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INDEFINITE HAMILTONIAN SYSTEMS WHOSE
TITCHMARSH—WEYL COEFFICIENTS HAVE NO FINITE
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(Communicated by L. Rodman)

Abstract. The two-dimensional Hamiltonian system
() Y (x) =2JH(x)y(x), x€ (a,b),

where the Hamiltonian H takes non-negative 2 x 2-matrices as values, and J := <(1) Bl> , has

attracted a lot of interest over the past decades. Special emphasis has been put on operator
models and direct and inverse spectral theorems. Weyl theory plays a prominent role in the
spectral theory of the equation, relating the class of all equations (x) to the class g of all
Nevanlinna functions via the construction of Titchmarsh—Weyl coefficients.

In connection with the study of singular potentials, an indefinite (Pontryagin space) ana-
logue of equation () was proposed, where the ‘general Hamiltonian’ is allowed to have a finite
number of inner singularities. Direct and inverse spectral theorems, relating the class of all gen-
eral Hamiltonians to the class ./Z.. of all generalized Nevanlinna functions, were established.

In the present paper, we investigate the spectral theory of general Hamiltonians having a
particular form, namely, such which have only one singularity and the interval to the left of this
singularity is a so-called indivisible interval. Our results can comprehensively be formulated as
follows.

— We prove direct and inverse spectral theorems for this class, i.e. we establish an intrin-
sic characterization of the totality of all Titchmarsh—-Weyl coefficients corresponding to general
Hamiltonians of the considered form.

— We determine the asymptotic growth of the fundamental solution when approaching the
singularity.

— We show that each solution of the equation has ‘polynomially regularized’ boundary
values at the singularity.

Besides the intrinsic interest and depth of the presented results, our motivation is drawn
from forthcoming applications: the present theorems form the core for our study of Sturm—
Liouville equations with two singular endpoints and our further study of the structure theory of
general Hamiltonians (both to be presented elsewhere).
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37199.

Keywords and phrases: Hamiltonian system with inner singularity, Titchmarsh-Weyl coefficient, in-
verse problem, asymptotics of solutions.

o MY, Zagreb 477
Paper OaM-07-29


http://dx.doi.org/10.7153/oam-07-29

478 M. LANGER AND H. WORACEK

Table of contents

I. Introduction . . . .. ... ... ... .. 478
2. Some preliminaries and supplements . . . . . .. ... ... 484
3. Characterisation of Titchmarsh-Weyl coefficients . . . . . . 505
4. Partial continuity of the fundamental solution . . ... ... 510
5. Regularized boundary values . . . .. ... ......... 539

1. Introduction

In order to explain our present results and their significance, we need to recall the
theory of positive definite and indefinite Hamiltonian systems up to a certain extent.
We thus divide this introductory section into five parts: in the first two parts, we re-
call the required notions and facts, then we discuss in detail the present theorems, our
motivation, and the organisation of the present manuscript.

Two-dimensional positive definite Hamiltonian systems.

Consider a Hamiltonian system of the form
Y(¥) =2JHx)y(x),  x € (a,b), (LD

where (a,b) is some (possibly unbounded) interval, z is a complex parameter, J :=

((1) Bl> and H is a 2 x 2-matrix-valued locally integrable function defined on (a,b)

which takes real non-negative values and does not vanish on any set of positive measure.
The function H is called the Hamiltonian of the system (1.1).

Hamiltonian systems have been intensively analysed via various approaches. Op-
erator methods were used, e.g. in [2], [4], [16], [17], [18], [21]-[24], [34], [41], [46].

With the system (1.1) a Hilbert space L?(H) and a (maximal) differential operator
Tmax(H) acting in this space are associated (actually, Tiax (H) may be a linear relation,
i.e. a multi-valued operator). This viewpoint goes back to [21]. Our standard reference
is [18] where the matters are laid out in a modern language. We recall the basic facts
needed in the present paper in §2.c below.

The spectral properties of Tmax(H) highly depend on the growth of H towards the
endpoints a and b. One says that Weyl’s limit circle case prevails for H at a (or at b)
if for one (and hence for all) xg € (a,b),

X0 b

/trH(x) dx < oo <0r /trH(x) dx < oo), (1.2)

X0

and one speaks of Weyl’s limit point case at a (or at b) if the respective integral di-
verges. It follows from the non-negativity of H(x) that H is in the limit circle case at
a if and only if all entries of H are integrable at a, i.e. a is a regular endpoint. This is
also equivalent to the fact that all solutions of (1.1) are in L?(H) at the corresponding
endpoint.
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Assume that a is finite and that H is in the limit circle case at a and in the limit
point case at b. Then a complex-valued function: its Titchmarsh—Weyl coefficient gy
is associated with H , which is constructed as follows. Let 0(x;z) = (81 (x;2),02(x;2))”
and @(x;2) = (@1(x;2), 92(x;2))T be the solutions of (1.1) with initial values

o) = (g). olaa) = (})

so that the matrix function

(1.3)

W (x;2) == (el(X;Z) 92(36;2))

©1(x52) @2(x32)

is (the transpose of) the fundamental solution of (1.1). The limit point condition at b
implies that, for each z € C\ R, there exists a unique number gy (z) € C such that

0(-:2) —qu(2)@(-:2) € L*(H).

The function gp is called Titchmarsh—Weyl coefficient. Alternatively, it can be obtained
as the limit (for 7 € RU{eo})

. 01(x2)T+02(x;2)
z) = lim
41 (2) /b ©1(x;2)T+ @2(x32)

, (1.4)

which exists locally uniformly on C\ R and does not depend on 7. The Titchmarsh—
Weyl coefficient gy belongs to the Nevanlinna class .4j, i.e. it is analytic on C\ R,
satisfies qy(Z) = qu(z), z€ C\R, and

Imz-Imgp(z) 20, z€C\R. (1.5)

It plays a prominent role in the spectral theory of the system (1.1). For example, it
generates, via its Herglotz integral representation, a spectral measure uy and a Fourier
transform from L?(H) onto L?(uy). The Inverse Spectral Theorem by L. de Branges
(see, e.g. [4] and [47]) states that the assignment

H — qn (1.6)

sets up a bijective correspondence between the set of all Hamiltonians of the consid-
ered kind (up to reparameterization, i.e. changes of the independent variable) and the
Nevanlinna class 4. In view of this fact it is an obvious task to try to translate prop-
erties of H into properties of gy . However, the mentioned Inverse Spectral Theorem
is quite involved and (in general) non-constructive. Thus it is usually far from easy to
find correspondences between properties of H and gy . For the purpose of illustration
let us give two theorems of this type.

The Titchmarsh—-Weyl coefficient gy belongs to the Stieltjes class (i.e. it has an
analytic continuation to C\ [0,0) and takes non-negative values on (—e,0)) if and
only if the Hamiltonian H is of the form (where &, := (cos o, sina)”)

H(x)= h(x)fd,(x)ég(x), x € (a,b) ae., (1.7)
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with real-valued functions A(x), ¢(x) such that % is non-negative, locally integrable
and positive a.e. on [a,b) and ¢ is non-increasing with ¢(x) € [0, %] for x € (a,b);
see, e.g. [48, Corollary 3.2]. This result can be seen as a direct and inverse spectral
theorem: the ‘direct part’ is that the Titchmarsh—Weyl coefficient of a Hamiltonian of
the form (1.7) belongs to the Stieltjes class, and the ‘inverse part’ that the Hamiltonian
corresponding to a Stieltjes class function is indeed of the form (1.7).

A second result of this type is the following: the Hamiltonian H starts with an
indivisible interval of type 0, i.e.

h(x) 0

H() =) &8 = ( o

) , X€ (a,a+¢g) ae.,

for some € > 0 and some locally integrable, non-negative function & on (a,a+ €) if

and only if limy ., qi—yy) > 0; see, e.g. [47, Lemma 3.1].

This characterization of ‘lim, r.. qu—g’y) > 0’ is a simple instance of a general in-
tuitive idea, namely, that the behaviour of gy at infinity corresponds to the behaviour
of H atits left endpoint. Another, more involved, instance of the same principle can be
found in [48].

The Pontryagin space analogue.

In the theory of operators in spaces with an indefinite inner product an extension of the
class .4 appeared and has proved to be useful: the so-called generalized Nevanlinna
class Ao ; see, e.g. [31], [32]. Thereby, instead of analytic functions, one consid-
ers meromorphic functions on C\ R and replaces condition (1.5) by requiring that the
Nevanlinna kernel has a finite number of negative squares, cf. Definition 2.1 below.
The extension of .4 to .#~. on the right-hand side of (1.6) corresponds to admit-
ting certain Hamiltonian systems with a finite number of singularities on the left-hand
side. Very roughly speaking, we may imagine a Hamiltonian system of this kind with a
general Hamiltonian h as follows:

byj baj bnj
b i1 by n
Hy § H, § H, Hy, ¢ Hy
b --- i
0) 9] (¢3) On On+1
Ny Ay Ny
dyj dyj dyj

where H; are classical Hamiltonians which are not integrable on any side of the singu-
larities o1,..., 0y, i.e. they are in Weyl’s limit point case, where the data d;,b;; describe
what happens to a solution when passing through the singularity, and the data d;; de-
scribe a ‘local interaction’ of the potential to the left and to the right of the singularity.
We say that the general Hamiltonian b is regular if H, is in the limit circle case at
O,+1. Otherwise, b is called singular.
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For the purpose of explaining our present results we prefer to content ourselves in
this introduction with the above given imprecise and intuitive ‘definition’ of a general
Hamiltonian. The reader who is seeking for logically consistent ordering should read
2.16-Definition 2.18 before proceeding. However, the precise definition is quite long
and involved'. More explanations are given in the paragraphs below Definition 2.18.

For a general Hamiltonian b an operator model consisting of a Pontryagin space
boundary triple (£ (h),T(h),T'(h)) was constructed, where Z(h) is a Pontryagin
space, T(h) is the maximal operator (or linear relation) and T'(f) are boundary map-
pings; see [28]. Analogues wy and g, of the fundamental solution Wy and the
Titchmarsh—Weyl coefficient gy were constructed, and a Fourier transform onto a
space generated by a distribution ¢y, instead of a measure uy was defined. An In-
verse Spectral Theorem was proved which states that the assignment

f)|—>qh

sets up a bijective correspondence between the set of all singular general Hamiltonians
(up to reparameterization) and the generalized Nevanlinna class .4~..; see [29], [30].
The ‘inverse’ part of this theorem, i.e. that for each g € .4#<.. there exists an essentially
unique general Hamiltonian b with g = gy, is similarly involved and non-constructive
as the corresponding result in the classical (positive definite) case. In the indefinite sit-
uation even the direct problem, i.e. the construction of the Titchmarsh—Wey]l coefficient
qy for given b, is in general non-constructive.

A different approach towards understanding Hamiltonian systems with inner sin-
gularities was proposed in [44], [45]. There 2m x 2m-systems were studied with
the method of operator identities. This leads to constructive constructions for certain
classes of systems. In the positive definite setting, this method has a longer history, see
[46] and the references cited therein.

Main results.

We investigate the following class(es) of general Hamiltonians.

DEFINITION 1.1. Let o € [0,7). We say that a singular general Hamiltonian b
belongs to the class $¢ if

(gH,s.) b hasexactly one singularity, i.e. is defined on a set of the form (6y, 07)U
(01,02);

(gHy) Hpy(x) :ho(x)-éaéo{, x € (0p,01) ae.,
where again &, = (cosa,sin o)’ .

The results we are aiming for can be divided into three major themes; the below
named theorems are the main results of the present paper.

Unfortunately, at present, we do not know a smoother way to introduce the notion of general Hamiltoni-
ans.
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A direct and inverse spectral theorem (Theorem 3.1). We show that a general Hamil-
tonian b belongs to the class $o if and only if its Titchmarsh—Weyl coefficient gy,
assumes the value cota at infinity with maximal possible multiplicity.

This result can be viewed as a far reaching generalization of the above stated char-
acterization of ‘lim, .. qu—('y) > 0’. Itis a direct and inverse spectral theorem: the ‘di-
rect part’ being that the Titchmarsh—Weyl coefficient of a general Hamiltonian of class
o has the mentioned growth property, and the ‘inverse part’ that the general Hamil-
tonian corresponding to a generalized Nevanlinna function with this property indeed
belongs to the class § .

For the proof of this Theorem 3.1 we analyse the multi-valued part of a certain
self-adjoint realization and use a classical result which connects the structure of the
algebraic eigenspace at oo with the growth of the Q-function.

It is interesting to notice that the class of generalized Nevanlinna functions that
appears in the present context as totality of Titchmarsh—Weyl coefficients has already
frequently appeared independently in earlier work; see, e.g. [5], [7], [9], [10], [1 1], [12],
[13] and the references therein. A posteriori, this is no surprise; in our forthcoming
work [39], we shall obtain a structural explanation.

Asymptotic behaviour of the fundamental solution at a singularity (Theorems 4.1 and
4.21). Let b € §, and consider the fundamental solution wy, of the system. We show
that three of the four entries of @y, (if rotated appropriately according to the angle o)
pass continuously through the singularity, and we determine precisely the rate of growth
of the fourth entry. This is Theorem 4.1, the most involved and elaborate result of the
paper. Its proof is based on an inductive procedure to reduce the negative index and
on some classical results from complex analysis, in particular, the theory of de Branges
spaces of entire functions.

Using the knowledge about §), we can deduce a continuity result for the funda-
mental solution of an arbitrary general Hamiltonian h. Namely that, for each singularity
of b, one row of Wy, (again, @y, should be rotated appropriately) passes continuously
through the singularity. Also, we determine the rate of growth of the other entries of
oy . This is Theorem 4.21; the proof uses some complex analysis and some standard
methods from the theory of general Hamiltonians.

A noteworthy corollary for the classical ‘positive definite’ theory is that, for a cer-
tain kind of Hamiltonians H , the limit (1.4) defining the Titchmarsh—Weyl coefficient
qp exists locally uniformly on the domain of analyticity of gy including intervals of
the real line. The general formulation is Corollary 4.22.

Regularized boundary values (Theorems 5.1 and 5.2). Let h € $4 and let P(-;z)
be a solution of the corresponding differential equation (1.1) to the right of the singu-
larity. We show that the projection of {(-;z) onto a certain direction (depending on
the value of ) attains a boundary value at the singularity and that the projection onto
the orthogonal direction can be regularized with ‘H -polynomials’ so that it attains a
boundary value, cf. Theorem 5.1. We show that there exists a unique solution for which
regularization is not necessary, cf. Theorem 5.2. The proof of these results relies heav-

2For the precise formulation of this terminology see Definition 2.2 and Definition 2.3.
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ily on the usage of a function space model for the boundary triple associated with b
(and, of course, the continuity result Theorem 4.1).

These results have two important corollaries which shed significant light on the
behaviour of the system and at the influence of a singularity: first, Corollary 5.7, which
provides a fairly explicit way to compute the fundamental solution and the Titchmarsh—
Weyl coefficient (i.e. to solve the direct spectral problem); second, Corollary 5.9, which
shows explicitly how the data part of ) concentrated in the singularity and the respective
local interaction parameters influence the Titchmarsh—Weyl coefficient.

Motivation and forthcoming applications.

A major motivation to study general Hamiltonians of the class ), is that exactly this
kind of general Hamiltonians appear when one investigates the spectral theory of clas-
sical (positive definite) Hamiltonian systems with two singular endpoints. In fact, this
was the origin of our studies (where we first realized the significance of the class $¢, ).
Thereby the basic idea is simple. Let H be a Hamiltonian, say, on (0,c0), which is
in the limit point case at both endpoints. Assume that appropriate growth restrictions
towards the endpoint O are satisfied (so to enable the following construction). We iden-
tify H as a part of a general Hamiltonian ) of the class 4 by setting 61 =0, 0y = oo,
H| = H, and choosing the remaining data of j arbitrary. Knowledge about ) will then
lead to knowledge about H, i.e. the Pontryagin space theory built up in this paper can
be used to obtain knowledge about this positive definite situation. More specifically, it
is the basis for theorems asserting existence of singular boundary values, existence of
Fourier transforms and inverse spectral theorems. These results will be presented in the
forthcoming paper [39].

Examples of systems where the above described strategy works occur when con-
sidering Sturm—Liouville equations with singular potentials. As a simple example con-
sider the Bessel equation. Using an appropriate Liouville transformation and rewriting
the equation as a 2 x2-system one obtains a Hamiltonian system with Hamiltonian (y
is an appropriate real number > 1)

H(x) = (’g x&) . xe(0,00).

One can check that this Hamiltonian satisfies the requirements needed for an application
of the above method; details will be laid out in [39].

Besides this application to the theory of singular differential equations, the present
results can be used to understand the structure of singularities and their influence on
the solutions of the system in more detail. Intuitively speaking, the reason for this is
that a singularity of an arbitrary general Hamiltonian behaves like the singularity of
a general Hamiltonian of class ), when approaching it from one side (either from
the left or from the right). Local interaction between the two sides is more involved
to capture but can be handled by similar methods as used in the present manuscript.
As a typical application of this principle, one can provide a method to solve the direct
spectral problem for an arbitrary general Hamiltonian in a more constructive way (by
means of integrating positive definite Hamiltonian systems). Details are not yet worked
out and will be presented elsewhere.
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Finally, it must be said that we find the presented theorems deep and interesting on
their own right: partial continuity of the fundamental solution at a singularity is a strik-
ing and powerful property, the explained direct and inverse spectral theorem is a perfect
instance of the mentioned intuitive principle that the behaviour of the Titchmarsh—Weyl
coefficient at infinity is connected with the behaviour of the Hamiltonian at its left end-
point, the formula showing the influence of the parameters of the singularity on the
Weyl coefficient is beautifully explicit and simple, etc.

Organisation of the manuscript.

In Section 2 we set up some notation and recall the definitions of the generalized Nevan-
linna class, its subclasses under consideration and general Hamiltonians. Moreover, we
provide some facts about the model associated with a general Hamiltonian and some
useful tools. After this, the manuscript is naturally divided into sections according to
the above explained themes.

2. Some preliminaries and supplements

Let us first fix some notation that is used throughout the paper. Set

_(0-1 __ [coso
=) e (), o

and denote by C* the open upper half-plane, i.e. C* :={z€ C: Imz > 0} and by N
and Ny the set of positive and non-negative integers, respectively. For a 2 x 2-matrix
M = (m; j)lz ;=1 and ascalar 7 € C we define the fractional linear transformation M x T
as

mT+mpo
———= 1€C,
my T+ mao
M*Ti= (2.2)
miy
_—, T = oo,
may

It is easy to see that M x (N xT) = (MN) 7 if N is another 2 x 2-matrix.

The rest of this section is divided into subsections as follows. In §2.a and §2.b
we recall definitions and properties of certain classes of holomorphic functions. In §2.c
the notion of boundary triples is recalled in a form that is used in the paper. Properties
of classical (positive definite) Hamiltonian systems are reviewed in §2.d, whereas in
§2.e the definition of general Hamiltonians is given. In §2.f a certain class of general
Hamiltonians with one singularity is studied and a function space operator model is
described in detail. Finally, in §2.g rotation isomorphism are recalled, a technical tool
which is used in later proofs.

a. The generalized Nevanlinna class.

We recall the definition of the class 4., of generalized Nevanlinna functions.

DEFINITION 2.1. Let g be a complex-valued function and let k¥ € Ny. We write
q € N if
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(N1) g is real (meaning ¢(Z) = ¢(z)) and meromorphic on C\ R;

(N2) with D denoting the domain of holomorphy of g, the Nevanlinna kernel

(for z =w this formula should be interpreted appropriately as a derivative)
) —q(w
Nq(WaZ) 5:LZ(), Z7WED7
=W

has x negative squares on D. The latter means that for every choice of n €
N and zy,...,z; € D the matrices (Ny(z;,2;)); j—; have at most k negative
eigenvalues and for at least one choice of n and z; the matrix has exactly x
negative eigenvalues.

We agree that the constant function with value o belongs to 4. Further, we set

Howi= U

KeNy

and write ind_ g = Kk to express that g € 4~ belongs to 4. The set A, is called
the class of generalized Nevanlinna functions.

It is a classical result that the class 40\ {e} consists of those functions g that are
holomorphic on C\ R, are real and satisfy Imz-Img(z) > 0 for z € C\ R. This fact
goes back to as far as [20] or [42].

A generalized Nevanlinna function cannot grow arbitrarily fast towards oo. In fact,
for each g € A%, the limit

. q(z)
lim 2k+1

755000 7

exists and is in [0, ).

Here = denotes a non-tangential limit, i.e. a limit inside a sector of the form {z € C:
arg € [a,t—a} with o € (0,%). This fact was shown, e.g. in [36]. Even more precise
knowledge about the power growth of generalized Nevanlinna functions is available.
Using the canonical factorization established in [8], one can easily deduce that, for
each g € 4, there exists a unique non-negative integer 7, not exceeding x, such that

q(z) . q(2)
i1 € [0:0)  but }g};zzm

q(z)
Z2n71

lim

755000 7

€ (—o0,0) V lim

— oo,
faay ) )

In the present paper the subclass of .#~.. appears which consists of all functions having,
in this sense, maximal possible growth at infinity, i.e. n = K.

DEFINITION 2.2. For k¥ € N we denote by </V,<(°°) the set of all functions g € A%

such that

. q(2)
lim T

755000 7

€ (—o0,0) or lim

75500

’ q(z) ’:w7 (2.3)

Z2K‘71
where = again denotes the non-tangential limit. Moreover, we set

D = o

keN
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The class </V<(:,’) previously appeared in many papers in the context of Sturm—
Liouville equations with singular endpoints or singular perturbations, see, e.g. [14],
[15], [35] and the papers mentioned in the Introduction.

Slightly more generally, we also consider the subclasses of .4, of all functions
which attain a certain value T € R at e with maximal possible multiplicity. Related
notions were considered, e.g. in [3, Definition 3.9].

DEFINITION 2.3. Let T € R. We denote by %(r) the set of all functions g € 5

such that {

7—4(2)

€ ,/VK(“’).

Further, we set
D= oA

keN

Note that g € ¥ implies that T%q € Ne.

REMARK 2.4. Let k € N and 7 € R. Then a function g € .4, belongs to ,/VK(T)

if and only if
ZliArlr_l 2x1 (q(z) —7) €[0,00).

The class </V<(:) admits an operator theoretic interpretation. In the language of
[33] and [36], the condition (2.3) means that oo is a generalized pole of non-positive
type with degree of non-positivity equal to ind_ g. Equivalently, one can say that g
has a generalized pole of non-positive type at e with maximal possible degree of non-
positivity permitted by the negative index and, consequently, no finite generalized poles
of non-positive type. More precisely, the statement in the following lemma is true,
which follows, e.g. from [36, Theorem 3.2] and which is used in Section 3. Recall that
the algebraic eigenspace at infinity of a linear relation A in a Pontryagin space &2 is
the set of all elements of Jordan chains at e, where a Jordan chain at oo is a sequence
of vectors go,...,gn € & with go =0 such that (g;_1;8;) €A foralli=1,...,n.

LEMMA 2.5. Let g € M. Moreover, let A be a self-adjoint relation in a Pon-
tryagin space (2,[-,-]) and v € & such that

q(2) =q(z0)+ (z—20)[(I+ (z—20)(A—=2) )vv], z€p(4), (24
where zo € p(A) is fixed and assume that this representation is minimal, i.e.
P =cls{(I+(z—2)A-2) Yv:izep)}
where c.l.s. stands for ‘closed linear span’. Then
ge N = v.(a)=x

where V. (A) is the degree of non-positivity of e, i.e. the maximal dimension of a non-
positive A~ -invariant subspace of the algebraic eigenspace at infinity of A.
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b. Some classes of entire functions.

In this subsection we recall several classes of scalar and matrix-valued entire functions,
which are needed in the proofs in later sections. Note that an entire function is called

real if f(Z) = f(z) for all z € C. Moreover, we set f#(z) := f(Z). First we recall the
definition of the P6lya class; for details see, e.g. [4, Section 7].

DEFINITION 2.6. An entire function f belongs to the Pdlya class if
(P1)  f has no zeros in the upper half-plane C*;
(P2)  f satisfies |f(z)| = |f(z)| for z€ C*;

(P3) for each fixed x € R the function y — |f(x+iy)| is non-decreasing on
(0,%).

Let us next consider functions of bounded type; see, e.g. [43, Definition 3.15 and
Theorem 3.20] or [4, Section 8].

DEFINITION 2.7. A function that is analytic in the upper half-plane C™ is said to
be of bounded type if it can be written as a quotient f(z) = p(z)/q(z) of two analytic
functions which are bounded throughout C* and where ¢ is not identically equal to 0.

According to [4, Problem 24] it is possible to choose p and g such that g has no
zeros in CT . One can define bounded type in the lower half-plane in a similar way.

REMARK 2.8.

(i) A function from .4~ is of bounded type in the upper and lower half-planes; see,
e.g. [25, Proposition 2.4].

(ii) According to [4, Problem 34] an entire function f that satisfies |f(z)| > |f(Z)|
for z € C* and is of bounded type in the upper half-plane belongs to the Plya
class. In particular, a real entire function that is of bounded type in the upper
half-plane belongs to the Pélya class.

Next we recall a generalization of Hermite—Biehler functions, namely functions
belonging to the class J7%. When E : D — C is an analytic function defined on
some open subset D of the complex plane, we define a kernel K as

Kg(w,z) = %.E(Z)E(W)Z__EW#(Z)E#(M . ZwED.

For z =W this formula has to be interpreted appropriately as a derivative, which is
possible by analyticity. For more details see, e.g. [29, §2.e].

DEFINITION 2.9. Let E be a complex-valued function defined on C and let x €
Ny. We write E € P, if
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(HB1) E is entire;
(HB2) E and E* have no common non-real zeros;
(HB3) the kernel K has k negative squares on C.

We use the notation
HRB oo = U TP

KkeNg

and write ind_ E = K to express that a function E € /7% ... belongs to J% . The
class A, is called the indefinite Hermite—Biehler class.

It is a classical result that an entire function E belongs to the class 7%, if and
only if either it is a constant multiple of a real entire function which has no non-real
zeros, or it satisfies |E(z)| > |E(Z)| for z € C*. For details see, e.g. [40, Chapter 7].

By means of the reproducing kernel K, each function E € 7% .. generates a
Pontryagin space P3(E) which consists of entire functions. This space is referred to as
the de Branges Pontryagin space generated by E; see [1] and [25].

The indefinite Hermite—Biehler class is related to the generalized Nevanlinna class:
let E(z) € AP and write E = A — iB with the real entire functions

| .
A=S(E+EY), B:= %(E—E#).

Then g = % belongs to A~.. with ind_ g =ind_ E. This follows from the relation

Kg(w,2) = A(2)Ng(w,2)A(w), zw e C, A(z),A(w) #£0.

Finally in this subsection, let us define a class of matrix-valued entire functions.
Functions from this class appear later as fundamental solutions of general Hamiltoni-
ans. When W is an entire 2 x 2-matrix-valued function that satisfies W (z)JW (2)* =J
for z € C, then a kernel Hy is defined by

W (2)JW (w)* —J

HW(WaZ) = —w

, z,w e C,

where J is as in (2.1). For z =w this formula has to be interpreted appropriately as a
derivative.

DEFINITION 2.10. Let W = (w;;)? j=1 bea 2 x2-matrix-valued function and let
Kk € Ng. We write W € . # if

(M1) the entries w;; of W are real entire functions;
(M2) detW(z)=1 for z€ C,and W(0) =1;

(M3) the kernel Hy has x negative squares on C.
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Note that the conditions (M1) and (M2) together imply that W (z)JW (z)* = J. More-
over, we set
¢%<.x, = U '%K

KeNy

and write ind_ W = K to express that W € .Z.
Define amap t: .#<.. — R by
t(W) :=tr(W'(0)J) = wi,(0) — wh (0) (2.5)

for W = (wij)z'z,j=l € M<... This map t is used, e.g. to measure the growth of the
unbounded entry of the fundamental solution of an indefinite Hamiltonian.

Each matrix W € .#.. generates, by means of the kernel Hy , a reproducing
kernel Pontryagin space &(W) whose elements are 2-vector-valued entire functions;
see, e.g. [1] and [29, §2.a].

Ifw= (vv,-j-)l%j-z1 € M <o, then the function E(z) := wy;(z) — iwi2(z) belongs to
B .. with ind_ E < ind_ W, which follows from the relation

Kg(w,z) = (1,0)Hy (w,2) <(1)) 7w e C;

cf. [29, §2.e]. Hence Z_ﬁ belongs t0 A
c. Boundary triples.

Let us also recall the notion of boundary triples as introduced in [28, Definition 2.7].
This definition is slightly different from but related to the one in [6].

DEFINITION 2.11. A triple (£2,T,T) is called a boundary triple if

(i) (Z,],+]) is a Pontryagin space, which carries a conjugate linear and anti-isometric
involution ~: & — &

(ii) T is aclosed linear relation in &2 that is real, i.e.
(f18) €T < (f:7) €T;

(iti) T CT x (C?x C?) is a closed linear relation with domT" = 7', which is compat-
ible with the involution ~: & — & in the sense that

((f38):(@b)) €T = ((/:8):(@D)) €T
(iv) the following abstract Green identity holds:

g,u] = [f,v] = (Z,) (é _OJ) (Z) when ((f38);(a;b)), ((u;v);(c3d)) €T

(v) kerI'=T*.
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In applications, e.g. to differential operators, often the relation 7 in a boundary
triple (&2, T,T') is the maximal relation, e.g. the differential operator with no boundary
conditions imposed; it is the adjoint of a symmetric relation. The relation I" often maps
the functions in the domain of 7' (or more precisely, pairs in the relation 7') onto the
boundary values at the left and/or right endpoint of the interval or linear combinations
of them. The abstract Green identity is then nothing else than a classical Green or
Lagrange identity, which follows from integration by parts. In the next subsection a
boundary triple associated with a classical (positive definite) Hamiltonian system is
recalled. Note that a, b, c,d in the abstract Green identity are 2-vectors.

Two boundary triples (2, T,T), (2,T,T) are called isomorphic if there exists a
pair (@,¢) (which is then called an isomorphism) such that

(i) @ is an isometric isomorphism from & onto & that is compatible with the
respective involutions in the sense that @ (X) = @ (x) for x € &;

ii) ¢ is an isometric isomorphism from (C? x C2,((} °,)-,-)) onto itself;
0—J

(iii) (@ x ®)(T)=T;

(v) To(@xm)|r=¢oT.

REMARK 2.12. For certain boundary triples one can construct a matrix function
o from the class .#, and an isometric isomorphism Z from & onto the reproducing
kernel space R(w) such that the symmetric operator T* corresponds to the operator
of multiplication by the independent variable in the space R(®); for details see [29,
Definition 4.3 and Theorem 4.19]. This construction is related to Krein’s representation
of entire operators.

d. More facts about Hamiltonian systems.

A function H : (a,b) — R?>*2, where (a,b) is an interval with —eo < a < b < oo, is
called a Hamiltonian if

the values of H are real non-negative matrices and the function H is (2.6)
locally integrable and does not vanish on any set of positive measure. ’
In connection with the differential equation (1.1) one often considers also the matrix
differential equation

J

gW(x; 2)J =W (x;2)H (x), x € (a,b), 2.7
where W (x;z) is a 2 x 2-matrix for x € (a,b), z€ C. If a € R and (1.1) is in the
limit circle case at a (recall the definition from the Introduction), then the differential
equation (2.7) together with the initial condition W(a;z) = I has a unique solution,
which we denote by Wy, cf. (1.3). The rows of Wy satisfy the differential equation
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(1.1) and y(x) = [(a1, a2)Wn (x;2)]" is a solution of (1.1) satisfying the initial condi-
tions y(a) = (a1, a2)T . Moreover, if Wy, (x;z) denotes the solution of (2.7) satisfying
the initial condition Wy ,, (x1;z) = I with some x; € (a,b), then

Wi (x;2) = Wy (x1:2)Wh x, (x32)

for x € [x1,D).

2.13. Properties of Wy . Assume that (1.1) is in the limit circle case at a. For
fixed x € (a,b) the matrix function Wy (x;-) belongs to the class .#(,, where .#
was defined in Definition 2.10. If one combines Theorems 38, 27 and 25 in [4], then
it follows that the entries Wy (x;-);j, i,j = 1,2, of Wy (x;-) are of bounded type in
the upper half-plane, and since the functions are real, also in the lower half-plane.
By Remark 2.8 (ii) this implies that Wy (x;-);; belongs to the Pélya class. Since
Wi (x;0)12 = Wi (x;0)2; = 0, it follows from [4, Lemma 1 in §1.7] that

WH()C;Z)lz and WH(X;Z)21
e Z

(2.8)

are also from the Pélya class. Moreover, the function E(z) := Wy (x;2)11 — iWh (x32)12
belongs to the Hermite—Biehler class .77°%,. Hence E induces a de Branges Hilbert

space ‘B(E) of entire functions and % € A); see §2.b and [4].

If H is in the limit point case at b, then, with the notation (2.2), the Titchmarsh—
Weyl coefficient gy for (1.1) (as defined in (1.4)) can be written as

qn(0) = limWy(c2)x7,  z€C\R,

for 7 € RU{eo}, where the limit exists locally uniformly in C\ R and is independent
of 7.
With t from (2.5) we have

X2

(Wi (i) — t (W) = / trH (x)dx (2.9)

Xj
for a < x; < xp < b as can easily be seen.
2.14. Indivisible intervals. An interval (o, ) C (a,b) is called H -indivisible of

type ¢ if
H(x) =h(x)&&;,  xe(ap),

where &, is defined in (2.1) and £ is a locally integrable function that is positive almost
everywhere; see, e.g. [22]. If (o, B) is H -indivisible, then, for o0 < x; < x; < f3,

WH(xl;Z)_IWH(XZ;Z) =Wy (2)
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where

1 —lIzsingcos¢  lzcos*¢ ) (2.10)

Wiy (2) =
(L‘P)( ) ( —lzsin2¢ 1+ Izsin¢ cos @

and

x)
= / h(x)dx.
x|

The number [P h(x)dx = [P twH(x)dx is called the length of the indivisible interval
(o, B), which is infinite exactly when H is singular at ¢ or f3.

2.15. The maximal relation Tyax(H). With a Hamiltonian H a maximal linear
relation (i.e. a multi-valued operator), Thax, can be associated as follows (for details
see, e.g. [28, §2]). First we recall the definition of the space [? (H): it is the space of
measurable functions f defined on (a,b) with values in C? which satisfy |, ab STHf <o
and have the property that éq,T f 1is constant on every indivisible interval of type ¢,
factorized with respect to the equivalence relation =g where

f=ng <= H(f—-g) =0 ae.

In the space L?(H) the maximal relation Tpax(H) is defined as

Thax(H) := {(f;g) € (Lz(H))z: 3 representatives f, g of f, g such that
f is locally absolutely continuous and /' = JHg a.e. on (a,b) }

Sometimes we need Green’s identity in the following form: if f and u are absolutely
continuous functions on [xy,x;] where a < x; <x, < b and g, v are such that

f =JHg, u' =JHv, a.e.on (x1,x),
then
X X2
/u*Hg - /V*Hf =u(x))"Jf(x1) —u(x2)" Jf(x2); (2.11)
X1 X1
see [28, Remark 2.20].

With a Hamiltonian H defined on an interval (a,b) also a boundary relation
['(H) C L*(H)? x (C?)? for Tpax(H) is associated: a pair ((f;g);(c;d)) belongs to
I'(H) if and only if there exists a representative f of f that is absolutely continuous
such that

c= d=

f(a) if H is regular at a, f(b) if H is regular at b,
0 if H is singular at a, 0

if H is singular at b.

For details see, e.g. [28, Theorems 2.18 and 2.19].
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Let us also recall some properties of Hamiltonian systems which are connected
the behaviour of H at an endpoint. They are needed in the definition of general

(indefinite) Hamiltonians in §2.e.

2.16. Hilbert—Schmidt resolvents. Let H be a Hamiltonian defined on some in-

terval (a,b).

(i)

We say that H satisfies the condition (HS_) if for one (and hence for all)
Xo € (a,b) the resolvents of self-adjoint extensions of (Timax (H|(4,x)))* i-€. self-
adjoint restrictions of Tiax(H|(4,xy)), are Hilbert-Schmidt operators. Similarly,
we say that (HS 1) holds for H if for one (and hence for all) xy € (a,b) the re-
solvents of self-adjoint extensions of (Timax(H|(x,5)))* are Hilbert-Schmidt op-
erators, cf. [28, §2.3.a].

It follows, with an obvious change of variable, from [28, Theorem 2.27] that these
properties can be characterized explicitly in terms of H. Namely, H satisfies
(HS_) if and only if there exists a number ¢ € R such that for one (and hence
for all) xo € (a,b)

Iy) X0
&g <=
a

where & is defined in (2.1);
(HS ) with M(x) := [{ H(y)dy,

X0
/5¢T+gM€¢+g EgHEy| <.
a

If H is in the limit point case at a and satisfies (HS _ ), then the number ¢ € [0, 7)
such that (Iqj) and (Hqu) hold is uniquely determined; in this case we denote
this unique ¢ by ¢_(H). Clearly, ¢_(H) does not depend on the choice of the
cutting point xg .

The property (HS 1) is characterized by corresponding conditions (I;)r ), (HS('; ).
The unique angle ¢ is denoted by ¢ (H) in this case and again does not depend
on xp.

Let us explicitly consider the case ¢ = 0; the conditions (I ;) and (HS ;) read as
follows:

(Ia): /hn(x)dx<oo,

X0 Xo

(HSg ) / / oo (£)dt hyy (x)dox < os.
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For (I; ), (HS ;) one has to swap hj; and hp;.
2 2

If (a,c), with some c¢ € (a,b), is an indivisible interval of type ¢ and H is in the
limit point case at a, then (I ;_z ) and (HS ¢T_z ) are satisfied but (I (;, ), (HS (;,)
2 2

are not when ¢ — % — ¢’ ¢ .

2.17. Some growth condition. Let H be a Hamiltonian defined on some interval
(a,b) which satisfies (HS_) and fix a point xy € (a,b). Denote by .# the operator
f= [ JH(1)f(1)dt. Then there exist unique numbers py € R, k € N, such that
po=1 and

an It So_(r ELZ(H|ux0) n € No;

see [28, Corollary 3.5]. If &y _(z7) is replaced by &, (z) 1z, this is no longer true for all
n € Ny. We denote by A_(H) € NgU {eo} the number

A_(H) ::inf{neNo: Jay,...,w, € C such that @y # 0 and
Z wn—kjkéq)f(H)-&-E 6Lz(l_”(a,xo)) )
k=0 :

where the infimum of the empty set is infinity.

The number A_(H) measures in a certain sense the growth of H towards «; for
example A_(H) = 0 means that H is in the limit circle case at a because then all
constant vectors are in L>(H |(ax))» 1-€- H is integrable at a. If (a,c) is an indivisible
interval for some ¢ € (a,b) and H is in the limit point case at a, then A_(H) = 1.

An illustrative toy example occurs in connection with the Bessel equation as men-
tioned in the Introduction. One can show that

x' 0
H)’(x) = ( _ ) ) x € (0,00),

0x77
satisfies (I, ) and (HS, ), and hence (HS_ ), and one has A_(H,) = L%IJ )
Assume that A_(H) < e and let x € (a,b). Then there exist unique absolutely

continuous functions tv;, [ € Ny, defined on (a,b) such that

100 =8y ()+5

1), =JHwy, I € N, o
w; (x0) € span{&y_ gy z}, 1 €No, '
10, ‘(mxo) € L2 (H‘(mxo))v I=A- (H)

Note that 1o, ..., _(z)—1 donotbelong to L? (H|(4,x5)) - It was shown in [28, Lemma
3.12 (i)] that A_(H) does not depend on the choice of the cutting point xy € (a,b); the
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functions tv; of course do depend on xo. The functions tvo,...,wy5 () are used, e.g.

to con

struct regularized boundary values in Theorem 5.1.

For a Hamiltonian H that satisfies (HS 1 ) a number A, (H) is defined in a similar
manner.

e. General Hamiltonians in detail.

In this subsection we give the definition of a general Hamiltonian as in [28, §8]. This
definition is somewhat elaborate, and we give some explanations after the definition.

DEFINITION 2.18. A general Hamiltonian 1 is a collection of data of the follow-

ing kind:
(i) neNy, 00,...,0n+1 € RU{Feo} with 6p < 0] < ... < Oy,
(ii) Hamiltonians H; : (0;,0;41) — R?*? for i =0,...,n, which satisfy (2.6),
(iif) numbers 61,...,6, € NU{0} and b;1,...,bis541 €R,i=1,...,n, with b; | #0
when 6; > 1,

(iv) numbers d;,...,dioa,—1 € R where A; ;= max{A (H;_),A_(H;)} for

i=1,...,n, (note that A; will be finite by condition (H3) below),

(v) afinite subset E of {0y, 0p+1} UULo(0i, 0ir1),

which is assumed to be subject to the following conditions:

(H1) The Hamiltonian Hj is in the limit circle case at oy. If n > 1, then H; isin
the limit point case at o; for i=1,...,n,and at ;4| for i=0,...,n—1.

(H2)  None of the intervals (0;,0;1), i = 1,...,n— 1, is indivisible’. If n >
1 and H, is in the limit point case at 0,4, then also (0,,0,+1) is not
indivisible.

(H3) The Hamiltonian H, satisfies (HS) if n > 1; H; satisfies (HS_) and
(HSy) fori=1,...,.n—1, and H, satisfies (HS_). We have A; < o,
i=1,...,n.

(H4) We have ¢4 (Hi—1) =¢_(H;), i=1,...,n.

(H5) Let i € {1,...,n}. If both H;_ | and H; end with an indivisible interval
towards o;, then di = 0. If, in addition, b; ; = 0, then dy < 0.

(E1) 00,01 € E, and EN(0;,0;41) #0 for i=1,....n—1. If H, is in
the limit point case at 0,1, then also E N (0,,0,+1) # 0. Moreover, E
contains all endpoints of indivisible intervals of infinite length which lie in
Uio(0i,0i11).-

(E2) No point of E is an inner point of an indivisible interval.

2The interval (0y,01) may be indivisible.
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The common value of ¢4 (H;—;) and ¢_(H;) is denoted by ¢;.
The general Hamiltonian b is called regular or singular if H, is in the limit circle
case or in the limit point case, respectively, at 6,41. Moreover, we set

ind_h:= 2<A,-+ {%D +[{1<i<n: d;0dd, by >0} (2.13)
i=1

It is probably helpful to have a more intuitive picture of general Hamiltonians than
their precise definition. We may say that a general Hamiltonian models a canonical
system on [0, 0,+1) whose Hamiltonian is allowed to have finitely many inner singu-
larities (these are the points oy,...,0;), and which is in the limit circle or limit point
case at 0,11 depending whether b is regular or singular. However, H does not behave
too badly at its inner singularities in the sense of (H3).

A singularity itself contributes to the canonical system in two ways. The first one
is a contribution concentrated inside the singularity; passing the singularity influences a
solution, which is modelled by the parameters ¢;,b;;. Actually, elements in the model
space in which an operator acts can be considered as a combination of functions and
distributions concentrated in the singularities. The parameters ; and b;; are needed
for the interplay of the functions and the distributions. The functions themselves have
also a singular component, namely a linear combination of ty,...,10s,_1; here the
parameters d;; and condition (H4) are used for interface conditions at the singularities.

The set E consists of points that split (J_;(0;,0:4+1) into smaller pieces each
containing at most one singularity. We can picture the situation as follows (E =
{S(), s 7SN+1}):

blj sz b”!
2 4] On
" : : :
H() Hl H2 Hn—l Hn
0o 9] (¢3) On On+1
so s R sy SN+1
0+ (Hp) 0+ (Hy) O+ (Hu—1)
I I 1l
o—(Hy) 0—(Hy) O—(Hy)

The numbers d;; depend on the s; in the sense that, if the s; are moved, then the d;;
have to be changed in order to obtain an isomorphic model. Moreover, the number of
constants d;; needed for a fixed 7 depends on the behaviour of H in the neighbourhood
of 0;, namely one needs 2A; constants. On the other hand, the ; and b;; can be chosen
independently of the behaviour of H and they do not change when the s; are moved.
With a general Hamiltonian § a boundary triple (Z2(h),T(h),T'(h)) can be asso-
ciated, whose definition is quite involved; see [28]. The Pontryagin space & (f), which
has negative index ind_ b, is obtained as a completion and is therefore not very acces-
sible. For a special case we shall consider a more concrete realization of the model
space and the maximal relation 7'(h). In [28, Definition 8.5] a mapping w(h) was
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defined that maps an element F' in Z(fh) onto some measurable function defined on
Uo(0i, 0i+1), which represents the ‘function part’ of F.

Analogously to the classical positive definite case where the fundamental solution
Wr can be associated with the Hamiltonian H one can define a ‘fundamental solution’
oy for an indefinite Hamiltonian h where @y (x;z) is a 2 x 2-matrix for every x €
[00,01) UUL (0i,0i41) and z € C. For fixed z it satisfies the differential equation
(2.7) on every interval between the singularities and one has @y (0p;z) = I for every
z € C. Moreover, for fixed x, @y (x;-) is an entire function belonging to the class .Z«..
such that x — ind_ @y (x;-) is non-decreasing, constant between the singularities and

n
max{ind oy (x;-) 1 x € [0p,01)U U(G,-,G,-+1)} =ind_B.
i=1

The definition of @y is quite involved, in particular, how one can jump over a singular-
ity; for details see [29, Definition 5.3]. The function y, is called maximal chain if f is
singular and finite maximal chain if b is regular.

In the case when the indefinite Hamiltonian h is singular one can define the
Titchmarsh—Weyl coefficient qy in a similar way as in the positive definite case:

qp(z) = lim oy (x;2) %7, z€ C\R,
X/ Opi1
with 7 € RU{eo}; the limit exists locally uniformly on C\R with respect to the chordal
metric on the Riemann sphere C, defines a meromorphic function on C\ R, and the
limit is independent of 7. The Titchmarsh—Weyl coefficient gy, belongs to the class
N where Kk =ind_ h; see [30, Theorem 1.4]. At the interior singularities oy,..., 0,
one can define intermediate Weyl coefficients, qy o, , by

Iy.6;(2) == lim oy (x;2)x7,  z€C\R, i=1,....n, (2.14)
X—0;

again for T € RU {eo}. It is an essential and non-trivial fact that the limits from both
sides of the singularity coincide; see [27, Theorem 5.6].

2.19. Splitting of general Hamiltonians. On working with general Hamiltonians
one often uses a splitting-and-pasting process. Let us briefly recall how a general
Hamiltonian b can be split into smaller parts. Let h be given by the data

00;---,0n+1, HOa“'aHn; (.).iybijadiﬁ i:17"'7n7 E7

and let s € U/ (03, 0;11) be not inner point of an indivisible interval. Then a splitting
of b into two general Hamiltonians, h4, and by, can be defined. Namely, b« is given
by the data (k is such that o < s < Og11)

00,5 0k,8,  Hoy- . Hil(g,.5)5

(.)',',b,'j,d,'j, i=1,....k—1, 6k,bkj,a7kj, (Eﬂ [G(),SDU{S},
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where the numbers de ; depend on the location of s, cf. [29, Definition 3.47]. The
general Hamiltonian by is given by data

S, Ok+15-++5,0n+1, Hk|(.\',0'k+1)7Hk+l7~~‘7Hn7
Oks1,bk41,j,diy1,j,  Oi,bij,dij, i=k+2,....,n, (EN[s,0,41])U{s},

where again d~k+17 ; depend on the location of s.
If s = oy, we let by be given by

hﬁs: 00,.--,0k,  Hoy...,Hi—1,
b',',b,'j,d,'j, i=1,...,k—1, (Eﬂ[Go,Gk])U{Gk}.

These notions have been studied in detail in [29]. In particular, it was shown that split-
ting of general Hamiltonians gives rise to splitting of operator models, and it is compat-
ible with fundamental solutions. In particular, the model space () is isomorphic to
P (has) [+] P (byr), where [+] denotes a direct and orthogonal sum in the Pontryagin
space Z(h). Elements in T(h) can be identified with sums of elements from 22 (h«,)
and Z(h,) where boundary values of the latter have to coincide at s. For details see
[29, §3.cle, §5.d].

For & = 2(h+;) an ‘isomorphism Z’ as in Remark 2.12 can be constructed. It
is an isomorphism from & (h+,) onto K(wy (s)) and denoted by Z;.

f. A boundary triple for a certain regular general Hamiltonian.

As mentioned above, the construction of the boundary triple (Z2(h),T(),T'(h)) is
quite complicated and not easy to use. For singular general Hamiltonians with one sin-

gularity a more explicit form of this model, i.e. a boundary triple (&(h), %(h) F(h))
that is isomorphic to the original one, was constructed in [38]. This form turned
out to be more convenient for some purposes and is more intuitive in the sense that
Z(h) is a finite-dimensional extension of a natural function space and 7'(h) is a finite-
dimensional perturbation/extension of a natural differential operator in this function
space.

In the present paper we use a variant of this model for regular general Hamiltonians
of the class 53% .

2.20. Particular form of §. Let b € 55% be given by the data
0p, 01,02, H07H17 ovbjadj Ea

such that o is not left endpoint of an indivisible interval, 6, < e, E = {0y, 02}, and
bsy1=0.

Note that ¢ (Hp) = 0 because of (gH z) and therefore also ¢- (Hy) =0. Since
A+ (Hyp) =1,wehave A:=A; =A_(H;). Further, denote by H the function defined as
Hy on (0y,01) andas H; on (01,0,) and let L?>(H) = L*>(Hy) © L (H,) . Moreover, let
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w;, [ € Ny, be the unique absolutely continuous functions defined on [0y, 61) U (07, 03]
with the properties that

0
o = (1)’ 1), =JHr,, | €Ny, (2.15)
0
1;(09),10;(02) € SPan{ (1)} 1 € Ny, (2.16)
v, € L*(H), 1> A; (2.17)

cf. (2.12).
Then {t,...,ta_1} is linearly independent modulo L?(H) by [28, Lemma 3.6].
We define the function space

LA(H) := L*(H)+ span {ry: k=0,...,A— 1}

and the differential operator Tx max(H) (or, more precisely, its graph) by

Tamax(H) :={(f;8) € LX(H) x LX(H): 3f absolutely continuous
representative of f s.t. /' =JHg}.

Now we can define a boundary triple (&(b),%(h),i&(b)) which will turn out to be
isomorphic to the original model (Z2(h),T(h),T'(h)).

DEFINITION 2.21. Let h be a general Hamiltonian of the form described in 2.20.
Then &(b), %(f)) and F(h) are defined as follows.
The base space f&(f)) Set

P () :=Li(H) x C*x C?.

Elements of &(h) are generically written as F = (f;&, ) with &= (§ j);‘.;ol and o« =
(0)5; or G=(g;m,B) withn = (nj)?;ol and B = (B;)_, . Note that the case J =0
is allowed.

By the definition of Li (H) and the fact that 1wy, ...,1wa_; are linearly independent
modulo L?(H), for given f,g € Li(H), there exist unique scalars A;, 1, [ =0,...,
A — 1, such that

A-1 A-1
Fr=rf=% oy, gi=g— 3wy €L3(H). (2.18)
1=0 =0
The inner product on f&(b) If 6 > 0, define numbers cy,...,c; recursively by

k
c1by = —1; N cjbk-j=0, k=2,...,0. (2.19)
j=1
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@

On Z(h) an inner product is defined by
y A-1 A-1 J _
[F.G) = (f,8) 20y + 2, M+ X, Slli+ D, 1oy
k=0 k=0 ki=1

for F and G as above.

The maximal relation %(h) Let F = (f;&,a), G=(g:m,P) € &(h) and Az, 1 be the
scalars as above. Then (F;G) € %(h) if and only if

(i) (f;8) € Tamax(H)
(which implies that f = 4.1, k=0,...,A—2);

(ii) forall k=0,...,A—2,
1 1
&k =M1 + FHa-1dak+ E)Lodk‘i‘ (411(02)),f (02)15

(i) . Lo
Sa1= / (roa)"HE + 7 Y Adipa-1+ ta-1daa-1
o1 =0

ﬂl, 0> 0,
+ (wa(02)),f(02)1 —
0, 06=0;
(iv) if 6 > 0, then
ﬁj-‘rla ]:1770_1a
o = Up 1bs j11+ (2.20)

0, j=0.
Here f(0») denotes the value of the unique absolutely continuous representative with
f' = JHg (remember here that (07,07) is not indivisible).

The boundary operator F(b) The boundary relation is actually an operator. Let
(F;G) € T(h), write F = (f;&, ), G=(gim,B) and let A;, 1 be as in (2.18). Then

1A-1
no+f(o2)1 + 3 Y
=0
o

[(h)(F;G) == if(o) |- (2.21)

The two components of iﬁ(f)) (F;G) can be interpreted as boundary values at the left and
right endpoints oy and 0,, respectively; we denote these by 7 oii(b)(F ;G) and 7,0
F(h)(F;G). The two components of 7 oii(h)(F;G) are denoted by 7 oii(h)(F;G)
and m 50 I'(h)(F:G).
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PROPOSITION 2.22. Let § be a general Hamiltonian of the form 2.20. Then the
boundary triples (2 (h),T(h),T(h)) and (@(b),%(b),f)‘(b)) are isomorphic.

Proof. Let §) be the general Hamiltonian that is given by the data

. . H\(t), te€(01,02),
00, 01,0, HO ::HO? Hl(t) =

I, t € [02,00),

0,bj,dj, E:= {0'0,0'2700}.

Then § is of the form considered in [38]. Moreover, the boundary triple (&62(6)7

%62 (6),1.2‘62(6)) , which was defined in [38, Definition 2.14], is isomorphic to ((h),
T(h),T'(h)) by definition, and has been described explicitly in [38, Theorem 2.15].
Note, however, that there is a typo in [38, Theorem 2.15 (v)], namely, there should be
a plus sign instead of a minus sign in front of ua_p, as in (2.20). Let cfoz = i(,z olg,

be the isomorphism from () onto &62(6) where i5, and 15, were defined in [38,
§2].

The following diagram is commutative

[0)

P(5) ——= 2 (0) [+]L*(H|(5,,)) (2.22)

%o, l l‘i" [+]id

902(5) —— P(0) [H 2 (H|(g,)

where @ was defined in [28, Proposition 8.11], 1:=1o01 with
1: () — L*(H) x CAx CA x C?
asin [28, (4.9) and (4.10)] and
i:L2(H)xCAx CAx C% — LA(H) x CA x C?

A—1
(f,E,Noc) = <f+ 2 A’kmk;aa OC),

k=0
and @ acts as
& F = (flo.on0(01.00:6 @) [F fligyeys  F = (36, 0) € Py (B).
The definition of Z2(h) and [38, Theorem 2.15] show that
(F:6)eTe(h) «—

(Figy3Gogy) € T(v), (f|(02,oo)§g~|(oz,oo)) € Trnax (H|(6y.)) (2.23)

f continuous at 0,
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where F = (f1€, ), G = (gm,B) and Fug, := (fl(6,.6,)u(01,09): & @) - In this case,

) (2.24)
70 T(0) (Figy: Gogy) = M1 0 T(H|(6,,0)) (f (6,0)38l(02.0)) = f(02).

Choose (f1:81) (f2:82) € Tnax (H|(g3,)) With f1(02) = (é) and f2(02) = ().
Now let F = (f;&,0), G=(g;n,PB) € &(h) be given and assume that (F;G) €
T(b). Then we set

e

= fx(o'op'l)u(dl,dz) +f(62)1f1 +f(62)2f2a

= 8X(0p.01)U(01,0) T F(02)181 + f(02)282,

o

and
=(f:. @), G:=(g:n.B).
By (2.23), we have (F;G) € T, (h). Hence
(A1) x ({[+id) ") (F;6) € (@ x ®)(T(h))

by the commutativity of the diagram in (2.22), and it follows that (1 x 1)~'(F;G) €
T(h). This shows that (ci)fl X Glrl)%(f)) C T(h). Moreover,

—~

r(h)((7 ' T )(F:6)) =T(0)(F:G)

by (2.24). The reverse inclusion (1 = x _1)%(6) D T(h) is seen in a similar way.

Hence the boundary triples (Z2(h),T(h),T'(h)) and (&(h),%(h),i&(h)) are isomor-
phic. [

REMARK 2.23. If one defines a mapping () by W(h)F := f where F = (f;&; x)
is as above, then it follows from the definition of y(h) that y(h) o7 = y(h) where T
is as in the previous proof.

g. Rotation isomorphisms.

We consider general Hamiltonians of the class £, on the one hand, and functions from
the class </V<(f<,°ta> for o € [0,7) on the other. A rotation isomorphism is a tool which
allows us to restrict explicit proofs to one particular value of . Such isomorphisms
exist on all levels (Hamiltonians, functions, fundamental solutions etc.), and the corre-
sponding constructions are compatible with each other.

Let us now give the definitions, cf. [29, Definition 2.4]. For & € R set

coso sino
Ny = ) .
—sino cosa



INDEFINITE HAMILTONIAN SYSTEMS 503

DEFINITION 2.24. Let o € R.

(i) If M is a 2 x 2-matrix, set

OaM := Ny MN,".

(ii) Application of ‘(y,” to matrix functions is always understood pointwise, e.g.
(OaH)(x) :=0g (H(x)), (Oawy)(x:2) =g (0 (x:2)).

(iif) If ¢(z) is a scalar function, set

Oaq(z) = Nouxq(z).
(iv) If b is a general Hamiltonian given by the data

o;, H; 0i,bijdij, E,
let O¢ b be the general Hamiltonian given by
oi, OqH;, 0i,bij,dij, E.

Some practical computational rules have been collected after [29, Definition 2.4] and
in [29, (2.16), (2.24), (3.1)].
Some compatibility properties of the operations ‘O’ on the different levels are,
for example,
W0y =Oa @y and  goun =Oaqy,

cf. [29, Lemma 5.14].

LEMMA 2.25. Let H be a Hamiltonian defined on an interval (a,b), let B € R,
and set H :=OpH. Then H satisfies (HS ) if and only if H does. In this case,
6 () = o (H) — B. ] )

Assume that H (and thus also H) satisfies (HS_). Then A_(H) = A_(H). If
A_(H) (and thus also A_(H)) is finite, and vo;, ¥0;, | € Ny, denote the corresponding
functions (2.12), then v0; = Ngwy, | € No.

Proof. We have fTHf = (Ngf)" (Op H)(Ngf), and hence the map f +— Ngf is
an isometric isomorphism from L?(H |(a.x0)) ONtO L*(H |(ax0)) - In particular,

(Iy) forH <= (I;_ﬁ)forOﬁH.

As in the definition of the condition (HS ) let M be an anti-derivative of H and M an
anti-derivative of H. If M and M are defined by integrating from the same reference
point, then M =g M, and hence

ar8MEoi g = (Np&or 1)  (OpM)(NpEarz) = Eopy sMEiap) 5.
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Thus also
(HS,) forH <«— (HS;iﬁ) for OgH

and ¢_(H) = ¢_(H)— . Assume that H satisfies (HS_) and that A_(H) < . Let
10, I € Ny, be the unique functions with (2.12), and set

b = N/;ml, [ € Np.

Then
00 =Eo_(1)+5-p = So_(@)+ 5
0l € L (Hl(axy))s 12 A(H),
v(x0) € span{éq)f(H)Jr%_ﬁL 1 € Ny,
and

v}, =Ngty, | = NgJHw, = 11\7,31111\751 (Ngto;) = JHov,.

It follows that A_(H) < A_(H), and hence, in particular, A_(H) < . Applying the
above argument and the rotation ()_g starting from A we obtain A_(H) < A_(H).
Moreover, we see that the functions v;, [ € Ny, satisfy (2.12) for . 0O

In the present context it is important to know how the classes $, and 4. (ffm),

respectively, transform under application of a rotation isomorphism.

LEMMA 2.26. Let h € ¢, and let B € R. Then Oph € Ha—p-

Proof. Itis obvious from the definition of Oy that the property (gH, . ) is inher-
ited. Since § satisfies (gH ), we can write

Ho(x) = ho(x) -&aly, x € (00,01),
with some scalar function . It follows that
Op Ho(x) = ho(x) - (NpEo) (Np&ar)" = ho(x) - Ea—p&a_p-

and hence Og b satisfies (gHy_p). U

LEMMA 2.27. Let B € R. Then q € ,/V(:) if and only if Ogq € ,/;/(;Cotﬁ).

Proof. The case when B € 7 is trivial. So let us assume that 3 ¢ nZ. We have

cosB-q(z)+sinff cotf-qg(z)+1
—sinf-g(z)+cosB  —q(z) +cotf

(Opa)(z) =
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and therefore

1 —q(z) +cotf

—cotB—(Opq)(z)  g(z)cotP —cot? B — (q(z)cotf+1)

1
= Treorp (40— cotB).
Hence
_ 1 oo .
Oﬁ qe </V(,X, coth) <~ m S </V<(,X,) (by deﬁnltlon)
= . (g—cotB) € N
1 +cot? 8 <

— qe,/i/(;’j). O

3. Characterisation of Titchmarsh—Weyl coefficients

In this section we identify the properties (gH, . ), (gH ¢ ) (defined in Definition 1.1
in the introduction) as being equivalent to the fact that the Titchmarsh—Weyl coefficient
belongs to the class A (:,) where T = cotor. This result is a typical instance of the in-
tuition that the behaviour of the Hamiltonian at its left endpoint relates to the behaviour

of the Titchmarsh—Weyl coefficient at oo.

THEOREM 3.1. Let by be a singular general Hamiltonian with ind_ bt > 0 and let
o € [0,7). Then b € ¢ if and only if its Titchmarsh—Weyl coefficient qy, belongs to

the class </V<(f<,°m) .

We first prove the statement for & = 0, in which case the class under consideration

is </V<(: ) The required statement for other values of o then follows easily by applying
rotation isomorphisms. The method used for the proof is purely operator-theoretic:
the desired equivalence follows, with the help of some Q-function theory, from the
computation of the algebraic eigenspace of a certain linear relation A at infinity, which
is discussed in Lemma 3.2 below. For this we recall some concepts and notations.
Let S(h) :=ker(m oT'(h)) be the closed symmetric operator whose adjoint is 7'(h),
where T(f) is the maximal linear relation in the boundary triple (£ (),7(h),T'(h))
associated with B, and let A be the self-adjoint extension of S(h) defined by A :=
ker(m; 1 oT'(h)). In other words, the self-adjoint relation A is obtained from T'(h) by
imposing a boundary condition at the regular left endpoint 6y (formally fi(cp) = 0);
no boundary condition is needed at the singular endpoint o;.

A given indefinite Hamiltonian can be decomposed into a finite number of ‘el-
ementary indefinite Hamiltonians’ and positive definite Hamiltonians using the split-
ting points in the set E, where elementary indefinite Hamiltonians contain exactly
one singularity; see [28, §4] and 2.19. Unless dim £?(h;) = 1, the model Pontryagin
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space corresponding to such an elementary indefinite Hamiltonian h; contains elements
00, 0a—1+4; such that the pairs (6x_1;8), k=1,...,A;—1+0;, are contained in the
maximal relation 7'(;); see [28, Definitions 4.5 and 4.11 and Proposition 4.17 (iv)]. If
at least on one side of the singularity H is just one indivisible interval of infinite length,
then also (0;8y) € T(h;) by [28, (4.14) in Definition 4.11].

In the following lemma a connection between the algebraic eigenspace of A at
infinity and the behaviour of H at oy is established. In particular, this algebraic
eigenspace at infinity depends on the fact whether b starts with an indivisible inter-
val of type 0 at op and the length of this indivisible interval.

LEMMA 3.2. Let h be a singular general Hamiltonian with x :=ind_§ > 0,
and let by be given by the data n,0y,...,0,41, Hy,...,H,, 0;,bi1,...,bis+1, dig,---,
dion—1. Let A be as above and denote by &x(e°) the algebraic eigenspace of A at
infinity.

(@) If b does not start with an indivisible interval of type 0, then (=) = {0}, i.e.
A is an operator.

(b) Assume that Y starts with a maximal indivisible interval of type O of finite posi-
tive length and let so be the right endpoint of this interval. Moreover, decompose

Z(h) as Z(h) = P (bag,) [F] P (bsr ). Then Ex(e) = P (hag)-

(¢) Assume that b starts with an indivisible interval of type O of infinite length and
that oy is left endpoint of a maximal indivisible interval (which also must be of
type 0) and let so be the right endpoint of this interval. Moreover, decompose
Z(h) as Z(b) = P (hagy) [F] P (g ). Then Ep(e=) = P(hey).

(d) Assume that Yy starts with an indivisible interval of type 0 with infinite length
and that oy is not left endpoint of an indivisible interval. Choose a point sy €
(01,02) that is not inner point of an indivisible interval, and decompose 2 (h)

as P (h) = P(bagy) [+ P (b ). Then
Ea(eo) = span{dy, ..., 0a+5,-1} € P (hagy)-

Moreover; in the cases (b), (c¢) and (d) the algebraic eigenspace &x(e0) is spanned
by one maximal Jordan chain of A at infinity and the dimension of a maximal A~ -
invariant non-positive subspace is equal to ind _ b« .

Proof. Let us first prove the statements in (a)—(d). Assume that mulA # {0},
i.e. that there exists an element (0;¢) € T(h), g # 0, with m;I'()(0;¢) = 0. Since
S(h) is an operator, we must have m;,I'(h)(0;g) # 0. Hence [29, Lemma 3.37] implies
that b starts with an indivisible interval of type 0. This shows that the implication in
(a) is true.

Next assume that § is of the form as described in (b) or (¢) and let sy be the
point specified there. Set

A(b.\'()!") = ker(nl,l © F(bsof’))a Sl(b‘"l.\'()) = ker((nl,l X n'r) © F(b‘"l.\'()))a
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and let P+, and Py be the orthogonal projections according to the decomposition

Z(h) = Z(has,) [+ 2 (bsyr) -

‘We shall show that
Ex(eo) = | mulS;(hay,)"- (3.1)

neN

First note that S (h«s,) C A, and hence the inclusion ‘D holds trivially since &4 (o) =
UnenmulA”. Conversely, let go :=0 and gy,...,g, € Z(h) be given such that

(glfl;gl)eAa :1,...,1’1. (32)

Then, trivially, (Pus,g1-13Pis,81) € S1(has,)* and (Pyrgi-15Pyyrg1) € T(hgyr). By the
construction of the boundary relation I'(h«g,), we have m; ; oT'(h4g,) = m.1 0 T'(heg,)
see [28, Definition 4.5]. Hence

nl,l or(h.\'()l'))(P.\'()F)glfl;})S()I')gl) = n}’,l or(hﬁso)(Pﬁ.\'()glfl;Pﬁsogl> = O

for I =1,...,n, and therefore (Pypg;—1:Ps,r81) € A(byyr). Since by does not start
with an indivisible interval of type O, this implies that Pyrg; =0, [ =1,...,n. If by
is not just one indivisible interval of infinite length, it follows that

n'ror(hﬁso)(Pﬁsoglfl;P‘"I.\'Ogl) =T oF(bsg!")(Psol')glfl;P.\'OF’gl) = 07

and hence that (Pogg;—1;P81) € S1(bay,). If by is just one indivisible interval of
type a of infinite length, then o ¢ ©Z and

TErOr(hﬁso)(Pﬁsogl—l;Pﬁsogl) em Or(bsoﬁ)(Psoﬁgl—l;Psol"gl) = Span{-léa}

However, 7, o (B, ) (Pas,8i—13 Pasy81) € span{ ((1))} and a ¢ n7Z, and thus again
(Pasy&1—15Pagy81) € S1(hay,) . This shows that the inclusion *C’ in (3.1) holds.

The Hamiltonian b+, is either positive definite and consists of just one indivisible
interval (namely in case (b)), or (namely in case (c)) its rotation Oz b« is an ele-
mentary indefinite Hamiltonian of kind (B) or (C); see [28, §4]. In eacﬁ of these cases,
inspection of the definition of I'(h+,,) shows that

U mlﬂsl(hﬁso)n = 32(‘)‘150)
neN

Together with (3.1) this shows the assertions in (b) and (c).

To prove (d), assume that (0p,07) is indivisible of type O and o is not left
endpoint of an indivisible interval. Our aim is to show that, independently of the choice
of s¢, relation (3.1) holds. The inclusion ‘2’ is of course again trivial. For the converse
inclusion, let go :==0 and g,...,8, € Z(h) be given such that (3.2) holds. Choose
s1 € (01,50) such that s; is not left endpoint of an indivisible interval of type 0 and
that dim &(wy (s1,-) "' @y (s0,)) > n, where the reproducing kernel space &(W) for a
matrix function W is defined in §2.b. The choice of s; is possible because (o1,07)
does not start with an indivisible interval at o). Next, choose s, € (07,s1) such that
dim &(wy (s2,-) '@y (s1,)) > n. Since

<(W(h)gl—1) |(52~,50); (W(h)gl) |(52~,SO)> € Tmax (H |(52~,50))’
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we obtain from [28, Lemma 2.23] that g;_(s;) =0, [ =1,...,n. This gives (Py,rg/—1;
Pyrg1) € S(hy,r). However, S(by,r) is an operator, and hence Py pg; =0, =1,...,n.
We see that (g;—1:81) € S1(b4s,) € S1(b4,) . and hence that (3.1) holds.

In order to compute (J,,cy mulSi(h«g, )", note first that

60""75A1+(51*1 S U mulSl(f)qSO)"

neN

by the properties of the & ; see the paragraphs before this lemma. Hence it suffices
to show that the dimension of |J,c mulSl(bq_YO)" cannot exceed A; 4+ 0;. Let again
(g1-1:81) € S1(hagy), L =1,...,n, go =0, be given. For z € C denote by x(z) the de-
fect elements of Sy (hay, ), i.e. ¥ (z) € ker(S1(has,)* —2), with 70T (b5, ) (X (2)52x(2))
= ((1)) . Then

[gl’%(z)]zz[glflax&)}? l=1,...;n,

and hence, by induction, g; L span{x(z): z€ C}, [ = 1,...,n. Applying the isomor-
phism Z, as defined at the end of §2.e, from 2 (bh«,,) onto K(wy(so)), we find that
Es,81 € kerm_, where m_ is the projection onto the second component. However, we
know from [49, Lemma 6.3 (proof, subcase 3b)] that dimkerm_ = A; + ;. As we
noted above, this estimate suffices to complete the proof of statement (d).

Let us now prove the last statements. If dim&j(ee) =1 in (b) or (c), these are
trivial. Otherwise, in case (b) or (c), the algebraic eigenspace &4 (o) is spanned by
the Jordan chain

61+1

0, ---,05 L(Po— 1222 b1,152+b'1—l>§

) 017b11

see [28, Definition 4.5]. In case (d), &x(co) is spanned by the Jordan chain &, ...,
Oa,+5,—1 as we have seen above. In both cases the Gram matrix of &4 (o) with respect
to one of these Jordan chains has Hankel form, namely, (with ¢ ; asin (2.19))

0---0l0 --- O
0 SCl -
. or 0---0{ 0 0
: 0---0[ 0 ©C1,1
C1,1 *

0~~~0€171~~~C1751

in cases (b) and (c) and case (d), respectively, where the first matrix is of size | +2 and
second matrix of size A} + ;. The dimension of a maximal A~!-invariant non-positive
subspace is equal to the size of the maximal negative semi-definite square sub-matrix
of the Gram matrix located at the top left corner. Such a maximal sub-matrix is either
the zero matrix or a matrix that has zeros apart from one negative entry at the bottom
right corner. Since such an entry at the bottom right corner is ¢ 1, in cases (b) and (c)
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the maximal size of such a negative semi-definite sub-matrix is equal to

VH_QJ {l if61+2isoddandc171<0}

2 0 otherwise

2

5 1 ifo;isoddand by >0
{olJ_H { 0 1,1 }zind_hqso

0 otherwise

according to (2.13) since A; = 1 in this case. Similarly, for the case (d) the dimension
of a maximal A~!-invariant non-positive subspace is equal to

At {QJ {1 if 91 isodd and by 1 > 0

: } = ind_boy,.

0 otherwise

which finishes the proof. [

Proof (of Theorem 3.1; Case oo =0). We use the same notation as in the above
lemma. By [29, Proposition 5.19] the Titchmarsh—Weyl coefficient g, of b is a Q-
function of S(h) generated by A. Moreover, S(h) is completely non-self-adjoint by
[28, Theorem 8.6], and hence A is minimal. Thus gy has a minimal representation of
the form (2.4) in terms of A and hence we can apply Lemma 2.5, i.e. the asymptotics
of gy at infinity reflects precisely the geometric structure of &y ().

First assume that gy € </V,<(°°). If b does not start with an indivisible interval of
type 0, then lim, . %‘lh (z) =0 by [29, Proposition 6.1], which is a contradiction to the

assumption that g € ,/VK('X’) . If b starts with an indivisible interval of type 0 and finite
(positive) length [, then lim,~,;e. %qh(z) =1 € (0,), which is again a contradiction.
Hence b starts with an indivisible interval of type O of infinite length, i.e. (gHg) is
satisfied. By Lemmas 2.5 and 3.2, we have ind_(h) = ¥ = V..(A) = ind_ (b« ) , where
so is as in Lemma 3.2. This implies that o) is the only singularity of b (since each
singularity contributes at least one negative square), i.e. (gH,. ) is satisfied.

Now assume that (gHo) and (gH, . ) are satisfied. It follows from (gH() that in
Lemma 3.2 either case (c) or (d) occurs. Hence V..(A) = ind_(h«,). The assumption
(gH,.) implies that ind_(h«y ) = ind_(h) = x. By Lemma 2.5 it follows that g, €

Proof (of Theorem 3.1; General values of o). Let a singular general Hamiltonian
with ind_ h > 0 be given which satisfies (gH,5.), and let o« € (0, 7).
By Lemma 2.26, § satisfies (gH,) if and only if the general Hamiltonian O¢ f

(coter)

satisfies (gHo). We have g,y = Ny *xqy,. By Lemma 2.27, gy € A, if and only
if ooy € N2

Using the already proved case ‘oo =0’ of Theorem 3.1 we conclude that h satisfies
(gH) if and only if gy € ALY O
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4. Partial continuity of the fundamental solution

Let a € [0,7) and h € . Our aim in this section is to show that, after an
appropriate rotation, three entries of the (finite) maximal chain of matrices associated
with h are continuous at the singularity of b.

THEOREM 4.1. Let o € [0,7) and b € $Ho. Moreover, let wy be the (finite)
maximal chain of matrices associated with by, and set ty(x) := t(wy(x;-)), where t is
defined in (2.5). Then the following limit relations hold locally uniformly on C:

lim &g oy (x:2)8, 5 = Jim Eq 0y (5:2)6a =1,

. XN\0]
(limg) i €7 0
Jim S 0 (X:2) o = 0
Eq 0y (x:2)Eqx
(lim!,) lim 240\ YRemF
oo [ty(0)] -z
REMARK 4.2.

(i) Note that the quotient on the left-hand side of (lim/,) is an entire function in z
since the numerator is zero for z = 0. Expressions like this have to be interpreted
as derivatives in the following.

(if) The limit relations in (lim¢) and (lim/,) hold trivially when x approaches o}

from the left. This follows since

(Dh (X;Z) =N’

o—

(S}
|
=
— =
=
=
I~
- O
~_ =
$2
Bl

for x € [0p,01) and hence
5;%6% (62)8q-1 = Eq oy (x2)8a =1, 5§,gwh (x:2)€a =0,

Ea 0y (x:2)8, 5

—tp(x) 2 -

for x € [0y, 01). Therefore (lim ) indeed expresses continuity at o .
(iii) By (2.9) we have
Xo
ty (x) = ty (x0) — / wH(f)di
X
for any xo € (01,02) and, since H is in limit point case at oy, thus tj(x) — —eo
as x \, o;. Hence
. T ) _
Jim |8 @ (:2) o g | = ==

locally uniformly on C\ {0}.
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(iv) For oo =% the relations (lim ) and (lim}, ) read as follows:

li lim o (x:2)1; = lim op(x2)0 = 1, lim @y (x;2)12 = 0;
(limg) Jim h (452) 11 Jim h (X;2)22 Jim h (%32)12

Wy (X532
(limy)  lim @y (132)01 —1.
TN B

The proof of Theorem 4.1 is quite elaborate. We divide the remainder of this section
into several subsections according to the following plan:

a. We provide/recall some preliminary facts, among them a normal family argument
for Pdlya class functions.

b. We establish the asymptotics of the fundamental solution of positive definite
canonical systems of a particular kind.

¢. We derive that (lim ¢ ) already implies finer asymptotics of oy, (x:2).

d. We carry out an inductive process to establish Theorem 4.1 for oz = 7.

e. We apply rotation isomorphisms to obtain the asserted limit relations for arbitrary
values of «.

f. We prove a continuity result for the fundamental solution of an arbitrary general
Hamiltonian.

a. Preliminary observations.

In order to justify a later application of [4, Theorem 41], we need the following ele-
mentary reformulation of (I;) and (HS ;).

LEMMA 4.3. Let hy and hyy be locally integrable non-negative functions on an
interval (a,xo]. Assume that [)°hyi(x)dx < e, set o(x):= [ hyi(t)dt, and let y(x)
be an anti-derivative of hyy that is absolutely continuous on each compact interval
contained in (a,xo], e.g. W(x) := [} hoa(t)dt. Then

X0

/(x(x)dy(x)<oo — /|y(x)\da(x)<oo. @.1)

a

In this case, lim o/(x)y(x) = 0.
x\a

Proof. The measure do is finite on (a,xo], and the measure space ((a,xo],dy)
(the o-algebra is the Borel algebra) is o -finite since hy; is locally integrable. More-
over, the function <y (x,y)h11(y)h22(x) is measurable and non-negative. Hence the
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application of Fubini’s theorem is justified, and we obtain

X

/0 o(x)dy(x) /(/hn dy)hzz( )dx
_/</h22 dx)hn )dy = / —n(y d(x ().

Any anti-derivative ¥ of hy; as in the statement of the lemma differs from ¥ only by
an additive constant. The integral on the left-hand side of (4.1) does not depend on the
choice of y. Since [°do(x) <o and y is non-decreasing, also finiteness/infiniteness
of the integral on the right-hand side of (4.1) does not depend on the choice of 7.

Assume that the integrals in (4.1) are finite. Let x € (a,xp). Since o and y are
both locally absolutely continuous on (a,xg], we may integrate by parts to obtain

4.2)

X0

/a(t)d)/o(t) :—a(x)y()(x)—/yg(t)doc(t), x € (a,x0].

X

Passing to the limit x \, ¢ and remembering (4.2), we find that o/(x)y(x) tends to O.
Again this property is inherited by any other anti-derivative y. O

We shall use a normal family argument, which appeared already in the proof of
[4, Theorem 41]. Denote by P the set of all real entire functions F that belong to the
Pdlya class. Moreover, for ¢ > 0, set

P.:={FeP: F(0)=1,|F'(0)| <c, |F"(0)| < c}.

LEMMA 4.4. For each ¢ > 0 the class P, is a normal family, i.e. every sequence
of functions from P, contains a subsequence that converges uniformly on compact sets.

Moreover,
(Pe={1}.

c>0

Proof. By [4, Problems 10 and 13] each function F € P with F(0) = 1 satisfies
the estimate

1
log|F(z)| < F'(0)Rez+ 5 (F'(0)* = F"(0))|z]*, zeC.

Hence each class P, is locally uniformly bounded and by Montel’s theorem normal.

Assume that F € (.-oPc; then F/(0) = F”(0) = 0. By the above estimate, F
is bounded by 1 throughout C, and hence constant. However, F(0) = 1, and thus F
must be identically equalto 1. O
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LEMMA 4.5. Let (F,)uen be a sequence of functions F, € P with F,(0) =1,
n € N. If, for some real number [, we have

lim £,(0) = B, lim F,(0) = B2,

then lim F,(z) = eP* locally uniformly on C.

n—oo

Proof. Consider the functions G,(z) := F,(z)e B?; then
G,(0)=F,(0) =B, G,(0)=F,(0) —2BF,(0) +B>.

Hence lim,, ... G/,(0) = lim, .. G//(0) = 0.

For some appropriate ¢ > 0 we have {G,: n € N} C P., and hence the sequence
(Gp)nen has accumulation points with respect to locally uniform convergence. Let G
be any such accumulation point. Then G’'(0) = G”(0) = 0, and hence G € (.~ P
and, by Lemma 4.4, G is identically equal to 1. Therefore we can conclude that
lim, . G, =1 locally uniformly. [

b. Asymptotics for a class of positive definite Hamiltonians.

In this subsection we consider the class of positive definite Hamiltonians H satisfying
the following two properties (let (a,b) be the domain of H ):
(Gy) the Hamiltonian H satisfies (I, ) and (HS, ), and the interval (a,b) is not
indivisible;
(G,) forone (and hence for all) xg € (a,b) the limit
X
lim [ hpp(x)dx
s\ ]

exists and is finite.

Note that, if H is in the limit circle case at a and (a,b) is not indivisible, then these
conditions are trivially satisfied.
For each s € (a,b) let Wy (z) be the unique solution of

%Wst(Z)J =Wy (2)H(t), t€ (a,b), Wis(z) =1,
and write . .
Ay (z) By(z
Wy (z) =: (C.w @) D, (z)) ) (4.3)
Set

X
= [, = lim / o) (4.4)

and let y be some absolutely continuous anti-derivative of /iy, .
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REMARK 4.6.

(i) The condition (G,) implies that lim,\ , B(¢) = 0. To see this, let £ >0 be given.
Choose 1 € (a,b); then there exists § > 0 such that

0}
/hlz(x)dx—ﬁ(t0)<£7 se (ao], s—a< 8.

Let 7 € (a,19], t —a < & and s € (a,t]; then

< 2€.

' / I (x) dx

— '/tohlz(x)dx—/tohlz(x)dx

Passing to the limit s \, a gives |B(¢)| < 2¢.

ii) The assumption (HS, ) implies that
p 0 p
X
/ y(1)ldau(t) <o forall x € (a,b)
a

and hence, by Lemma 4.3,
X
/ a(t)dy(t) <=  forall x € (a,b)

a

and
lim ox(x)y(x) = 0.
lim () (1
Denote by ay the maximal number in [a,b) such that (a,a. ) is an indivisible interval
of type 5. Then
=0, x € (a,a],
o(x)
>0, x € (ay,b),

and in particular, lime ,, o¢(x) = 0. The matrix function

o(x) B(x)
m(x) :=
B(x) v(x)
H (x)dx, and hence is non-decreasing and locally absolutely

satisfies m(t) —m(s) = [!
continuous on (a,b).

4.7. Existence of A, and B, . By the definition of a4 the Hamiltonian H does not
start with an indivisible interval of type 7 at the left endpoint of the interval (a,b).
Hence all hypotheses of [4, Theorem 41] are satisfied (with the half-line (0,) replaced
by the interval (a4,b)). An application of this theorem provides us with families A

and B;, t € (a,,b), of real entire functions which have the following properties:
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(a) For each 1 € (ay,b) the function A, — iB, has no real zeros and belongs to the
Hermite—Biehler class 7%, and the Pélya class. Moreover, A;(0) = 1 and
B,(0)=0.

(b) We have

%(/it(z)ﬁt(z))l =z(A/(2),B/(2))H(t), 1€ (ay,b). (4.5)

(c) limp 4, A, =1 and limp o, B, = 0 locally uniformly on C.
(d) A = limg ,, Ay and B, = limg\ 4, By locally uniformly on C.

For (¢) remember Remark 4.6 (7). Item (d) follows from the construction in the proof
of [4, Theorem 41]. Moreover, the functions A; and ﬁt are uniquely determined by the
properties (a), (b) and (c).

REMARK 4.8. If H is in the limit circle case at a., then (A1(2),B:(2)) is the
unique solution of (4.5) satisfying the initial condition (A, (z),Bq, (z)) = (1,0).

The key steps in the present context are the next two lemmas where we determine
the asymptotics of B;, Cy; and Dy, .

LEMMA 4.9. Assume that H satisfies (G1), (G2), and let ay € [a,b) be the max-
imal number such that (a,a ) is indivisible of type 5. Then

ét (Z)
N\a+ 70 (l)

=1 (4.6)
locally uniformly in C.

Proof. Consider the functions Ay and By defined in (4.3). By 2.13 the function
By, belongs to the Pdlya class, and by 4.7 (d) therefore also B; belongs to the Pélya

class. By [4, Lemma 7.1] the same is true for 5iz) .

In order to apply Lemma 4.5 we compute the derivatives of Ay and By with
respect to z at 0. For 5,7 € (a,b), s <1, the function x +— (A, Bs), x € [s,1], satisfies
the differential equation (1.1) with Hamiltonian H/|(,;, and takes the value (1,0) for
x =s. Hence

By(2) =z / An()da(x)+z / Bu(2)dB(x), s<t<b, 4.7
1-Ag(z) :z/Asx(z)dﬁ(x)+z/Bsx(z)dy(x), s<t<bh. (4.8)

Note that H|(y, is in the limit circle case at both endpoints.
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Dividing these equations by z, letting z tend to O and observing that Wy (0) =1,
we obtain

By(0)=a(r)—oa(s),  Au(0)=p(s)—B(1).

If we divide (4.8) by z, differentiate with respect to z and evaluate at z = 0, then we

obtain
"
_Astz(O) (1 — Al ) /A )dp(x +/B
t

J1B65) =B apx)+ [ [enx) — x(s)] @

=2 [B6) - BOI+ [ ox)air(x) — o(s) [10) — 7(5)].

Equation (4.7) gives

@ _ (B-%(Z))/(o):/ZA;X(O)da(x)+/IB§x(O)dﬂ( )

It follows that

iim (B%(Z))/(m —Blalr) -2 / B(x)dax)

and, with the Mean Value Theorem for the evaluation of the integral, that

1 [agg i (%42 0] 0 @9

Dividing (4.7) by z, differentiating twice and evaluating at z = 0, we obtain

(BT(Z) )H(0> - / AL(0)dor(x) + / B;,(0)dp(x)
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The first summand equals

/t AL (0) o)
:/t< _ _2/ ¥)+20(s) [y(x )—y(s)])da(x)
- / [B(s) -2 / / x)+20(s) / [7(0)~7(s)] dox(v).

N

the second one

Using the Bounded Convergence Theorem, we conclude that (note here that |y(x) —

()| < 2max{[y(1)],[7(s)|}, x € (s,1))

i (22)o /ﬁ Paot 2 fats

ay a4

)~ / Bl dalx) 4 [ [B(r) ~ BO)]BG)daly),

a+

and, again using the Mean Value Theorem, we obtain

wlhw)o]e

Let
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Since B(0) = limy , B),(0) = a(r) and

(4ot (o (40 ()

it follows from (4.9) and (4.10) that

F(0)=1, lim F/(0) =0, lim F”(0) = 0.
+(0) Jim 7 (0) Jim 7' (0)

By Lemma 4.5 this implies that lim,\ ,, F;(z) = 1 locally uniformly on C, which is
4.6). O

LEMMA 4.10. Assume that H satisfies (G1), (Gy).

(i) The limit

limD’, (0
Sl\r—g 5 (0)

exists for every t € (a,b), and

lim lim D/, (0) = 0.
tN\a s\a

(i) If 1{11 Y(s) # 0, then

1
lim —D” (0
Sl\I}tll ,y(s) .\t( )
exists for every t € (a,b) and
1
lim lim —D’,(0) = 0.
t\a s\a )/(S)
(iii) Let
[:={t € (a,b): t is not right endpoint of an indivisible interval of type 0}.
Then there exists a non-decreasing function c(t), t € I, with lim c(t) = 0 such
\inf7

that
Cq (Z)

(v(s)—7(1))z

Proof. For s,t € (a,b), s <t, the function x — (Cyy, Dyy) satisfies the differential
equation (1.1) with Hamiltonian H|,,, and takes the value (0,1) for x = 5. Hence

€Pyyy, a<s<ttel (4.11)

Dy (z)—1 :z/Csx(z)da(x)+z/sz(z)dﬁ(x), s<t<b,

—Cy(2) :Z/CSX(Z)dﬁ(X) +z/sz(z)dy(x), s <t<bh.
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Note that H|,, is in the limit circle case at both endpoints. Dividing the first integral
equation by z and letting z — 0 we easily see that

Dy (0)=B(t)—B(s),  Cy(0) = y(s) — (1), (4.12)
and hence that

lim D/, (0 t limlim D', (0) = 0
lim D (0) =B(2), Jim lim «(0) =0,

which is (i). Moreover,

D0 (D Q- 1)’(0) _ / CL(0)dar(x) + / D/,(0)dB (x)

t

= [[r9) - yw]dat) + [ [Bw) - B)] dB(x)

N

= 19)[a) — a)] - [ 1) dat)+3 80~ BO)

Under the assumption that limy , ¥(s) # 0, it follows that

L o) = —1li L t X X :
tim 1 00,0) = 20) - lim ) [z / Y)da(x) + () ]

Note that the integral exists by Remark 4.6 (if). If we now let # \ a, we obtain
1
limlim — D’ (0) = 0.
r\as\a ')/(S) ’

Hence (ii) is proved.
Finally, we show (iii). By (2.8) the function

o Cy (Z)
(v(s)—7(1))z

is in the Polya class. To estimate Cy; , we compute

_@:{ ) /c )dPB(x +/sz )dy(x)

1

— [[r9) - yw)ape + [ [BC) -~ B)]ar

N

= [v(s) = ()] - [B(r) = B(s)] +2/[B(X) —B()] dy(x).
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If t €I, then y(t) > y(s) and hence

(G5 ©]

<[B(e)—B(s)|+

(4.13)

(1) — y(s) xiuf, 1B(x \/dY <6x21(1£[]\[3(x)\_

( ) /C” )dB(x +/D 7(x).

The first summand can be written as

Next,

1

/ ' (0 — 2 / )~ B(s)] dB (x)

_4// V) dB(x).

The first integral on the right-hand side of this relation equals

1

/ [v(s) = v(x)] - [B(x) = B(s)] dB (x)

s

) v POBOL_ [BO-BOT
the second one ‘
/ / )] dr(y)dp (x) = / B - [BO) —B(s)] dr(y).
Hence, for t € I, we obtain the estimate
1 / 7 X Y 2
=7 | G048 <8 sup B

Next we compute

/D” 2/7 dy(x)

—z//y<y>da<y>dy<x>+/[ﬁ< )= B(s)]
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The first integral on the right-hand side equals

t

2(s) | ) dyx) - 2v()as) [ v

N
t t

—2[y(6) ~ 7(0)] [ @) dy(x) +24(0) [ alx)dy(x) 2p()ee() 1) ~ 1o)]-

N N
Hence, for ¢t € I, (we use that a is monotonic increasing)

t

[PL©ar)

N

1
Y(s) —v(t)

2|y< )
: 2/ 1) —¥(s) / () dy(x) + 2xg‘;5]!7<x>a<x>!

N

2 tt
gy | [ Iroldain 4 s peor?

x€(a)

<2 e L fathens 23 e

N

+2/w )|do(y)+4 sup [B(x)P

xe(ay]
t
<2/ 94 sup [ra 0| +2 [ Ir)lda) + 4 sup 1B
xe(a,t xelat

Putting these estimates together we obtain
o] s
—_— <2 X)+4 sup |y(x)o(x)
‘((Y(S)—Y xe( at]| |

+2/|y )ldo(y) +12 sup ().

x€(at]

(4.14)

It follows from (4.12), (4.13) and (4.14) that, for ¢ € [ and s € (a,t),

Cy (Z)

(1) — 1)z - e
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for a certain function c(t), which can be chosen to be non-decreasing. Let @’ := inf[. If
a > a, then (a,d’) is a maximal indivisible interval of type 0. In this case H must be
in the limit circle case at a by (G ), and we have () =0 and y() =0 for 7 € [a,d],
which implies that we can choose c¢(¢) such that c(r) — 0 as 1 \,d'. If &’ = a, then it
follows from Remark 4.6 that we can choose ¢(¢) such that ¢(t) — 0 as r \,a. O

Note that the assertion (4.11) has a different meaning depending whether H is in
the limit point or limit circle case at a. In the limit point case it limits the growth of Cy;,
whereas in the limit circle case it determines the speed of convergence. More precisely,
for the latter case the following is true.

COROLLARY 4.11. Let H be a Hamiltonian on (a,b) which is in the limit circle
case at a and does not start with an indivisible interval of type 0 at a, and write

o (:2) = Ar(2) Bi(z)
) = C(2) Di(z)
Then
C[(Z)

I -
A Cl(0) 2

locally uniformly on C.

Proof. We may pass to the limit s \ a in (4.11), observe that C/(0) = y(a) — ¥(¢)
and apply Lemma 4.5. [

c. Asymptotics for a class of general Hamiltonians.

Let h € 2 and denote by H the Hamiltonian function of b on the interval (01,07).
Then H is in limit point case at 0] and it satisfies (G ) unless (07, 07) is indivisible
(which cannot happen if b is a singular general Hamiltonian). In order to shorten
notation we write again

wy (1:2) =: (28 ZEZ) : (4.15)
and
()
Explicitly, this is
a(r)=Bi(0),  B(t)=-Ai(0)=D;(0),  y(r)=-C(0) (4.17)

.o is an anti-derivative of

o =hy, B’ =hy, Y =hn.

and ty(¢) = a(r) 4+ y(t). It is easy to see that a%wh (:2)J]
H(r) and hence



INDEFINITE HAMILTONIAN SYSTEMS 523

Moreover, if Ay, By ,Cy, Dy are as in (4.3), then

| L\ A-\T(Z) Bst(Z)
oy (s32)  wy(152) = (Cst () Dy (Z)> .

A0) B0)\  [A4(0) BL(0))  (4/(0) BL(O)
co i) "\ pp0) " \qo) b))

REMARK 4.12.

It follows that

(i) It will turn out later that H also satisfies (G, ), cf. Corollary 4.20, but at the
present stage this is not known.

(ii) If H satisfies (Gy), then the functions o and 3 defined by (4.16) may differ
from the functions defined in (4.4) by additive constants.

(iii) Since —A}(0) is an anti-derivative of h,, locally uniform existence of the limit
lim 5, A; implies (G7). If we assume that lim;\ 5, A, = 1 and limy 5, B; =0,
then the functions o, in (4.16) coincide with those from (4.4).

First we show a geometric lemma.

LEMMA 4.13. Let b € $z. Then, for t € (01,0,), the function A, —iB; is of
bounded type in the upper half-plane and belongs to the Hermite—Biehler class 7%
and to the Pdlya class.

Proof. As usual the case when o) is left endpoint of an indivisible interval can
be treated explicitly. Let o, be the maximal number in (07,02) such that (01,04)
is indivisible. The type of this indivisible interval is equal to 7, and hence, by the

construction of @y, in [29], we have

wy(0432) = (I,(lz) (1)>

with some polynomial p. It follows that
At:l7 Bt:07 16(61764_},
A =As., By =Bg, t€[04,0).

The functions Ag,; and Bg,; are the solutions of the positive definite Hamiltonian
system with Hamiltonian H| (s, ,) satisfying the initial condition (As, (), B, (2)) =
(1,0). Hence, for t € [04,07), the function Ag,; — iBs,; belongs to the Hermite—
Biehler class 7%, is of bounded type and belongs to the Pdlya class; see 2.13. For
t € (01,04+) the assertion is trivial.
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Assume now that o; is not left endpoint of an indivisible interval. Fix a point
1o € (01,02) which is not inner point of an indivisible interval. Consider the isomor-
phism Z; : P, — R(wy(t;-)) as discussed at the end of §2.e. Moreover, denote by
my and 7_ the projections from R(wy (fo;-)) onto its upper and lower components,
respectively. By [49, Lemma 6.3 (proof, subcase 3b)] and the construction of Z;, in
[29] we have

Eio (span{do,...,8a15-1}) = kerm,,

and, as, e.g. noted in [25, Lemma 8.6],

B(Ay — iB,) = (kermy)"/(kerm, ).

And application of Lemma 3.2 (d) to (D% b with sg =19 gives (using the same notation
as there)
&p(e0) =span{&y,...,0n+5-1]-

By Lemma 3.2 the space &4(e<) contains a non-positive subspace with dimension
ind_ b, i.e. a maximal non-positive subspace of &+,,. Applying Z;, we obtain that
(kerm, )t is positive semi-definite, and hence that (A, — iB;,) is positive definite.
This implies that the function A,, — iB,, belongs to the Hermite-Biehler class; see [25,
Theorem 5.3].

Since kermy # {0}, we have kermr_ = {0}. Hence, by [25, Proposition 10.3],
the constant function 1 is associated with the space B(D;, + iC;,). This implies that

Dy, and C;, are of bounded type in the upper half-plane; see [25, §2 and §3]. Since

A B . .
C—ZO and ﬁ belong to the generalized Nevanlinna class ./#~.., and thus are of bounded
0 0

type, this property is inherited by A,, and By, . By [4, Problem 34], therefore A;, —iB,
belongs to the Pdlya class. From this one can now also easily obtain the assertion for
inner points of an indivisible interval. [

Next, we establish the knowledge of the asymptotics of @y (7;-) that is needed in
the inductive process.

LEMMA 4.14. Let b € 57_)% and assume additionally that

lim A;(z) =1, lim B =0 4.18
Jim +(2) Jim +(2) (4.18)

locally uniformly on C. For each ty € (01,02) with ¥(to) < 0 (which certainly is the
case whenever ty is sufficiently close to o),

Ct (Z) }
1t € (01,1 4.19
{Y(I)Z ( 1 0] ( )
is a normal family. Moreover,
lim Dy (2) = 1 (4.20)
1\,0]

locally uniformly on C. Let 64 € [01,02) be the maximal number such that (0y,04)
is indivisible. Then
Bt (Z)

N\O} ZOC(I)

=1. 4.21)
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Moreover,

BISD o) as 1o 422

locally uniformly in z, and hence the left-hand side of (4.22) tends to 0 as t \, O}.

Proof. The case when o is left endpoint of an indivisible interval, i.e. when o] >

01, is again easy to settle. The type of (01,0 ) must be equal to 7, and hence

N 1 0
wy(t;2) = o)1) 1) t€(01,04),

with some polynomial p and some non-decreasing function /(z) satisfying limg ¢, I(s)
= —oo, cf. [29, Proposition 4.31]. We have

(1) ==C/(0) =1(t) - p'(0),

and it follows that

o 6@ P )z
oy Y1)z e (I(1) — p'(0))z

in particular, the family (4.19) is normal. Moreover, D; = 1, t € (07,04 ), and hence
the limit relation (4.20) is trivial. Relation (4.21) follows from Remark 4.8 and Lemma
4.9 since oy is a regular endpoint and Ag, = 1, Bs, = 0. Finally, relation (4.22) is
trivial since B;(z) =0 for 1 € (01,04).

Assume from now on that o7 is not left endpoint of an indivisible interval. Fix a
point 7y € (01, 02) that is not inner point of an indivisible interval and let ¢ € (o7,7] be
given. Then

bl

0y (132) = o (t0:2) [ (132) "0 (10:2)] ",

A[ B[ o At() Bt() D[I() _B[t()
Ct Dt Cto Dto _Ctto Atto
- AtODttO - BtQCttO _AtOBttO + BtQAttO
Cttht() - D[()Ctt() _CIOBII() +D10At[0 .

i.e.

(4.23)

In particular,

GE) Gk Dul) G2 ()
=~ ‘D°()(y<r>—y<to>>z<1‘y(z))' (424

Y1)z z )
As we have noted in Remark 4.12, our assumption (4.18) implies that H satisfies (G7).
Thus the application of Lemma 4.10 is justified, which implies that the first and second
derivatives evaluated at z = 0 of the terms on the right-hand side of (4.24) are bounded
when 7\, 01. Moreover,

_ao
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by (4.17). Hence — %Q € P. for some positive ¢ and therefore the family in (4.19) is
normal by Lemma 4.4.

Consider the family (A;(z),B:(z)), t € (01,02). By Lemma 4.13, the function
A; —iB; is of bounded type in the upper half-plane and belongs to the Hermite—Biehler
class 7%, and to the Pdlya class. Clearly, (A;,B;) is a solution of the canonical
system with Hamiltonian H. We see that (A;,B;) shares the properties (a), (b) and (c)

of (/i,,é,) in 4.7. By the uniqueness part of [4, Theorem 41] it follows that
A[ :1&[, B[:é[, tE(Gl,Gz).

The limit in (4.21) is now nothing else but the limit computed in Lemma 4.9. Moreover,
using (4.21) and the local boundedness of the left-hand side of (4.24) we find that

B ()G B G _ o (ateyyin)

=o()y() ==

2 O 2y 2rt0)
as 1\, 01 . This together with Lemma 4.3 implies that B, (z)C;(z) — 0 as # \, o7 . Since
AtDt — BtCt = l, it follows that limt\cl Dt =1. O

d. The inductive process.

In the following let f be a singular general Hamiltonian that is either positive definite
or indefinite from the class ﬁg . As above write

o (1:2) A (2) Bi(2)
hie) = CG(z) Di(z)]

With this notation the conditions (lim% ) and (lim’; ) read as follows
2

(limz) tl\ifg A(z) = tl\iﬁ Di(z) =1, tl\iﬁ B:(z) =0;
Giml)  fim —G®
20 o |a) +y()] -2

where o, B and 7y are as in (4.16). If b is indefinite, then qy € N (2,); otherwise
qy € M.

We shall apply the same inductive process as in [26]. To this end it is necessary
to investigate the transformations of chains employed in this process. In the following
four lemmas we give the necessary supplements to the results in [26, §10].

LEMMA 4.15. Let b be a singular general Hamiltonian that is either positive
definite or indefinite from the class 53% satisfying (lim% ). Then

ind_ (leqh (z)) =ind_gp(z)+1.

Let §) be the singular general Hamiltonian with Titchmarsh—Weyl coefficient Zizqh (2)-
Then | is indefinite, belongs to 53% and satisfies (lim z ) and (lim'y ).
2
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Proof. Set x :=ind_H. The function le‘lh (z) is a generalized Nevanlinna func-
tion, and ind_ Zizqh(z) < K+ 1. However, we have

2K—1

. 1 .
lim 2271 =gy (2) = 1im 257" gy (2) € 0,);

fand ) Z Jamd ]
if b is positive definite this is trivial, otherwise it follows from Theorem 3.1 and Remark
2.4. Thus Zizqh(z) has a generalized zero of non-positive type with degree of non-
positivity at least Kk + 1 at e, and therefore ind_ Zizqh >Kk+1.
Let b be the singular general Hamiltonian with q5(z) = Z%qh (z). By Theorem 3.1,
we already know that h € 53% . We compute the maximal chain @ explicitly and then

read off the required properties. Set o4 := —B(t)a(t) — 5B/(0) and let sy € [01,0,)
(or 59 € [0p,01) if kK =0) be maximal such that (o7,s9) (or (0y,so), respectively) is
indivisible of type 7. Define a function @ by

1 0 —ot)z

=3 0

Z coh(t;z) Z o4 re (So,Gg),
01 Z

o ' o
a(t;2) ==

1
[nm(b(z;z)]- O+ 1—t . te(on,0m+1)
t,/ oy

if lim @(z;z) exists,
0 1 JNim ()

if ¥ > 0, and in the same way with ¢, replaced by o) if Kk =0.
It was shown in [26, Lemma 10.5] that the chain (@®(#;z));>s, is an end section of
@y . Computing @(#;z) explicitly for ¢ € (s9,02) (7 € (s0,01), respectively) gives

Bi(2) A(z) | Bi(z) | & Bi(z)
) zo(1) —ol0) . T2 +oz(t) z
@(t;7) = Di2 ) i o

") —a(t)z2C (z) + ,(z)—l—mz /(2)

Let notation involving a tilde have its obvious meaning. Differentiating C, with respect
to z, we find that ¥(r) = —%. Hence

t{rﬂ) t (1) = t{rﬂ)(d(t) + (1)) = —oo

since () is non-decreasing, and thus (@(#;z));>s, exhausts the last connected com-
ponent of the chain oy . Moreover,

B
lim @(f;2) % = lim z’f(z) -
I\S() I\S() Z D[ (Z)
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by the assumption (lim% ) for b, and hence the intermediate Weyl coefficient of oy at
the singularity located at the infimum of the last connected component of its domain
is equal to 0. It follows that the part of @y to the left of its singularity is just one
indivisible interval of type 7 and infinite length.

Referring to Lemma 4.14 (or Lemma 4.9 in the case when x = 0) we obtain

) B
lim 4,(z) = tim 21 _

\so o z0L(1)

tm ot = s (00 (£3)1.,) =

From this we get lim, y, B;(z) = 0. Using lim, ,, o(¢)y(t) = 0 and the fact that the
family in (4.19) is a normal family, we see that

.= T Cr(Z) (07
352) Di(z) = t{rg (—a(z)y(z)zz 0 +D;(z) + @)

Hence 6 satisfies (lim z ), which by Remark 4.12 implies that limy 0(t) =0. Finally,

zD,(z)) =1.

=-D; (Z),

and hence 5 N
lim G () = lim ( 2 = lim Ci(z) =
Ao TGO~ o (60 + 70 s —70)z

which is (lim’; ) for h. O
2

LEMMA 4.16. Let h be a singular general Hamiltonian which is either positive
definite or indefinite from the class 53% satisfying (lim% ). Then

: 1 :
ind_ (mqh (z)) =ind_gp(z)+ 1.

Let §) be the singular general Hamiltonian with Titchmarsh—Weyl coefficient Zzﬁqh (2)-
Then | is indefinite, belongs to 53% and satisfies (lim z ) and (lim'y ).
2

Proof. Set x:=1ind_§. For the same reason as in the proof of Lemma 4.15 the
function ﬁ‘lh (z) is a generalized Nevanlinna function with negative index x + 1,
and §h € 56% .

Again let us compute the maximal chain @y explicitly. Let so € [01,072) (or sp €
[00,01) if kK =0) be maximal such that (Gl,so) (or (0p,50), respectively) is indivisible
of type 5. Set R, :=Re 8 and J; := E; Note that J, > 0 for t > s since for
such values of ¢ the function A; is a non-constant positive definite Nevanlinna function
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(i.e. from the class .4 ) by Lemma 4.13, cf. 2.13. Define a function @ by the following
formulae: if ¥ > 0, let

S0 1—z& 2, (1450

) oy (132) ' T, 1€ (s0,00),
. 01 £ 14
w(t;z):=

Ll}rg (D(f;Z)} W02, t€(02,00+1)
: if l}m @(;7) exists,
t,/ 0y
where /(1) 1= ﬁ -1, ¢:= —Arccot(limt/c2 Rt) and W; 4) was defined in (2.10);

if k¥ =0, use the same formulae with ¢, replaced by o .
We know from [26, Lemma 10.8] that the chain (@®(#;z))s>s, is an end section of
;. Let us again compute @(#;z) explicitly for 7 € (so, 02):

2
L[ S

L[0-2%)40+380] 24 +(1+:5)B,(2)
I )P«

o) =|
(1=E)C @) +£Di(2) —2h(1+5)GE+(1+:5)Di()

From the assumption (lim z ), Lemma 4.14 (in the case when § is indefinite), Remark
4.8 and Lemma 4.9 (in the case when b is definite) it follows that
. Bt (Z)
lim ———— =g,
1\,O] (X(t )A[ (Z)

which implies that lim g, %(Rt +iJ;) =i and hence

R J, R
im — =0, lim —— =1, lim — = 0. (4.25)
oy o1) oy o) ™o Jy

If we differentiate C, with respect to z and set z = 0, we obtain

- 1
Ye)=v(t) - - (4.26)
t
Hence limy\ g, t;(f) = —c°, and we conclude that (®(#;z));>o, exhausts the last con-

nected component of the chain @y . The relations in (4.25) imply that lim 6, Bi(z) =
0. We can write
- Ji R\ G R,
D= —-Za)yt)——(1+-" ) ——+(1+z-")D,.
=2 (145 )+ (1445 )2
This together with Lemma 4.3, Lemma 4.14 and the relations in (4.25) implies that

limy g, D, (z) = 1. In particular, the intermediate Weyl coefficient of oy at 0 is equal
to 0. Next, we compute

. . . R
lim (1+22)A4;(z) = 1 1—z-1)A
f\lfgl( +27)A(2) tig}l[( ZJ[) (z) +

%Bt (z)]

=i [0 - a + 280 BT g
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By analyticity, thus lim\ g, A,(z) = 1. As in the previous lemma we therefore have
limy\ g, @(t) = 0 by Remark 4.12. Finally, using (4.26), (4.25), Lemma 4.3 and Lemma
4.14 we obtain

. G (z) g 1 B & z

f{% It (1)|z _11\121 |la(r) +y(r) — %’Z [(1 ZJI )Ct(z)"_JtDt(Z)}

= 1i ! CRN\G@) | a@)
= 0)a(e) + exeyy(r) — 22| [a(I)Y(I)<l zjt) 0T Dt(z)]

=1

)

which shows that (lim/; ) is valid for §. [
2

LEMMA 4.17. Let b be a singular general Hamiltonian which is either positive
definite or indefinite from the class 57_)% satisfying (lim I ), (lim’% ). Moreover, let a € R.
Then ind_ gy (z+a) = ind_ gy (2).

Let §) be the singular general Hamiltonian whose Titchmarsh—Weyl coefficient is
qy(z+a); then ind_§ =ind_b. If b is indefinite, then b belongs to 57_)% and satisfies
(limg), (lim’% ).

Proof. The fact that ind_ gy (z +a) = ind_ gy (z) is trivial. Hence, in the case
where [ is positive definite, there is nothing to prove.

Consider the case when ind_ h > 0. The multiplicity of o as a generalized zero of
non-positive type of the function gy (z+a) is the same as its multiplicity of g . Thus
he Hz.

We claim that on the last component of its domain the maximal chain @y is (up to
a reparameterization) given by

@(t;2) = ay (t;z+a)ay(t;0) ", 1€ (01,02).

The facts that all matrices @(¢;-) appear in the last component of the chain @y and
that limy ¢, t;(#) = +o have been shown in [26, Lemma 10.2]. In order to see that @
exhausts the last component of o5, it is sufficient to show that the limit lim,\ ¢, a(t;-)
does not exist. Let v € RU {eo} be given; then

@(t:2) x v = oy (t:z+a)* (g (t;a) " xv).
Since @y (t;a) "' xv € RU{o},

lim @&(t;z) v =0.
t\.0]

In particular, it does not depend on the value of v; thus b is in the limit point case and
therefore the limit limy\ o, @(7;-) cannot exist. We also see that the intermediate Weyl
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coefficient at o] is equal to 0, and conclude that left of o] the chain o consists of
just one indivisible interval of type 7.
Explicitly, @(¢;z) equals

(D, (@)A(z+a) —C(a)Bi(z+a) —Bi(a)A/(z+a)+Aa)Bi(z+ a))
Dy (a)Ci(z+a) — Cla)Di(z+a) —Bi(a)Ci(z+a) +A(a)Di(z+a)

for ¢ € (01,02). Our assumption that b satisfies (limg) immediately implies that
limy o, B, = 0. By Lemma 4.14 applied to f, we have

lim G (a)B:(z+a) =0, lim B;(a)C(z+a)=0,
1’\0] 1’\0]

and hence
lim A, (z) = lim D,(z) = 1.
1\0O] 1\,0]
We need to consider C;(z). First note that lim g, S;—Ef)) = —1 (which is true by the
assumption (lim’; )) implies that lim g, C’((tz)) = —z, and hence limy g, ij((tz)) = 1.
2

Moreover, C)j((t‘;) is bounded by Lemma 4.14, and lims g, D; (1) = 0 because of the
assumption (lim z ). Hence

. . —C/(0 . Cl(a) Cia)
tim T3 = tim % = tim |- S8+ S D) = 1
It follows that
m =G0, GO G
o [ty Ao ¥(1) e ¥()
=—(z4+a)+a=-z

which implies (lim’% yforh. O

LEMMA 4.18. Let h be a singular general Hamiltonian which is either positive
definite or indefinite from the class 57_)% satisfying (lim% ), (lim’% ). Moreover, let r > 0.
Then ind_ gy (rz) =ind- g (2).

Let b ~be the singular general Hamiltonian Xvith Titchmarsh—Weyl coefficient qy (rz) ;
then ind_ b =ind_h. If b is indefinite, then b belongs to 57_)% and satisfies (lim% ),
(lim’% ).

Proof. Again the fact that ind_ gy (rz) = ind_ gy (z) is trivial, and therefore we
have nothing to prove if ind_H =0.
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Assume that ind_§ > 0. The multiplicity of o as a generalized zero of non-
positive type of the function gy (rz) is the same as its multiplicity of gy, . Thus he ﬁ% .
The same arguments as in Lemma 4.17 show that @ is, on the last component of
its domain, given by
O (t:2) := wy(t;rz), t€(01,02);

see also [26, Lemma 10.1]. The required limit relations of oy are immediate from this
formula. [

Now we are ready to finish the proof of Theorem 4.1 in the case o = 7.

Proof (of Theorem 4.1, case oo = 5 ). By prolonging b if necessary, we may as-
sume, without loss of generality, that f is singular. Assume that it is from the class $z .
Then, by Theorem 3.1, gy has a generalized zero of non-positive type of multiplicity
K :=ind_gy at eo. Thus, it cannot have any zeros in C\ R or generalized zeros of
non-positive type on R. By the corollary in [8] we have

K -1

qy(2) = H(Z—az)(z—a_z) -qo(z),

=1

where ajy,...,a,x denote the poles of gy in C* and the generalized poles of non-
positive type on R (according to their multiplicities) and where g is from 4g.

We see that the function gy, can be produced starting from gy (multiplied by a
positive constant) and applying a finite sequence of the transformations studied above.
The Hamiltonian corresponding to go is positive definite, i.e. it is in the limit circle
case at its left endpoint and hence satisfies (lim%) trivially. By Lemmas 4.15-4.18

the properties (gHo. ), (gH%) and (lim% ), (lim’; ) are inherited in each step of the
2
induction process. Thus they hold for the maximal chain associated with g,. [

REMARK 4.19. If H does not start with an indivisible interval at ¢y, then it fol-
lows from (4.21) and (lim’; ) that
2

Bz (Z)Ct (Z)

=1
o 2a()y()

locally uniformly on C.

Let us return to the fact already announced in Remark 4.12 (7).

COROLLARY 4.20. Let H be a Hamiltonian defined on an interval (a,b) which
satisfies the conditions (1)), (HS ;) and A_(H) < eo. Then (G») holds.

Proof. Set

Hp(x) := (x—a)_zégég, x€(a—1,a); 6:=0,b:=0,d;:=0.
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Since H satisfies (I, ), (HS ) and A_(H) < e, the data
a—1,a,b, Ho,H, &,bj,d;, E:= {a—1,b}

constitutes a general Hamiltonian h € 53% . By Theorem 4.1 we have lim,\ éOT oy (152)&o
=1 locally uniformly on C. Now (G, ) follows from Remark 4.12 (iii). O

e. General values of @ € [0, 7).
Let o € [0,7) and a general Hamiltonian h € ), be given. It follows from Lemma
2.26 that the general Hamiltonian Oa,% h belongs to 53% . By the already proved case
‘a0 =%’ of Theorem 4.1 we have

li ay t g = lim &z @ t)gr = 1’
t\llrnl 50 Qa,%h( ) 0 [\1‘ 157 \Da—gh( )57

However,

‘o~ 2

%h :Oa_n Wy, ZNa_%(DhN;_%

and
No z80=Ga-1, Ny 82 =Co

2
Substituting in (4.27), gives

. T _1; T _ : T _
11\1‘121 éa_%wh (t)éa—% - 11\1‘1’(1)_11 éa (Dh (t)élx - 17 11\1‘121 éa_%wh (t)élx - 07

and this is (lim ). The relation (lim/,) follows in the same way. This concludes the
proof of Theorem 4.1 also for arbitrary values of c.

f. A continuity result for general Hamiltonians of arbitrary form.

We can deduce an interesting continuity result for the fundamental solution of an arbi-
trary general Hamiltonian.

THEOREM 4.21. Let ) be a general Hamiltonian with ind_t > 0 given by the
data
00,--+,0nt1, Hi, 0i,bij,dij, E.

Moreover, let (x;z) be the (finite) maximal chain associated with b and set

ty (x) == t(op(x;-)), oi:=0¢_(H),i=1,...,n.

For each i =1,...,n, there exist real polynomials p;,q; and real and entire functions
e;, fi such that the following statements hold.

(i) Foreachi=1,...,n, the polynomials p; and gq; satisfy p;(0) = q;(0) = 1, have
no common zeros and no real zeros. Each p; and q; has even degree which does
not exceed 2ind_ b, .
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(ii) Foreachi=1,... n, the functions e; and f; satisfy ¢;(0) =1 and fi(0) =0 and
have no common zeros. They are of bounded type in C* and belong to the Pélya
class (in particular, they have no non-real zeros).

iii) The intermediate Weyl coefficient qy . of b at the singularity o; is represented
b,0o;
as the quotient
4i(2)fi(z)

qh,o,-(z) = m '

(iv) The following limit relations hold locally uniformly on C:

lim Eorr 0y (1:2)80, 1 7 = pil2)ei2),

XILH& &g g (x: )84 12 = 4i(2)fi(2),

éqfi+%wh(x;z)(§¢,

X—0j _th (x) = Zpi(z)e,-(z),
T oy (x:2) &g,
Jim. % = 24i(2)fi(2)-

Proof. Let i € {1,...,n} be fixed. By appropriately prolonging b if necessary,
we can achieve that h is singular. Of course, prolonging h does not influence the
limits under consideration. Moreover, using rotation isomorphisms in the routine way
we see that it is enough to consider the case that ¢; = 0. If i = 1 and the interval
(00,01) is indivisible, then the assertions follow immediately from Theorem 4.1 with
p1(2) =qi(z) =ei(z) =1, fi(z) = 0; note that in this case gy ¢, (z) = 0. Hence in the
following we assume that b+, is not just one indivisible interval.

Step 1: existence of limits from above.
Set

o) = (x—0)28z8g,  x€(0i—1.0),

Hi(x) := H;(x), x € (0;,0:11),

and choose a point so € (0;,0;+1) which is not inner point of an indivisible interval.
Then the data

Gi_lyaia Oit1, HOaHla 57b1adj7 E:= {Gi—175076i+1}

constitutes a general Hamiltonian h € 53% .
Choose xj € (0;,0;+1), and set

M(2) := oy (x0:2) 05 (x032) (4.28)
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so that @y (x0;2) = M(z) @y (x0;2) . Since @y and @y both satisfy the canonical differ-
ential equation with Hamiltonian H; on the interval (o;,0;41), we have

oy (y:2) " @0y (v32) = 05 (132) ' @05 (132), X,y € (01, 0141).

It follows that
Wy ()C;Z) = M(Z)(DG ()C;Z), X € (G,‘7 Gj+1). (4.29)

Explicitly, wy (x;z) has the form
m1 (2) @5 (6:2) 11 +m1a(2) @5 (% 2)21 m11(2) @5 (65 2)12+m12(2) 0 (65 2)2
m1 (2) @ (6:2) 11 +ma(2) 05 (%:2)21 ma1(2) @5 (65 2)12+m22(2) 05 (%5 2)2

where M(z) = (m;;(z))?_, . By Theorem 4.1 we have (locally uniformly on C)

ij=1"
o (x32)21
. . . b
1 e (xs =1 e (xs = lim ——— =1,
Aty eplsen = lig gl = g 4T
lim oy (x; =0,
Xl\ng,' h(x Z)12
and hence (again locally uniformly on C)
lim oy (x;2)12 = , lim oy (x; e ,
Jim p (X:2)12 = my2(2) Jim p (X32)22 = m2(2)
4.30
lim @y (521t =zm2(z) lim @y (52)1 = zmp(z) 0
o () T T e —tg(x) '

Since t; and ty are both anti-derivatives of trH, they differ only by a constant, and
hence

im % ®

x\,0; th ()C)

This shows the existence of the limits in (iv) from above. It follows that the intermedi-
ate Weyl coefficient gy 5, can be computed as follows:

. mlz(z)
(z) = lim wy (x;2) %0 = . 4.31
qhvo-t( ) O h( ) mzz(z) ( )

Step 2: the functions p;,q; and e, f;.

Since the entries of wy (xp;z) and o8 (x;z) are real, entire and of bounded type in C*,
also the functions mj, and my; possess these properties. Moreover, since detM(z) =1,
they cannot have common zeros. Finally, since M(0) = I, we have mj>(0) = 0 and
m22(0) =1.
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The function gy, ¢, belongs to the generalized Nevanlinna class .4~ and ind_ gy 5,
=ind_ g, . Hence the total multiplicity of poles (or zeros) of gy s, in C* does not ex-
ceed ind_ b4, . Denote by 0,,,, (w) the multiplicity of w as a zero of m2, let ,,, (W)
be defined correspondingly, and set

o T[22, a2

weCt: W " Pt(Z
mpa (w)=0
o= T [(- D09 s
miz(w)=0

Clearly, the polynomials p; and g; have all properties stated in (i), and the functions
e; and f; have the properties (if) (PSlya class is a consequence of bounded type). The
assertion (i) is just (4.31). The limits in (iv), when x approaches o; from above, are
just (4.30).

Step 3: existence of limits from below.
Set V .= (é f)1> , and

If i > 1, choose a point sg € (0;_1,0;) whichis not inner point of an indivisible interval.
For i =1, set sg := 0p. Then the data

—o0;—1,—0;,—0;_1, Hy,Hy, 0,by,dj, E:={-0,—1,—s0,—0i_1}

constitutes a general Hamiltonian he 53% .

The functions @y (x;z) and V(uﬁ(—x;z)’lV are both solutions of the canonical
differential equation with Hamiltonian H;. Hence, setting (with some fixed xy €

(0i-1,01))
N(2) = oy (x0:2) [V ooy (—x0:2) V] ™
we have

wy(x;2) =N(@)[Voy (—x;2)"'V], x€(0i-1,00). (4.32)

b
Explicitly, this relation reads as

ni1 (2o (—xz)n+n(wp (—x2)ar m(2)og (—xz)i2+ma(2) g (—x:2)n
(Dh (X;Z = .

m1 ()0 (—x2)n+nn (@ op (—x2)a m21(2) 0 (—x2) 12+m2(2) 0 (—x:2)11
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Theorem 4.1 gives

lim @ (e = lim o (x2m = tim 2 i (21 =0
im oy (x; —1m(ux = lim =1, im oy (x;2)12=0,
X\, —0; b on X\, —0; h Y2 X\, —0; —th( ) XN\, —0; b o
dh hat li G0y

and hence (note that limy, o; ¢-i—5 = 1),

lim o = lim o, =

lim p (X:2)12 = n12(2), lim p(¥:2)22 = n22(2),

. wy(x2)n . wy(x;2)21

1 —_— =7 5 1 —— — X L) .

L 1/11;’ r ) n12(z) XI/H;[_ “ty ) n(z)

Step 4: equality of limits from above and below.

For the same reason as in Steps 1 and 2 above, the functions n, and ny, are real, entire,
of bounded type, satisfy n1>(0) =0, n,(0) = 1, have no common zeros, and represent
the intermediate Weyl coefficient as the quotient

ni2(z)
ny(z)

dh,6,(2) =

Hence we may factorize

nn(2) = pi(2)éi(z),  na(z) = qi(2) fi(2),

where p; and g; are the polynomials defined in Step 2, and where the functions ¢&; and
f; also have the properties formulated in (if) and (iii) for ¢; and f;.

Because of the assumption that b4, is not just an indivisible interval, the functions
ei, ¢, fi, f; are not identically equal to zero. Since they have only real zeros, belong
to the Pdlya class, are real, and are of bounded type, they can be represented as the
products

ei(z) = lim H (1_E>°"i("), 5(z) = lim H <1_E>Déi(X),

e i(x)=0 X R i(x)=0 X
[x|<R [x|<R
. 7\ 05 (%) 7@
ﬁ(@:%%f;f_(l}_o@‘;) il =glim Ho(l—;) 7
[xI<R |x|<R

cf. [40, Theorem V.11]. However, Z;Eg = Z;Ez) , and hence the absence of common

zeros implies that the functions e¢; and ¢é;, or f; and f,-, respectively, have the same
zeros including multiplicities. Thus

ei=¢, fi=F,

s
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i.e. the limits in (iv) from above and below coincide. [

In (2.14) the intermediate Weyl coefficient gy 5, at a singularity o; was defined
as a limit for non-real z. In the next corollary it is shown that this limit exists also for
certain real z and coincides with the analytic continuation of gy ¢,(z).

COROLLARY 4.22. Let b be a general Hamiltonian and ©; be one of its singu-
larities. Further, let qy o, be the intermediate Weyl coefficient of b at o; and let P be
the set of all poles of qy ;. Then, for each T € RU{e}, the relation

dp.0;(2) :,}Lné, 0y (x;2) % T (4.33)

holds on C\ (PU{0}) where the limit exists locally uniformly on this set (for T =
cot(¢; +5) even on C\ P where @; is as in Theorem 4.21).

Proof. For z # 0 this is an immediate consequence of the fact that the limits in
Theorem4.21 (iv) exist locally uniformly on all of C. Next we consider the case z=0.
For z = 0 the right-hand side of (4.33) is equal to

lim @y (x;0)x 7= lim IxT=T1.

X—0j X—0j

To calculate gy ,(0), replace the part of h to the right of o; by an indivisible interval
(0i,x0) of type ¢; + 5 which is regular at xo. Let us call this new general Hamiltonian

b. For x € (0;,x9) we have
05 (%:2) = 05 (%0:2)Wii(2) 01+ %) (2)

where [(x) is some positive function of x and W(; 4)(z) is defined in (2.10). Set ¢’ =
¢; + 5. Then

0 (x;2) x cotd” = @5 (x032) Wy(n),¢) (2) % cot ¢’

(1—1(x)zsin ¢’ cos ¢”) cot’ +1(x)zcos? ¢’
—I(x)zsin® ¢’ cot ¢’ + 1 +1(x)zsin ¢’ cos ¢’

= o (x032) *

= w (x0;2) xcotd’.
Hence
(z) = lim @ (x:2) xcotd’ = lim @ (x;z)*cotd’
9y.0;(2) Jim p (¥:2) xcotd Jlim (:2) xcotd
:xli\nclr,- o5 (x;2) xcotd” = @y (x032) xcotd’.

For z =0 we obtain

T
9,6,(0) = @ (x0;0) xcotd’ = I xcotg’ = cot<¢i+ E)

Hence the relation in (4.33) with z = 0 is valid if and only if 7=cot(¢;+%). O

Note that the exception of the point 0 for 7 # cot(¢; + 5) in Corollary 4.22 is
actually necessary as is seen from the proof.
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5. Regularized boundary values

In this section we prove the existence of regularized boundary values and the ex-
istence of a distinguished solution of (1.1) for which the limit towards the singularity
exists. These results are then used to calculate the fundamental solution for a given
Hamiltonian in the class $)4, and to determine how the Titchmarsh—Weyl coefficient
changes when the parameters ¢, b; and d; are changed. For Z2(h), T'(h) and y(h)
see §2.e.

THEOREM 5.1. Let § € §)y be given by the data
0p, 01, 02, H07Hla 07bj7dj E = {SO,...,Sn},

with min(E N (01,02)) = s1. Assume that bz, = 0 in the case when oy is not left
endpoint of an indivisible interval. Moreover, set A := A_(H}), and denote by to,
I € Ny, the unique absolutely continuous functions on (01,0,) with (cf. (2.12))

o = &y, ), =JHy, | €Ny,
r;(s1) € span{&y },

m,](wl) € L*(H|(6,5))s 1 2 A.
Let z € C and \ be a solution of the Hamiltonian system
Y (x) = 2/Hi(x)y(x), x € (01,07). (5.1

Then the boundary value
rbve == lim ELP(x), (5.2)
X\0]

and the regularized boundary value

rbvs (2 := lim [onZl (mz(x))TJ <1I)(x) —1bv - 2Az_l zkmk(x)>]

™ol k=A+1

(5.3)

P

2A
+rbvi < 2 2y — ZzAHb(iJrll)
=1

=0

exist. Set
rbv () == rbvs (2) - &z +1bvrp - &g

For each z € C and a € C? there exists a unique solution \p of (5.1) with tbv(z)\p = a.

Moreover, for given \p as above let F be the unique element in 2 (h) such that
(F;2F) € Tmax(h) and w(h)F =1p. Then

tbv(2) P = m o T(h)(F;zF). (5.4)
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THEOREM 5.2. Let b be a general Hamiltonian as in Theorem 5.1. Let z € C
and \ be a solution of (5.1). Then

lim () = & rov(2)Y. (5.5)

For 7 # 0 the following are equivalent:

(i) lime g ég,%xp(x) exists;

(i) rbv(2np € span{éa_%};
(iii) tbvp = 0;
) W) € L Hliars0))-

In this case,

lim P (x) = rbv(z). (5.6)

REMARK 5.3. The case ‘z =0 is indeed exceptional. For z =0 all solutions
of (5.1) are constant functions. Moreover, the right-hand side of (5.3) reduces to
rbvs () = lime 6, L 2P (x) and hence

2

bv(0)p = xl{rgl P(x).

Therefore (i) is satisfied for all solutions of (5.1) but (ii)—(iv) are satisfied only for
multiples of the constant function éa_% .

According to condition (E2) in Definition 2.18 the interval (oj,s) is either a maximal
indivisible interval of type o or o; is not left endpoint of an indivisible interval. We

first settle the case when a2 = 7 and (o71,s1) is an indivisible interval.

Proof (of Theorems 5.1 and 5.2 when oo = 5 and (01,s1) is indivisible).
In this case we have to consider the elementary Hamiltonian on (oy,01) U (071,s1),
which is of kind (B) or (C); see [28, Definition 4.1]. By this definition we have d; = 0.
Since o = 7, we can write

0 O
0 Ao (x)

0 0

Hy(x) = ( 0 I (x)

)7 x € (00,01); Hi(x)= ( )’ x € (01,51),

with real-valued functions %o,k which are locally integrable on [0y, 0;) and (oy,s1],
respectively, but not integrable at 07 . According to [29, Corollary 4.32] we have

1 0
oy (s132) = B} ,
" (—zdo+zzb5+1+...+z"+2b1 1)
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and with

b_(x):= | ho(t)dt, x€[0p,01), and £ (x) 3:/ lhl(f)dl7 x € (o1,s1],

S0

we therefore obtain

1 0
(—E(x) 1) ) x € [00,01),

1 0
) , x€(o1,s1]
2(04+(x) —do) + ZPbsy1+...+27T2by 1

0y (x;2) =

An arbitrary solution 1 of (5.1) is a linear combination of the rows of wy, i.e. with
arbitrary a = (ay, ap)” € C?,

P(x) =a (wh (x;z)11> +ap (wh (x;z)21>
@y (x;2)12 @y (x:2)22

<a1 —azf—(x)> 7 x € [0p,01),

a

4

. —d l+2b.. _)
a1+a2<Z( +(x) 0)‘:70Z o+1-1 , x€(o1,s1].

as

For the calculation of the regularized boundary values we need tvg, tv; and tv;; note
that A = 1 since we have indivisible intervals on both sides of ;. On the interval
(o1,s1] we have
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The expression in (5.3) yields

o (2 = lim [mo<x>*1(¢<x> i) +zm1<x>*hv<x>}

5
+az (Zdo - Zl+2bo‘+11)

=0

= lim [(mo(x) +zm1(x))*J1b(x)} +ap (zdo — izlJrzbi;Jrl;)

N0 =0

= lim <1IJ1 (x) — 2+ (x)ll’z(x)) +ay (Zdo - i Zl+2bo‘+11>

X\Gl 1=0

é é

_ 142 I+2

=a) —axzdy + az EZ bsri—1+az (zdo—Zz b('j+1—l>
1=0 1=0

=daj.

Hence rbv(z)Y = (a1, a)”, which shows that for every a € C*> we have a unique
solution 1 of (5.1) with tbv(z) = a. So all assertions of Theorem 5.1 are proved
(relation (5.4) follows from the very definition of @y in [29, Lemma 4.1, Definition
4.3]).

Equation (5.5) in Theorem 5.2 is valid since both sides are equal to a; note that
Eq = (0, )T, Tt is easy to see that the statements (i) to (iv) are all equivalent to the
fact that a, = 0. Finally, if ay = 0, then both sides of (5.6) are equalto a¢;. U

Now we turn to the proof of Theorem 5.1 in the case when o7 is not left endpoint
of an indivisible interval. The core of the proof is the following lemma, where we
rewrite formula (2.21) for a defect element.

LEMMA 5.4. Let b be a regular general Hamiltonian of the form 2.20. Let z € C,

F=(f&un) e &(f)) and assume that (F;zF) € %(h) Moreover, let vo; be as in
(2.15)—~(2.17), and let A; be the unique scalars such that

A-1

fi=f- Z Ao, 6L2(H|(61’02))'
=0

Then the limit
A . 2A-1
L:= lim [Ezl(m,(x)) J(f(x)—?Lo Y zkmk(x))}
RN k=A+1
exists, and
2A P
L+7Lo< >dd -3 Z2A+lbo‘+11>
=1 =1

Ao

m ol (F;zF) = (5.7)
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Proof. We use Proposition 2.22 and Definition 2.21 with the element (F;zF), i.e
g=zf, m =2z&, B = zoy, and, consequently, u; = z;.

Step 1: computation of .
It follows from Definition 2.21 (i) that Ay = ty = 244, k=0,...,A—2, and hence

M = 2N, #kzzk+1%7 k=0,...,A—1.
If 6 > 0, we obtain from Definition 2.21 (iv) that
O ZZAAObh
o =P hobsj1 + 201, k=1,...,0—1.

By induction,
oy = ?t()(zAbd_kH + 22 by 4+ +zA+5_kb1>7 k=1,...,0,

and hence

p
B =zon = Ao Z ZA+lb(‘)‘+171-
=1

In order to unify notation, we set fB; := 0 when § =0.

Step 2: computation of No.
We shall show by induction that, for k =0,...,A—1,

2}

ke
ékZZAfk/ Z 2 (Wy1141(02)),f(02)1

9]

A—k-1
—Mo( Zde+l+ Z 4 +dA+l+k_222A+l b 1)

(5.8)

=1

For k = A — 1 we obtain from Definition 2.21 (iii) that

% A-1

~ 1
a1 = /(I‘OA)*Hzf+ 3 N hodiia-1 + P Aodon-1

o =0

+ (04(02)),f(02)1 — B

ZZ/(t‘OA)*Hf-F (wa(02)),f(02)1

o1

= 4
+ (5 > ddpa 1+ o — EZAHZ"’*ll) ’
=0

=1
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which is (5.8) for k=A—1. Let k € {0,...,A—2} and assume that (5.8) is true for k
replaced by k + 1. Then, by Definition 2.21 (ii),

&k = 26py1 + %zAlode + %Aodm— (mk+1 (02))2f(02)1

02 A—k—2

:ZA_k/(mA)*Hf-I— > Zl+1(mk+l+2(62))2f(62)1

& =0

1 A—1 A—k—2 0
I+1 A+1+1 2A+1—k—1
+ )l() (E Z Z dk+l+1 + Z < dA+l+k+1 - ZZ b5+1—l
=0

1=0 =1

+ %zAﬂodAJrk + %}V)dk + (W0r11(02)) /(021

02 A—k—1

k
:zAik/ VHF+ Y, 2 (Wis41(02)),/(02)1 + (wi1.1(02)) ./ (02)1

& =1

1

A—k—
+7to< szkH—f— dk-i- ZdA+k+ > P dagi
=1

4
2A+I—k—1
-z bst1-1
i=1

02 A—k—1

:zAfk/(mA)*Hf‘f' > 7 (k1141(02)) ,f(02)1

& =0

A—k—1
+?to< szk+z+z davi+ Z Py
l =

o
2A+—k—1
-3z bi)’+1—l> ;
=1

which is equal to the right-hand side of (5.8). Thus (5.8) holds for all k£ € {0,...,A—1},
and it follows that

Mo = z&o
o _oa-l
_ A /(mA)*Hf+ > T (w41(02)),f (02)1
J i=0

+7Lo< 221+1d1+22A+l+1dA 1= ZZ Aty 1)

=0 =0 =1
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Step 3: first component of the left boundary value.
By (2.21) the first component of the boundary value at the left endpoint oy is equal to

® lA—l
(mol(F;zF)), = Mo+ f(02)1+ 3 Y 2 Nody
=0

(<)

A
:ZAJrl/ 2 (ml (o) )2f (72)

o1

A—1 A—1 0
+ 2:0 ( 2 ZlJrldl 4 2 ZA+l+ldA+l _ 222A+lbi)’+1—l>

=0 =0 =1

(%)) A

_ A / (r0a) H+ 3 2 (01(62)),£(02): (5.9)
o =0
2A 0
+%<Zzldl_1 - ZzzAHbgH_l). (5.10)
=1 =1

Step 4: removing the integral term.
Take an arbitrary x € (07,07) and apply Green’s identity (2.11) to the interval (x,07):

A+1/(mA Hf+ Zz (10,(02)),f(02)1 (5.11)
o2 A1 A
= ZA/(mA)*H (Zf—ﬁ() 2 Zk+lmk) + EZI (ml(Gz))zf(Gg)l
=0 =0

X

02 A-1
= ZA l/(mA_l)*H <f—)L{) 2 Zk+1mk+1>
k=0

X

, A—1
+ (oa(x) J(f<x> Wy ZkaM@)

A—1
- (mA(XO))*J<f(02) S ZkakH(Gz))

k=0

+3 2 (ror(02), /(02
=0

(<)

A—1
— ZA71 /(mAfl)*H (Zf_ 2,0 2 Zk+2mk+1>
% k=0

#20000) 1 (1920 3 & 9] + 3 2 () (o
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o A-1
_ ZA71 [/(mA—Z)*H <f_% 2 Zk+2mk+2)
k=0

X

A—1
+ (a1 (x)) "7 (f(x) — o kgoz"“mm (x))

k=0

A—1
~ (wai(o)' (f(cfz) Ay Zk+2mk+2(02)>]

—i—zA(mA( )) < — Ao EZk+lmk+1 ) i (ml [)) )2f o)1

(<)

A-1
= A72 _ *H _ k+2
Z x/(mA 2) <zf lolgaz mk+2>
A1
+4 l(t‘OA 1(x ))ﬁ/(f(x)—)[O Y Zk+2t'0k+2(x)>
k=0

+ 22 (a(x))” ( %EZkakH ) i H(01(02)),f(02)1-

Proceeding inductively, we obtain that the expression in (5.11) equals
A i 201
S 2 (v (x)) J(f(x)—zo D zkmk(x)>. (5.12)
1=0 k=A+1-1

Step 5: finishing the proof.
Since J* = —J, we have

(ml(x))*lmk(x) + (mk(x))*Jml(x) =0

for k,I € Np. Hence

Ml>

A
2 ( x)) " Jro(x) = Y (ros (x)) " Jrog(x)
ATl

1=0 1<k I<A
A+1<E+HIS2A
1 * *
=3 3 (@) Ve + (re(x) Troux)) =0,
1<k I<A
A+1<k+HIS2A

which, together with (5.12), implies that the expression in (5.11) is equal to

A

" 2A—1
3 2 (o)) f(f<x>—zo > zkt‘ok(x)).

=0 k=A+1
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Since the integral in (5.9) exists, we can take the limit as x \, 07, which shows that
i A 1 i 201 .
(mol(FizF)), = lim Y ' (w;(x)) J(f(x)—?Lo Yz mk(x)>
N0 k=A+1

P

20+
< b(‘)‘+ll> .

2A
+7Lo<zzld11 —

=1 =1
Together with (2.21), the assertion of the lemma follows. [

We also use the following consequence of Theorem 4.1.

LEMMA 5.5. Let b be a regular general Hamiltonian of the form 2.20. Let z € C,

F=(f;& ) e &(f)), and assume that (F;zF) € %(f)) Let v, and A; be as in Lemma
5.4. Then

Ao = Jim f(x)2.

Proof. Let G1 = (g1;&1, 1), Go = (g2: &2, x2) be the unique elements with

(G132G1),(G2:2Ga) € T (h),
nlOF(G1§ZG1) = (é)» ﬂzoiﬁ(Gz;ZGz) = (?)

Then, by the definition of @y in [29], we have
g1(x)1 g1(x)2
0y (x;2) = .
22(%)1 &2(x)2
By Theorem 4.1, thus

lim =0, lim =1.
Am g1(x)2 Jim 82(x)2
If F is any defect element, then F' can be written as a linear combination F = a; G| +
a>G,. The numbers aj,a; can be obtained by means of boundary values; in fact, we
have
aj :ﬂl710r(F;ZF), a2:7tl720F(F;zF).

Remembering (5.7) we obtain

Ao =Mool (FizF) =ay = lim f(x),. O
’ X\,0]

Proof (of Theorem 5.1 when o = % and (01,s1) is not indivisible).
Let the general Hamiltonian ) be given according to the formulation of the theorem
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and let z € C and 1 be a solution of (5.1). Consider the general Hamiltonian b, , i.e.
the general Hamiltonian given by the data

00, 01,51, HOaHl‘(()'h.\'l)a oabjadjv E:{G(),Sl}.

Then b« is of the form 2.20. Let F = (f;&, ) € ,&(qul) be the unique element such

that (F;zF) € %(hﬁsl) and n,oiz(hqsl)(F;zF) =1 (s1). Denote the unique absolutely
continuous representative of f again by f. Then f and \{ are both absolutely continu-
ous functions on (o7, s;] which satisfy the differential equation (5.1) and take the same
boundary value at s;. Thus

f| Gl 51 11" 0'1 51 (513)

and hence W(h)(F) =1, where y(h) is as in Remark 2.23. Lemmas 5.5 and 5.4 imply
that the limits (5.2) and (5.3) exist and that

tbv(np = m o (b, ) (Fi2F), (5.14)

which shows (5.4).
Next let a € C? be given. There exists (F;zF) € %(hqsl) with moiﬁ(bqsl J(Fi2F) =
a. Write F = (f;&,); then f is a solution of (5.1) which has the required regularized
boundary value. For uniqueness, let z € C and assume that \ and 1 are two solutions
of (5.1) with
tbv(z)b = rbv(z) ) =: a.

Since the defect element (F;zF) € %(f):,_yl) whose boundary value at s; equals a is
unique, it follows from (5.13) that p = . O

As usual, the proof for general values of o is carried out by applying rotation
isomorphisms.

Proof (of Theorem 5.1, general values of o 6~[O7 m)). Leth € 94, z€ C and let
1 be a solution of (5.1). The general Hamiltonian § 3:©a—§ h isin ﬁg . The function

P(x) =Ny 21 ()

is a solution of (5.1) with H; replaced by H, ::Oa,% H.

We have .
E() = EINT 5 Ny g(x) = EFD(),
and hence rbv;\p = rbv; . Since b; = Na__ml and N ,,JN = J, we also have
rbvs (2) = rbvg (2.

The fact that &, and &,z are linearly independent implies that, for each given

a € C?, there exists a unique solution 1 with rbv(z){ = a.
Finally, it follows from (5.14) that

m oii(F;zF") = rbv(z)) = rbv ()P - & + rbv, P - é%
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Moreover,

m o L(F;2F) =Nz _, [m oF(F;zF)] = rbvs(z)ﬂ)fa,% +1bv - &g

and hence .
m o (F;zF) =1bv(z)).

Observing Remark 2.23 we obtain (5.4). [

We come to the proof of Theorem 5.2. It relies mainly on Theorem 4.1.

Proof (of Theorem 5.2). By the usual rotation argument, we can restrict the ex-
plicit proof to the case when o = 7.
Let z € C and let a solution \{ be given. Set

T T
e(x:2) = [(I,O)wh(x;z) L Ps(uz) = [(o,l)w,,(x;z)}, x€(61,09).

Then ;(-;z) and Ps(-;z) are linearly independent solutions of (5.1), and thus each
given solution 1 can be written as a linear combination 1 = a;\,(-;z) + ax\ps(-32).
As we have already noted in the proof of Lemma 5.5,

bv(z)p = <Z;) :

By Theorem 4.1 we have

lim (i) = ((1)) Jim (i = 1
and

lim Ps(x;2)1 =0 if 2 #0,

¥\O}
which implies (5.5). Moreover, we see that the equivalence * (i) < (ii)” holds true since
both of (i) and (i) are equivalent to ‘ap = 0’. In this case we also have (rbv(z){; =
limy o, (P (x))1, which, together with (5.5), is (5.6). The equivalence (ii) < (iii) is
trivial.

In order to establish the equivalence with (iv), we have to assume that z # 0 and

we distinguish the cases when z is real and when it is non-real. Assume first that z ¢ R.
Green’s identity (2.11) applied on the interval (x,s;) gives

2ilmg / V() H () dt =) T (x) = (s1) T (s1).

Hence the implication ‘(i) = (iv)” holds, and we conclude that 1, (-;z) satisfies (iv).
However, any two solutions of (5.1) that satisfy (iv) are linearly dependent. Thus each
solution with (iv) must be a scalar multiple of {.(-;z), and hence satisfies (i). We
therefore see that also the converse implication  (iv) = (i) holds.
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Consider now the case that z € R. Assume that \p € L*(H |4, ,)) . Since H| (g, s
satisfies (HS _ ), the minimal operatorin L?(H | (01,5)) is entire. Hence we can choose a
family ,, € L>(H |(61,51)) Which is defined and analytic in some open neighbourhood
U of z and solves the equation (5.1) with z replaced by w. Let a;(w) and ax(w) be
the unique functions such that

b = ar(w)re(-3w) + az(w)is (-5 w).

Comparing boundary values at s; we obtain that

Yy (s1) = a1 (w)be(s1;w) +aa(whbs(s1;w).

Since the boundary map is continuous, \,,(s;) depends analytically on w. As
and s are linearly independent, this implies that also a;(w) and ay(w) are analytic
functions. By the already proved case ‘z ¢ R’, we have ax(w) =0 for w € U\ R. Thus
also ax(w) =0 for w € UNR and therefore 1 is a scalar multiple of {(-;z), which
implies that 1 satisfies (i). Hence the implication (iv) = (i) holds. For the converse
remember that the minimal operator in L*(H |(61,5,)) has deficiency index (1,1) and
is an entire operator. Therefore we know that there exists a non-trivial solution in
L*(H |(61,51))- By the above considerations, we know that such a solution must be a
scalar multiple of \;(-:z), which implies that \.(-:z) € L*(H|(s, 5,)) - This proves the
implication (i) = (iv) also in the case when z € R. [

REMARK 5.6. Let h be as in Theorem 5.1 and ) a reparameterization of b in the
sense of [29, Remark 3.38]. Then ¢ = ¢y . Hence b again belongs to ¢ by Theorem
3.1, and there exists an isomorphism of the form (@,id x id) of the corresponding
boundary triples by [29, Remark 3.39]. Denote by ;t;f(z) the generalized boundary

value as in Theorem 5.1 for f. Then rbv(z) = rbv(z) whenever P = y(h)F, P =
yv(h)F and ®F = F.

As a corollary we obtain a construction of the fundamental solution and the Tit-
chmarsh—Weyl coefficient that is exactly analogous to the classical (positive definite)
case.

COROLLARY 5.7. Let h be a singular general Hamiltonian as in Theorem 5.1
and let

0(x:2) = (01(x:2),0:(%52)) ", @(::2) = (@1(::2), P2(x32))"

be the unique solutions of (5.1) with

wv@ecia) = (o). @t = ().

a)h(x;z) _ (91()6;2) 92(X§Z)>  xe (0_1’02).

Then

©1(x5:2) @2(x32)
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The Titchmarsh—Weyl coefficient qy can be obtained as the limit (which is independent
of T€ RU{eo})

gv() = lim 01(x;2)T+ 02(x;2)

, z€C\R,
/0 ©1(x;2)T+ @a(x;2) \

or as the unique function with
0(-:2) =45 (2)0(-:2)| ;, ) € L*(Hil(5y.02))5

where s1 € (61,07).

Proof. For a solution 1 of (5.1) the vector rbv(z)Y is exactly the boundary value
at oy of the defect element (F;zF) with f|(5 5,) = (Where F = (f;&,a)). Hence
the asserted formula for @y, is merely its definition. The statements about the Titchma-
rsh—Weyl coefficient are immediate. [J

REMARK 5.8. Viewing the above formulae from a slightly different point, leads
to the following way to compute @, which may sometimes be more practical. Let
x € (61,0), and let 8(-;z) and @(-;z) be the solutions of (5.1) with

O(x;2) = (é) P(x;z) = (?)

wy(x;2)" = (rbv(z)é;rbv(z)@)fl.

Then

We close this section by answering the question how the Titchmarsh—Weyl coeffi-
cient of a general Hamiltonian b € §)¢ transforms when the data part *6,b;,d;’ of b is
altered but the Hamiltonian function H; is kept fixed (note that Hy is, up to reparam-
eterization, the same for all general Hamiltonians in the class $)4 ). This generalizes
the case ‘(0p,07) indivisible’ of a previous result in [37] to higher negative indices. In
[37, Theorem 5.4] we answered the corresponding question for general Hamiltonians
with ind_h =1 (not necessarily satisfying (gH,)). However, the case when (0y,07)
is indivisible already there played a special role, cf. [37, Corollary 5.5].

For simplicity, we restrict our attention to the case when o = 0. As usual, the cor-
responding versions for other values of a € [0, ) can be deduced by applying rotation

/g

isomorphisms. Note that in [37, Corollary 5.5] the case o = 7 was considered; in this

situation one has to replace gy by —# and gy, by —# in the corollary below.
0

COROLLARY 5.9. Let b be a general Hamiltonian §) € o which is given by the
data
0p, 01,02, H07H17 ovbjadjv Ea

where b;1 = 0 when oy is not left endpoint of an indivisible interval, and denote by
ho the general Hamiltonian given by

00,01,02, Ho,Hy, 00:=0,b91:=0,dp;:=0, E.
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Then

qy(2) = qp, (2 +sz11 ZZAHb 11
-

Proof. We use Corollary 5.7 to compute @, and oy, . Let ¢(-;z) and 0(-;z) be
the solutions of (5.1) whose regularized boundary values with respect to the general
Hamiltonian h are equal to

a0 = (o). et = (7).
ie.

bv?0(:2)=1, v (2)0(-;2) =0,

v o(32) =0, V(D)o (32) = —1.

Since rbv; is given as a limit of the function itself (the data &,b;,d; do not enter the
formula), we have

tbv?0 @(-;2) =1bv? @(-32) =0, 1bv?08(-;2) =rbv? 0(-;2) = 1.

The functions 1w, also do not depend on the data é,b;,d;, which implies that

A
bv? (2)@(-32) = I{m Ezl(ml(x))*J(p(x;z) =rbv0(2)(-:2).
x\oi | /=
Set
24 P
=Y ddi =Y P by
=1 =1
and
@o(:2) == @(+32), Bo(32) :=0(;2) = p(z)e(-:2)
Then
g0 i2) = by Q)o(-12) =0 () = (1),
tbv0 0y (-32) = rbv) B9(-3z) = tbv? 8(-32) — p(2)tbv? @(-32) = 1
and
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i.e. thv?0(2)0(-32) = ((1)) Hence the fundamental solutions @y, and @y, are given by

91 (X; Z) 92 (X; Z)

Wy (x;2) = 01052 @a(:2) )
oy, (x:7) = 01(x;2) —p(2)@1(x;2)  0a2(x32) — p(2) P2(x32)
ne ©1(x;2) ©2(x;2)
It follows that

) . 01(x2) = p(2)@1(x:2)
q1y(2) o, O (x:2) * /6, ©1(x;2)

e .
fim 2182
x/o @1(x;2)

—p(2) =qy(2) — p(2),

which implies the asserted formula. [J
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