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ON YUAN-GAO'’S “COMPLETE FORM” OF FURUTA INEQUALITY

MASATOSHI FuJll, MASATOSHI ITO, EIZABURO KAMEI AND RITSUO NAKAMOTO

(Communicated by F. Hansen)

Abstract. Recently Yuan and Gao gave a “complete form” of Furuta inequality. We present
its extension by an expression of operator mean: If A > B >0 with A >0, p > pp >0 and
r,ro > 0, then
AT0Y 5., BP >BY>A"4,., B
Po+ro pr
for po < 6 < min{p,2po + min{1,ro}}. Furthermore we also obtain a grand Furuta type in-
equality related to our extension.

1. Introduction

Throughout this note a capital letter means a bounded linear operator acting on a
Hilbert space.

In 1987, Furuta [5] established the so-called Furuta inequality, see [2, 3, 6, 7, 13,

16].
Furuta inequality. I[fA>B>0, p (I+r)g=p+r
then for each r > 0, \ p=q
(A5APA%)i > (A3BPAS)i \\\\\\
N
and &&
r ro 1 r ro 1 ,0"
(B2APBZ)a > (B2BPB2)4 1t ’
hold for p and q such that p > 0
and q > 1 with q
0 1
(I+r)g=p+r.
-r Figure 1
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The most important fact on Furuta inequality is that it is an extension of Lowner-
Heinz inequality (LH), i.e.,

A>2B>0 = A*>B* (acl01]).

Related to (LH), Kubo-Ando theory says that o -geometric mean f,, just corresponds
to (LH; o). That is, it is defined by

AﬁaB:A1/2(A71/2BA71/2)O(A1/2

for positive operators A and B. As stated in [13], when A > 0 and B > 0, Furuta
inequality can be arranged in terms of o -geometric mean as follows: If A > B > 0
with A > 0, then

A>B>A"t1 B forp>1andr=>0. (FD)
p+r
Furthermore Furuta [9] obtained the following as an interpolation between Furuta
inequality and Ando-Hiai one [1].

The grand Furuta inequality. If A > B > 0 with A > 0, then for each t € [0,1],

—I4r

r r 1—
AV > (AT (AT BPAT S AT T (GFI)

holds forall s> 1, p>1andr>t.

For the grand Furuta inequality see [4, 10, 14, 15, 17].

Now in order to provide an elementary and alternative proof of Furuta inequality,
Furuta proved the following inequality.

THEOREM 1.A. ([8]) Let A>2B>0,1>r>0and p> po>0.If 2po+r = p,
then

(Ar/2Bp0Ar/2)p’)Tt:r > Ar/2BpAr/2.
Yuan and Gao [18] provided a “complete form” of Theorem 1.A.

THEOREM 1.B. ([18]) Let A=B >0, r>0, p> po>0and § =min{p,2po+
min{1,r}}. Then

S+r

(AT2BPOATI2) ro T > (Ar/ZBPAf/Q)%. (1.1)

In this note, we shall give an extension of Theorem 1.B and related results by an
expression of operator mean. As a matter of fact, (1.1) is expressed as

A5 B > A b5, B,

po+r p+r

where Afi, B=AY2(A~12BA~1/2)2 A2 (o0 £ [0,1]).
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For this, we present a generalization as follows: Let A > B > 0 with A > 0,
p = po >0 and r,rg > 0. Then

A0 5., BP>B% > A5, B

P00 p+r

for po < 8 < min{p,2po+min{l,rp}}. If we put ry = r, then we have Theorem 1.B
obviously. Furthermore we also obtain a grand Furuta type inequality related to our
extension.

2. The main theorem

In this section, we shall give an extension of Theorem 1.B. First of all, we cite
useful formulae on Al B for convenience. They are easily checked by the direct com-
putations and frequently used in the below.

LEMMA 2.A. The following formulae hold for all real numbers s and t :
1. AtsB=Bl_A,
2. AtyB=B(B 't 1A"")B, and
3. Aty B=At (A4 B).

Under this preparation, we extend Theorem 1.A as follows:

THEOREM 2.1. Let A>B >0 with A>0, pg >0 and ro > 0. Then

AT 5., B >B°
Po+7ro

Jor po < 6 <2po+min{l,ry}.

Proof. We may assume that B is invertible. By Furuta inequality, A > B > 0
ensures
B P05 0 A =B P05 5, 0 AT > B9—2pro
Po+ro r0+ro

for —po < 8 —2po < min{1,ry}. Then we have

A—roh S+ BP0 —= BPO (B—Po ﬁ 5o Aro)Bpo > BPOBS—ZpoBPO _ BS.

Po+ro Po+7ro
Hence the proof is complete. [l
Recently, the following result was shown in [1 1, Theorem 2.1].
THEOREM 2.B. ([11]) For A/ B>0, p>0and r >0, if A~ ﬁ# BP < 1, then
A7 oy B <A™ 85y B
p+r s+t

for0<s<p, 0<t<rand —t <0 <s.
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By Theorem 2.1 and Theorem 2.B, we obtain an extension of Theorem 1.B.

THEOREM 2.2. Let AZB >0 with A>0, p>po=>0 and r,ro > 0. Then

A0k 5., BP =B > A 5., BP
P0+70 p+r

for po <8 < min{p,2po+min{l,rp}}.

Proof. The former inequality is just Theorem 2.1, so that we have only to prove
the latter one. We may assume that B is invertible. By Furuta inequality, A > B > 0
ensures A" > (AgBPAg)# , thatis, A™" ﬁ# BP <1 for p >0 and r > 0. Then we
have
B‘Szlﬁ%BP >A"t5., BY 2.1)
P

p+r

for 0 < 0 < p and r > 0 by applying Theorem 2.B. [J

3. A grand Furuta type inequality

Next we shall show a grand Furuta type inequality related to Theorem 2.2. By
putting B = (p—1)s+1t and y = r—1, we can arrange (GFI) in terms of o -geometric
mean as follows [4]: If A > B > 0 with A > 0, then for each 7 € [0,1] and p > 1 with
p#t,

A>B>A"41y (Ayp B?) for f>pandy>0. 3.1

Bty p—t

The following Theorem 3.1 is a grand Furuta type extension of Theorem 2.2.

THEOREM 3.1. Let AZB>0withA>0, p>1,r€[0,1], p#t, ¥, =0 and
B = Bo = p. Then for By < § < min{f,2 -1},

Bo+1 p—t p—1 p—t

To prove Theorem 3.1, we use the following lemma shown in [4] (cf. [12]).

LEMMA 3.A. ([4]) Let A= B >0 with A > 0. Then

<=l—

A>B> (A" BP)
p—t

holds for t € [0,1], B>p>1and p #t.
Proof of Theorem 3.1. By Lemma 3.A, for t € [0,1] and 8,8y > p > 1, we have

1
A (At BY)W (3.2)
=
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and 1
A= (A" s, BP)B. (3.3)
p—t
Applying Theorem 2.1 to (3.2), we obtain
5
A_Yoh 5+y (At hﬁo*f Bp) > (At hﬁo*f Bp) Fo (3.4
Bo+n p—t p—t

for By < 6 <2Bp+min{l,w}, % > 0. Applying (2.1) in the proof of Theorem 2.2 to
(3.3), we obtain

S
(A'hp BP)P > A7785 y(A’hﬁ :BY) (3.5)
p—1 B+y p=t
for0< o< B, y=>0.

1 1
Put C = (A4, B”)% and D= (A"fj_, B”)F . Then by (3.2),
p—t

p—t
Algs BP =A'hs, Aty BP)=A'ty, CP
b R = Foi

—cho (C*ﬁo f5 5 A*I)Cﬁo
Bo—t

Kk
<SPy CCP =C0 = (A", B
Bo—t pt

forr€10,1], 1 < p < Po <6 <2Py—t, and also by (3.3),

A'hay BY = A'fgs (A'hp-, B) = =A'ts, DP
5

p—t Bt

)
> D'y, DP = D% = (A5, B)D
Bt =

forr €10,1], 1 < p < 6 < PB. Therefore we have

KN )
(A’ hﬁo L BP)P > A5 BP > (A'tp, BP)P (3.6)
= bt

for r €10,1], 1 <Po<d<Pand 6 <2Py—1.
Hence the de51red inequalities are obtained by (3.4), (3.5) and (3.6). U

By putting o = (p—1)so+t, w=ro—t, B=(p—1t)s+t and y=r—1, we get

the following corollary.

COROLLARY 3.2. Let AZB>0withA>0, p>1,1€[0,1], p#t, nro >t
and s > so > 1. Then for (p—1t)so+t < 6 <min{(p—1)s+¢,2(p—1)so+1},

Afr()h 57t+r0 (Aft/zB[)Aft/z)So >( [/2BpA 1/2) 2 7rﬁ S—itr (A7[/2B[7A71/2)S.

(p—1)sp+rg (p—t)s+r
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REMARK. We may expect that Corollary 3.2 holds for 6 <min{(p—t)s+17,2(p—
t)so+t+min{l,ro}}. Unfortunately it does not hold in general.

Let A = 82)732 ? } gdt=1,p=2rp=1,r=2,50 =1 and s = 3. Then
AZ=B,and § =2(p—1t)so+t+min{l,ro} = (p—1t)s+1t=4. Moreover we have
34 7\/5
C:A_’Oh Srirg (A—t/2BpA—t/2)SO :A—1/234A—1/2 _ 3 2 ,
150+ 7\/3 %
and
601 125
D :A—rﬁ Srir (A—t/2BpA—t/2)s _ (A—I/ZB2A—1/2)3 _ 15245 61\46
(p—1)s+r m b3

Hence det(C — D) < 0, that is,

Afr()h 57t+r0 (Aft/zB[)Aft/z)So _Afrﬁ S_tir (Aft/zBpAft/z)S ?/; 0

(p—1)so+rg (p—t)s+r
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