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A POLYNOMIAL IDENTITY AND ITS APPLICATION TO
INVERSE SPECTRAL PROBLEMS IN STIELTJES STRINGS
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Abstract. The equation ® = PiQ, + P>,Q; is studied where ®, Q;, Q» are known real poly-
nomials while P; and P, are unknown polynomials. Condition are obtained for the solution
(P,P,) to exist and to be such that Plel and PZ’IQZ are Stieltjes functions. This result is
used to prove the existence of a tree with two complementary subtrees of Stieltjes strings such
that the spectrum of the Neumann boundary value problem on the tree is exactly the set of zeros
of @ and the spectra of Dirichlet problems on the subtrees are the sets of zeros of Q and Q.

i=1 J#i
inverse several spectra problem for trees of Stieltjes strings.

q
This result is generalized to the equation ® = 3, {P,- 10 ]} , which is then applied to solve the

1. Introduction

The problem of interlacing sequences appears in rather different areas of finite and
infinite dimensional analysis connected with inversion procedure. Strict interlacing of
the eigenvalues of two boundary value problems is involved in the necessary and suf-
ficient conditions of existence of the solution for the inverse Sturm-Liouville problem
by two spectra [16], [17], [18]. Also we meet strictly interlacing sequences in finite
dimensional case solving inverse problem for the so-called Stieltjes string [9] (see also
[13]). In linear algebra it is known that the so-called tree-patterned matrix can be found
for a pair of strictly interlacing sequences such that one of the sequences is the spectrum
of the matrix while the other is the spectrum of its principal submatrix [7], [19].

The direct problem for a Stieltjes string was first studied in the monograph [9].
The problem arises from mechanical systems and is interesting in that the solution of
the inverse spectral problem can be expressed in terms of a continued fraction. This
simple finite-dimensional model was used in [14] and [8] to describe certain effects
in a train vibrations. It should be mentioned that the same equations appear in the so-
called Cauer method in the synthesis of electrical circuits [4]. A nice historical excursus
into the applications can be found in the review article [5] where experiments are also
described.
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Then the so-called inverse three spectral problem was studied in [3], with the tools
of Nevanlinna functions developed in [12] (see also [1]). The three spectral problems
[24], [10], [11], [6], [3] lead to non-strictly interlacing sequences of Dirichlet and Neu-
mann boundary value problems.

The spectral problem on a star graph of Stieltjes strings was solved in [2] (see [20]
for the case of much more general strings and [21], [22] for the Sturm-Liouville case).

The inverse problem on a star graph can be considered as a particular case of an
inverse problem on a tree where the spectra of the Dirichlet and Neumann boundary
value problems are also non-strictly interlaced (see [23] where the relations between
the Neumann and Dirichlet characteristic functions of a tree and its complementary
subtrees established in [15] were used).

In this paper, we are interested in the following several spectra problem. Let T be
a metric tree with ¢ complementary subtrees 7; (i =1,---,¢). Thatis U ;=T and
T;NTj={v}, where v is the root of 7. Now given g+ 1 sequences of positive numbers
{A}}_, and {v,El) i, (i=1,---,q) such that n = ¥7n;, we want to find distribution
of point masses on the edges of 7 such that the spectra of the corresponding Dirichlet
problems on T and 7; are exactly {A;}}_, and { v,El)}Zizl respectively.

2. A polynomial identity
Consider the identity

O(z) = Pi(2)02(z) + P2(2)Q1(2) (1)

where @ is a polynomial of degree n, P;,Q; are polynomials of degree n;, and P>,
0O, are polynomials of degree n,. Suppose that @, Q; and Q, are known such that
®(0),01(0),02(0) # 0. Our aim is to find polynomials P, and P, such that P;(0) =

Cl1 , a given constant. The method of reconstruction is as follows. Let the set of zeros
of @ be denoted by {A}}_,, the sets of zeros of Q; and Q, be denoted by {v,El) oy
and {v,Ez)}Zzzl respectively. Then (1) implies

(1) )
D(v (v
PI(VJEI)) = ( k(1)> ) PZ(vlgz)) = ( k(2)>

O (v ) 01(v™)
Also we let P1(0) = Cil) . Similarly we want

®(0) —€;"0:(0)
CEZ) o 1 2
01(0)
Thus, by Lagrange interpolation, for i = 1,2,
W[ o) s om v ] et

P@)= 2, [ I I1 171, +C§l) I (2)
S 407 v etz =) v
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This procedure works if all the v,El) ’s and v,Ez) ’s are different, and nonzero. In this

case, the solution of our problem exists and is unique.

However, in general, the situation is more complicated. To deal with it, we need
the notion of a Nevanlinna function. It is also called R-function or Herglotz function.
Its definition also varies. In this paper, we use the definition below.

DEFINITION. A function f(z) is said to be a Nevanlinna function if
(i) it is analytic in the half-planes Imz > 0 and Imz < 0;
(i) f(z) = f(z), when Imz #0;
(iii) ImzIlmf(z) >0, when Imz # 0.
DEFINITION.

(a) A Nevanlinna function f(z) analytic on C\ [0,e0) is said to be an S-function if
f(z) > 0 when z is real and z < 0;

(b) A meromorphic S-function is said to be a Sy -function if 0 is not a pole.

In this paper, we study about polynomials. If f is a rational function with a posi-
tive leading coefficient, then it is an S-function if and only if its zeros {z;}}_, and poles
{w;}" | are all simple and strictly interlaced in the following way:

n=mw <z]<- - <w,<zp; or n=m+1,z1<w;<-<w<Zuii

We remark that in [1, Appendix II], there is a concise and interesting discussion on the
properties of Nevanlinna functions.

LEMMA 2.1. Suppose that f and g are Nevanlinna functions, then f+ g and

—% are also Nevanlinna functions.

In general, it is possible that the points {A;}, {v,El)} and {v,Ez)} may overlap. It

is also desirable to have each Q’(( )) to be an Sy-function.

THEOREM 2.2. Let the sets of distinct positive numbers {Ac}7_,, {v,gl)}zlzl and

{VIE2) 22:1 be given (n = ny + ny ) together with the positive numbers C, C(i) and Cl1
For i = 1,2 denote by

c]‘[(l——), Qi(z)=C(()i)ﬁ<1— f,.)>. (3)

k=1 Vi

Also et (G = (Y UL Y2, sarisfying
(i) O0<M <& < <H<Gs
(ii) Ax = Gy if and only if M = s
(iii) Let C\" >0 satisfy ¢ > Vel
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Then the equation (1) possesses a solution (Pj(z),P»(z)) which are polynomials of
—_ch .

degree ny and ny, such that P;(0) = Cil), P, (0) = % and each %T(zz)) is an So-
0

function. In addition, if {v,&l) N {vlgz) 2 =0, then this solution is unique.

Proof. The case {v,il) N {v,iz) 2, = 0 was discussed above. By Lagrange
interpolation, each P; has n; + 1 nodes of interpolation and so its degree is n;. Thus
(Py,P,) is uniquely determined. It remains to show that %

Notice that in this case, due to (ii), the interlacing between {A};_, and {{i}]_,

is strict in (i). Let § = v,(,1> and § = v1(71+) |- Then

is an Sp-function.

‘D(Vlgl))(_l)k — CD(Ck)(—l)k >0 and q)(vlgi-)l)(_l)k+s _ q)(Ck+s)(_1)k+s < 0.

Also Q>(v§)(=1)P* > 0 and Qz(vlg)l)(—l)p“_k_s > 0. Therefore,

(1) (v
Q00 Cppso, Sy,
Q2(VI7 ) Q2(Vp+1)

for p=1,...,n; — 1. That means, Pl(v,(,l))(—l)p >0 for p=1,...,n;. Since P;(0) =
CEI) > 0 and deg Py = n, P has exactly one zero “1(?21 between vl(,n and vﬁl. That
is,

0<ul <vl <l <l

Thus %‘ is an Sp-function. Similarly one can show that the zeros of P, and Q, inter-

lace strictly, and so %22 is also an Sy -function.
(1) (2)
j J

Next we consider the case when v, = v, for j=1,...,r. Here we choose
J

arbitrary real numbers C(ll) e ,C,Erl) such that
(1 1 1 Dy —
(~0hc >0 and |G < (@ (v))]105(vi )] !
Letting these C,E;) be the values of Py (vlg)), we have

n (1) _ v
L 0] \Z
Pi(z) = oW ) 2 [ SRR NI PO
My, AL 1) (1) o
k=Lkk; | @a(Vy ") v kv =) j=1 =V,

)
1) 2 Z— Vs

+X ¢~ I -

J=UT Vi sk Vi T s

Now (ii) implies dD(VIE;)) =0 and d)’(v,g)) # 0. Thus we may define

J
1 1 1
@ (v)) - 0y(vi)cy)

() j
Cp, = . (4)
’ o/ (vi))
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Hence we can construct P, as

(2) (2)

ny q)(v(z)) z 77—V C—C(I)C(z) n Z—V:
D I B I omel e
k=1k#k; | Q1 (V,Ez)) V;EZ) 1171 V/EZ) - Vﬁ'z) C(()l) Jl:Il _V.;z)

r Z—V£2)
gfl H @ _ (2"

Vp/ s;épl ij Vg

To prove that (P;,P,) given above is a solution of (1), we let

Q(z) = D(z) = Pi(2)Q2(z) = P2(2) Q1 (2)-
With the definition of these polynomials at 0, it is easy to verify that Q(0) = 0. Then
since Ql(vlgl)) =0, we have Q(v,({l)) =0 for each k # k;. Then at k;’s, d)(v,E;)) =
QI(VIE;)) = Q2(v]$)) = 0. Thus Q vanishes there too. Similarly, Q(vlgz)) =0 for each

k=1,...,ny. By (P,P,) constructed above and (4), we have Q/(VIE;)) = 0. So the

polynomial Q(z) of degree n; +n, = n has atleast n+ 1 zeros, counting multiplicities.
Therefore Q =0.
Finally, it is trivial to see that %—11 is an Sy-function. Then we observe that

(~DMQ ) >0, (~1)PGs(v)) >0, (=1)5 i@ (v)) > 0.

7

Thus, (—I)I’J'C,%) > 0. This implies (—l)l’sz(v,E;)) > 0. Therefore, the zeros of P»

and O interlace strictly and so %2 is an Sp-function. [

Next, we consider the more general polynomial equation

®(2) =

M»&

I

J#

1 l @]k ] )

where ®(z) is a polynomial of degree n, and P;, Q; are polynomials of degree n;
(i=1,...,9), with n =Y n;. We also let ® and each Q; be as given in (3), with real

positive zeros {A;}}_, and {v,&i)}zizl respectively, and C,C(()i) >0.

THEOREM 2.3. Define {ni}i_; = U?Zl{vlgi)}zizl. Suppose that the conditions (i)
and (ii) in Theorem 2.2 and (iii’) below hold.

(iii’) Let CE‘f) (j=1,...,q—1) such that

S0 & A0
-3 | ] ©)

i#j,i=1
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Then the identity (S) possesses a solution (Py,...,P;), where each P; are degree n;
polynomials, and P;(0) = (1) for i=1,...,g— 1. Furthermore, each % is an So-

function. If in addition, N?_ 1{vk Yl =0, then the solution is unique.
Proof. When n?_ {v{"}" | =0, then we let
—1 [

~30 G LG
H{I:ll C(i)

cl .= > 0.

Noting that from (5),
_ o)
M4 0;(v)
Thus we may define the polynomial P; as in (2) uniquely by Lagrange interpolation.
Furthermore, the interlace is strict. Let 1m; = v,gl) (k > p) and Ny = V,(¢1+)1- Then

(Vi) (—1)F = d(m)(~1)F > 0, and D(v\!)))(~1)F = O(mes)(—1)F > 0. Also,
M1 Qi(vp ) (=17 > 0 and T Q;(vS),) (1)) > 0. Hence

1
_ o)
1
121 Qj(";!(7 ))
Since P;(0), Q1(0) > 0 and deg(Py) = deg(Q1), this means that the zeros of P; and
Q, are strictly interlacing. Therefore %—11 € Sp. The proof for other i’s is similar.

When the zeros of Q;’s overlap, the situation is more complicated. We give some
typical cases.

(—1)? > 0.

1 2 . . i)y ni Dyni
Case 1. If VIE_,-) = I(7j)’ j=1,---,r, while ﬂ,-;,gl{vlg )}k=1 = mi;«éz{V/E )}k=1 =0.
Choose G/, j =1+, to satisfy (—l)ka,EU >0, Pl(v,ﬁ?)) =c{),and
|C < \q;’( )I(105 (v, HQz
LA
Also we let
1
PV = c? = q)/(le -¢ Qz(Vk NMiss Qz(Vk )
P pj = .
: ' Q/ (Vk )Hl>3 Ql(vk )
Construct the Lagrange interpolating polynomials for P; as follows:
(1)

al @(vlgl)) z -V
(m

Dy . (1) O
k=tkth; | Tz (v vV vt — Vi

Pi(z) =

r (1) n oo <.1>
(1)_2 Vs Y
26 -mll - L
J= kj ‘\;&] kj s j=1 j
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& d)(vf)) 4 z—v?

=~ J7-—-7
2) H @_,®

Py(z) = S
k=tkp; [lip2 Qr (Vi) Vi j#k v~ =V

(2 n oyl
Z— Vs i Y
+ 2 CP/ H (2) v(2) +Cl H ;

ij S#pj p;i — Vs j=1 —Vj

The other polynomials P;’s can be defined as in (2). To prove (Pi,...,FP,;) is a solution
of (3) consider the polynomial

Q(z) = @(z) i[ @Ik ]

i=1 J#I
Itis not difficult to see that Q(0) = Q(v\") =0, ki=1,2,3,-,nm; with i =1,2,3,- -4,
and Q’(v,ﬁ;)) =0, j=1,2,---,r. This implies that Q = 0 in this case.

Then we show % €S8y, i=1,2,---,q. i =1 is ok by the assumption of C(Jl_),
we have that (—l)kal(v,E;>) = (—l)kJ'C,E/I_) > 0. By interlacing of zeros, we have that
(1)) = (~1)PiPy(v) > 0. And (~1)¥P,(v") > 0 for all the other i’s.

Case 2. v,E ) = Vz(v,) = véj = u;, j=1,2,3,---,r, and no other common zeros
between any two zero sets of Q;.

Choose Pi(v") = ¢V and P = P(v}?) such that (—1)kicV

1Yk kj Pj 2WVpj k;

>0, (~1)PiCy) >0, and at z = u;,

2\c ‘0,051 ail +2Ic) 0o [T 2l < [@"].

>3 1>3
Define
o~ ZCIEII»)leQg [1-301+ ZCI%)Q& Q311530 ;
v 2000511153 ' @)
=l
Hence (P,...,P;) can be determined. Furthermore Q = 0.

Then we show that %_" € 8o, i =1,2,3. By the choices of C(l) and Cl(,z), i=1,2

are ok. From (7), we have (—l)giC,S) (— l)f’ng(v;f )) > 0. So i =3 is also ok. The
rest is trivial.

Case 3. v,E;):v,(,f), j=1,2,3,---r,and v},:)zv@, j=1,2,---m, where k; #

Lj

hy.
Choose C,E;) and C}(ll‘) to satisfy (—l)k.fC,E%) >0, (—l)h.fC,Sl_) >0, and
|c )| < |q>’( NI v
S

1 < 1@ (v )15 (v, HQz

1#1,3
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Define
o _ P06 0ivy)
b =
' 0 (vk N2 0i(v))
o _ PO -GG a5 20
l. - .
! 0 (Vh )Hl;ﬁl 3Q2(Vh )
Then (Py,...,P;) can be determined. The rest is similar [J

3. An existence problem

Let T be a metric tree rooted at v, having ¢ = d(v) complementary subtrees T;
(i=1,....q). Thus UL T; =T, and T;NT; = {v}. For each i, let T; have ¥ edges,
and each edge e;; haslength L; ; (j=1,...,7%).

It is assumed that the tree T of Stieltjes strings is stretched and vibrates in the
direction orthogonal to the equilibrium position of the strings. The transverse displace-

ment of the mass m;” is denoted by w,({w )(t). Let v be the root of 7 and all the edges
e; j are directed towards v, i.e., the local coordinates of its endpoints are 0 and L; ;
associated with vertices v and v, respectively. We say e; ; is outgoing from v; and
ingoing to v, while the displacement at v; and v, associated with e;; is denoted
by wéw ) and w(TfJ’ ) respectively. Using such notation vibrations of the graph can be
described by the system of equations

w0 w0 w0 -wite ot

T T g =0

k k—1
(k=1,2,...,7; j=1,2,...,%). For each interior vertex v with ingoing edges ¢; ;’s
and outgoing edge ¢; » we impose the continuity conditions w(()i’r) (1) = w(T )+1( t). Bal-
ance of forces at v implies

(ir) (l‘) w(i r) W(i,j) (t)

(l/
Wy (’)
;

T,j

For an edge e; ; incident with a pendant vertex, we impose Dirichlet boundary con-
dition wy’(r) = 0. The continuity conditions at the root v are W(riij(’) = w(rirrll(t)
for all pairs of edges incident with v. We need to impose one more condition at the
(i.4)

root. We consider two cases: Dirichlet case with Wi

Wl 0G0

X ) =0.

J T j

(r) = 0; and Neumann case
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Substituting w,(:’j ) (t) = P! u,({i’j ) into the above equations, we obtain the Dirichlet
problem described below. For each edge:

(i,7) (i,7) (i,7) (i,7)

W T W TWr (i) () _ 2
T R ) m A =0, A =p*. ®)
k k-1

(k=1,2,...,7;, j=1,2,...,%). For each interior vertex with incoming edges ¢; and
outgoing edge e, we have

u(()i’r) = u(T:JJ)H )
g "
l(l’,”) o N l( 7]) ’
0 J Tij
For each edge ¢; ; incident with a pendant vertex,
) =0, (11)
At the root v: o
iy =0 (12
for all of edges incident with v.
The conditions _ B
u(l’k) _ I/L(w) (13)

T tl T Tl

for all pair of edges e;; and e; ; incident with the root together with

(i,)) (i,))
U,y =g
i 0
- l({q)
j oy

we call Neumann conditions at the root. If the root is a pendant vertex than (13), (14)
are equivalent to the usual Neumann condition. In what follows problem (8)—(12) is
called Dirichlet problem at v for the tree 7 and problem (8)—(11), (13), (14) is called
Neumann problem at v.

We let z= A2 and R( J )( ) be polynomials (see [9]) which satisfy the initial con-

ditions R(()’J)( ) =1, R(,l{)( ) = z% such that u}({h./) = Ré’kj_)z(z) on the edge ¢;; is a

solution to (8), while ' N B

Ry () — Ry(2)
k

R;Qfl (2) =
Then these polynomials satisfy the relations [9]:

RS (2) = —amPRE, (2) + RS (2),

. (15)
RE (@) = 1RG0+ RS, (2)
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Associated with the root v for 7', we define @y to the characteristic function with
continuity and Kirchhoff conditions (or Neumann condition) at v, and @p to be the
characteristic function with Dirichlet condition at v. We call ¢y Neumann character-
istic function and ¢p Dirichlet characteristic function. Similarly we let ¢1E/l) and q),()’)
the Neumann and Dirichlet characteristic function for the subtree 7; respectively. As
proved in [23, Corollary 2.2], we have

THEOREM 3.1.

N 4O T N0
N z ¢N HQ)D ) op HQ)D :
i=1

i=1 A

It is well known that on the interval, the Weyl-Titchmarsh m-function, which is a
ratio of characteristic functions for different boundary conditions, uniquely determines
the potential function. Furthermore this m-function is equivalent to the spectral func-
tion, and is a Nevanlinna function. So, as an analog, for any tree T of Stieltjes strings,
we define its M -function at v to be g—z.

THEOREM 3.2. The M -function at v, %,for the tree T is a Sy function.

The above theorem was proved in [23, Theorem 2.8]. We shall give a simpler
proof in the appendix. Now we are going to state the main theorem of this paper. We
define

Problem /: Neumann (continuity and Kirchhoff) conditions at v.

Problem I;: Dirichlet conditions at the root v of subtrees 7; (i=1,...,q)

THEOREM 3.3. Suppose q+ 1 sequence A = {A}}_, and v {vk vy dis-
joint positive numbers be given such that n =Y n;. Let {{i}}_, = ile(i) such
that conditions (i) and (ii) in Theorem 2.2 are satisfied. Let also a tree T be given
together with its complementary subtrees Ty (j =1,2,...q) and the lengths L; ; of the
edges.

Then there exist sequences of real numbers M ;. k= {m,({i’j I<kST, 1<)
Y, 1 <i<gq}, andﬁ,lkz{l(i’j)' 0<k<T,, 1<j<y 1<i<q}}, suchthat
27;" g = i, ZT” l( b)) =L;;, and all m( s and l( ) ’s are positive while l( ) rg
are nonnegative. Furthermore with the tree of Stzeltjes strmg thus formed, the spectra
of Problem I and Problems I; are exactly {A}}_, and {vk [

REMARK. Hence we use 2n eigenvalues plus ZL 1 ¥ constants to recover totally
n masses and n+ Y | % lengths.

Before the proof is given, we need a few symbols to express some operations with
continued fractions. It is customary to use [a;,as,...,a;] to denote a continued fraction

1
ay+ +71
a —
2 a3+...+aij
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Hence if A = [a,a,...,a;], then

_ 1
A ! = Z = [O,al,az,...,aj}.
Let B = [by,bs,...,b;] be another continued fraction. We define a composition of A
and B to be
[A;B] = [a17...,aj7b1,...,bk}.
For simplicity, we also let [A; B;C] = [A;[B;C]], and so on.

In [9, 2], it was shown that for a g-star graph with root at the interior vertex v,
M -function G;(z) at v of each edge ¢; is given by

(@)
R2n-(z)
Gi(Z) = (1)71 = [ln,‘a —Mp,Z, ln,——la —Mp;—12,-..,—MZ, lO]a
R2ni71(z)

while the M -function G(z) of the g-star graph at v, by Theorem 3.3, is

Note that G;(0) = L;, length of the ith edge e;. Hence G(0) = (XL, L;')~!. Induc-
tively, for any tree T', the value of the M -function at z = 0 can be given as a rational
function of its edgelengths, or more precisely, as a continued fraction of its edgelengths.
Assuming each F; is the M -function for Dirichlet problem for the ith edge, The M-
function F associated with continuity and Kirchhoff conditions at v is given by

_ _ 151
F(z) = {Fl 1—|—F2 LS [F3;F4;F5] 1} .

(0)
Proof of Theorem 3.3. Let Fi(z) = z‘(’,) EZ; be the M -function of the subtree 7; at
v 2
v. By the recursive formulas given in Theorem 3.1, the M -function F(z) of T at v is

given by
F(x)=(Q R (16)

We define
We also let

Here C(()i) = F;(0) and C = F(0). Then the equation (3) is formed, while the conditions
(i), (ii) and (iii") in Theorem 2.3 are satisfied. Hence we may apply Theorem 2.3 to
solve (3) for the polynomials P;(z) (i =1,...,q) and each quotient %" is a So function.
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Now as the polynomial Q; is a scalar multiple of q)g) , by uniqueness, we conclude that

P, is also a scalar multiple of q)ls,i), and F; = % is the M -function of the subtree 7; at
v. Therefore F(z) can be recovered by (16). Furthermore, the Dirichlet spectrum and
Neumann spectrum of 7; at v are now known. Thus by [23, Theorem 3.1], there exists

sets .#; j and .Z; ; representing the point masses {m,(:’ )} and {l,Ei’j )} respectively. [

REMARK. In general, the solutions might not be unique. If T" and V are not
strictly interlaced, there might be multiple solutions of (P,...,P,;). For each solution,
g is an Sy function, plus the zeros of P; and Q; are different and strictly interlaced.
Hence by [23, Theorem 3.1], zeros of Q; and P; represent the Dirichlet and Neumann
spectra of the subtree 7; at the point v, and so there exists masses .#; ; and lengths
Z.j (j=1,...,7) onthe subtree T; of Stieltjes string. Even when I" and V are strictly
interlaced, there is only one solution (Py,...,P,;). However the resulting M -function
F = Q might be associated with different point mass distribution, as the subtree 7;
mlght be too complicated. In case I and V are strictly interlaced, and T is a star
graph, there exists a unique solution.

4. Appendix

Here we give a simple proof of Theorem 3.2:

First consider the case of an interval. Let f = ¢—g be the M -function for an interval.
Let ¢p and ¢y be both polynomials of degree n. With notations similar to those in

R
(15), we have f(z) = Rzni(z(.))’ where Ry(z) =1 and R_{(z) = 1/lp. Also we have
2n-1(2
the system of difference enquations
Rok41(2) = Rox—1(2) — 2muRox—2(2) A7)
Ro(z) = WRok—1(z) + Rax—2(2) (18)
Obviously f(z) = [ln, —miz,ln_1,-- -, —miz,lo], and so f(Z) = f(z) and £(0) =1, > 0.

For z< 0, f(z) > 0. So for this case, it remains to show ImzImf(z) > 0 whenever
Imz # 0. From (17), we have

(Raks1 — Rox—1)Rox = —zmy1 | R

Hence
Im (Ro1Rok — Rok— 1 Rox—2) = —(Imz)mye1 [Roy | (19)

Also from (18),
Roj—1 (R — Rox) = I|Rox—1|* €R.

Hence Im(RyRy;) = Im(Ry;_1Rox_2 . Thus (19) becomes

Im (Roj—1Rok — Rox— 1 Ro—2) = —(Imz)mye1 [Roz |
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Now sum from k =0 to kK =n — 1 to obtain

n—1
Im (Ryu—1R2n — R-\R—3) = —(Imz) Y, mye1 [Roi|*.

k=0
That is
Ron—1 —Imz nl 2
Im< ) = M R2k .
Roy |R2n‘2 kg(’) - | |
Thus Imf = Im( szfl ) has the same sign as Imz.
In general, consider a tree 7 which is the union of complementary subtrees 7;
(i=1,...,q) connected at a vertex v. By Theorem 3.1,
oo
=
. . o) . . op -
Hence if each M -function f; = q)‘(’,.) of T; at v is an Sy function, then q)—]‘j is also an Sy
N

function. The proof is complete. [
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