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ERROR REPRESENTATION FORMULA FOR EIGENVALUE

APPROXIMATIONS FOR POSITIVE DEFINITE OPERATORS

LUKA GRUBIŠIĆ AND IVICA NAKIĆ

Abstract. The main contribution of this paper is an error representation formula for eigenvalue
approximations for positive definite operators defined as quadratic forms. The formula gives
an operator theoretic framework for treating discrete eigenvalue approximation/estimation prob-
lems for unbounded positive definite operators independent of the multiplicity. Furthermore,
by the use of the error representation formula, we give computable lower and upper estimates
for discrete eigenvalues of such operators. The estimates could be seen as being of the Kato–
Temple type. Our estimates can be applied to the Rayleigh–Ritz approximation on the test sub-
space which is a subset of the corresponding form domain of the operator. We present several
completely soluble prototype examples for an application of the presented theory and argue the
optimality of our approach in this context.
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[8] Z. DRMAČ, On relative residual bounds for the eigenvalues of a Hermitian matrix, Linear Algebra
Appl. 244 (1996), 155–163.
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[10] Z. DRMAČ AND K. VESELIĆ, New fast and accurate Jacobi SVD algorithm. II, SIAM Journal on
Matrix Analysis and Applications 29, 4 (2008), 1343–1362.

[11] G. H. GOLUB AND G. MEURANT, Matrices, moments and quadrature, In Numerical analysis 1993
(Dundee, 1993), volume 303 of Pitman Res. Notes Math. Ser., pages 105–156, Longman Sci. Tech.,
Harlow, 1994.
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[32] E. SÁNCHEZ-PALENCIA, Asymptotic and spectral properties of a class of singular-stiff problems, J.
Math. Pures Appl. (9) 71, 5 (1992), 379–406.

[33] B. SIMON, Trace ideals and their applications, volume 35 of London Mathematical Society Lecture
Note Series, Cambridge University Press, Cambridge, 1979.

[34] W. STENGER, An inequality for the eigenvalues of a class of self–adjoint operators, Bull. Amer. Math.
Soc. 73, 3 (1967), 487–490.

[35] J. WEIDMANN, Stetige Abhängigkeit der Eigenwerte und Eigenfunktionen elliptischer Differentialop-
eratoren vom Gebiet, Math. Scand. 54, 1 (1984), 51–69.

[36] J. WEIDMANN, Spectral theory of ordinary differential operators, volume 1258 of Lecture Notes in
Mathematics, Springer-Verlag, Berlin, 1987.

Operators and Matrices
www.ele-math.com
oam@ele-math.com


