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THE PAULSEN PROBLEM IN OPERATOR THEORY

JAMESON CAHILL AND PETER G. CASAZZA

(Communicated by D. R. Larson)

Abstract. The Paulsen Problem in Hilbert space frame theory has proved to be one of the most
intractable problems in the field. We will help explain why by showing that this problem is
equivalent to a fundamental, deep problem in operator theory. This answers a question posed by
Bodmann and Casazza. We will also give generalizations of these problems and we will spell
out exactly the complementary versions of the problem.

1. Introduction

The Paulsen Problem has proved to be one of the most intractable problems in
frame theory (See Section 2 for definitions):

PROBLEM 1.1. (Paulsen Problem) Find the function h(e,M,N) so that for any
€-nearly equal norm, €-nearly Parseval frame {f; ii | for a M -dimensional Hilbert
space iy, there is an equal norm Parseval frame {g,-}?i | for Gy satisfying:

N
Z Hfl _gi||2 < h(87M7N)'
i=1

A fundamental question here is whether the function i(g,M,N) actually depends
upon N. We have no examples showing this at this time, although it is known that this
function must depend upon M . For all examples we know at this time, we have

h(e,M,N) < 16eM.

For a dozen years there was no progress at all on the Paulsen Problem. Recently,
some progress has been made on the problem. First, Bodmann and Casazza [7] used
differential equations to give an estimate for the function i(e,M,N). This paper leaves
open the case where M, N are not relatively prime. Using gradient descent of the frame
potential, Casazza, Fickus and Mixon [9] gave a completely different solution for the
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Paulsen Problem which works in the case where M,N are relatively prime. The esti-
mates in these two papers seem to be quite far from optimal since it is on the order of
M?N°¢ and best evidence indicates the answer should be of the form cMe or at worst
cNe for some universal, small c.

We will show why the Paulsen Problem has proved to so intractable by showing
that it is equivalent to a fundamental, deep problem in operator theory. The fact that
there must be a connection between these two problems was first observed in [7]. In
effect, we are answering a problem left open in that paper.

PROBLEM 1.2. (Projection Problem) Let 73 be an N -dimensional Hilbert space
with orthonormal basis {ei}f\’: |- Find the function g(e,M,N) satisfying the following.
If P is a projection of rank M on 7€y satisfying

M M
(1-e)5 < | Peil|? < (1+e), foralli=12,....N,

then there is a projection Q with ||Qe;||* = % forall i=1,2,...,N satisfying

N
> ||Pei— Qei||* < g(e,M,N).
i=1

In [7], it is shown that the Hilbert-Schmidt distance between an € -nearly constant
diagonal projection and its closest constant diagonal projection is less than or equal to
2h(e,M,N). Here, we will show the full equivalence (up to a factor of 4) of f(e,M,N)
and g(e,M,N). Analyzing the diagonal properties of projections has a long history.
Kadison [23, 24] gave a complete characterization of the diagonals of projections for
both the finite and infinite dimensional case. Analogous results on projections in type
II; factors was given by Argerami and Massey [1]. For the more general problem
of characterizing the diagonals of the unitary orbit of a self-adjoint operator, there is
much more literature. This is equivalent in frame theory to characterizing the sequences
which occur as the norms of a frame with a specified frame operator. We refer the
readerto [2, 3,4, 5,8, 13, 14, 10, 19, 21, 25, 26, 27, 28] for a review of the work in this
direction.

We will also consider the Naimark complement of nearly equal norm Parseval
frames. We will show that the Paulsen function for a Parseval frame and its Naimark
complement have a natural relationship. As a consequence of this, we will see that
the Paulsen Problem only has to be solved for frames with a small number of elements
relative to the dimension of the space. In particular, we only have to deal with the case
of N <2M.

This paper is organized as follows. In Section 2 we give the requisite background
needed from frame theory. In Section 3 we will prove a sequence of results which
give an exact relationship between nearly equal norm Parseval frames for 73, and
the distance between orthogonal projections P,Q of rank M on 3. As a tool here,
we will relate our quantities to the principal angles between subspaces of a Hilbert
space and the chordal distance between subspaces of a Hilbert space. In Section 4 we
give an exact calculation relating the Paulsen Problem function and the function in the
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Projection Problem. Section 5 contains generalizations of both problems and in Section
6 we will relate the Paulsen Problem function for a frame and its Naimark complement.

2. Frame theory

In this section we will give a brief introduction to frame theory containing the
results used in the paper. For the basics on frame theory see [15].

DEFINITION 2.1. A family of vectors {f;}¥ , in an M -dimensional Hilbert space
Fy s a frame if there are constants 0 < A < B < e so that for all f € 773, we have

M
AllFIP < /)1 < B
i=1

If A =B, this is a tight frame and if A = B =1, it is a Parseval frame. If there is
a constant ¢ so that ||fi|| = ¢, forall i =1,2,...,N itis an equal norm frame and if
¢ =1, itis a unit norm frame.

If { f, ' | is a frame for 7%, the analysis operator of the frame is the operator

T: 0y — 62( ) given by
N

T(f) =X (/. fi)eis

i=1
where {e;}? , is the natural orthonormal basis of £>(N). The synthesis operator is T*

and satlsﬁes
N N
T>k (Z a,-e,-) = Zaifi.
i=1 i=1

The frame operator is the positive, self-adjoint invertible operator S = T*T on %y
and satisfies N
S(f) =T T(f) = Y (f. fi)fi-

i=1
A direct calculation shows that the frame {S’l/ 2 S}, is a Parseval frame called the
canonical Parseval frame for the frame. Also, { f,}ii | 1s a Parseval frame if and only
if S=1. We say that two frames {f;}ics,{gi}ier for S are isomorphic if there is an
invertible operator L on J¢ satisfying Lf; = g;, forall i € I. Itis known [11] that two
frames are isomorphic if and only if their analysis operators have the same image, and
two Parseval frames are isomorphic if and only if the isomorphism is a unitary operator.
If {f;}Y, is a frame with frame operator S having eigenvalues {JL,}]J”: |- then

N M
DA =D A
i=1 j=1

Soif { ﬁ ', is an equal norm Parseval frame then

Ifl? = Elllel2
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We will need a distance function for frames and projections.

DEFINITION 2.2. If % = {f, Y, and ¥ = {g,}l , are frames for /%, we define
the distance between them by

< 2
= lIfi—sill*
i=1
If P,Q are projections on ¢,(N), we define

N
Q) =Y ||Pe; — Qeil%,
i=1

where {e;}Y | is the natural orthonormal basis for £5(N).

Of course, d is not really a distance function unless we square it in the above
inequalities. For the Paulsen Problem, we define:

DEFINITION 2.3. A frame {f;}), with frame operator S is €-nearly Parseval if
(I-e)I<S<(1+¢)l
The frame is €-nearly equal norm if
M
1-¢ 2<(1+¢
( ) <l < (A +e) -
A reduction of the Paulsen Problem to the Parseval case is done in [7].

PROPOSITION 2.4. If 7 = {f;}¥.,| is an &-nearly Parseval frame for 5 then
the Parseval frame & = {S™'2 ;YN | satisfies

Me?
d(F,9)<MQ2—e—-2V1—¢)< 4
It is also nearly equal norm with the bounds:
(1 _8)2 HS—I/ZfH2 (1 +£)2%
l+¢ N l-¢ N’

It is known [6, 12, 21] that the canonical Parseval frame is the closest Parseval
frame (with the distance function above) to a given frame. It is also known that this
constant is best possible in general. So we are not giving up anything by working with
a simpler variation of the Paulsen Problem.

PROBLEM 2.5. (Parseval Paulsen Problem) Find the function h(e,M,N) so that
whenever { f,}f\; | is an €-nearly equal norm Parseval frame, then there is an equal
norm Parseval frame & so that

d(Z,9) < h(e,M,N).
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Finally, we recall a fundamental result in frame theory — the classification theorem
for Parseval frames [15, 18] — which will be used extensively here.

THEOREM 2.6. A family {f;}Y, is a Parseval frame for 7y if and only if the
analysis operator T for the frame is an isometry satisfying:

Tﬁ:Pei7foralli: 1727“‘7N"

where {e;}Y | is the natural orthonormal basis of ¢2(N) and P is the orthogonal pro-
Jection of r(N) onto T ().

3. Preliminary results

Let us first outline the proof of the equivalence of the Paulsen Problem and the
Projection Problem. This will explain the results we develop in this section.

First we will assume that the Parseval Paulsen Problem function h(e,M,N) is
given and let P be a rank M projection on ¢,(N) with €-nearly constant diagonal.
We need to find a constant diagonal projection whose distance to P is on the order of
h(e,M,N). To do this, we consider .# = {Pe,-}ﬁv= | anearly equal norm Parseval frame
for #4; . It follows that there is a equal norm Parseval frame & = {g;}"Y | for /%, with

d(F,9) < h(e,M,N).

Letting 7] be the analysis operator for ¢, we have the existence of a projection Q on
0>(N) so that
Tlgi = Qei, foralli= 1727...,N.

So it is the problem of finding d(P,Q) we will address in this section.

Conversely, if we assume the Projection Problem function g(e,M,N) is given,
we choose a nearly equal norm Parseval frame .7 = { f,}f’: , with analysis operator
T : A4y — 0>(N) an isometry and satisfying

Tf;=Pej, foralli=1,2,...,N.

We need to find the closest equal norm Parseval frame to .% . By our assumption, P
is a projection with nearly constant diagonal. By the Projection Problem, there is a
projection Q on /,(N) with d(P,Q) < g(e,M,N). It follows that {Qe;}Y | is a equal
norm Parseval frame. We will be done if we can find an equal norm Parseval frame
¢ = {gi}N, for s with analysis operator 7} satisfying:

Tlg,-:Qe,-7 andd(ﬁé?)mg(e,M,N). (l)

So it is the problem of finding ¢ we address in this section. This problem is made
more difficult by the fact that there are many frames G satisfying Equation 1 and most
of them are not close to .% . In particular, if & = {g,-}fi | satisfies Equation 1, and U
is any unitary operator on %, then U(¥) = {Ug;}Y_, also satisfies Equation 1. To
address this problem, we will introduce the chordal distance between subspaces of a
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Hilbert space and give a computation of this distance in terms of our distance function.
Using this, we will be able to construct the required frame % .
We need a result from [7] and for completeness include its proof.

THEOREM 3.1. Let F = {fi}ie1,9 = {gi}tier be Parseval frames for S with
analysis operators Ty, T, respectively. If

= ZHfl_ngZ <§g,

icl

then
d(Ti(F), (D)) = X |Ti f; — Tagil|* < 4e.

icl

Proof. Note that forall j 1,
Tifj =Y (fj. fi)ei, and Tog; = Y (g, 8i)ei

iel iel
Hence,

IT1f; — Tagjll* = X (5. i) — (8.0

icl
= Y fi— i)+ (fi — g8
i€l
22| fisfi— gi) |2+22‘ g/agz>| .
i€l i€l

Summing over j and using the fact that our frames .# and & are Parseval gives

DTS —Togil? <2 X XS fi— 8 P+2 X X 1(fi — 858

jel jeliel jeliel

=22 D \(f5 fi—g) \2+2Z||fj gill?

iel jel
=2 Ifi—&l*+2X 1/ —ngz
i€l jel
=4 lIfi—gl> O
jel
As we noted above, d(T1(%#),T>(¥)) need not be bounded by d(#,¥) in gen-
eral. We now show that there is at least one choice of ¢ which gives the correct bound.

For this, we need to introduce principle angles and the chordal distance between sub-
spaces of a Hilbert space. For notation, if .7 is a Hilbert space, denote the unit sphere

by Spr.

DEFINITION 3.2. Given M -dimensional subspaces W;,W, of a Hilbert space, de-
fine the M -tuple (01, 02,...,0n) as follows:

o1 =max{(f,g) : f € Spw,, & € Spw,} = (f1,81)-
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For2<i<M,

o, =max{(f.g): |fll =llgl =1, (f;.f) =0=(g),g), for 1 < j <i—1},

where

Gl = <fl7gl>

The M-tuple (6;,6,,...,6y) with 6; = cos™'(0;) is called the principle angles
between Wy, W,. The chordal distance between Wi, W, is given by

Wl,Wz Zsm 0;.

So by the definition, there exists orthonormal bases {a;}¥ io1s 1b; } *, for Wi, W, re-
spectively satisfying

0
l|aj—bjl| = 2sin <5>  forall j=1,2,....M.
It follows that for 0 < 6 < 7,

sin*0 < 4sin® (

| D

) = |laj—bj|* < 4sin®6, forall j=1,2,....M

Hence,

M
2(Wy,Wa) < ZHaj—ij2<4df(W1,W2). 2)
We also need the following result [16].

LEMMA 3.3. If 74 is an N-dimensional Hilbert space and P,Q are rank M
orthogonal projections onto subspaces W,W, respectively, then the chordal distance
d.(Wy,Wa) between the subspaces satisfies

d* (W, W) =M —Tr PQ.

Next we give the precise connection between chordal distance for subspaces and
the distance between the projections onto these subspaces. This result can be found in
[16] in the language of Hilbert-Schmidt norms. We give our own proof for the sake of
completeness.

PROPOSITION 3.4. Let 4 be an N -dimensional Hilbert space with orthonor-
mal basis {e; fvz (- Let P,Q be the orthogonal projections of 7 onto M -dimensional
subspaces Wy, W, respectively. Then the chordal distance between Wi, W, satisfies

1

N
d> (Wi, Wa) = 3. 2 || Pe; — Qeil|%.
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In particular, there are orthonormal bases {g;}*., for Wy and {h;}*., for W, satisfy-
ing

N
1Pe; — Qeil> < Y llgi — il < 2 Y || Pei — Qe

i i i=1

N =
I'M=

—

Proof. We compute:

N N
Y |1Pe; — Qeil|* = Y (Pe; — Qe;, Pe; — Qe;)
i1

i=1
N N N
= S e+ 3 Q6> - 23 (Per, e
i=1 i=1 i=1
N
=2M —2) (QPe;,e;)
i=1

=2M —2Tr QP
= 2M — 2[M — d*(W;,W5)]
= 2d2(Wy,Wh).

This combined with Equation 2 completes the proof. []

Now we are ready to answer the second problem we need to address in this section.

THEOREM 3.5. Let P,Q be projections of rank M on 3 and let {e;}} | be
the natural orthonormal basis of 7. Further assume that there is a Parseval frame
{fYY| for Sy with analysis operator T satisfying T f; = Pe;, forall i=1,2,...,N.
If

M
> |1Pei— Qeil* <,
i=1
then there is a Parseval frame {g,-}fi | for Jy with analysis operator Ty satisfying
Tigi = Qe;, foralli=1,2,...,N,

and

N
> IIfi—gill? < 2e.
i=1
Moreover; if {Qe;}Y. | is equal norm, then {g;} | may be chosen to be equal norm.

Proof. By Proposition 3.4, there are orthonormal bases {ai,'}?-”: , and {b 1}1;4: | for
Wi, W, respectively satisfying '

M
> llaj—bj| < 2e.
j=1
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Let A, B be the N x M matrices whose j* columns are a;,b; respectively. Let a;j,b;;

be the (i, j) entry of A,B respectively. Finally, let {f;}¥ |, {g;}", be the i’ rows of
A, B respectively. Then we have

oo, MM )
Dfi—all? =2 laij—bijl
-1

i=1j=1

N
2 laij = byl

j=1i=1

—

Il
M:

<
I

=2Haj—b I?

S

< 28.

Since the columns of A form an orthonormal basis for W;, we know that { f:}fi 1
is a Parseval frame which is isomorphic to { fi I-\L . Thus there is a unitary operator

U : Ay — Ay with Uf; = f;. Now let {g;}V | = {Ug;-}ﬁ.il. Then

ZHﬁ Ugill® = ZHU &) = ZHf —aill’ <

i=1

Finally, if 77 is the analysis operator for the Parseval frame {g, i_1»> then T is an
isometry and since {7} (g,)}l=1 ={Qe}Y o+, foralli=1,2,...,N,if Qe; is equal norm,
sois Ti(g;) and hence sois {g;}Y,. O

4. The equivalence of our problems

Now we can show that the Paulsen Problem and the Projection Problem are equiv-
alent in the sense that their functions h(e,M,N), g(e,M,N), respectively, are within a
factor of four of one another.

THEOREM 4.1. If h(e,M,N) is the function for the Paulsen Problem and g(e,M,N)
is the function for the Projection Problem, then

h(e,M,N) < 4g(e,M,N) < 8h(e,M,N).

Proof. First, assume that Problem 1.2 holds with function g(&,M,N). Let {f;}¥,
be a Parseval frame for ¢, satisfying
M
(1—6) <|fill? < <+e) 4
Let T be the analysis operator of { f,}ﬁi | and let P be the projection of .77 onto range

T.So, Tf;=Pe;,foralli=1,2,...,N. By our assumption that that Problem 1.2 holds,
there is a projection Q on .74 with constant diagonal so that

N
> [|Pei — Qeil|* < g(e,M,N).
-1
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By Theorem 3.5, there is a a Parseval frame {g,-}f": | for 73, with analysis operator T
so that Tyg; = Qe; and

N
2 ||fl _giH2 < Zg(gaMaN)
i=1

Since Ty is a co-isometry and {Tlg,-}f’: | is equal norm, it follows that {g,-}?’: | is an
equal norm Parseval frame satisfying the Paulsen Problem.

Conversely, assume the Parseval Paulsen Problem has a positive solution with
function h(e,M,N). Let P be an orthogonal projection on % satisfying

M M
(1-e)w < 1Peifl? < <(l+e)5.

Then {Pe;}Y | is a Parseval frame for ./ and by the Parseval Paulsen problem, there
is an equal norm Parseval frame {g;}", so that

N
> |1fi— &ill> < h(e.M,N).
i=1
Let 7 be the analysis operator of {g; 5\/: |- Letting O be the projection onto the range
of T1, we have that Qe; = T1g;, forall i=1,2,...,N. By Theorem 3.1, we have that
N N
> ||Pei—Tigill> = Y |Pe; — Qeil|* < 4h(e,M,N).
i=1 i=1
Since Tj is a co-isometry and {g,} ', is equal norm, it follows that Q is a constant

diagonal projection. [

5. Generalizations of the Paulsen Problem

In this section we will look at some recent generalizations of the Paulsen Problem.

DEFINITION 5.1. We say a sequence of numbers {a ', isa Parseval admzsszble
sequence for /iy if there is a Parseval frame {f;}Y | for ,%”M satisfying || f||> =
foralli=1,2,...,N.

The following classification of Parseval admissible sequences can be found in [10].

THEOREM 5.2. A sequence of numbers {a, ' | is a Parseval admissible sequence
Sfor Gy zfand only if both of the following hold:

1. 2 1a =
(2) al<l,foreveryizl,Z,...,N.

Now we give a generalization of the Paulsen Problem.
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PROBLEM 5.3. (Generalized Paulsen Problem) Let {a;}Y | be a Parseval admis-
sible sequence for 7. If { f, Y | is a Parseval frame for 4y satisfying

(1—e)af <|fill> < (1 +e)af
find the closest Parseval frame {g;}Y.| satisfying: ||gi|| = a;, forall i=1,2,...,N.

The work in this paper can be re-done to show that the Generalized Paulsen Prob-
lem is equivalent to a Generalized Projection Problem.

PROBLEM 5.4. (Generalized Projection Problem) If P is a rank M orthogonal
projection on (2(N), {a;}Y_, satisfies Theorem 5.2 and

(1-g)af < |[Pei|® < (1+€)af
find the closest projection Q to P satisfying ||Qe;|| = a;, forall i=1,2,...,N.

We end with a further generalization of the Paulsen Problem to frame operators.

DEFINITION 5.5. If § is a positive, self-adjoint invertible operator on %, we
say that a sequence of numbers {a;}Y | is an S-admissible sequence if there exists a

frame {f;}¥ | for /4, having S as its frame operator and so that || f;||> = a?, for all
i=1,2,...,N.

The classification of S-admissible sequences goes back to Horn and Johnson [20].
The simplest proof of this result is due Casazza and Leon [ 14].

THEOREM 5.6. Let S be a positive self-adjoint operator on a N -dimensional
Hilbert space Hy. Let Ay > Ay > ... Ay > 0 be the eigenvalues of S. Fix M > N
and real numbers ay > ay > -+ = ay > 0. The following are equivalent:

(1) There is a frame {(p/}f;il for Hy with frame operator S and || ¢;|| = a;, for all
i=1,2,....M.
(2) Forevery 1 <k<N,

k

Z ZL, and Za —Z?L 3)

Our final generalization of the Paulsen Problem is:

PROBLEM 5.7. If S is a positive, self-adjoint invertible operator on 7y, {al}fv 1
is an S-admissible sequence, and { f,} ' | is a frame with frame operator S and satis-
fying

(1=e)ai <[ fill* < (1 +€)a,

then find the closest frame {g;}Y_| with frame operator S so that | g;
i=1,2,....N.

I? = a;, for all
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6. The Paulsen Problem and Naimark complements

In this section we will use Naimark complements to show that we only need to
solve the Paulsen Problem for N < 2M. If {f;}¥, is a Parseval frame for .7, with
analysis operator 7 which is an isometry and satisfies

Tfi=Pe; foralli=1,2,....N,

where {¢;}% | is the natural orthonormal basis for /,(N) and P is the orthogonal pro-
jection of ¢3(N) onto T (), the Naimark complement of {f;}!, is the Parseval
frame {(/ — P)ei}f": | for %y . Now we will compare the Paulsen function for a
Parseval frame to the Paulsen function for its Naimark complement.

THEOREM 6.1. If h(€,M,N) is the Paulsen constant then

M

h(e,M,N) < 8g(e :
(&, M,N) < 8g(e—

N—M,N).

Proof. Assume that % = {f;}¥ | is a &£ -nearly equal norm Parseval frame for /%
with analysis operator 7" which is a co-isometry. Then there is a pI'OJGCthIl P on {5(N)
so that Pe; = Tf;, for all i =1,2,...,N. It follows that {( — P)e;}Y | is a Parseval
frame and

H(I—P)eill2 =1~ |[Peil®

Similarly,

-l > (1-e3 ) (1-%).

Choose a Parseval frame {gl}l | for Sy _p with analysis operator T satisfying Tigi=
(I—P)e;. Since Ty is an isometry, it follows that & = {g;} | is a e 52 -nearly equal

norm Parseval frame. Hence, there is an equal norm Parseval frame % = {h;}!' | for
J_y With
).

where £ is the Paulsen function for N vectors in J#y_y. Let T> be the analysis oper-
ator for 77 . Applying Theorem 3.1, we have that

M
<
d(9,)<h (sN_

d(Tl(g),Tz(%))<4h< NMM N — MN)
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Let I — Q be the orthogonal projection onto 7>(.##"). Now we check
N
d({Pei}lL1,{Qei}ily) = 3, || Pei — Qeil|?
i=1

N
_ ;H(I—P)e,-— (I-Qeil®
=d(T\(9), ()

M
< 4h(e——— N —M.,N).
ey )

By Theorem 3.5, we can choose a equal norm Parseval frame %" = {k,-}f-v= | for Sy
with analysis operator T3 satisfying T3k; = Qe;, forall i=1,2,...,N and

M
Ad(F H)<8h|e—— N-M,N). O
(F,%) <8N—M )

Given N > M, then either N < 2M or N < 2(N —M). So we have

COROLLARY 6.2. To solve the Paulsen Problem, it suffices to solve it for € -nearly
equal norm Parseval frames {fi}Y_| for 74, with N < 2M.
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