonal systems correspond-
ing to (0;j)7_y and F such that with some pair [(Xy)i_o, (Ye)i—o] of orthonor-
mal systems corresponding to (Ocj)‘;"zl and F, for each j € N and each point
v € C\ Py, both equalities in (3.11) hold, where A := — ba;_(z) (Xj_l(zj))*,

- J-1 = — * = =1 *
B; = (Y (e))", D)1= —bay @) (Yj-1(z)) " and Ej = (X))
with some z; € T.
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(iv) There is a left (resp., right) strictly para-orthogonal system (Qj)‘;f’zl corre-
sponding to (Ozj);-"zl and F . .

Proof. The assertion is an immediate consequence of Theorem 4.6. [

COROLLARY 4.8. Let T€ N or T =co. Furthermore, let F € .#3(T,Br). Then
the following statements are equivalent:
(i) For each sequence (&;)7_ € J, there is a pair [(P;)i_;,(R;)}_,] of strictly
para-orthogonal systems corresponding to (Ocj);-": y and F.
(ii) There is a left (resp., right) strictly para-orthogonal system (P;)]_, corre-
sponding to some (Ozj);f’zl €A and F.

(iii) There exists a left (resp., right) strictly para-orthogonal matrix polynomial sys-
tem (Pj)gzl corresponding to F .

Proof. Since (i) in Theorem 4.6 (resp., (i) in Corollary 4.7) does not depend on
the exact choice of the underlying sequence (e;)7_; € 1 (i.e. the location of the poles
for the relevant rational matrix functions is not important), the assertion follows. [

Because of Lemma 4.3 the finite sets A; and ZT in Theorem 4.4 (resp., Corol-
lary 4.5) are empty when the underlying measure F belongs to ///gf(T, B1). Con-

versely (cf. [14, Proposition 3.9]), if ¢ =1 and if A;=0,then F € //;’T(T, Br). As
the following example illustrates, this a special feature of the scalar case ¢ = 1.

EXAMPLE 4.9. Let oy :=0. Suppose that ¢ :=1, and

c._1 11
A \00)
(F):co and ¢’ = ¢|

Then there is an F € .#%(T,Br) such that the identities ¢
hold, where F € g///;O(']I‘,%T)\///;l(’R Br) and where (B(z) C(()Z’F))Fl —B 2)1(1)

o,l°
(@F) p(2) (2)
and (Ag." By ) g, — Ba

(F)

(z) are nonsingular matrices for each 7 € T.

Proof. The choice of ¢ and ¢; implies

o e e Y11\ (10} _ (00
07%% S1=R2 75 00/\10) " \01)/"

Consequently, from ¢ =1, and [27, Lemma 1.1.9 and Theorem 3.4.2] it follows that
there is a measure F € ///ﬁ (T,BT) such that c(()F) = ¢ and CEF) = ¢; hold, where

F e #2°(T,%r)\ 42" (T,Br). Let z€ T. Byu oy =0 and (2.3)~(2.5) we get

1
2 F 2 F)\—4 F)\ % ——z0
a.’)l,C(()i ))Fl_Ba,a(Z):/TZF(dZ)(C(() )) —zIzz(cg )) —zh = (fi )

(B
: 5 2
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In partlcular, (B @ ,C ) 1 is a nonsingular matrix. Similarly, it follows
that ( ,Baz ) e 2)1 (z) is anonsmgular matrix. [J

5. The case of molecular nonnegative Hermitian matrix Borel measures on T

We now study the existence of para-orthogonal systems of rational matrix func-
tions for the special case in which we have underlying molecular Borel measures on
T.

Recall that, for some n € N, a measure F € //;(’]I‘,%T) is called molecular of
order at most n if there is a sequence (u j)?:l of n points belonging to T so that

F(T\ {ui,uz,...,un}) = 0gxq. For some n € N, the notation ///g*;‘)‘(?r Br) is used
for the set of all F € .- q(’]I‘ Br) that are molecular of order at most n. Further-
more, //lg’m(’l(?l’, B1) denotes the singleton consisting of the zero measure belonging
to ///f (T,Br). We also use &, 3, for the Dirac measure defined on B with unit
mass located at some point u € T.

LEMMA 5.1. Let n € N and suppose that F € //13‘“"1@ B1). Furthermore, let

(Ozj)j:1 € 7 andlet X € ,%’gxnlil Then the following statements are equivalent:

V) (X7Y)F,z = 0gxq (resp., (Y,X)F’r =0yxq) foreach Y € %gxn’il

(ii) (Y Xlo "‘H]) =0yxq (resp., (X[O""‘H],Y)FJ = 0yxq) foreach Y € Z#%"1

Fir on+1-°

(i) (X.Z)p, =0qxq (resp., (Z,X)p, =0gxq) foreach Z € %anﬂl

Proof. The equivalence of (i) and (ii) is a simple consequence of (2.2), (2.8), and
(2.9). Furthermore, (i) clearly implies (iii). Conversely, we now assume that (iii) is

satisfied. We first suppose that, for each Z € %gxn‘il, the equality

(X.Z) ., = 0gxq (5.1)

holds. Because of the choice of F there exist a sequence (u J)'j’ | of pairwise different
points belonging to T and a sequence (A ; ) _, of nonnegative Hermitian g X g matrices
such that

F=7Y &, ms.A; (5.2)
=1
For each Y € 7", |, from (5.2) we obtain

= [X@F@ (r@) = TxX@A, ). 63
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Let k € Ny ,. Let pyy1 : C — C be the polynomial given by p,1(v) := ot,41 —v and
let O : C — C9*9 be the matrix polynomial of degree n — 1 given by
I, if n=1
O(v) == H “j -

. —Uu
JENL\{ky 1T Mk

4
Ilfn>1 Sh)

Furthermore, let

oo (Ug) Prst
(Qy1 —ug) To,n
where 7y, is the polynomial defined as in (2.1). In view of (3.1) and (5.4) one can see
that the function Z; belongs to %7*% | where the additional equality Z(u i) =06l

o,n+1°
holds for each j € Ny ,. Moreover, from (5.3) and (5.1) it follows that

Zy = O,

X(uk)Ak = (uk)Ak(Zk Uy ) i (Zk uj))* = (X’Z)F,l = 0q><q'

This yields along with (5.3) the equality

-

(X’Y)F,l = 2 X(uj)A; (Y(MJ))* =04xq, Y € ‘%Zcxn‘{kl

1

J
Similarly, one can show that, if (Z,X), =0 foreach Z € %Z‘Xn‘i 1+ then (¥,X) pp=0

foreach Y € ,%’gxn‘i , - Consequently, (iil) implies (i). O

PROPOSITION 5.2. Let n,7 € N and Fe 425 (T, By). If (P)T_, is a left
(resp., right) para-orthogonal system corresponding to (0;)7_ € J1 and F, then
T<n.

Proof. We present an indirect proof. Let ()7, € 71 . Furthermore, taking Defi-

n+1

nition 3.1 into account, we suppose that (P, ) is a left para-orthogonal system corres-

ponding to ()7, and F. Hence, we have (Pn+1,B£x )rt+l)F.l # 0gxq and

(Pn+lvz) =0gxq, Z€ ‘%Zcxn(i-l
But, this contradicts Lemma 5.1. Thus, there does not exist a left para-orthogonal
system (P,)’;i% corresponding to ()7 and F. Therefore, if (P;)7_, is a left para-
orthogonal system corresponding to (o ) ", and F, then 7 < n. Havmg dealt with
the left case, we note that a similar proof can be used for the remaining case (see also

Remark 4.1). [

If n €N and if F € . #L7(T, %)\ AL (T, By), then there exists a left
(resp., right) para-orthogonal system (P;)}_; corresponding to some ()7, € J1
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and F (see, e.g., [14, Equation (2.1) and Theorem 3.5]). This is, however, a special
feature of the scalar case ¢ = 1. To emphasize this, we provide the following simple
example for g =2 and n =2

EXAMPLE 5.3. Let uy € T and uy € T\ {u,}. Let F := &, 3, A1+ &4, 5,A2,

where
10 00
A= (00) and A;:= (Ol)'

Then F € ///2 mOI(T, B) \///i’_rlml(l', BT), but there does not exist a left (resp., right)
para- orthogonal system (Pj)%zl corresponding to some ()7 € 71 and F.

Proof. The choice of F immediately gives us that F is a matrix measure belong-
ing to //lz'gml(’]l‘ %T)\Mé"?m(’ﬂ‘ B). Let ()7, € Ji. Suppose that there is a left
para-orthogonal system (P; )2_1 corresponding to (;)7_; and F, where

ab
n- ()
with some a,b,c,d € %y . Furthermore, let p, : C — C be the polynomial given by
p2(v) := o —v and let 7y ; be defined by (2.1). Since (3.1) implies that the function

Z:= I
o1

belongs to %’gxzq, from Definition 3.1 it follows that

02x2 = (Pz,Z) = Py(u1)A1 (Z(w1))" + Po(u2) Az (Z(u2))”

_ a(ul)(lazaluull) (1 20(1;2)
C(M]) ( 10620(1’;11 ) ( lazaluuzz )

Consequently, we obtain that

a(ur) b(uz) \ _ (4)
(C(Ml) d(up) ) (P2rBo)py # 022
Hence, there does not exist a left para-orthogonal system (Pj)§= | corresponding to

(Ocj);": 1, and F. A similar proof can be used for the remaining (right) case. [

As an addendum to Proposition 5.2, the following result concerning the existence
of left (resp., right) strictly para-orthogonal systems of rational matrix functions holds.
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PROPOSITION 5.4. Let (0)7_; € Ji. Let n€ N and F € ///ﬁff"%’ﬂ‘, Br). If
there are T pairwise different points uj,uy,...,ur belonging to T with some T &
Ni,,, such that F({u;}) is a nonsingular matrix for j € Ny 1, then there exists a left
(resp., right) strictly para-orthogonal system (P;)% i1 correspondmg to (aj) >, and
F. Moreover, there exists a left (resp., right) strictly para-orthogonal system (P;)" j
correspondzng to ()% -1 and F if and only if there are n pairwise different points
UL U,y Uy belonglng to T such that F({u;}) is a nonsingular matrix for j € Ny .

Proof. Applying Theorem 4.6 along with [29, Theorem 6.11] yields the asser-
tion. [

For measures belonging to j/;:’;ml(’]l‘, Br) even the following equivalence holds.
This is quite similar to a characterization of the existence of para-orthogonal systems
of rational functions for the scalar case g = 1 (cf. [14, Theorem 3.5]).

THEOREM 5.5. Let ()7, € Ji. Let T€N and F € .42 (T,Br). Then the
following statements are equivalent:

(i) F belongs to Jlg’rfl(’ﬂﬂ Br).

(ii) There is a left (resp., right) strictly para-orthogonal system (Pj);:1 corre-
sponding to (Ozj)‘;f’zl and F .

(iii) There is a P; € %gqu so that (PT, v, ) (resp., (qu,PT) Fr) is a nonsingu-
lar matrix for some y € %o ¢ and (PT,Z> = 0yxq (resp., (Z, PT)F_r = 0yxq)

forall Z € %qxq.

e ;mol ;mol
Moreover, if (i) holds, then the measure F belongs to Q///;I;rrno (T,B7) \///;"Tfl('ﬂﬂ B)
and to A&7 (T,B7)\ A27 (T, By).

Proof. From Theorem 4.4 we get that (i) leads to (ii). Recalling Definition 3.1,
we see that (iii) follows from (ii). Suppose now that (iii) holds. Because of (2.8) and
(2.9) we can restrict the considerations to the case in which there exists a P; € %Zﬂq
such that (PT7yI ), is nonsingular for some y € %, ¢ and such that (Pr,Z) 1= Ogxq
foreach Z € %Zﬂq Smce Fen? TOI(’]I‘ D), there is a sequence (u;)?_; of pairwise
different points belonging to T and a sequence (A;)? i1 of nonnegative Hermitian g x g
matrices such that the measure F admits the representation (5.2) with n = 7. Therefore,
as in the proof of Lemma 5.1 (cf. (5.3)), we obtain that

det(Ey (uj)Pr(uj)A; ) = det(E Pr(uj)A (y(uj)lq)*> #0 (5.5)

Jj=1 Jj=1

and .
S Pe(u)A;(Z(uj)" = 0guq,  Z € RES. (5.6)
J=1
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If T =1, then it follows directly from (5.5) that detA; # 0. Suppose now that 7 > 1.
We will show that (5.5) and (5.6) imply detA; # O for each j € Nj ;. We will use an
indirect approach and suppose that Ay is a singular matrix for some s € Ny ;. Thus,
there is a matrix X € C7%7\ {0,x4} such that

AX =0,y (5.7)

Let k € Njz\ {s}. Let pr : C — C be the polynomial defined by p.(v)
= o —v and let Oy, : C — C79*9 be the matrix polynomial of degree 7 —2 defined
by
X* if 7=2
Ok s(v) := H uj—v

. uj—u
JENI ¢\ {kis} T Tk

X*if 1>2.

Furthermore, let
To,1—1 (ux) pe

Zyy 1= s P
? (orr—uy) To,t—1

Qk,.\'a

where 7y ;1 is given by (2.1). From this and (3.1) we see that the function Zj
belongs to Z¢ ¢! . Moreover, we have Z; ,(u;) = 8, X* forall j € Ny ¢\ {s} and

(00 —us) (1 —0fuy)

(o —ug) (1—0tus)
(O —tts) a1 (1) LB Xt r> 2,
(ar—uk)”aﬂ—l(uk)jeN”\{k’s} Uj—Ui

X* if 7=2

Zk7s (us) =

Hence, (5.6) and (5.7) imply

P‘[(uk)AkX = Pf(uk)Ak (Zkﬁs(uk))* = Pf(uj)Aj (Z]w (uj))* = quq.

M-

1

J

Because of (5.7) we then get
T _ T _ -
(Z y(uj)PT(uj)Aj)X = Z y(u)Pr(uj)A ;X = y(ug) Pr(ug) AX = 0g g,
j=1 j=1

which is in contradiction to (5.5). Consequently, there does not exist an s € Ny ; such
that A, is a singular matrix, i.e. detA; # 0 holds for each j € Ny ;. Finally, applying

[29, Theorem 6.11] gives us that F belongs to ///ngOI(T, B) \.//;:?EII(T,%T) and
to j/;”_l (T, Br)\ ///;”(’]I‘, Br). In particular, we see that (iii) implies (i). [J

With respect to Theorem 4.6 and the finite set A; of exclusion points of Theo-

rem 4.4 (resp., Corollary 4.5), it appears that A; consists only of the T mass points if
¢,mol

the underlying measure F belongs to ///2’1 (T, ). In fact, we get the following.



PARA-ORTHOGONAL RATIONAL MATRIX FUNCTIONS 661

PROPOSITION 5.6. Let (0j)7_; € 1. Let T € N and suppose that F is a mea-
sure belonging to ///3‘;‘01(11‘ Br)N ///q’T Y(T,B1). Then the subsets Ay and A; of
T from Theorem 4.4 consists both of exactly T pairwise different points uy,us, ..., ur.
Moreover, F admits (5.2) with n = T and these points, where A|,A,,...,A; are the
positive Hermitian matrices given by A ;= (A(To_"’i)lj(uj))i1 and A= (Cg’lliij(uj))i1
foreach j € Ny . In particular, the four identities
o?)r( Ly Ci 124]( k) = Ogxg, 2 boy (uj)Cr- 1L)4k(“,i)A,f = Ogxg,

.feNl,r\{k} JEN] 7 \{k}

B A ], (0)A) =0pxgs X ban()A AT, (1) = 0
JEN \{k} JENT L\ {k}

are satisfied for each k € Ny 7.

Proof. Let n:= 1. Because of F € .#% fOI(T Br)N.A4L" Y(T,81), Theo-
rem 5.5, and [29, Theorem 6.11] it follows that F admits (5.2) with a sequence ()i,
of pairwise different points belonging to T and a sequence (A; )7=1 of positive Her-
mitian ¢ x g matrices. Let k € Ny ,. Furthermore, let Oy be the matrix polynomial

defined as in (5.4) and let 7 ,—1 be the polynomial given by (2.1). Suppose that

T .n—1 (uk)
Ton—1

Xk = Qk.

We have that X; € ZL7 |, where X;(u;) = 8], holds for each j € N;,. Based on

o,n—1°

[28, Theorem 10], (5.2), and some facts from integration theory (cf. (5.3)) we find that
< F
I, (Xlﬂ n— luk) :2 ( nalzlk(uj)) _AkC( u)tk( k)

i.e. that Ag ( cleh (uk))fl. A similar argument yields Ay = (A(a’F) (uk))fl.

n—1,uy n—1,uy

Let A,(q) and A (resp., A( ’) and A ) be the subsets of T defined in Lemma 4.3 In

A0

particular, the set A;” consists of at most n pairwise different points and

(B ) oy =B (2) (5.8)

n—1.z

holds for each z € Z,(ql) . Let z € T. Because of (5.2) it follows that
n
(BE,ZL, G- lz) 2 gjzﬂ Aj(C r(l 12(“'))*-
Consequently, we see that (5.8) is fulfilled if and only if

> B )AL CT) () = B(2). (5.9)
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Furthermore, by using part (a) of Lemma 4.3 and [30, Remark 2.5], we obtain

() A (DY) B, (2)

n—1.z

[
M=
=
NS

(B G D) py =

n—1,z

~.
I
—_

u)AACT) ) B (2).

n—1,z

I
1=

<
g
=

~.
I
—_

Thus, (5.8) holds if and only if

Eban u)AAST) (1)) = by (D)1, (5.10)
J=1

Taking into account that the function

belongs to Z477 |, where the equality X (u;) = bg, (u;)I, holds for each j € Ny ,, by

applying [28, Theorem 10], (5.2), and (2.2) we see that
n n
F) F
ban(u,) (X An luk = 2( uj ) AAnaluk J 2 AAnalzlk(uJ‘)'

Therefore, (5.10) holds if z = u;. Since (5.8) and (5.10) are equivalent, from part (b)
of Lemma 4.3, T = n, and the fact that the set A; has at most 7 elements we get that

A(TZ) :Z(TZ) ={uy,uz,...,uc}.

Recalling this and the form of (A ; )f | » the equivalence of (5.8) and (5.9) gives us

T
BY: (1) A;CF) (u 2 B () ACYF ) () — B (k) = Ogreq

) T—Lu; uj
.feNl,r\{k}

and the equivalence of (5.8) and (5.10) yields

Y b (u)AAST) (1) 2 b (1) AJAT) (1) — bogg (11)Tg = O
JEN; 2\ {k} Jj=1
A similar argument, based on part (c) of Lemma 4.3, leads to the remaining two identi-
ties (different versions of the last two) with A(Tr) = A(Tr) ={uy,us,...,us}. In particular,

it follows that the subsets A; and ZT of T from Theorem 4.4 both consist of the T
pairwise different points uy,us,...,u;. U

COROLLARY 5.7. Let €N andlet F € .42 TOI(T Br) N2 (T, By). Fur-
thermore, let (z;)} =1 be a sequence of points belonging to T. The following statements
are equivalent:
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(i) For every choice of a sequence (@)%, € T, by using both declarations in
(3.12) for each j € Ny ¢, the pair | Pj), (R ), \| is a pair of strictly para-
orthogonal systems corresponding to (OCJ) ", and F.

oo
J=

(ii) By using (3.12) for each j € N\, the sequence (P;)i_, (resp., (R;)i_;) isa
left (resp., right) para-orthogonal system corresponding to some (0;)7_; €
and F .

) By setti
(iii) By setting - II
1. T3 ’21
Pj(v):(l—z_jv)<z§- 'L,.7] 2Iq,...,;l (V 7
1
_/

. _ II
<r€sp"Rj(v):(l_"?j)(Volq,vllq,...,vjllq>(T~(,,F)l)1 Z/‘q )

for each j € Ny ¢ and v € C, the sequence (P;)i_, (resp., (R;)}_,) is a left
(resp., right ) para-orthogonal matrix polynomial system corresponding to F .
(iv) Forall (0;)7-, € 71, thereis apair [(P;)}_;,(R;)}_,] of strictly para-orthogonal
systems corresponding to (aj) 1 and F such that both equalities in (3.11) hold
for j €Ny and v € C\Pg ; with a pair [(X)]—y. (Ye)f—y] of orthonormal sys-
tems corresponding to  (o)7., and F, where Aj := —bg; (z;)
- J-1 VR — ~
(Xj-1(e)", By = (%7 (@)", By = ~bay () (¥j-1(z))) ", and E; :=
J-11 \yF
(4 G@)
(v) There is a left (resp., right) para-orthogonal system (P;)i_y (resp., (R;)i_)
corresponding to some (aj);-"zl € 7 and F such that (3.11) holds for each
j € Ni¢ and each v € C\ Py ; with a pair [(X)]—y.(Ye)f—y] of orthonormal
systems corresponding to ()7, and F, where A= bajfl(Zj)(Xj_l(Zj))*
and Bj:= (YJ-[EC’IFI](ZJ-))* (resp., where Dj:= —ba_,.fl(zj)(Yj_l(zj))* and Ej:=
=1
(@)
(vi) By setting
Sli—1 -1 — *
Piv)= (77 () 7 0) — 2 (X 1(27)) X (v)
1 Sli—1 * __ *
(resp.. Ri) =5 0) (R 2)) =511 0) (V1 (2) )
for j € Ny ¢ and v € C with some pair [(Xi)}—y. (Ye)fZy] of orthonormal ma-

trix polynomial systems corresponding to F, (P;j)% =1 (resp., (R j)le) is a left
(resp., right ) para-orthogonal matrix polynomial system corresponding to F .
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Proof. Proposition 5.6 gives us that the sets A; and A; in Theorem 4.4 coincide
and that the location of the poles for the relevant rational functions has no influence
on the form of A; if F e .42 TOI(’]I‘ Br)N.ALT Y(T,®B1). Thus, the assertion is
a simple consequence of Proposition 5.6, Theorem 4. 4, and Corollary 4.5. (In do-
ing so, with respect to (iii), one has to notice (2.3)—(2.5) and [29, Remark 2.4, Re-
mark 3.9, and Lemma 3.14].) U

COROLLARY 5.8. Let ()., € Ji andlet T€N. Let F € 42" YT, B71) be
such that, for every choice of a sequence (z;)° =1 of points belongtng to T, by using
(3.12) for each j € Ny, the sequence (P;)7_, (resp., (R;)7_,) is aleft (resp., right)
para-orthogonal system corresponding to (o )T L and F. Then

F € .#4(T,By)\ A7 (T, Br).
Proof. Use Theorem 4.4 along with Proposition 5.6. [J

COROLLARY 5.9. Let (0))7_, € Ji. Let t€N and F € 42" (T,%Br). If, for
every sequence (zj);zl of points belonging to T, there is a left (resp., right) para-
orthogonal system (P;)i_, (resp., (R;)i_,) corresponding to ()7, and F such
that (3.11) holds for all j € N ; and v € C\Pg, ;, where A ;:= —bajfl(zj)(Xj,l(zj))*

-1 ~ — * = J—1 *
and Bj:= ( J[ 7 ](Zj))* (resp., Dj:=—bg,; ,(zj)(Yj-1(zj)) and E;:= (X,[ﬁ{ ](Zj)) )
with a pair [(Xi)]—y. (Ye)iZy] of orthonormal systems corresponding to ()7, and
F, then

F €. (T, B7)\. 427" (T, Br).

Proof. Apply Corollary 4.5 along with Proposition 5.6. [J

It should be noted that, for the scalar case ¢ = 1 with some 7 € N, Corollary 5.8
(resp., Corollary 5.9) leads in connection with Corollary 3.8 to a characterization of
whether a measure F belongs to ///21’7(?1‘, B1) or not (cf. [14, Proposition 3.9]).

REMARK 5.10. Let 7 € N and let A(Tl) and A (resp., A() and A )be de-
fined as in Lemma 4.3. In view of Lemma 4.3 and the proof of Proposition 5.6 one
can see that A(Tl) =AY (resp., Z(Tl) = Z&’) ) when the underlying measure F' belongs to
ML (T, Br) orto Q//lgjrrm(’]l‘,%qr)OQ///;]’T_I(’]I‘,%T). Moreover, based on [17, Corol-
lary 5.10] one can realize that this equality holds as well in the special case of matrix
polynomials, i.e. if ¢&¢; = 0 for each j € Ny ; (without additional restriction on F').

For any T €N, Remark 5.10 leads us to surmise that, in general, the sets A(Tl) and

AD

(resp ¢ and A ) stated in Lemma 4.3 coincide.

REMARK 5.11. Because of Lemma 4.3 and Proposition 5.6, for some 7 € N, the
sets A; and A; in Theorem 4.4 are empty if F € //lg’T(T, B1) and consists of the T
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mass points of F in case that F € //lg’m(’l(’ﬂ‘, Br)N //lg’rfl(’ﬂ‘, B). In particular, it
follows that the location of the poles of the relevant rational matrix functions has no
influence on the form of the sets A; and A; in these situations.

Remark 5.11 results in the supposition that, in general, the location of the poles of
the relevant rational matrix functions has no influence on the form of A; and A;.

Even though Proposition 5.6 and Remark 5.11 suggest the opposite, the sets A¢
and A; do not always coincide. This is emphasized by the following simple example
(as in Example 5.3) with g =2 and 7= 1.

EXAMPLE 5.12. Let u; € T and uy € T\ {u1}. Let F := &, 5, A1 + &, 5,A2,

where
10 00
A1.= (0()) and A2.= (Ol)'

Furthermore, let oy € C\T. Then F belongs to ///2 mOI(T Br) \///i TOI( ,B1) and
MZT, By) \ A2 (T, Br), where (B}, Co%")) ., # Bl (2) and (A" BY)), #
)

o,l’ o
2 2 F 2 2 F
BEL)l (2) for each z € T. But, (BEL)l,C(()?;I ))Fl Ex)l (uy), (Bg(?)l,C((f;z )) B' 1( 2),
(A((f;’f) ,Bg’)l)F’r — Bl(i)l (u1), (Aé?;’f) , foz,)l)p . B(Xz)1 (up) are singular matrices.

Proof. The choice of F implies immediately that

F e 25 (T, %)\ 427 (T, Br),

where
F(T)=A1+A;=1,.

Thus, based on [29, Theorem 6.11] we get F € ///2'0(’]I‘ Br) \//2 Y(T,®B1). Fur-

thermore, because of (2.3)—(2.5) one can see that C (resp A0 - ) is the constant
function on Cy with value I, foreach z € T. Consequently, foreach z € T, we get

(3(2 % F))Fl —B 2)1( )=8B 2)1 (u1)Aq +BE;¢2,)1 (u2)A2 —B 2)1 (2)

o,1°0,z \ o o o,

_ (bal (1) =bey (2) 0 )
0 boq (uZ) - bO(l (Z)

and similarly

bal (u )—bal( ) 0
(A(()z ’B 2)I)F —B 2)1(1) - < 1 0 ’ qu (u2) —bal(Z))'

Finally, in view of (2 6) it follows that the inequalities ( Ef ) 7 B @) ( ) and
(A(()OQF),BEX l)Fr7é Ba 1( ) hold for each z € T and that (Ba71,COiF )F,z —Boi)l(ul),

, 2 2
(B Gt ) =B ), (A BN, — B2 () and (a5 B — B2 )

are singular matrices. [
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The existence results presented above (regardless of the exact construction of the
relevant objects) do not depend on the concrete choice of the underlying sequence
((x]) [=E This leads us to surmise that, similar to the case for left (resp., right) or-
thogonal systems of rational matrix functions (cf. [30, Corollary 4.4]), the existence
of a left (resp., right) para-orthogonal system (P;)7_; correspondingto (;)7_, and F
for some (e;)7_; € Z1 implies the existence of such a system for any ()7, € %
(cf. Corollary 4 8). Note that this equivalence is fulfilled in the scalar case g = 1 (see

[14, Corollary 3.7 and Corollary 3.10]).

6. Particular pairs of para-orthogonal rational matrix functions

We now consider specific left (resp., right) strictly para-orthogonal systems (P,)f= 1
corresponding to some (¢;)7_; € 71 and F € //lg’T(T, Br) with T €N or T =0,

By comparing Corollary 3.6 to [34, Theorem 6.8], we see that the extremal solu-
tions of a matrix moment problem discussed in [33], [34], and [43] make up a distin-
guished structure that is determined by special para-orthogonal rational matrix func-
tions. The para-orthogonal systems studied below are similarly associated to another
kind of extremal solutions having to do with the moment problem in question (cf. [32,
Section 9]). In particular, this kind of para-orthogonal system can be applied in the
scalar case ¢ = 1 of rational functions to obtain quadrature formulas on the unit circle
T (see, e.g., [8] and [11]).

DEFINITION 6.1. Let (0;)7_; € 71 andlet T€Nor T=co. Let F € .#4(T,Br).
A pair of para-orthogonal systems [(P;)7_,(R;)j_,] corresponding to (cj)7., and F
is called canonical if there exists a pair of orthonormal systems [(X;)7_., (Yx){_,] cor-
responding to (;)7_; and F such that, for each j € Ny, the functions P; and R;
admit the representations

Pi=UX;+Y* and R;=v,U; +X,"7,
where Uj is some unitary g X g matrix.

Note that the representations in Definition 6.1 depend on the choice of the pair of
orthonormal systems [(Xi){_, (Yx){_,] - Because of [30, Proposition 3.7] we, however,
see that this is not essential.

Following up on Remarks 3.2 and 3.3, we now present some elementary properties
relating to Definition 6.1. In doing so, unless otherwise indicated, let (c j);f’z 1 € J1 and

let T € N or T = c. Furthermore, let F € ///ﬁ(?l’,%ﬂ be arbitrary, but fixed.

REMARK 6.2. Let [(P})7_;,(R;)}_;] be a pair of para-orthogonal systems corre-
sponding to ()7, and F. Then:

(a) Let (V; );,1 and (W;)?_, be sequences of unitary g x ¢ matrices. By The-
orem 3.5, (2.8), and [”40 Remark 2.8 and Proposition 3.7] one can see that
[(P)% j g (R;) J=1} is a canonical pair of para-orthogonal systems corresponding
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to (o;j)7; and F if and only if [(V;P;)7_;,(R;W;)7_,] is a canonical pair of
para-orthogonal systems corresponding to (0(,) >, and F.

By using Theorem 3.5 along with [30, Remarks 2.11 and 3.5], a simple calcula-
tion shows that [(P;)7_;, (R;)7_,] is a canonical pair of para-orthogonal systems
corresponding to ()5, and F if and only if [(R})?_,,(P])7_,] is a canonical
pair of para-orthogonal systems corresponding to (o) 1 and FT.

From Theorem 3.5, (2.8), and [30, Remark 2.8 and Proposition 3.7] it follows
that [(P;)7_,,(R;)j_,] is a canonical pair of para-orthogonal systems correspon-
ding to (e;)7; and F if and only if [(R[a ’])j 1,(P[a ’])j 1] is a canonical pair
of para—orthogonal systems correspondlng to (o) iy and F.

Let A € C7%9 be nonsingular and let Fy € .#4(T,Br) be given as in Re-
mark 3.3. Then [(X;)7_, (Yi){_,] is a pair of orthonormal systems corresponding
to (o)7; and F if and only if [(X,A™)[_ s (A"'Yy)E_] is a pair of orthonor-
mal systems corresponding to ()7, and Fx. Thus, a pair [(P; )J:U(RJ)J:J
is a canonical pair of para-orthogonal systems corresponding to (ocj);f’zl and F
if and only if [(PJA™")]_,, (AR j)j1] is a canonical pair of para-orthogonal
systems corresponding to ()7, and Fy.

One crucial point for obtaining quadrature formulas in the scalar case ¢ = 1 of ra-
1 functions based on para-orthogonal systems is that all zeros of the corresponding

functions are located on the unit circle T (see, e.g., [8, Theorem 4]). The next consider-

ation:

s serve to clarify that canonical pairs of para-orthogonal systems of rational matrix

functions comprise a similar property concerning determinants. We first remark that,
by using the same argumentation as in the proof of [34, Lemma 4.9] (on the basis of
the Christoffel-Darboux formulas for orthonormal systems of rational matrix functions
stated in [30, Theorem 4.5]), one can verify the following result.

REMARK 6.3. Let ()7 ; € 71 andlet 1€ Nor T=-co. Let F € .#2"(T,Br)

and suppose that [(Xi){_, (Yx){_,] is a pair of orthonormal systems corresponding to
(@j)7-; and F. Let j € Ny ;. Then the rational matrix-valued function ©; given by

admi

wher

5 | (x*N) 7y, if oy eD
j': —_ N j .
v X if o e C\D

ts the representation
_ [N if o;eD
0;= ,
v/ “Ix-1if o e C\D,

e the inverse values of matrix functions are well-defined on (DUT) \ P ;, the

matrix 9 j(w) is strictly contractive for w € D\ Py ;, and @ i(z) is a unitary matrix for
z € T. Moreover, for all v,w € (DUT) \Pg,;, the following statements are equivalent:
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(i) ©;(w)=0;().
(ii) v=w or (A\"
(i) v=w or (C'* )T 1(v) = 0gseq.

LEMMA 6.4. Let (@;)7_ € 71 andlet TEN or T=oco. Let F € MEL(T,Br)
and suppose that [(Pj);:p (R J');:l} is a canonical pair of para-orthogonal systems
corresponding to (Ozj);f’zl and F. Let j € Ny ¢ and let 7y j be the polynomial given by
(2.1). Furthermore, let p; and r; be the complex q x q matrix polynomials of degree
not greater than j such that

1

1
Pi=—pi and R;j=—r;.
J J J J
T, T,

(a) There exists a unitary q X q matrix U; such that p; =U jfy i particular, the
equalities detpj=u; detf"y] and u; detﬁy] =detr; hold for some u; € T. More-
over, N (p;(v)) = e/V(Fy](v)) for each v e C and N (pj(z)) = A ((rj(2))*)
foreach z€T.

= iijdet7/).

i

(b) Thereisaiij € T such that iijdetp; = detr; and detp;

(c) There exist at most j pairwise different complex numbers wi,w»,...,w; such
that pj(ws) =0 (resp., rj(ws) = 0) holds for each s € Ny ; and there exist at
most jq pairwise different complex numbers z1,22,...,2jq such that the complex
q x q matrix p;(zs) (resp., rj(zs)) is singular for each s € Ny j,.

(d) If one of the matrices pj(z), rj(z), ﬁy} (z), or ?E.j} (z) is singular for some z € C,
then all of them are singular and 7z € T.

(e) Each of the functions pj, rj, ﬁ[l»j ], and P is a complex q x q matrix polynomial
of degree j with a nonsingular matrix as leading coefficient.

Proof. (a) Because of Definition 6.1 there is a unitary ¢ x ¢ matrix U and a pair
of orthonormal systems [(Xk){_, (Yi);_o] corresponding to ()7, and F such that

— [0t,J] _ [or,J]
P;=UX;+Y;"" and R;=Y;U+X;"".
Let x; and y; be the g x g matrix polynomials of degree not greater than j so that

1 1
Xi=—2x; and Y= —y;. (6.1)
J Mo J J Mo J

Based on (6.1) and [30, Proposition 2.13] we see that there is a 11 € T such that

. 1 ; 1
Xj[a,j] T ‘xy] and Yj[a,ﬂ _ n—,yﬂ-” (6.2)
T, o, j
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If U; :=nU, then Uj is a unitary g X g matrix and from (6.1) and (6.2) it follows

pj=Uxj+ 03 = U+ Usd) = U,

This implies that A4 (p;(v)) :JV(?[J]( )) for each v € C and detp; = u; detrm
ujdetpm detr; with uj:=detU;, where u; € T. Since rﬁj]( ) =2/ (r;j(z))" for each
z€T (see, e.g., [27, Lemma 1.2.2]), we get A (pj(z)) = A ((rj(2))").

(b) From (6.2) and [30, Corollary 4.4 and Theorem 6.10] we get detx [ T —it; dety[j ! for
some ii; € T. Recalling (6.1), (6.2), [30, Corollary 4.4, Remark 6.2, and Lemma 6.5],

and [27, Lemma 1.1.8], for each v € C\ Py ; satisfying detx ( ) # 0, we have

ﬁjdetpj(v):ﬁjdet(ij V) (¥ Uy ) Lt )detym( )
_ nqdet( @) My +1 )detxm( )
_ det(y,-(v)U(~£~.’](v))‘1 n nlq) det&/ (v) = detr;(v).
Thus, by using [30, Corollaries 4.4 and 4.7] and a continuity argument, we get
iijdetp; = detr;.

This directly leads us to det p[j] =i detr (see, e.g., [30, Remark 2.6]).

(d) If one of the matrices p;(z), rj(z), py]( ), or rm (z) is singular for a z € C, then
we see that all of them are singular due to (a) and (b). Let a; € D. Recalling [30,
Corollary 4.4 and Remark 6.2] and [31, Theorem 3.10 and Lemma 3.11], we know that

dety '(w) £0

for each w € D. Furthermore, from [30, Corollary 4.4] and Remark 6.3 we find that

the matrix x;(w) ()7[? ] (w)) s strictly contractive for each w € D\ Py ;. An elemen-
tary result for matricial Schur functions (see, e.g., [27, Lemma 2.1.5]) shows then that

xj(w) (yy ] (w))f1 is strictly contractive even for all w € . Therefore (use, e.g., [27,

Remark 1.1.2 and Lemma 1.1.13]), for each w € D, the matrix 7Ux;(w) ()75/] (w)) s
strictly contractive and

detp;(w) = 0 det (MUx; (w) (5 (w)) " +1, ) dets?/ (w) £ 0.

Similarly, in the case of o; € C \ D, based on [30, Corollary 4.4 and Remark 6.2], [31,
Theorem 3.10 and Lemma 3.117], and Remark 6.3 we find that detx;(w) # 0, where the

matrix nU*J; 7 (w) (xj(w)) ! is strictly contractive and det p;(w) # 0 for each w € ID.
Combining thls with (a) and (b) we obtain that

det 5 (w) # 0



670 B. FRITZSCHE, B. KIRSTEIN AND A. LASAROW

for each w € D. Finally, it follows from [27, Lemma 1.2.3] that if detp;(z) =0 is
satisfied for some z € C, then z belongs to T.

(e) By (d) we realize that ~M( 0), ”M( 0), p;(0), and r;(0) are nonsingular matrices.

This implies that each of the functions p;, r;, p[/ ] , and rm are complex g X g matrix

polynomials of (exact) degree j with a nonsingular matnx as leading coefficient.

(c) Since from (e) we know that p; (resp., r;) is a complex g x ¢ matrix polyno-
mial of degree j with a nonsingular matrix as leading coefficient, we see that (c) is an
immediate consequence of the Fundamental Theorem of Algebra. [J

THEOREM 6.5. Let (Ozj),,1 € J andlet T €N or T=-co. Let F € .ML(T,Br)
and suppose that [(P;)? =1 (R))® = \] is a canonical pair of para- orthogonal systems
corresponding to (O(,');-":1 and F. Furthermore, let j € Ny ;. Then:

(a) There is a unitary q x q matrix U; such that P; = U; R[a 7,

detP; = ujdetRE- o] and ujdetP,[»a I = detR; hold for some uj € T. Moreover,

N (Pi(V)) = A (RIVW)) for vie Co\ Py and N (Pi(2)) = A ((R;(2))")
for zeT.

In particular,

(b) There is a it; € T such that ii;detP; = detR; and detP"’ = ii; detRI™ .

(c) There exist at most j pairwise different points wi,wa,...,w; € Co \}P’a,j such
that Pj(ws) =0 (resp., Rj(ws) = 0) holds for each s € Ny j and there exist at
most jq pairwise different points z1,22,...,2jq € Co\ Pq,j such that the complex
q x q matrix Pj(zs) (resp., Rj(zs)) is singular for each s € Ny j,.

(d) If one of the values Pj(z), Rj(z), Pj[a’j] (), or Rg-a’j] (z) is a singular matrix for

some z € Co\ Py, j, then all of them are singular and z € T.

(e) Each of the functions Pj, R;, P[OC I and R[ ] belongs to %qxq \%ngq_l

() If Zy is a constant function on Cy with a nonsingular complex g X q matrix as
value and if Z, € {P,“R,“P[a’"] R[a’n]} for ne Ny j, then Zy,Zy,...,Z; is a basis
of the right C1*9-module %qxq and of the left C1*9 -module %g;q.

Proof. Recalling [30, Proposition 2.13], we see that the assertions of (a)—(d) are
a simple consequence of Lemma 6.4. Furthermore, from (d) we can then conclude
that the complex ¢ X ¢ matrices P[ ](aj) R[Ia' ](aj) Pj(oj), and Rj(ct;) are all
nonsingular. This implies along w1th [30, Equation (2.10)] (resp., [30, Remark 2.17])
that (e) (resp., (f)) holds. O

It is worth noting that the statement of part (f) of Theorem 6.5 does not hold for ar-
bitrary pairs of para-orthogonal systems of rational matrix functions (cf. Remark 3.11).
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REMARK 6.6. Because of Definition 6.1, Theorem 3.5, and [30, Corollary 4.4]
there is a canonical pair of para-orthogonal systems [(P;)7_,,(R;)7_,] corresponding

to (a;)7_; and F if and only if the measure F' belongs to .72 &7(T,Br). Furthermore,
Definition 6. 1, Theorem 3.5, and [30, Corollary 4.4] 1mp1y that [(P;)7_;, (R;)F_,]

is a pair of strictly para-orthogonal systems corresponding to (¢t;)? -1 and F, where a
pair [(Xx){_o, (Yi){_o] of orthonormal systems corresponding to ()7, and F exists

so that, for each j € Nj ¢, the complex ¢ x g matrix (PJ7BEX)1) riX j[a /() is unitary,
(P B

X 0y) = ;@) (Bl R, (PrBeip) (V) (@) =g, and (P Bfy)
019 ) = () (08

J .00 ) Fre

Taking Remark 6.6 into account, without loss of generality, we now assume that
the underlying measure F belongs to t//lg’r(’ll B).

In the g = 1 case for complex-valued functions, the para-orthogonal systems in
Definition 6.1 can be characterized up to multiplication with nonzero constants via
an invariance property with respect to the transformation given by (2.7) (see, e.g., [8,
Theorem 3]). In the pure matrix case g > 2, the situation comes across as somewhat
less elegant. Nevertheless, we now present a result which can be regarded as a matricial
version of that characterization.

PROPOSITION 6.7. Let ()7, € 7. Let T € N or T = oo and suppose that F €

Q//;I’T(T,%T) Furthermore, let (P;)i_, (resp., (R;)j_,) be a sequence of complex
g X q matrix functions.

(@) Let [(Xk)i_o> (Yi)i_o) be a pair of orthonormal systems corresponding to (Ocj);f’:l
and F. Then the following statements are equivalent:

i [(P))E jy (R))% j. \J is a pair of para-orthogonal systems corresponding to
(@)7.; and F such that, for j € Ny ¢, the following conditions hold:

(I R; = Pj[a"j] C; for some nonsingular complex q x q matrix C;.

(B(fl) R:

(IT) At least one of the matrices (P,,BEX 2))”, (P BY .0’ J)F,r’

] otj)Fl’

or (Bgf)j,R ')FJ) is nonsingular.

(P BLo) (4" 0)) = (" (09) (B Ry,
vy (PJ’B ))FIX/[O”]( o) = Y'[a’j](aj)(Bg,)ﬂRj)F,r'
(V) At least one of the following identities holds:
(P1oBe) X 0) (P By (5 (1))
= (X1 0))" (B3 R) ., Y, ) (B R,

(PBY) 1 X (o) (617 ’](aj)) (By'oRi) .,

(PJ»Bz(x)o) ( [a j](%))* Yj[w] (o)) (BEZ)J"RJ')F,V
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1) (B Rs) (P BL) (1) ()

= (X/['aﬁj](aj)) (BI(JZ)O’R r (PJ7BEx)/)F1X/[aj]( o).
(ii) For j € Ny, there are nonsingular complex q x q matrices A; and B;

such that Aijfl is a unitary matrix, so that A;jB; = B;A;, and that
P; = Aij +Bij[a7j] and Rj=Y;A; +Xj[a7j]Bj.
(b) Let (i) be satisfied. If j € Ny ¢, thenthe q X q matrices (P BEx )O)Fl’ (P,,BE)C )j)Fl’
(B(q) R; ) , and (B(q) R; ) ., are nonsingular, the matrices A; and B; from

a,0° o,
(ii) and the matrix C; from (1) are uniquely determined, Where C, = B;*A j

and C; = A;"B;. In particular, [(B; 'p; i) i1 (RjB;l);:l] is a canonical pair of
para-orthogonal systems correspondmg to (a j);"zl and F. Moreover, for some
J €Ny, inthe case of A5A; = AjA’; or B;‘-Bj = BB’ the matrix C; is unitary.

©) If [(Pj)}_1.(R;)}_4] is a given canonical pair of para-orthogonal systems cor-
responding to (o )T , and F, then there exists a pair of orthonormal systems
[(Xk)k 0’
(Yo)i—o) corresponding to (0)7-, and F such that, for each j € Ny, con-
ditions (1)-(V) of (i) are sansﬁed where C; is a unitary q X q matrix.

Proof. Suppose that (i) holds. Let j € Ny ;. Because of (i) and Theorem 3.5 we
already know that there exist complex g x ¢ matrices A;, B;, D;, and E;, all not equal
to the zero matrix, such that the identities

Pi=AX;+BY/*" and R;=YD;+X"/E;
are satisfied, where

Aj=(PpBYY) X9 (ey), By= (PBYY) (Y% (e)

and

R g Ei= (X (0p) (B R

J)F7r'

In view of (III) and (IV) we get B; = E; and A; = D;. Therefore, from (I) along with
(2.8) and [30, Remarks 2.7 and 2.8] it follows that

0 =R;—P*C; = v;A; + X"/ B; — X"/ ALC; — v;BiC,
= Y;(A;—B;C))+ X"/ (B; — ASC)).

Taking Remark 3.10 into account, we obtain A; = B3C; and B; = A’C;. Since C;

is a nonsingular matrix (see (I)) and since X lo j](oc-) and Y[OC j]( o) are nonsingular
matrices as well (see, e.g., [30, Theorem 4. 5]) from (II) and the representations for
the matrices A;, B;, D;, and E; one can find that the complex g x g matrices A;
and B; as well as (Pj7BE%)F7l, (PJ,B( ))Fl, (BY) R)) .. and (B Ex)ﬁR ), are all

o0
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nonsingular. In particular, we get C; =B;"A; and C; = A;"B;. Furthermore, (V)
leads to A;B; = B;A ;. This implies AJ'BJT1 = B;IA ;j and consequently we obtain that

AB;'(AB; ) =A;B; ' (B7'A))" = A;(A;"B))'B;*
:A.,»C.;IB;* = AJ-(BJT*A.,»)*IB;* =1,

i.e. that the matrix A ijTI (resp., B;IA ) is unitary. In conclusion, we have proven
that (i) implies (ii) and we see that [(B} Pt )51 (R jB;l);zl] is a canonical pair of
para-orthogonal systems corresponding to ((x]) -, and F'. In the special case that

AjAj = AjAj or BjBJ = BJB;(
for some j € Ny, then A;"A; or B;"B; is a unitary ¢ x ¢ matrix. By using
Ci=A"B;=A;"A;(B;'A;)™" or C;=B;"A;=B;"B;B;'A;

and the fact that B IA; j 1s a unitary g x g matrix, we find that the g x ¢ matrix C;
is also unitary. Thus part (b) is verified. Suppose now that (ii) holds. An apphcatlon
of Theorem 3.5 gives us that [(P;)% jy (R;) J:J is a pair of para-orthogonal systems
corresponding to (ct;)% =1 and F such that, for each j € Ny ¢, the conditions (ID—(V)
are satisfied. It remains to be shown that (I) holds as well. Let j € Ny ;. Because of
A;B; =B;A; we have AJ'B;1 = B;lA - Hence, the unitarity of AijTl implies that

A'B;A;B; ' = (B7'A)"A;B; = (A;B;)"AB; =1,

i.e. that A’*B, =B; *A;. Finally, if we set C; := B *A,, then based on (2.8) and [30,
Remarks 2 7 and 2. 8] we get

Ri=Y;A;+X“/B; = V;B:B"A; + X[“ATA*B;
— * [OC,.] * ** — [OC,.]
= (VB +X;""A5)B"A; = P7C;.

Thus, we have shown that (i) follows from (ii). This completes the proof of (a). Part (c)
is a simple consequence of Definition 6.1 and (a). O

COROLLARY 6.8. Let ()7, € 71. Let T€N or t=o0 and F € M *(T,Br).
Suppose that [(Xi)i_o, (Ye)i_ol is a pair of orthonormal systems corresponding to
(@j)7-; and F and that [(P;)7_,,(R;)_,] is a pair of para-orthonormal systems cor-
responding to (Olj) 1 and F such that, for each j € Ny ¢, the conditions (1)-(V) of
Proposition 6.7 are sansﬁed Furthermore, let j € Ny ;. Then:

(a) The equalities detP;=c; detRE.a’j Vand ¢ jdet Pj[a’j] =detR; are satisfied for some
cj € C\{0}. Moreover, N (P;(v)) = ,/V(Rg.a’j] (v)) holds for each v € Co\ Pq.;
and N (Pj(z)) = A ((Rj(z))*) for each z € T.
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(b) There is a it; € T such that ii;detP; = detR; and detP," = ii; detRI™.

(c) There exist at most j pairwise different points wi,wa,...,w; € Co \}P’a,j such
that Pj(ws) =0 (resp., Rj(ws) = 0) holds for each s € Ny j and there exist at
most jq pairwise different points z1,22,...,2jq € Co\ Pq,j such that the complex
q x q matrix Pj(zs) (resp., Rj(zs)) is singular for each s € Ny j,.

(d) If one of the values Pj(z), Rj(z), Pj[a’j] (z), or Rg-a’j] (z) is a singular matrix for
some z € Co\ Py, j, then all of them are singular and z € T.

(e) Each of the functions Pj, R;, P,[»a’j], and Rg-a’j] belongs to Z#%L"9\ %11

o,j o,j—1°

() If Zy is a constant function on Cy with a nonsingular complex g X q matrix as
value and if Z, € {P,“R,“P,Ea’"],R,[qa’n]} for ne Ny j, then Zy,Zy,...,Z; is a basis
of the right C1*9-module %gqu u and of the left C*1-module %g;q.

Proof. Use Proposition 6.7 along with Theorem 6.5. [

The considerations below following up on Corollaries 3.6, 3.7, 3.8, and 3.9. Some-
what different from earlier, the result corresponding to Corollary 3.6 for the para-
orthogonal systems introduced in Definition 6.1 leads to a kind of characterization for
such para-orthogonal systems. We first present a common result on linear fractional
matrix transformations.

LEMMA 6.9. Let a, b, ¢, and d be complex q x q matrices such that, by setting

__(ab . (I, 0
A= (cd) and  jgq = ( 0 —Iq)’

the equality A%juqA = sjqq is satisfied, where s =1 or s = —1.

() If U is a unitary q % q matrix, then det(Ub+d) # 0 and (Ub+ d)~'(Ua+c)

is a unitary q x q matrix. Moreover, if U is a unitary q X q matrix, then there
exists a unitary q x q matrix U such that U = (Ub+d)~!(Ua+c).

(b) If U is a unitary q x q matrix, then det(cU+d) # 0 and (aU+b)(cU+d)!
is a unitary q x q matrix. Moreover, if U is a unitary q X q matrix, then there
exists a unitary q x q matrix U such that U = (aU+b)(cU+d)~ 1.

(c) Let z€ T and let (d* b*)

B=z( ., .].
c“a
Then B*j B = sjqq and, for a unitary q x q matrix U, the matrix ¢*U+a* is
nonsingular and (Ub+d)~!(Ua+c¢) = (d*U+b*)(c*U+a*)"! holds.

Proof. Using standard methods for linear fractional matrix transformations, the
proof is straightforward (cf. [2, Section 2.9] and [27, Section 1.6]). O
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PROPOSITION 6.10. Let ()7 € 1. Let T €N or ©=c0 and let F €

{///g,r(T, B). Suppose that [(Xi)i_o; (Yi)i_o) is a pair of orthonormal systems corre-
sponding to ()7, and F.

(a) Let [(P;)} - (R))® = \| be a canonical pair of para-orthogonal systems correspon-
ding to (Olj) > and F. Furthermore, let j € Ny ;. Then there are a unitary g x q
matrix U and some nonsingular complex q X q matrices C and D such that

1= v - N o i—
Pi(v) = I_L%ivcj (b, (V)U;Xj-1(v) + Y,-[Jf Uwy).

I—Oc-—Jv 63)
Ri(V) = = (boy ()Y ()T + X5 (0) D,

1—av
hold for each v € (C\IPOC,]-, where f]j, Cj, and ﬁj are uniquely determined.

(b) Foreach jecNj¢, let ﬁj be a unitary q X q matrix. Then there exists a canoni-
cal pair [(P;)7_y,(R;)}_,| of para-orthogonal systems corresponding to ()7,
and F, such that the ldentltles in (6.3) hold for each j € N1 .z and each point
v € C\ Py ; with some nonsingular complex q X q matrices C and D

Proof. Based on Lemma 6.9, [30, Remark 2.8 and Proposition 3.7], and [31, Re-
mark 3.5] a similar approach to the one used for Corollary 3.6 yields the assertion. [

REMARK 6.11. Let (¢j)7., € 71. Let T€N or t=o0 andlet F € .#2(T,Br).

(a) Let (Pj)j_; and (R;)j_, besequences of complex ¢ X ¢ matrix-valued functions.
By using [30, Corollary 4.4 and Theorem 4.5] as in the proof of Corollary 3.7,
one can see that the following statements are equivalent:

i) [(P;)% j (Rj);z 1] is a canonical pair of para-orthogonal systems correspon-
ding to (0;j)7.; and F.

(ii) For j € Ny ¢, there are unitary g X g matrices VUVQ,', \U’j, and U j such that

—1 —1
S F )\ o] F F
Pi=W, (Uj A (o) (A4 [ (o) )>,
1 -1
( 19

/70‘]

Moreover, if (i) holds, then the g x ¢ matrices Wj, Vj, and ﬁj in (ii) are

uniquely determined for each j € Ny ¢, where W; = (P;,B EX)O)F ! \/CW
(BOR)py Uy = Wi(PBY) AT (o). and T = W
(BOZJWRJ')FJV.’; :
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(b) Suppose that [(X;){_,(Yi){_,] is a pair of orthonormal systems corresponding
to (¢j)7, and F. Furthermore, for each j € Ny ¢, let z; € T and let
i —* F
Pi = (1= bay(z)bay) (Y (z) i)
Rj:= (1 babey () AL) (x1%7(z)) ™

Because of Remark 6.3 and [30, Remark 2.6, Corollary 4.7, Lemma 5.1, and
Theorem 5.4] one can see that [(P;)7_;,(R;)}_,] is a canonical pair of para-
orthogonal systems corresponding to (a,) ", and F (cf. Corollary 3.8).

7 <j

REMARK 6.12. Let (0;)7; € J1. Let n € Ny and suppose that F € .#2" (T, Br).

Let we ID\IPa » and let Fn( W) be defined as in Corollary 3.9. Let T € N or T =0 and
let (P;)7_, and (R )= be sequences of rational ¢ X ¢ matrix functions. A similar
argument to the one used for Corollary 3.9 shows that the following statements are

equivalent:
() [(Pj)}—y,(R;)7_,] is a canonical pair of para-orthogonal systems corresponding
to ()7, and F,f;’;).

(ii) For each j € Ny, with some pair [(X;)}_,. (Yi){_,] of orthonormal systems
corresponding to (o)5- ; and F there is a unitary g x ¢ matrix U; such that

Pi=UX;+Y* and R;=v;U;+X"7, j<n,
and, if j > n, then there are unitary g x ¢ matrices VVVQ,', \V’j, and IVJQ,' such that

—1 —1
Py =W (BBl 045" o) (A,S?‘f)) bl (eBD o) i),

-1

Ry =y (bub7) (") %P (w) U b AT Al ) ),

o2 —
where A is the function given by h;(v):= |11_|‘0;/‘|2 | 11__%‘:, forve C\Pq,;.
If (i) holds, then U j,W j7\7 j»and U ; in (ii) are uniquely determined for j € Ny ;.
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