oerators
nd
atrices
Volume 7, Number 3 (2013), 651-685 "doi:10.7153/0am-07-36

BLOCK REPRESENTATIONS FOR CLASSES OF
ISOMETRIC OPERATORS BETWEEN KREIN SPACES

RUDI WIETSMA

(Communicated by K. Veselic)

Abstract. The behavior of isometric and unitary operators between Krein spaces is investigated
by means of block decompositions. Therefore two types of isometric operators having a block
representation, so-called archetypical isometric operators, are introduced. It is shown that inter-
esting classes of isometric operators, in particular the class of unitary operators, can be expressed
as a composition of archetypical isometric operators and bounded unitary operators. As a con-
sequence of these block representations, useful information about the behavior of the isometric
operators under consideration can be obtained. In particular, some results on (the Weyl families
of) (quasi-) boundary triplets are presented.

1. Introduction

In [17] the author showed that the graphs of unitary operators (or relations) can
be decomposed in a specific manner and that, as a consequence of that decomposition,
unitary operators allow for an (operator) block representation. Here that investigation
is continued by studying isometric operators which allow for a block representation.
A key tool here will be the so-called archetypical isometric operators. For a Krein
space {R,[,-]} with fundamental symmetry j which contains a hyper-maximal neutral
subspace 2, these archetypical isometric (unitary) operators are the isometric (uni-
tary) operators which have w.r.t. the decomposition 9t ® i of K the following block

representations:
10y (B O
is1) ° \oiBj)

where S is a symmetric operatorin {901, [j-,-]} and B is any operatorin 9 with fanB =
2. Note that these operators, in the bounded case, appear as so-called transformers in
the work of Yu.L. Shmul’jan, see [16], and see also [12].

Archetypical isometric operators appear naturally in the study of isometric opera-
tors. For instance, if an isometric operator has a hyper-maximal neutral subspace in its
domain and maps this subspace onto a neutral subspace with equal defect numbers, then
it can be written as the composition of archetypical isometric operators and a bounded
unitary operator. Essentially, that class of isometric operators is the abstract analogue
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of the quasi-boundary triplets introduced by J. Behrndt and M. Langer in [7]. Further-
more, it is also shown that unitary operators can always be written as a composition
of either of the above displayed archetypical unitary operators and a bounded unitary
operator.

Using this block representation approach to isometric and unitary operators, the
behavior of isometric and unitary operators can be easily made explicit, thus providing
useful information on it. For instance, it is shown that the composition of unitary op-
erators can be an isometric operator which can not be extended to a unitary operator,
that unitary operators can map hyper-maximal neutral subspaces onto closed neutral
subspaces with nonzero, but equal, defect numbers, and that unitary operators cannot
be distinguished by their domains (not even from isometric operators).

Furthermore, using this approach new necessary and sufficient conditions for an
isometric operator to be (extendable to) a unitary operator are obtained; those condi-
tions are in turn used to gain some insight into when the composition of an isometric
and unitary operator is (extendable to) a unitary operator. As a further application of
the obtained results, the already mentioned quasi-boundary triplets are investigated. It
is shown that by composing them with an archetypical isometric operator, and closing
up, they turn into generalized boundary triplets (which can be interpreted as unitary op-
erators). This connection can be used to obtain necessary and sufficient conditions for
quasi-boundary triplets to be boundary relations and, moreover, it can be used to con-
nect their Weyl family to the class of bounded Nevanlinna functions (which are Weyl
families of generalized boundary triplets). A third application concerns the generaliza-
tion of some results on boundary relations for intermediate extensions obtained by V.
Derkach, S. Hassi, M. Malamud and H.S.V. de Snoo in [12] to the Krein spaces setting.
This generalization makes it clear how to generalize some other results in [12] to the
Krein space setting, see also [6]. Finally, the obtained block representations of unitary
operators are also used to show how a Weyl family of a boundary relation can be written
as the transformation of a bounded and boundedly invertible Nevanlinna family.

The contents of this paper are now outlined. In Section 2 several basic facts about
isometric and unitary relations in Krein spaces are recalled. Archetypical isometric op-
erators are introduced and analyzed in Section 3. Section 4 contains the main results;
here isometric and unitary operators are investigated by means of the archetypical iso-
metric operators. In Section 5 applications of the results from Section 3 and 4 to (quasi-)
boundary relations are presented.

2. Preliminaries

Basic facts about Krein spaces are recalled and some notation is introduced, see
[3, 8] for details. This is followed by a short introduction to isometric and unitary
relations between Krein spaces. In the last section, special classes of isometric and
unitary relations, namely the so-called quasi-boundary relations and boundary relations,
are presented.
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2.1. Krein spaces

The notation {9, (-,-)} and {R,[-,-]} is always used to denote Hilbert and Krein
spaces, respectively. To distinguish different Hilbert and Krein spaces subindexes are
used: 91, 8,92,8,, etc.. For a fundamental symmetry of {&;,[-,-];} the notation j;
is reserved and & [+]&; denotes a canonical decompositions of {£;,[-,-];}. Here the
dimensions of & and & are independent of the canonical decomposition and are
denoted by k; and k; , respectively.

A subspace of {R,[,]} is always a linear subspace which is called closed if it
is closed with respect to the topology induced by some (and hence every) fundamental
symmetry of {R,[,-]}. The notions of (uniform) positivity, (uniform) negativity, (max-
imal) neutrality, (maximal) nonnegativity and (maximal) nonpositivity of subspaces of
a Krein spaces are as usual. Recall that a neutral subspace £ satisfies £ C £/*) and that
if &= gl , then £ is called hyper-maximal neutral, see [3, Ch. I: 4.19]. As a general-
ization of this concept, a closed semi-definite, i.e. a neutral, nonnegative or nonpositive,
subspace £ of {8, [-,-]} is called hyper-maximal semi-definite if £ is maximal neu-
tral, see [17]. Equivalently, given any fundamental symmetry j of {&,[-, ]}, a closed
semi-definite subspace £ is hyper-maximal semi-definite if and only if it induces an
orthogonal decomposition of the space:

R=gajeH =gt o (gnjg)@je, 2.1)

where the orthogonality is w.r.t. the Hilbert space inner product [j-,-]. In particular,
(2.1) shows that a closed semi-definite subspace £ is hyper-maximal semi-definite if
and only if £M is hyper-maximal neutral in the Krein space {&N (£NjL)H,[-,-]}.

Let £ be a neutral subspace of {&,][-,-]} and let & [+]&~ be a canonical decom-
position of {R,[-,-]}. Then the defect numbers n+(£) of £ are defined as

ni () =dim(€HN&") and n_ (£)=dim(H n&"). 22)

For the well-definedness of these numbers, i.e. the independence of the chosen canoni-
cal decomposition, see e.g. [3, Ch. 1: Theorem 6.7].

2.2. Linear relations in Krein spaces

Recall that a mapping H from a set X to set ¥ is called a multi-valued mapping
if Hx:= H(x) is a subset of ¥ for every x € X . Using this concept H is called a linear
multi-valued operator from {Ry,[-,-]1} to {Ra,[,-]2} if H is a linear multi-valued
mapping from a subspace of £, called the domain of H or domH for short, to £,
such that

H(f+cg)=Hf+cHg, f,g€domH, ceC,

see [10]. Here Hf + cHg is the sum of subspaces of &, i.e. Hf +cHg={f" +cg":
f'€Hf and g’ € Hg}. For a multi-valued operator H and a subspace £ C domH , the
subspace H(L) of R is defined as

H(L)={f €R:3fc st f €Hf}).
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Using this definition, the range, kernel and multi-valued part of a multi-valued operator
H are defined as follows

ranH = H(domH) = {f' € & : 3f € domH s.t. f' € Hf},
kerH = {f edomH : Hf =mulH}, mulH = HO.

Since a multi-valued operator is linear, there exists for every multi-valued operator H a
non-unique single-valued operator H, such that H = H,+mul H . In particular, a multi-
valued operator is a single-valued operator if and only if mulH = {0}. The graph of a
multi-valued operator H is the subspace grH of &) x £, defined as

grH={{f,f'} €A1 x Ky : f €domH and f' € Hf}.

Conversely, with each subspace of &] X R one can associate a multi-valued operator.
Recall that subspaces of £ x £, are also called (linear) relations from £; to K;, see
[2]. Here, following [10], the term relation is used as a synonym for a multi-valued
operator

The inverse of a relation H is the relation H~! defined as

Hl'f ={fch :f cHf}, f cdomH '=ranH,
and the adjoint of a relation H is the relation H!* defined via
erH = {{f,f'} € fox &2 [f g = [f.8']2, V{g.8'} € erH]}.

Here the adjoint of H is denoted by H* if {&),[-,]1} and {&a,[-,-]2} are both Hilbert
spaces. The definition of H* implies that

(domH) ™ = mulH¥  and  (ranH)2 = kerH . (2.3)

For relations G and H from £; to R, the notation G C H is used to denote that H is
an extension of G, i.e. grG C grH . In particular, with this notation

G=H ifandonlyif GCH, ranH CranG, kerH C kerG. 2.4)

Furthermore, the following well-known statement holds, cf. e.g. [2]; for the last
statement in Lemma 2.1 below see also [12, Lemma 2.9].

LEMMA 2.1. Let {&;,[-,-]i}, i=1,2,3, be Krein spaces and let G : &) — R, and
H : Ry — Rj3 be linear relations. Then

(H) = (H—l)[*]7 (HG)'=G'"H' and GYHY C (HG).

Moreover, if G is closed, ranG is closed and domH C ranG or H is closed, domH is
closed and ranG C domH , then G H* = (HG) (]
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2.3. Unitary relations in Krein spaces

Here some basic facts about isometric and unitary relations are recalled from [17],
see also [2, 3, 8, 11]. A relation U from {Ry,[,-]1} to {Ra,[-,]2} is called isometric
or unitary if

vlcu o Uu'=Ul,

respectively. Combining this definition with (2.3) yields that isometric relations V and
unitary relations U satisfy

kerV C (domV)Ht mulv C (ranV)2,

(2.5)
kerU = (domU)H',  mulU = (ranU)H2,

By definition a unitary relation is closed, a relation is isometric if and only if its closure
is isometric, and a relation is isometric or unitary if and only if its inverse is isometric
or unitary, respectively. Furthermore, a unitary relation has a closed domain if and only
if its range is closed. In particular, if a unitary relation is surjective, then it is a bounded
operator, cf. (2.5). A bounded unitary operator with a trivial kernel is an everywhere
defined unitary operator (with everywhere defined inverse); such an operator is usually
called a standard unitary operator.

Unitary relations are maximal isometric relations in a special sense: If U is iso-
metric, then U is unitary if and only if for f € &) and f’ € &

f.gh =118, WestegU = {f.f}egU. (2.6)

Further necessary and sufficient conditions for isometric relations to be unitary can be
found in [17], see also the references therein.

Observe that Lemma 2.1 implies that the composition of isometric relations is
an isometric relation. The composition of unitary relations is in general not a unitary
relation. However, Lemma 2.1 shows that the composition U,U; of the unitary relations
U, and Uj is unitary if ran U is closed and domU, C ranU; or domU is closed and
ranU; C domU,.

2.4. Quasi-boundary relations in Krein spaces

A relation S in {&,[-,-]} is called symmetric or selfadjoint if S C SM or § = S,
respectively. In particular, a relation S in {$),(-,-)} is called symmetric or selfadjoint
if §C8* or S=S*, respectively. On the Cartesian product spaces & and $2 define
the sesqui-linear forms < -,- > and < -,- > by

<A{f.f 1 g et > =—illf gl =f:8]). f.f 88 €k,
<{ffHest>=-i((f8) = (f.8), f.f 88 €9

Then {#%,< -,- >} and {H? < -,- >} are Krein spaces. For arelation K in {&,[-,"]}
and a relation H in {,(-,-)}, (grK)<+> and (grH)<+>, where the orthogonal
complements are w.r.t. < -,->> and < -,- >, coincide with grK ! and grH*, re-
spectively. In particular, S is a (closed) symmetric or selfadjoint relation in {&,[-,-]}

2.7)
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({$,(-,-)}) if and only if grS is a (closed) neutral or hyper-maximal neutral subspace
of {2, < - >} ({H% <, >)).

Using the above notation, the notion of a boundary relation for the adjoint of a
symmetric relation in the Krein space {&,[-,-]} can be defined, see [11, 4].

DEFINITION 2.2. Let S be a closed symmetric relation in {&,[-,-]}. Then {57,T'}
is called a boundary relation for S¥ if {#,(-,-)} is a Hilbert space and T is a unitary
relation from {#%,< -,- >} to {#? < -,- >} with ker" = grS.

Note that the condition kerT" = grS in Definition 2.2 implies that domT" = grS/*,
see (2.5). If T maps onto .72, then domT is closed and {#,T} is called an ordi-
nary boundary triplet, see [13]. In [7] the concept of an ordinary boundary triplet was
generalized to the concept of a quasi-boundary triplet; below a natural generalization
of that concept is presented. Therefore define T’y and I"; for a mapping I" from £2 to
A via

gl ={{{f.\"},&i} : {{/. /' } g0, e1}} €T}, i=0,1. (2.8)

DEFINITION 2.3. Let S be a closed symmetric relationin {&,[-,-]}. Then {7, T}
is called a quasi-boundary relation for S if {,(-,-)} is a Hilbert space and T
is an isometric relation from {82, < -,- >} to {2 < -,- >} with ker[" = grS,
mull" = (ranT)<*>, and kerT is the graph of a selfadjoint relation in {8&,[,-]}.

If {,T} is a quasi-boundary relation and fanT" = 2, then mulT" = {0}, see
(2.5). In that case, the quasi-boundary relation {.7°,T'} is called a quasi-boundary
triplet in accordance with [7]. The conditions mull" = (ranT")<> and kery =
(kerTo)*) together imply that kerT" = (domT) <> see [17, Corollary 3.23]. There-
fore, as for boundary relations, the domain of a quasi-boundary relation is dense in the
graph of S"*/: domTI" = grsl*.

By means of eigenspaces, a Weyl family can be associated with (quasi-) boundary
relations, see. [11, 7, 4]. Recall, that for a relation H in K the eigenspaces of H are
denoted by 9, (H) = {{f1,Afa}: fo €ker(H—A)}, A € C.

DEFINITION 2.4. Let S be a closed symmetric relation in {&,[,-]}, let {2, T’}
be a (quasi-) boundary relation for § ! and let T’ be the relation such that grT =domT .
Then the Weyl family associated with {#,T'} is the relation-valued function M (1),
A € C\R, defined via

grM(A) = {{h,h'} : 3{f.f'} € M(T) st {{f.f'}.{h,}} € T}

If M(A) is an operator-valued function, then it will, as usual, be called the Weyl
function associated with the (quasi-) boundary relation, see [11]. In that case the Weyl
function can be defined via

MOTolfo fy =Tl f.f'Y, {fFY eM(T).
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Note that the Weyl family associated with a (quasi-) boundary relation is an operator-
function, i.e. a Weyl function, if for instance ranTy = 7, since in that case mull"'N
({0} x ) = {0} (because mulT" = (ranT")<1>, see (2.5)).

3. Archetypical unitary relations and their compositions

Two types of unitary operators having a simple block structure are introduced;
they will be called archetypical unitary operators. Recall that, in the bounded case,
archetypical unitary operators appear as so-called transformers in [16]. They also ap-
pear naturally in the framework of boundary relations, there they are used to renormal-
ize the Weyl family associated to a boundary relation, see [12]; cf. Section 5.2 below.
Here archetypical unitary operators and their composition are considered in the general
case.

3.1. Archetypical unitary relations

Let j be a fundamental symmetry of the Krein space {&,[-,]} and let 901 be a
hyper-maximal semi-definite subspace of {&,[,-]}. Then 9% induces a decomposition
of &: A= @ (MNigm) & iMmlL!, see (2.1). Here M NiM is a uniformly definite
subspace of {&,[-,+]} and the behavior of isometric operators on this subspace is easily
understood, see e.g. [17, Corollary 3.13]. Hence, w.l.o.g. assume that 91 is hyper-
maximal neutral and introduce for a relation S in (the Hilbert space) {90, ]j-,-]}, the
relation Y';(S) in R as

Y1(S)(f+ig)=f+i(iSf+g), fecdomS, gecM.

Note that Y;(S) is a relation (or, equivalently, has a non-trivial kernel) if and only if
S is a relation, and that (Y{(S))~! = Y;(—S). If S is an operator, then Y{(S) is an
operator (with a trivial kernel) which has the following block representation:

“WZQQQ»

where the righthand side block decomposition is w.r.t. the decomposition TG j9 of
K. As a consequence of its definition, Y;(S) is an isometric operator or relation if
and only if S is a symmetric operator or relation, respectively. Since clos (Y (S)) =
Y (clos(S)), Yi(S) can be an operator whilst its closure is a relation. Proposition 3.2
below summarizes the above discussion and provides a characterization for Y (S) to
be unitary, see [12, Example 2.11]. Here a short proof for the characterization of Y (S)
to be unitary is included; it is based on the following useful lemma.

LEMMA 3.1. Let U be an isometric relation from {R1,[-,-]1} to {82, [-,-]2} and
assume that there exist hyper-maximal neutral subspaces 9 and M, in {Ry, [, )1}
and {8, [-,*]2}, respectively, such that MM, C domU and U (j;MNdomU) =M, for
a fundamental symmetry i of {R1,[,-]1}. Then U is a unitary relation.
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Proof. Let j; be a fundamental symmetry of {&,,[-,-]o} and let k € 8 and k' €
£ be such that [f,k]; = [f',K'], forall {f,f"} € grU. Then by the assumptions there
exists {h,h'} € grU such that k —h € j19; and k' — I’ € j,90, . Clearly,

[fak_hh:[flvk/_h/}27 V{f7f/}EgI'U (31)

Now, by the assumption that U (j; 9t NdomU) = 9N, , there exists a g € j; P NdomU
such that {g,j2(k' —h')} € grU. Therefore (3.1) implies that

0=[g.k—h] = [jo(K' —H), (K —1)],.

This shows that ¥ — k' = 0 and, hence, [f,k—h]; =0 for all f € domU by (3.1), i.e.
k—he (domU)Hr C b = o, . Since k—h € ;9 , this implies that k—h =0, i.e.

{k,k'} = {h,h'} € grU. Consequently, (2.6) implies that U is a unitary relation. [J

PROPOSITION 3.2. Let j be a fundamental symmetry of {R,[-,-|}, assume that
there exists a hyper-maximal neutral subspace MM in {R,[-,"]} andlet S be a relation in
M. Then Y1(S) is a (closed) isometric relation or (extendable to) a unitary relation in
{&,[,-]} ifand only if S is a (closed) symmetric relation or (extendable to) a selfadjoint
relation in the Hilbert space {9, [j-,-|}, respectively. Moreover, Y|(S) is an isometric
operator with a trivial kernel if and only if S is a symmetric operator and Y(S) is a
standard unitary operator if and only if S is a symmetric operator with domS = 901,
i.e. if and only if S is a bounded selfadjoint operator.

Proof. Only the first equivalence is proven, the remaining statements follow di-
rectly from it and the definition of Y| (S). To prove that equivalence first note that if T
is a symmetric extension of S, then Y;(7') is an isometric extension of Y (S). Hence,
it suffices to prove that Y| (S) is unitary if and only if S is selfadjoint.

If S is selfadjoint, then 9T C dom Y (S) and Y1 (S)(9MNdom Y (S)) = {f+jiSf :
f € domS} is a hyper-maximal neutral subspace of {&,[-,-]}, see Proposition 3.6 be-
low. Hence, Lemma 3.1 implies that Y';(S) is unitary. To prove the converse assume
that S is a maximal symmetric relation which is not selfadjoint, and that Y;(S) is
unitary. Then there exist {f, '} € grS* such that Im[jf, f’] # 0, and a direct calcu-
lation shows that [f,g] = [f +jif’,g’] forall {g,g'} € gr(Y1(S)), ie., {f.f+iif'} €
2r(Y1(S)) by (2.6). On the other hand, [f,f] =0 and, by assumption, [f+jif’,f +
iif'1 =i([if, f1—f,if']) #0. Therefore {f,f+jif'} cannot belong to the graph of
an isometric relation. This contradiction completes the proof. [J

Observe that Proposition 3.2 yields basic examples of isometric operators which
can not be extended to unitary operators (or relations); namely Y(S) for symmetric
operators S in (the Hilbert space) {9, [j-,-]} with unequal defect numbers.

Next define for a relation B in the Hilbert space {901, [j-,-]}, with adjoint B*, the
relation Y, (B) as

Y2(B)(f+jg) =Bf+iB *g, f€domB, gcdomB .
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Here and what follows the notation B~* is used to denote (B*)~' = (B~!)*, see Le-
mma 2.1. A direct calculation shows that Y(B) is an isometric relation in {R,[-,-]},
which is an operator if and only if mul B = {0} and ker B* = (ranB)* = {0}, and that
clos(Y2(B)) = Ya(clos(B)). Hence, if B is a non-closable operator with TanB = 91,
then Y,(B) is an isometric operator whereas clos (Y,(B)) is an isometric relation. If
Y, (B) is an operator, then it has the following block representation w.r.t the decompo-

sition M DI of K:
B 0
Note that Y»(B) is an isometric operator with a trivial kernel if and only if B satisfies

kerB= {0}, domB=9M, mulB={0} and fanB =M. (3.2)

Furthermore, using (2.3), it follows that Y,(B) and clos(Y,(B)) are both isometric
operators with a trivial kernel if and only if B satisfies

domB* =9, domB=91, fanB*=9 and fanB =M. (3.3)

The conditions in (3.3) are equivalent to those in (3.2) if B is a closed operator. Propo-
sition 3.3 below summarizes the above discussion and provides a characterization for
Y, (B) to be unitary.

PROPOSITION 3.3. Let j be a fundamental symmetry of {R,[-,-]}, assume that
there exists a hyper-maximal neutral subspace I in {R,[-,-]} and let B be a relation
in M. Then Y1 (B) and Ys(clos(B)) = clos(Y2(B)) are an isometric and a unitary
relation in {R,[-,"]}, respectively. Moreover, Y2(B) or Ya(clos (B)) is an isometric or
unitary operator with a trivial kernel if and only if B satisfies (3.2) or (3.3), respectively,
and Y, (B) is a standard unitary operator if and only if B and B~' are everywhere
defined closed operators.

Proof. 1t suffices to prove that Yp(clos(B)) is unitary. Let h,h' kK € 9 be
such that [h+ k', f +jg] = [k+ik', ' +jg'] forall {f,f'} € grclos(B) and {g,g'} €
grB~*. Then [ji, f] = iK', f] for all {f,f'} € grclos(B) and [h,jg] = [k,jg’] for all
{g,¢'} €grB *,i.e., {W ,k'} € grB~* and {h,k} € grclos(B). Le., {h+jh’ ,k+jk'} €
gr(Y;(clos(B))) and, hence, (2.6) implies that Y, (clos(B)) is unitary. O

Next it is shown that unitary operators of the type Y, (B) can map a hyper-maximal
neutral subspace onto a closed neutral subspace with equal, but nonzero, defect num-
bers. In light of Theorem 4.8 below, this provides a simple proof for [9, Lemma 4.4].
Recall that the defect numbers n (£) and n_(£) of a neutral subspace £ are as defined
in (2.2).

PROPOSITION 3.4. Let j be a fundamental symmetry of {R,[-,-|}, assume that
there exists a hyper-maximal neutral subspace M in {R,[-,-]} and let B be a closed
unbounded operator in the Hilbert space {9M,[j-,"]} with domB = 9 = ranB and
kerB = {0}. Then for every 0 < m < R there exists a hyper-maximal neutral sub-
space £ of {R,[-,*]} suchthat £ C dom (Y(B)) and that Y,(B)(£) is a closed neutral
subspace of {R,[-,-|} with defect numbers n(Y2(B)(£)) =m.
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Proof. Since B* is a densely defined unbounded operator with ranB* = 91 and
kerB* = {0}, there exists an m-dimensional closed subspace M, of {9M,[j-,-]} such
that domB* NMN,, = {0} and M =clos{B~!f: f € MSN,}, see e.g. [9, Lemma
4.2]. Hence,

Cf=Bf, fedomC={gecdomB:BgecMcN,},

considered as an operator from 9% to M SN, is a closed operator and satisfies domC =
M, ranC = MO N, and kerC = {0}. Now define the isometric operator U from
{ﬁ7 ['7 ]} to {ﬁ@ (mm +Jmm)» ['7 ]} as

U(f+if)=Cf+iC*f', fe&domC, f € M.

Then by definition domU C dom Y, (B) and arguments as in Proposition 3.3 show that
U is a unitary operator from {&,[-,-]} to {6 (M, +jMNu),[-,-]}. Let WK be the polar
decomposition of C, then K is a (nonnegative) selfadjoint operator in {90, [j-,-]} with
domK = domC and, hence,

L:={f+jiKf: f €domK}

is a hyper-maximal neutral subspace of {R,|-,-]} contained in the domain of U.

By definition of K, KC~! is a closed operator from {IT© N, [i-,-]} to {M, [j-,-]}
with domain 9t & MN,,. Moreover, KB~! coincides with KC~! when the latter is con-
sidered as a mapping in {9, [j-,-]}, because domK = domC and C C B. Therefore
S:=B~*KB~! is a closed symmetry operator with domain 9t ©N,,, i.e. S is a bounded
symmetric operator with n4(S) = m. Now the proof is completed by observing that
£ Cdom(Y2(B)) and that Y»(B)(£) = {f+jiSf: f € domS}. O

Henceforth, the introduced isometric (unitary) relations Y';(S) and Y,(B) will be
called archetypical isometric (unitary) relations. Next they will be used to show that
unitary operators are not characterized by their domain.

EXAMPLE 3.5. Let {R, [, ]} be a Krein space with fundamental symmetry j and
assume that there exists a hyper-maximal neutral subspace 9 in {R&,[-,"]}.

i) Let K be an unbounded selfadjoint operator in (the Hilbert space) {90, [j-,]}
with ranK = 9t. Then domY(K) = domK @ jM = domY,(K). Moreover, Proposi-
tion 3.11 below yields that Y} (K) (Y2(K)) " =Y (K)Y2(K ') is an unbounded unitary
operator.

i) Let S be a closed symmetric operator in {901, [j-,-]} with domS = 9t whose
defect numbers are n4(S) =1 and n_(S) =0, and let B be an everywhere defined
bounded operatorin {9, [j-,-]} with ranB =domS and kerB = {0}, see [14, Theorem
1.1]. Then dom(Y{(S)) = domS & j9Mt = dom (Y2(B~')), where Y;(S) is a closed
isometric operator in {R,[-,-]}, which cannot be extended to a unitary operator, and
Y,(B~!) is a unitary operator in {8&,[,-]}.
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3.2. Standard unitary operators

Let j be a fundamental symmetry of { R, [-,-]} and assume that there exists a hyper-
maximal neutral subspace 9 in {R,[-,-]},i.e., R=TME)M. If Pgy is the orthogonal
projection onto 9 w.r.t. [j-,-], then a subspace £ of & can be represented by means
of arelation Ag in 9 as follows: &= {f®jif’ : {f,f} € grAe}, where

grae = {{Pmf,—iPmif}: f € £} (3.4)

In this manner (hyper-maximal) neutral subspaces of {&,[-,-]} can be represented by
relations in the Hilbert space {9, [j-,-]}. Note that this representation of a subspace by
means of a relation is similar to the representation of subspaces by means of angular
operators, only here the coordinates are chosen to be hyper-maximal neutral and not
uniformly definite, cf. [3, Ch. I: Section 8]. The following lemma characterizes the
relations which represent (hyper-maximal) neutral subspaces.

LEMMA 3.6. Let j be a fundamental symmetry of {8, |-,-]} and assume that there
exists a hyper-maximal neutral subspace M in {R,[-,"]}. Then £ is a (closed) neu-
tral or hyper-maximal neutral subspace of {&,[-,-]} if and only if Ag asin (3.4) is a
(closed) symmetric or selfadjoint relation in {9, [j-,-|}, respectively.

Proof. Let £ be a subspace and let Ag be as in (3.4). Then g+ ijg € £lt,
g,g € M, if and only if

0=1[f+jif.g+iig"| = [f.iig"| + if". gl = i((if. gl = [if.&]), V(f+ijif) € £.

Since (f +jif) € £ if and only if {f,f'} € grAg, the above calculation shows that
g +ijg’ € ¢ if and only if {g,¢'} € grA%. From this observation the statement
follows. [J

Let £ be a hyper-maximal neutral subspace of {&,[-,-]}, then Lemma 3.6 and
[14, Theorem 1.1] imply that there exists a selfadjoint relation K in the Hilbert space
{9, [j-,-]} and a closed operator B in {9, [j-,-]} with domB =M, kerB = {0} and
ranB = dom K ¢ mul K, respectively, such that

& = {PBf +i(iPxKBf + (I— Px)Bf): f € M}.

Here P is the orthogonal projection onto domK = (mulK)* in {90, -, ]}.

Using the above discussion, standard unitary operators can almost be decomposed
in terms of (unbounded) archetypical unitary operators introduced in the previous sub-
section. In particular, Proposition 3.7 together with Theorem 4.8 below shows that to
investigate compositions of unitary operators, it suffices to consider compositions of
archetypical unitary operators.

PROPOSITION 3.7. Let U be an isometric operator in {&,[-,-|} with fundamen-
tal symmetry j and assume that there exists a hyper-maximal neutral subspace 9 in
{&,[,/]}. Then U is a standard unitary operator if and only if there exist a closed
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subspace N of M, selfadjoint operators K| and K in the Hilbert space {9, [j-,-]}
with domK, = 9 and clos (K, ' — Ki) being a selfadjoint relation in {9, [j-,-]}, a
closed operator B in {9, [j-,-|} satisfying domB =M, ranB = domK;, kerB = {0},
domclos (KyB~*) =9, mulclos (KyB~*) = {0} and ranclos (K,B~*) = domclos (K !
— K>) such that

Ugy'U = clos (Y1(K1)jY1(K2)iY2(B)). (3.5)

Here, with Py, the orthogonal projection onto M in {M, [j-,-|}, U is the standard
unitary operatorin {R,[,-]} defined as

Un(f+if') = Paf+ U~ P)f +i(l = Px)f+ Puf). f.f eMm

Proof. If U is a standard unitary operator, then 9t C domU and U (M) is a
hyper-maximal neutral subspace of {R,[-,-]}. Hence, by the discussion preceding this
statement, there exists a selfadjoint relation K in {90, [j-,-]} and a closed operator B in
{9, [j-,-]} with domB =M, kerB = {0} and ranB = domK @ mul B such that with
Pk the orthogonal projection onto domK in {90, [j-,-]}

U o @KB —U B
[on= i(iPxKB+(I— Px)B)) — ~ " \jiPxKB)’

where 91 =domK and the block decomposition on the range is w.r.t. the decomposition
ME M of K. Note that K| := PxK B Onux is a selfadjoint operator in {9, [j-,-|}.
These observations show that there exist operators C and D in 9t with domC = 91 =
domD such that w.r.t. decomposition 9t @ j9N of K:

_ B iCj
Uy'U = (]zKlB]D]) (3.6)

Note that U;tlU being a standard unitary operator is bounded. Hence, (3.6) implies
that C and D are also bounded. Since domC = 9t = dom D, this implies that C and
D are closed operators.

Since (Y1(K1))~' =Y (—Ky), it follows that

o B iCj\ (B iG

Since Usy and U are standard unitary operators and (Y1(K;))~! is a unitary operator,
the righthand side of (3.7) is also a unitary operator, cf. Lemma 2.1. The isometry of
that operator implies that (D+K;C) C B~* and the fact that i C ran (X', (K} ))’IU;J}1 U)
= domY|(K;) implies that ran (D + K,C) = 9. Since kerB~* = (domB)* = {0},
the preceding observations imply that (D + K,C) = B *, see (2.4). Hence, domB* =
ranB~* =91 and

B iCj _(LicB5\ (B 0 \ . .
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Since B is a closed operator satisfying domB = 9t =tanB and kerB = {0}, Y»(B) is
a unitary operator with a trivial kernel. Hence, (3.8) implies that Y1 (CB~") is isometric
and, hence, K, := CB* is a symmetric operator, see Proposition 3.2. Since domB* = 9t
and domC = 9, K; is in fact an everywhere defined symmetric operator, i.e., K is
a (bounded) selfadjoint operator in {9, [j-,]}. Combining (3.7) and (3.8) yields that
U; = mnrl(Kl)U;ilU can be written as

(3.9)

Ur=Y1(K1)jY'1(K2)jY'2(B):< B iKB™ )

JiK1Bj (I — K\ K>)B™")

Since fan (Y (K;)) = &, the closure of U; coincides with Uy,'U showing that (3.5)
holds. As a consequence of (3.6), (3.9) and the proven closedness of C, clos(K,B~*)
= C which yields domclos(K;B~*) = 9 and mulclos (KB~ *) = {0}. Moreover,
since clos(U;) is a standard unitary operator and clos(domU; N M) = i,
clos (U, (domU; N9N)) = clos ({if +j(Ky; ' —Ki)f : f € ran(K2B™)}) is a hyper-
maximal neutral subspace. Hence, Proposition 3.6 implies that clos (K, 'Ky isa
selfadjoint relation and that domclos (K, ! — K;) C ranclos ((K2B~*)). Finally, from
domU, = &, dom (clos (K2B~*)) = 9 and (3.9), it follows that domclos (K, ' — K}) =
ran (clos (K;B™™)).

Conversely, the assumptions imply that the closure of the righthand side of (3.9)
is an everywhere defined isometric operator with dense range, i.e. UgitlU and, hence,
also U is a standard unitary operator. [J

For technical purposes the following property of standard unitary operators will be
useful later.

LEMMA 3.8. Let {&,][-,:]} be a Krein space with fundamental symmetries j and
i', and assume that I and M are hyper-maximal neutral subspaces in {&,|-,"]}.
Then there exists a standard unitary operator U in {&,[-,-]} such that U(90) =
and U (j9M) =i'M’.

Proof. If the assumptions hold, then, clearly, {90,[j-,-]} and {90V, [j-,-]} are
Hilbert spaces of equal dimension. Let U; be a (standard) unitary operator between
these Hilbert spaces, then U defined by

U(f0+jfl):Utf0+j/Utflv f()vfl va

is a standard unitary operator which has the stated properties. [J

3.3. Compositions of archetypical unitary operators

Let j be a fundamental symmetry of {R,[-,-]} and assume that there exists a hyper-
maximal neutral subspace 9 in {&,[-,-]}. If K| and K; are selfadjoint relations in (the
Hilbert space) {90, [j-,-]}, then
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cf. [12, Example 2.11]. This composition is (extendable to) a unitary relation if and
only if K| + K> is (extendable to) a selfadjoint relation, see Proposition 3.2. Exam-
ple 3.9 below provides an example of two selfadjoint operators K; and K, such that
their sum cannot be extended to a selfadjoint relation, i.e., Y1(K; + K») can not be
extended to a unitary relation.

EXAMPLE 3.9. In the Hilbert space L?>(R..) consider the differential expressions
O f =—f"=2if'— f and £of = f" + f. Both expressions can be interpreted as canon-
ical differential systems which are definite on R, see e.g. [5]. With

=0 w0=(00). mo=(21). mo=(30).

these systems are
JF'(t)—Hi(t)F(t) =AA(t)F(t), t€R;ae, A€eC,

where F = (fi,/2)7 and i =1,2. With Li(R.) the Hilbert space (of equivalence
classes) associated with A, the minimal relations generated by the above canonical sys-
tems are symmetric operators in L (R;) with defect numbers (1,1), which follows
e.g. from [15, Proposition 5.25] together with the definiteness of the systems. In par-
ticular, for both systems O is a regular endpoint and e is an endpoint in the limit-point
case. Therefore, properly understood, K; and K, defined by

grki = {{F,G} € (R} ) x L (Ry) : £ifi = g1, f1(0) =0}, i=1,2,

where F = (f1,f>)" and G = (g1,¢>)7, are selfadjoint operators in the Hilbert space
Li(RJr), see [5, Section 4.1 and 5.3]. Moreover, dom K> C domK; and, hence, the sum
of K| and K> is the symmetric operator S’

grS = {{F,G} € L3(R;) x LA(R}) : F € domKa, lsfi = g1, f1(0) =0},

where (sfi = —2if], F = (fi,/>)T and G = (g1,g2)" . Hence, the closure of S is a
well-known symmetric operator with defect numbers n. (S) =0 and n_(S) =1 corre-
sponding to lg.

In Example 3.10 below the selfadjoint operators from Example 3.9 are used to
show that there exist unitary operators which map hyper-maximal neutral subspaces
onto non-closed neutral subspaces which can not be extended to hyper-maximal neutral
subspaces, cf. Proposition 3.4.

EXAMPLE 3.10. Let K; and K> be the selfadjoint operators in § := L3 (R") as
in Example 3.9, moreover, define j and < -,- > on R:=$ x 9 by

ifo. fit =i{—fi.fo} and <{fo,fi1}.{g0.81} >=i[(fo,81)% — (f1,80)0]-

Then {8&,< -,- >} is a Krein space, j is a fundamental symmetry for {R,< -,- >},
M := 9 x 0 is a hyper-maximal neutral subspace of {&,< -,- >}, and K; and K, can
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be interpreted as selfadjoint operators in {91, < j-,- >}. Now Y (K]) is a unitary op-
erator in {&,<-,- >} and £:= {{f,Kof} : f € domK;} = grK; is a hyper-maximal
neutral subspace of {&, < -,- >} such that £ C domY;(K;) = domK; &), because
domK, C domK;. Moreover, Y1(K;)L = gr(K; + K3) is a (non-closed) neutral sub-
space which can not be extended to a hyper-maximal neutral subspace, because K; + K3
is a symmetric operator which can not be extended to a selfadjoint operator, see Exam-
ple 3.9 and Lemma 3.6.

Example 3.9 can also be used to show that there exists isometric operators which
cannot be extended to unitary relations such that the closure of their composition with a
unitary relation is (extendable to) a unitary relation. Another example of this is obtained
by considering the composition of Y1 (K) and Y1 (S), where K is a selfadjoint operator
in {9M,[j-,-]} and S is a symmetric operator with unequal defect numbers in {90, [j-,]}
such that domSNdomK = {0}, cf. [14, Theorem 3.6]. Then, clearly, Y| (K)Y(S) =
Lign can be extended to a unitary operator.

Different from the composition of the triangular archetypical unitary operators
considered above, the composition of two archetypical unitary operators which have a
diagonal representation (in the same coordinates), can always be extended to a unitary
relation: Let By and B, be two closed operators (or relations), then

BB 0
Y2(Bl)Y2(B2) = < 10 2 ]Bl—*B;*]> C TZ(CIOS (B]Bz))~

Here it is used that B, B, * C (B1B,) ™™, see Lemma 2.1.

Next the composition of the different types of archetypical unitary relations is
considered, i.e. compositions of the type Y1(S)Y,(B). The following two statements
give some conditions for when this composition is unitary.

PROPOSITION 3.11. Let j be a fundamental symmetry of {R,[-,-]} and assume
that there exists a hyper-maximal neutral subspace I in {R,[-,-]}. Moreover, let
B be an operator in (the Hilbert space) {9, [i-,-]} with domB = 9 = ranclos (B)
and kerclos (B) = {0}, and let S be a symmetric relation in {9, [j-,-]}. Then Y(S)
Y2 (clos(B)) is (extendable to) a unitary relation in {R,[-,-]} if and only if S is (ex-
tendable to) a selfadjoint relation in {9, [j-,-]}.

In particular, Y1(S)Y2(closB) is a unitary operator if and only if S is a selfadjoint
operatorin {9, [j-,-]} with domSNmulclos (B) = {0}.

Proof. Since the last equivalence is clear, it suffices to prove the first equivalence.
Therefore note that if 7 is a symmetric extension of S, then Y (7)Y, (closB) is an
isometric extension of Y'; (S)Y2(clos B). Hence, to prove the first equivalence it suffices
to show that Y'; (S)Y>(closB) is unitary if and only if S is selfadjoint.

If S is selfadjoint, then the fact that Y (S)Y,(closB) is unitary follows from
Lemma 3.1 as in Proposition 3.2. To prove the converse assume that S is a maximal
symmetric relation which is not selfadjoint, and that Y (S)Y2(closB) is unitary. Then
there exists {f,f'} € grS* such that Im[f, '] # 0 and by the assumptions on B there
exists a 1 € domclos (B) such that {&, f} € gr(closB). Now a direct calculation shows
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that [h,g] = [f +jif’,¢'] forall {g,g'} € grU,i.e, {h,f+jif'} € grU by (2.6). On the
other hand, [h,h] =0, because h € MM, and [f +jif’, f+iif'| =i([f, f1—f,if]) #0,
by the assumption on {f, f’}. This shows that {&, f +jif’} cannot be contained in the
graph of an isometric relation. This contradiction completes the proof. [

COROLLARY 3.12. Let j be a fundamental symmetry of {R,|,-|} and assume
that there exists a hyper-maximal neutral subspace M in {&,[-,]}. Moreover, let B
be a closed operator in (the Hilbert space) {9, [j-,-]} with domB = 9 = ranB and
kerB = {0}, and let S be a symmetric operator in {9, [i-,-]}. Then Y1(S)Y2(B~1) is
(extendable to) a unitary operator in {8,[-,-]} if and only if B-*SB~! is (extendable
to) a selfadjoint operator in {9, [j-,-|}.

Proof. Note that

_ B 0 Bl 0 I 0
1y _ _
Ti($T(B7) = (jiSB—l jB*j) - ( 0 jB*j) (jiB*SBl 1)

=Yo(B~ )Y\ (BSB™) = (Y1 (~B*SB)Y2(B)) .

Here the second equality holds, because the assumptions on B imply that ran B* = 1.
Since an isometric relation is unitary if and only if its inverse is unitary, the above
equality together with Proposition 3.11 shows that the statement holds. [

Example 3.13 below shows that S in Corollary 3.12 need not be a selfadjoint
operator nor even a symmetric operator with equal defect numbers for B~*SB~! to be
selfadjoint and, hence, Y'1(S)Y2(B~!) to be unitary.

EXAMPLE 3.13. Let j be a fundamental symmetry of {&,[-,-]} and assume that
there exists a hyper-maximal neutral subspace 9 in {R,[-,:]}. Moreover, let S be a
closed symmetric operator in the Hilbert space {91, [j-,-]} with domS = 9t and defect
numbers n4(S) = ny, where ny < X, and let B be a closed operator in {90, [j-,-]}
with domB = dom S, kerB = {0} and ranB = 91, see [14]. Then K := B *SB~ ! isa
symmetric operator with domK = 91, i.e. K is a selfadjoint operator in {9, [j-,-]}.

REMARK 3.14. Note that if S and B are as in Example 3.13, then the unitary
operator Y (S)Y2(B~!) maps the hyper-maximal neutral subspace 90t onto the closed
neutral subspace {f +jiSf: f € domS} with defect numbers ny and n_. Hence, uni-
tary relations may map hyper-maximal neutral subspaces onto closed neutral subspaces
with nonzero defect numbers (< Xg).

4. Unitary relations and their block decompositions

Isometric operators containing a hyper-maximal semi-definite subspace in their
domain are here studied. Such isometric operators are shown to be representable by
compositions of archetypical isometric operators. Furthermore, necessary and suffi-
cient conditions for isometric operators to be unitary are presented and it is shown that,
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w.r.t. suitable coordinates, every unitary operator can be written as the composition of
either of the archetypical unitary operators with a bounded unitary operator. Finally,
the obtained characterizations of unitary operators are used to give conditions for when
the composition of unitary operators is (extendable to) a unitary operator.

4.1. Isometric operators and hyper-maximal subspaces

Let j be a fundamental symmetry for {&2,[-,-]2}. Then here isometric operators
V from {8&,[,"]1} to {Ra,[-,"]2} are studied for which there exists a hyper-maximal
neutral subspace 9 of {&,,[:,-]»} such that V=!(j9T NranV) is a hyper-maximal
neutral subspace of {&],[,"]1}. In other words, isometric operators are studied which
have a hyper-maximal neutral subspace in their domain and map it onto a neutral sub-
space which can be extended to a hyper-maximal neutral subspace. Note that unitary
relations essentially satisfy the preceding condition, see Theorem 4.8 below.

Theorem 4.2 below furnishes a block representation for isometric operators which
satisfy the above condition and have a dense range. To prove that statement the follow-
ing lemma will be used.

LEMMA 4.1. Let V be an isometric operator from {Ri,[-,-]1} to {Raz, [, ]2}
with TanV = R, and assume that there exists a hyper-maximal neutral subspace £
in {&,[-,-1} with £ CdomV. Then there exists a bounded unitary operator U; from
{&1,[,-]1} onto {&a,[-,-]a} with domV C domU, such that VU;" is an isometric
operator in {8, [-,-]a} with dom (VU ') = &, =an (VU, ).

In particular, if M is a hyper-maximal neutral subspace of {8a,[-,-]2} and j;
and jy are fundamental symmetries of {R1,[,-]1} and {Ra,[-,-]2}, respectively, then
U, can be taken such that U;(£) =9 and U, (j; LNdomU;) = jp 9.

Proof. Tt is a direct consequence of the assumptions that kerV = (domV)M',
see [17, Corollary 3.8]. Hence, with £ := (domV)/kerV, U; : domV C R — £3,
f — f+[kerV], is a bounded unitary operator from {&,[-,-];} onto the Krein space
{&s,[-,-l1}, see [17, Lemma 3.10]. Therefore VU; "' is an isometric operator from
{&3,[,]1} to {8a,[-,-]2} which satisfies dom(VU, ') = £ and tan (VU ') = &,.

Since £ is a hyper-maximal neutral subspace and U, is a bounded unitary opera-
tor, U;(£) is a hyper-maximal neutral subspace of {83, [,-]1}. In particular, kJ =k ,
see e.g. [3, Ch. I: Remark 4.16]. Since VUI_1 maps U (£) injectively onto a neutral
subspace of {#,[,-]2}, ki < k5. Moreover, the fact that VU is an injective op-
erator together with dom(VU; ') = & and tan(VU, ') = &, yields that k§ +k; =
ky +k, . The preceding arguments together show that kgt = kéc. Therefore there exists
a standard unitary operator U, from {83,[-,-]1} to {82,[-,-]2} and the first statement
holds with U; := U,U; .

Since U,U; is a bounded unitary operator, U,U,(£) and U,U,(j; £ NdomUy)
are hyper-maximal neutral subspaces of {Ry,[-,]»} and there exists a fundamental
symmetry j5 of {£,[-,-]o} such that U,U;(ji£NdomV) = j,U,U,(£). Therefore,
by Lemma 3.8, there exists a standard unitary operator Uz in {f,[,-]} such that
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Us(UxU (L)) = M and Us(ULU, (j1£NdomUy)) = Us(j5U-U1(£)) = j299T. Hence,
the final statement holds with U, := UsU,U; [

Theorem 4.2 below contains a representation for the isometric operators V for
which V~1(j,9T NranV) is a hyper-maximal neutral subspace. It is shown that such
operators have, up to a bounded unitary transformation, a triangular representation
which can be expressed in terms of archetypical isometric operators. Note that the
isometric operators considered in Theorem 4.2 below are a coordinate free version of
quasi-boundary triplets, see Definition 2.3. To better see this connection, note that
V(M NranV) = ker (PymV), where Py is the orthogonal projection onto 9t
W.I.L. [j2-7 -]2 .

THEOREM 4.2. Let V be an isometric operator from {&,[-,-]1} to {Ra2,[,"]2}
with TanV = Ry, let jp be a fundamental symmetry of {8Ra,[-,"]2} and, moreover, as-
sume that there exists a hyper-maximal neutral subspace M in {Ky,[-, |} such that
£ :=ker(PmV) is a hyper-maximal neutral subspace of {R1,[,"]1}. Then there ex-
ists an operator B in the Hilbert space {9, [j2-,-]2} with domB = 9 = ranclos (B)
and kerclos (B) = {0}, a symmetric operator S in {9, [jz-,"]»} with domS = ranB
and domS* Nmulclos (B) = {0}, and a bounded unitary operator U; from {&,][-,"]1}
onto {8y, [-,-]2} with domV C domU;, mapping £ onto j,9M, such that

o1 B 0 .

Furthermore, mulclos (B) = {0} if and only if clos(V (L)) = j2IN.

Proof. Note first that if (4.1) holds, then j,V(£) = domB*. This together with
domB* = (mulclos (B))™, see (2.3), shows that the final assertion holds. Next note that
Lemma 4.1 implies the existence of a bounded unitary operator U; as in the statement.
Then W := VU, ! is an isometric operator in {5, [-,-],} with domW = &, = fan W,
29 C domW and W (j,9M) = V(£) C jMN.

Step 1: Since j>9 C domW and W (j2901) C joMt, W has w.r.t. the decomposition
M B9 of R, the following block representation:

B 0
V= (iziC szjz) |
where B, C and D are operators in (the Hilbert space) {9, [j>-,-]a} which satisfy
domD =9, kerD = {0} and domB = domC. Direct calculations shows that the fact
that W is isometric implies that D C B~* and that C = SB for a symmetric operator S
with domS = ranB, cf. Proposition 3.7.

Step 2: Next observe that domB = 9t and fanB = 9, because domW = &, =
ranW . Since domD = 9, see Step 1, and mulB~* = (ranB)* = {0}, equality must
hold in the inclusion D C B~* by (2.4): D =B~ *. Consequently, ranB* =domD =90
and combining this with tanB = 91 yields ranclos (B) = 91. Moreover, ranB* = 90t
also yields kerclos (B) = {0}, see (2.3).
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Step 3: The arguments from step 1 and step 2 show that the asserted representation
for W = VU,”! holds. Therefore ranV = {f +j,iSf : f € domS} + jodomB*. Since
ranV = K5, it now follows that

{0} = (ranV)H2 = { £ +3,iSf : f € domS}YH2 N (j,domB¥)
={f+5uS"f: f € domS*} N (mulclos (B) &jM),

i.e. domS* Nmulclos (B) = {0}. This completes the proof. [

REMARK 4.3. (i): Let j; be any fundamental symmetry of {&;,[,:]1}. Then
note that U; in Theorem 4.2 could have been chosen such that additionally U;(j; £N
domU;) = 9, see Lemma 4.1. With that choice of U, (4.1) yields

V(ii£ndomV) = VU, ' (MNdomVU, ) = {f +7:iSf: f € domS}.

In view of Proposition 3.11 and 3.6, this shows that the isometric operator in Theo-
rem 4.2 is unitary if and only if S is a selfadjoint operator or, equivalently, if and only
if V(j;£NdomV) is a hyper-maximal neutral subspace of {£,[-,]2}.

(ii): Using [17, Corollary 3.13], Theorem 4.2 can be extended to the case that 9t
is a hyper-maximal semi-definite subspace of {£,[-,-]} such that DN j M C ranV
and £ :=ker(Zy;1,V) = V-1(59m NranV) is a hyper-maximal semi-definite sub-
space of {R1,[,-]1}. Namely in that case there exist S and B as in Theorem 4.2 (with
M therein replaced by MH2) and a bounded unitary operator U, from {&,[-,-];} to
{&2,[,"]2} with domV C domU;, mapping £ onto j,9, such that w.r.t. the decom-
position M2 @ j,9ML2 @ (LM NM) of &

B 0 0
VU = | ,iSBi,B ™%, 0 =Y1(S)Y2(B) & Ionnj,om-
0 0 Innj,om

Next two consequences of Theorem 4.2 are stated: The first shows that isometric
operators as in Theorem 4.2 are closely connected to unitary relations and the second
shows how the representation in Theorem 4.2 simplifies if it is assumed that V maps
ker (Zsn V) onto a hyper-maximal neutral subspace.

COROLLARY 4.4. Let V be an isometric operator from {8&1,[-,"]1} to {Ra2, [, ]2}
with tanV = R, let jp be a fundamental symmetry of {Ra,[-,"]2} and assume that M is
a hyper-maximal semi-definite subspace of {Ra,[-,-]} such that 9MNjIM C ranV and
that £ := ker (Pyy1,V) is a hyper-maximal semi-definite subspace of {8i,[,-]1}.
Then there exists a symmetric operator T in the Hilbert space {2 [ip-, ]2} with
domT = M2 such that the closure of (Y1(T) @ Iannj,om)V is a unitary relation from

{Rh ['7']1} to {ﬁ% [a]2}

Proof. W.l.o.g. assume that £ and 991 are hyper-maximal neutral subspaces, see
Remark 4.3 (ii). Then by Theorem 4.2 VU, ' = Y{(S)Y2(B). Since (Y1(S))~! =
Y1(—S) and domY(S) = R, the statement holds with T = —§. [



670 H.L. WIETSMA

COROLLARY 4.5. Let V be an isometric operator from {R1,[,-]1} to {8, [, ]2}
with tanV = R and let £ C domV be a hyper-maximal semi-definite subspace of
{R1,["s:)1} such that V(L) is a hyper-maximal semi-definite subspace of {£a,[-,"]2}.
Then for every fundamental symmetry iy of {Ra,[,-]2} and with I :=j,V (L), there
exists a symmetric operator S in the Hilbert space {92 1., ]2} with dom S = Mtz
and a bounded unitary operator U; from {Ry,[-,"]1} onto {Ra,[-,-]»} with domV C
domU;, mapping £ onto i, M, such that VU, ' =Y (S) D Ippjon.-

Proof. W.l.o.g. assume that £ and 9 are hyper-maximal neutral subspaces,
see Remark 4.2. Then the conditions of Theorem 4.2 are satisfied, i.e. VU;1 =
Y1 (S)Y2(B). Moreover, the assumption that V(£) (C j9t) is hyper-maximal neu-
tral implies that ranB~* = j,V(£) = 9. This, together with the other properties of
B, see Theorem 4.2, implies that clos(B) is an operator with a trivial kernel satis-
fying domclos (B) = 9 = ranclos (B). Consequently, Y;(clos(B)) = clos (Y, (B)) is
a standard unitary operator and, hence, Y (clos(B))U; is a bounded unitary operator
from {Ry,[,"]1} onto {Ry,[-,-]2}. This observation together with (4.1) shows that the
statement holds with S as in Theorem 4.2. [

If V is as in Theorem 4.2 or, more generally, if V =Y (S)Y,(B)U; for a symmet-
ric operator S, an operator B and a bounded unitary operator U, , then ker (ZjonV) =
V-9 NranV) is also a neutral subspace of {f,[,"]i}, kerV = ker(ZPynV)nN
ker (ZjonV) and, moreover,

ker (Pon(VU, ")) = {f +jiB*(~S)Bf : f € dom (B*SB)} (4.2)

Hence, ker (Pon(VU, ")), and therefore also ker (PonV), is a hyper-maximal neutral
subspace if and only if B*SB is a selfadjoint relation in {9, [j>-, >}, see Lemma 3.6.
Equation (4.2) also shows that ker (ZjopV) = kerV if and only if dom (B*SB) = {0} .
Next an example of a unitary operator U with ker (ZjonU) = kerU is presented, cf.
[11, Example 6.6].

EXAMPLE 4.6. Let j be a fundamental symmetry of {&,[-,-]} and assume that
there exists a hyper-maximal neutral subspace 9t of {&,[-,-]} such that {9, [j-,-]} isa
separable Hilbert space. Next let K be a selfadjoint operatorin {91, [j-,-]} with ranK #
M and TanK = M. Then there exists a unitary operator W in {9, [j-,-|} such that
ran(WK)NranK = {0}, see e.g. [14, Theorem 3.6]. Now let C be a closed operator
such that ranC = ran (WK), domC = 9t and kerC = {0}, see [14]. Then B=C"*
is a closed operator with domB = 9t =ranB, kerB = {0} and domB*NranK = {0}.
Now dom (B*KB) = {0} and, hence, U := Y| (K)Y2(B) is a unitary operator such that
ker (ZjoqU) = kerU, see Proposition 3.11 and (4.2).

Furthermore, if V is as above, then
ker (PonV) +ker(PjomV) =domV if and only if ran(SB) C domB*.  (4.3)

Example 4.7 (i) below shows that for two hyper-maximal neutral subspaces £y and £;
there always exists a unitary operator U such that £y =ker (ZonU), £ =ker (PjonU)



BLOCK REPRESENTATIONS FOR CLASSES OF ISOMETRIC OPERATORS 671

and ker (PonU) + ker (PjommU) = domU . Also an isometric operator, which can not
be extended to a unitary operator, with the same properties is given, see Example 4.7
(i) below. Recall that if the sum of £y and £, is closed and coincides with the orthog-
onal complement £ of a closed neutral subspace £, then £y and £; are traditionally
called transversal extensions of £. For such cases it is well known that there exists a
bounded unitary operator U such that £y = ker(ZonU) and £; = ker (FjomU), see
[13, Proposition 1.3].

EXAMPLE 4.7. Let j be a fundamental symmetry of {&,[-,-]} and assume that
there exists a hyper-maximal neutral subspace 9 in {&,[-,"]}.

(i) Let £ be hyper-maximal neutral subspace of {&,[-,-]}. Then, by Lemma 3.6,
there exists a selfadjoint relation K in {901,[j-,-]} such that £ = {f+ijf : {f,f'} €
grK}. Now a direct calculation shows that the unitary relation U := jY{(K~1)j is such
that 91 = ker (PjmU), £ =ker(PonU) and ker (PonU) +ker(FPjonU) = domU .

(i) Let S be a symmetric operator in the Hilbert space {90, [j-,-|} with unequal
defect numbers and domS = 9t = ranS, and let B be a closed operator with domB =
M =ranB and kerB = {0} such that domB* =ranS. Then K := B*SB is a selfadjoint
operatorin {9, [j-,-]}, because by the assumptions ranK = 0t. Now V := U, (S)Y2(B)
is an isometric operator in {£,[-,-]} which cannot be extended to a unitary opera-
tor, see Proposition 3.11, while £y := ker(PgnV) = i and £ := ker(PjmV) =
{f+jiB*(=S)Bf : f € dom(B*SB)} = {f —jiKf : f € domK} are hyper-maximal
neutral subspaces of {&,[-,]}. Finally, note that domV = £y + £; by (4.3), because
ran (SB) = domB* by construction.

4.2. Block representations of unitary relations

Next necessary and sufficient conditions for an isometric operator to be unitary
are presented. Note that Theorem 4.8 below weakens the conditions in [17, Theorem
5.6] and is an inverse to Lemma 3.1, see also Corollary 4.9 below. Theorem 4.8 below
also shows how one can choose coordinates such that, up to a bounded unitary transfor-
mation, the unitary operator has a diagonal block representation in those coordinates.
In particular, that shows that the unbounded part of a unitary operator can always be
represented by a block diagonal unitary operator (in certain coordinates).

THEOREM 4.8. Let U be an isometric relation from {Ry,[-,-]1} to {fa,[,"]2}-
Then U is unitary if and only if there exists a hyper-maximal semi-definite subspace
£ CdomU of {&1,],"]1} and a fundamental symmetry j; of {81,[-,"]1} such that

(i) U (E[J-h) is a neutral subspace with equal defect numbers in the Krein space

{fnU(ENL)HE, [ ]}
(i) U(j1€NndomU) is a hyper-maximal semi-definite subspace of {$£a,][-,"]2}.

In particular, if the above conditions hold and U is an operator, 9 := U (j; £NdomU)
and jp is a fundamental symmetry of {Ra,-,-]2}, then there exists a closed operator
B in the Hilbert space {92 [i5-,-]} with domB = 92 = ranB and kerB = {0},
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and a bounded unitary operator U; from {81,[-,-]1} onto {fa,[-,]2} with domU C
domU;, mapping j1 £NdomU; onto M, such that

UU; ' =T2(B) ® Ionrj,om-

Proof. The existence of a subspace £ with the stated conditions follows from
[17, Theorem 5.6] and the sufficiency of the conditions is the contents of Lemma 3.1.
Therefore to complete the proof, only the last statement needs to be proven which
w.Lo.g. is only done in case £ is a hyper-maximal neutral subspace of {Ry,[-,"]:},
see Remark 4.3 (ii). Then, by Lemma 4.1, there exists a standard unitary operator
Uy from {8, [-,-]1} to {R,[-,]2} with domU C domU;, mapping £ onto j»9 and
ji1€£NdomU; onto M. Therefore the unitary operator UU,, ! (with a trivial kernel) has
w.r.t. the decomposition M @ )T of K, , the block representation

1 (B iCh
U ‘(0 j2Djs )

where B is a closed operator satisfying dom B = clos (U, (j; £NdomU)) = 91, ranB =
U(i€NdomU) = M, kerB = {0} = mulB, and C and D are operators satisfy-
ing domC = domD = Up(£NdomU) = U,(L) = j»M. Now the arguments as in
Theorem 4.2 show that D = B™* and that C = SB™* for a symmetric operator S in
{9, [j2-,-]}. This implies that UU, " can be written as

UU-! — BiSB™*j,\ (B 0 ) IiB‘lSB‘*jz)
h 0 2B "j> 0j2B "j2) \O 1 ’

Here the second equality holds because ran B = 9t. Next observe that K := B~!SB~* is
a symmetric operator, because mul(UU, 1) = {0}, with domK = 9, because
dom (SB™*) = domC = 9 and ranB = 9. This shows that K is a everywhere de-
fined selfadjoint operator and, hence, Y| (K) is a standard unitary operator. Therefore
the statement holds with U, =, Y1 (K)jxU;,. O

COROLLARY 4.9. Let U be an isometric relation from { Ry, [-,-]1} to {Ra,[,"]2}.
Then U is unitary if an only if there exists a hyper-maximal semi-definite subspace
£ CdomU of {R,[-,-]1} and a fundamental symmetry i, of {Ri,[-,-]1} such that
U(j1£NndomU) is a hyper-maximal neutral subspace of {8a,[-,]2}.

Proof. The necessity of the condition follows from Theorem 4.8 and the suffi-
ciency of the condition is the contents of Lemma 3.1. [

REMARK 4.10. Among other things, Theorem 4.8 implies that if there exists a
hyper-maximal neutral subspace in the domain of a unitary operator U which is mapped
onto a neutral subspace with equal defect numbers, then, up to a standard unitary trans-
formation on its range, U can be interpreted as a so-called generalized boundary triplet,
see [13, Definition 6.1]. This implies that the graph of every Weyl family associated
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with such a boundary relation, see Definition 2.4, is a linear transformation of the graph
of a bounded Weyl family. More specifically, let {7, T’} be a boundary relation for the
adjoint of the closed symmetric relation S in {$),(-,-)} with mull’ = {0} and assume
that A is a selfadjoint relation in {$),(-,-)} such that grA C domT and that T'(grA)
is extendable to a hyper-maximal neutral subspace of {7 2 < >}, see Section 2.4
for the notation. If j is a fundamental symmetry of {532, < +,+ >}, then by Remark 4.3
(i) M :=T(jgrANdomT) is a hyper-maximal neutral subspace of {.7, (-,-)}. Hence,
if U, is a standard unitary operator in {#?,< -,- >} which maps 90 onto # x {0},
see Lemma 3.8, then by Theorem 4.8 there exists a bounded unitary operator I” from
{9%,< - >} to {H#? < -,- >} (with kerT” = kerT") and a closed operator B in
{A,(-,-)} with domB = J# =ranB and kerB = {0} such that

UT = (g BO*> r. 4.4)

Since I is a bounded unitary relation with mull” = {0}, {#, T} is an ordinary
boundary triplet for $* and, hence, its Weyl family M’(1) is a bounded and boundedly
invertible Weyl function, see Section 2.4. From (4.4) it now follows, that the Weyl
family M(A) associated with {J#, T’} is given by

erM(A) = U, gr(B*M'(A)B~'),A € C\R.

Theorem 4.8 shows that the domain and range of a unitary relation contain a hyper-
maximal semi-definite subspace, cf. [9, Ch. IV.3]. In fact, Theorem 4.8 combined with
Proposition 3.4 shows that the domain of a unitary relation contains a hyper-maximal
semi-definite subspace which is mapped onto a hyper-maximal semi-definite subspace.
Combing this observation with Corollary 4.5 and Proposition 3.2 yields a second block
representation for unitary operators.

COROLLARY 4.11. Let U be a unitary operator from {Ry,[-,-]1} to {Ra2,[,"]2}
andlet jy be a fundamental symmetry of {Ra,|-,-]2}. Then there exists a hyper-maximal
semi-definite subspace M of {Ra,[-,-]2}, a selfadjoint operator K in {92 [j>-,-]5}
and a bounded unitary operator from {Ry,[-,-]1} onto {Ra,[-,"]2} with domU C domU;
such that UU; ' =Y1(K) @ Ionpj,om -

Next some further necessary and sufficient conditions for an isometric relation to
be unitary are stated; note that the following result extends [1 1, Lemma 5.5] I

THEOREM 4.12. Let U be an isometric operator from {R1,[-,"]1} to {8, [, ]2}
and let iy be a fundamental symmetry of {Ra,[-,"]2}. Then U is unitary if and only if
there exists a hyper-maximal semi-definite subspace MM of {Ra,[-,]2} such that

(1) M= PgpranU and MNj;IM CranU;
(ii) ker (P 1,U) is a hyper-maximal semi-definite subspace of {&1,[-,"]1}.

'Note that in [11, Lemma 5.5] Ao should be selfadjoint.
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In particular, if (i) and (ii) hold, then there exists a closed operator B in the Hilbert
space {2 [i5- o} with domB = 92 = ranB and kerB = {0}, a selfadjoint
operator K in {92 [i5-, ]2} with domK = 92 and a bounded unitary operator
U from {R1,[,-]2} onto {fa,[,-]2} with domU C domU;, mapping ker (Pyy(1),U)
onto M, such that

UU; ' =Y 1(K)Y2(B) @ Ionnjpom- (4.5)

Proof. 1f U is unitary, then 97 as in Theorem 4.8 satisfies (i)-(ii). In fact, in that
case M C ranU . To prove sufficiency of the conditions (i)-(ii), it suffices to show that
U has the indicated block decomposition if (i)-(ii) hold, see Proposition 3.11. Since
MM j2N C ranU, that is w.l.o.g. only done in case that 9, and hence also £ :=
ker (g1, U), is a hyper-maximal neutral subspace.

Step 1: Note that the assumption that £ is hyper-maximal neutral implies that

£+domUNK =domU = £+domUNK; . (4.6)

Recall also that by assumption U(£) C j,9t. Next it is shown that U (L) is under the
assumptions (i) and (ii) in fact dense in j9T. To see this let f, € M S clos(U(L)),
then by the assumption (i) together with (4.6) there exists an f € domU ﬂﬁf such that
PonU f =jafo. Consequently, [Uf,Ugl, =0 forevery g € £ and, hence, [f,g]; =0
forevery g € £. Since f € domU ﬂﬁf and £ is hyper-maximal neutral, the preceding
equality can only hold if f = 0. Consequently, clos(U(£)) = j,M. That equality
together with the assumption (i) and (4.6) yields that ranU = R, .

Step 2: Now by Theorem 4.2 there exists an operator B in {90, [j2-,]2} with
dom B=9M=ranclos (B) and kerclos (B)={0}, a symmetric operator K in {9, [j2-,"]2}
with domK = ranB and a standard unitary operator Uz in {£s,[-,-]»} with domU; C
domUs, mapping ker (PynU;) onto j,M, such that

-1 _ B 0
UaU3 = Y,1 (K)TZ(B) - <JZZKB j2Bi*j2 . (47)
Now the assumption (i) implies that 9T = ran B and, hence, domK =9, i.e. K isa

bounded selfadjoint operator and ran B = 90t together with ker (clos (B)) = {0} implies
that B is closed, see (2.4). This shows that (4.5) holds. [

Note that the second part of Theorem 4.12 yields a representation for the Weyl
family Mr associated to a generalized boundary triplet {#°,T'}, see [13, Definition
6.1]. Namely, (4.5) shows that for such a Weyl family there exists a bounded and
boundedly invertible Weyl family M(A) in {J#,(-,-)}, a selfadjoint operator K in
{,(-,-)} and a closed operator B with domB = % = ranB and kerB = {0} such
that

Mr(A) =K+B *M(L)B~".

The two conditions in Theorem 4.12 are independent of each other, i.e. there exists
unitary operator such that either only (i) holds or only (ii) as is shown by the following
example.
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EXAMPLE 4.13. Let {$%,< -,- >} be the Krein space associated to the Hilbert
space {9, (-,-)} as in Section 2.4.

i) Let S be a closed symmetric operator in {9, (-,-)} with defect numbers n (S) =
1 and n_(S) = 0 such that domS = § = 1ansS. Moreover, let B be a closed operator
in {9,(-,-)} with domB = §), ranB = ranS and kerB = {0}, see [14], then K :=
B~'SB~* is a selfadjoint operator in {9,(-,-)} with ranK = . Now U defined as

KB~ —B
()
where the block representation is w.r.t. the decomposition $ x § of 92, isa unitary

operatorin {§?, < -,- >}, see e.g. Lemma 3.1. Clearly, PaxiopU 2ranK = §, while
on the other hand

ker (P (0}U) = {{f.f'} €domU : KB~ f+ Bf =0}

= {{faf/} € domU : f/ — _B—lKB—*f}
={{f,—Sf}: f €domS}.

Since S is by assumption not selfadjoint in {$), (-,-)}, the above calculation shows that
ker (2, 40yU) is not hyper-maximal neutral, see Proposition 3.6.

(ii) Let B be a closed operator in {§), (+,)} with domB = §) =ranB and kerB =
{0}, and let K be an unbounded selfadjoint operator in {$), (-,-)}. Then U defined as

B 0
U= (KB B*) ’

where the block representation is w.r.t. the decomposition $ x § of $2, is a uni-
tary operator in {$2 < -,- >} with domU = {0}, see Proposition 3.11. Clearly,
ker (P4, 0yU) = {0} x domB™* = {0} x § is a hyper-maximal neutral subspace of
{&,<,- >}. On the other hand, Zg, (0}U = (ranBNdomK) = domK. Since K is
by assumption unbounded, this implies that P, (U # 9.

Corollary 4.14 below contains conditions for the unitary operator in (4.5) to be a
bounded unitary operator which differ from the usual condition that the range of the
unitary operator is onto.

COROLLARY 4.14. Let U be a unitary operator from {81, [-,-]1 } to {fa,[,"]2},
let jo be any fundamental symmetry of {8a,[-,-]a} and let M be a hyper-maximal
semi-definite subspace of {Ra,[,"]2} such that Theorem 4.12 (i) and (ii) hold. Then
U is a bounded unitary operator if and only if i, = Zj,enranU and ker (PonU) +
ker (ZjonU) = domU.

Proof. By assumption U has the representation in (4.5). In fact, since K is a
bounded selfadjoint operator, Y| (K) is a standard unitary operator therein. Moreover,
since B is closed and ran B = M2 = domB in (4.5), U is a bounded unitary operator,
i.e. ranU = Ry, if and only if domB* = M2 Itis clear (see e.g. (4.7)) that dom B* =
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ML if and only if ran(KB) C domB* and Zj,gnranU = jp9. This observation
together with (4.3) shows that the equivalence holds. [

Combining Theorem 4.8 with results from the previous section yields the follow-
ing condition for an isometric relation to be (extendable to) a unitary relation. In partic-
ular, this yields a condition for a quasi-boundary triplet to be a boundary relation, see
Theorem 5.2 below.

THEOREM 4.15. Let U be an isometric relation from {81,[-,-|1} to {82, [, ]2}
and let j; be a fundamental symmetry of {&;,[-,-]i}, for i =1,2. Moreover, assume that
M is a hyper-maximal semi-definite subspace of {8y, [-,-|} such that MNj;M C ranU
andthat £ :=ker (P11, U) is a hyper-maximal semi-definite subspace of { &1, [+,"]1}
Then U is (extendable to) a unitary relation if and only if U(j;£NdomU) is (extend-
able to) a hyper-maximal semi-definite subspace of {£a,[,"]2}.

In particular, if the above assumptions hold and U is a unitary operator, then
there exists an operator B in {92 [i>-,-],} with dom B = 92 = ranclos (B) and
kerclos (B) = {0}, a selfadjoint operator K in {12 [i5-, ]2}, and a bounded unitary
operator U, from {Ry,[,-]1} onto {Ra,[,-]2} with domU C domU;, mapping £ onto
M, such that

UU; ' =1 (K)Y2(clos (B)) & Ionnjom-

Proof. W.l.o.g. the statement is only proven in case that 9t and £ are hyper-
maximal neutral subspaces, see Remark 4.3 (ii). It can also be assumed that U is
closed, because if U is not closed, then clos (U) clearly satisfies the same conditions.
Moreover, U can also w.l.o.g. be assumed to be an operator with a trivial kernel, see
[17, Corollary 3.11]. Now arguments as in step 1 of the proof of Theorem 4.2 show that
w.r.t. to the decomposition £&1j1 £ of K and the decomposition It B, )9 of K;,
U has the following block decomposition

0 Cj
U= (sz jziSle) :

where B and C are operators from {£,[j1-,-]1} to {9M,[j2-,"]2} with domB = £,
kerB = {0} = kerC and C C B *, and S is a symmetric operator in {9, [j>-,"]»}
with domS = ranC. Moreover, since U is by assumption closed, B needs to be
closed. The above representation shows that U (j; £NdomU) is (extendable to) a hyper-
maximal neutral subspace if and only if § is (extendable to) a selfadjoint relation K in
{M,[j2,-]2}, cf. Lemma 3.6.

Now assume that U (j; £NdomU) is (extendable to) a hyper-maximal neutral sub-
space, then there exists a selfadjoint extension K of S. Then U, defined via

grUqs = {{f+j18.B "¢ +i(Bf +iKB "g)}: f € Mand g € dom (KB~ *)}

is an extension of U which is a unitary relation by Lemma 3.1, because £ C domU,, is
a hyper-maximal neutral subspace of {&1,[,-]1} and U,(j1€NdomU,) = {f +jiKf :
f € domK} is a hyper-maximal neutral subspace of {R,,[,-]2}. Note that here it was
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used that ranB~* = 91. Hence, if U(j;£NdomU) is (extendable to) a hyper-maximal
neutral subspace, then U is (extendable to) a unitary relation.

To prove the converse assume that U is a unitary operator (see the discussion at the
beginning of the proof), then, in particular, rfanU = R;, see (2.5). Hence, Remark 4.3 (i)
implies that U (j; £NdomU) is a hyper-maximal neutral subspace of {Ry,[-,-]»}. This
arguments show that if U is (extendable to) a unitary relation, then U (j; £ NdomU) is
(extendable to) a hyper-maximal neutral subspace. [

4.3. Compositions of unitary operators

As an application of the block representations presented in the preceding subsec-
tions, here conditions for the composition of a unitary operator with an isometric oper-
ator to be (extendable to) a unitary operator are given. Two cases are considered: The
composition of unitary operators with closed isometric operators with a trivial kernel
and the composition of unitary operators with bounded unitary operators with a kernel.

PROPOSITION 4.16. Let U be a unitary operatorfrom { Ry, [-,-]1} to {Ra,[,]2},
let i a fundamental symmetry of {82, |-,]2}, let M be a hyper-maximal neutral sub-
space of {8a,[-,]2} such that ker (PonU) is a hyper-maximal neutral subspace of
{&1,[,"]1} and let V be a closed isometric operator in {Ry,[-,-]2} with kerV = {0}.
Moreover, let B, K and U, be as in Theorem 4.15 such that

UU ' =T (K)Yy(B). (4.8)

Then VU can be extended to a unitary operator from {R1,[-,"]1} to {Ra,[-,-]2} with
ker (PmVU) =ker (PonU) if and only if there exists a closed relation D in the Hilbert
space {9M, [j2+,-]2} such that D~*B~* is a closed operator satisfying dom (D *B~*) =
M and ker(D~*B~*) = {0} , and a symmetric operator S in {9, [j2-,-]2} which pos-
sesses a selfadjoint extension K satisfying domKg N (ran(D~*B~*))* = {0}, such
that V is an extension of

Y1 (ST (D)) (<K).

In particular, clos(VU) is a unitary operator if and only if V is an isometric exten-
sion of Y1(S)Y2(D)Y1(—K) as above and, additionally, clos(S) is selfadjoint and
clos (DlgomgB)) = (D™*B~*)~*.

Proof. If VU can be extended to a unitary operator and ker (Pon VU )=ker (PonU),
then VUU,™!, where U, is as in (4.8), is an isometric operator in {R2,[',]2} such that
ker (PonVUU, ') = j,9. Hence, as in step 1 of the proof of Theorem 4.2, there exist
operators By and C in {9, [j5-,-]>} with B; CC*, domC =M, kerC = {0} = mulC
and a symmetric operator T in {90, [j>-,-]»} with dom7T = ranB; such that

-1 B, 0 o By O
e, ‘(jziTBl incia) =110 jacin ) *9)

Since VU, and hence also VUU, !, is extendable to a unitary operator, it follows that
mulclosC = {0} . This observation together with domC = 9 yields that C is a closed
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operator. Moreover, since VU is extendable to a unitary operator, T is extendable to
a selfadjoint operator K such that domKg N (ranC)* = {0}, see Remark 4.2 (i) and
step 3 of the proof of Theorem 4.2.

Combining (4.8) and (4.9) yields

BB 0
Vv =Y (T . e | Y1(—K). 4.10
rranU 1( ) < 0 ]2CB ]2> 1( ) ( )
Since V is by assumption closed, the closure of the righthand side of (4.10) is contained
in V. Hence, the assumption that V' is an operator with a trivial kernel implies that the
operator E := CB* satisfies kerclos(E) = {0} = mulclos(E). Hence, D:=E * is a
relation which satisfies the stated conditions, because

D*B™" =clos(E)B™* = C+{0} x mulclos (E) = C.

Hence, by taking S to be a restriction of T to ran(B;B~!) the necessity of the condi-
tions is clear.
Conversely, let D and S be as in the statement, then with A := domK @ j,

Y1 (S)Y2(D)Y (—K)UU, ' =Y (S)Y2(D)IY2(B).
Now observe that

DI, B 0 kN —k
YZ(D>IAY2(B) = ( d(z)mK j2D—*B—*j2) QYZ((D B ) )

By the assumptions E := (D~*B~*)~* is a (closed) relation satisfying domE = 9t =
ranE and kerE = {0} . Hence, if Kj is a selfadjoint extension of S such that dom Kg N
mulE = {0}, then, by the above calculations, Y (S)Y2(D)Y;(—K)UU,”! can be ex-
tended to the unitary operator Y;(Ks)Y>(E), see Proposition 3.11, i.e., VU can be
extended to the unitary operator Y1 (Ks)Y2(E)U; .

The final equivalence is clear by the above observations. [

Note that the isometric operator Y (S)Y2(D)Y(—K) in Proposition 4.16 need not
be extendable to a unitary operator. Consider for instance the case that D =1, and that
S and —K are the selfadjoint operators K; and K, from Example 3.9. However, in
the case that U and VU in Proposition 4.16 are the abstract equivalents of generalized
boundary triplets, then V must be a unitary operator.

COROLLARY 4.17. Let U be a unitary operator from {81,[-,"]1} to {&a,[,"]2},
let jp be a fundamental symmetry of {Ra,[-,-|2} and let M be a hyper-maximal neu-
tral subspace of {8a,[-,-|2} such that ker(PsmU) is a hyper-maximal neutral sub-
space of {R1,[,-]1} and that PgpranU = M. Moreover, let V be a closed isometric
operator in {Ry,[-,-]2} with kerV = {0} such that ker(PonVU) = ker (PopU) and
Popran (VU) =M. Then VU is a unitary operator from {8&1,[,"]1} to {&a,[, ]2}
and V' is a unitary relation in {&,[-,]2}.
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Proof. The assumptions on VU imply by Theorem 4.12 that VU is a unitary
operator. Moreover, Theorem 4.12 implies that K and 7 in (the proof of) Proposi-
tion 4.16 are bounded selfadjoint operators in {901, [j»-,]} and, hence, Y;(clos(S))
and Y (—K) are standard unitary operators in {&,[-,-]»}. From this it follows that
clos (Y1(S)Y2(D)Y1(—K)) = Y1 (clos (S))Y2(clos (D))Y(—K) is a unitary relation in
{&2,[-,"]2}. Since Y1 (S)Y2(D)Y{(—K) CV and V is by assumption closed, this im-
plies that V itself is a unitary operator in {8y, [-,-]»}. O

In Proposition 4.16 the composition of a unitary operator with a closed isometric
operator with a trivial kernel was considered. Next the composition of a unitary operator
with a bounded unitary operator with a non-trivial kernel is considered.

PROPOSITION 4.18. Let U be a unitary operator from {81, [-,-]1} to {82, [, ]2}
and let j, be a fundamental symmetry of {8a,[,-]2}. Let 9M be a hyper-maximal
neutral subspace of {Ry,[,-]2} such that £ :=ker (PonU) is a hyper-maximal neutral
subspace of {Ri1,[-,-]1} and let U, be a bounded unitary operator from {8,[-,"]2}
onto {8s,[-,"]3} such that ;9 C domU, or, equivalently, kerU, C j,9M. Then U,U
is an isometric operator from {8&1,[-,-|1} to {8s,[:,]3} which can be extended to a
unitary relation. In particular, UyU is a unitary operator if and only if there exists a
Sfundamental symmetry i1 of {R1,[-,-]1} such that U(j;£NdomU)NdomUy + kerU,
is a hyper-maximal neutral subspace of {Ra,[-,"]2}.

Proof. Note first that if j,90 C domUj,, then ker Uy, = (domUj,)!H2 C (j,901) 1412 =
291 and, conversely, if ker Uy, C j901, then j, 90 = (5,90) 2 C (ker Uy )2 = dom U, =
domUp, where in the last step the boundedness of U, is used.

Since U(L£) C 9 (C domU,) is a neutral subspace with equal defect numbers
and U}, is a bounded unitary operator, U,(U(£)) is a neutral subspace with equal de-
fect numbers. Hence, by Theorem 4.15, U,U is (extendable to) a unitary relation if
and only if U,U((j1£NdomU)NdomU,) is (extendable to) a hyper-maximal neutral
subspace of {83,[-,:]3}. Since U, is a bounded unitary operator, this last condition
is equivalent to U (j; £ NdomU)NdomU, (+kerU,) being (extendable to) a hyper-
maximal neutral subspace of {£y,[-,-]2}. But that follows immediately from the fact
that U(j;£NdomU) NdomUj, is a restriction of U(j;£NdomU) which is a hyper-
maximal neutral subspace of {8&,,[,-]2} by Theorem 4.15, because U is unitary and
£ :=ker(P9nU) is a hyper-maximal neutral subspace of {&;,[,-]1}. O

Not every composition of a unitary operator with a unitary operator with closed
domain can be extended to a unitary operator as the following example shows.

EXAMPLE 4.19. By Remark 3.14 there exists a unitary operator U in an (infinite-
dimensional) Krein space {&,[,-]} which maps a neutral subspace £ with unequal
defect numbers onto a hyper-maximal neutral subspace. Now let U, be the unitary
operator from {&, [-,-]} to {0} whose graphis U(£) x {0}. Then U,U is an isometric
operator from {&,[-,-]} to {0} whose graph is given by £ x {0}. Clearly, U,U cannot
be extended to a unitary operator, because £ can not be extended to a hyper-maximal
neutral subspace.



680 H.L. WIETSMA

Finally, Proposition 4.18 is applied to the abstract equivalent of generalized bound-
ary triplets. Note that the following result will be used in Section 5.2 below to obtain
results on the boundary relations for intermediate extensions.

COROLLARY 4.20. Let U be a unitary operator from {81, [-,"]1} to {fa,[,"]2},
let jo be a fundamental symmetry of {8, ][-,]2} andlet M be a hyper-maximal neutral
subspace of {Ra,-,-]2} such that PopranU = M and that ker (PomU) is a hyper-
maximal neutral subspace of {81,[,"]1}. Moreover, let U, be a bounded unitary op-
erator from {Ra,[,"]2} onto {Ra,[-,-]3} such that ;9 C domU, or, equivalently,
kerU, C jo9M. Then UyU is a unitary operator from {Ry,[-,-]1} to {&s,[-,]3} and
N :=U,(MNdomU,) is a hyper-maximal neutral subspace of {83, |-,-|3} such that

Py(ran (UpU)) =M and ker(Pn(UpU)) =ker (PonU),

where Py is the orthogonal projection onto N w.r.L. [Ubj2U1;1~, Ja.

Proof. Theorem 4.12 shows that to prove the statement it suffices to shows that the
last two equalities hold. Note therefore first that the assumption kerU;, C j>91 implies
that 91, := M NdomU,, is a closed subspace such that

domUy, = M, B3 1IN =M, B2 29N, &) ker Up,.

Since (domU,)*2 = jokerU,, the above formula line shows that 90, +ker Uy, C domUj,
is a hyper-maximal neutral subspace of {Ry,[,-]} and, hence, M := Uy(IM,) is a
hyper-maximal neutral subspace of {83, [-,"]3}.

Next note that the assumption PopranU = 9 together with j,9t C domU,, im-
plies that Pgy (ranU NdomU,) = M, Since j3N = Up(j29N), where j3 = U;,szl;l,
the preceding observations imply that P (ran (UpU)) = 91. Moreover, j30 = U, (j20)
together with the assumption jo0t C domU,, yields

ker (PonU) = U~ (i3 NranU) = (U,U) " ;30 Nran (U,U)) = ker (P (UpU)).

This completes the proof. [l

5. Boundary relations in Krein spaces

The results from Section 4 are now used to study quasi-boundary relations and to
generalize some results concerning boundary relations for intermediate extensions from
[12, Section 4] to the Krein space setting. Therefore it is first shown which form the
archetypical isometric (unitary) operators Y (S) and Y,(B) take in the Krein spaces
used in the definition of (quasi-) boundary relations.

Let {7,(-,)} be a Hilbert space and let {#% < -,- >} be its associated Krefn
space as in Section 2.4, see (2.7). Then note that 9t := §) x {0} is hyper-maximal
neutral in {72, < -,- >} and j 4 defined as i {f,f'} = {—if',if}, where f,f’ €
2, is a fundamental symmetry for this Krein space. Now for a symmetric relation S
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and a relation B in the Hilbert space {90, < j_-,- >}, which can and will be identified
with {2, (-,-)}, Y1(S) and Y,(B) take the form

Yi(S){f.g} =1{f,Sf+g}, fecdomS, gt

5.1
Y2(B){f,g} = {Bf,B g}, f€domB,g€cranB". e

In particular, if Y';(S) and Y, (B) are operators, then w.r.t. the decomposition & x &
of /7, they have the following block representation:

Yi(S) = (é ?) and Y2(B) = (’g BO*)7 (5.2)

Henceforth, Y'{(S) and Y, (B) are used to denote the relations in (5.1).

5.1. Quasi-boundary triplets

Proposition 5.1 implies that there exists a strong connection between quasi-boun-
dary triplets and (multi-valued) generalized boundary triplets. Recall that Iy is as in
(2.8).

PROPOSITION 5.1. Let {J#,T,} be a quasi-boundary triplet for the adjoint of
the closed symmetric relation S in {R,[-,-|}. Then there exists a boundary relation
{AT} for S¥ with # x {0} C ranT and kerTy = (kerTo)!*l, and a symmetric
operator T in {H,(-,-)} with domT = 2 and domT* Nmully = {0} such that
Ty =Y(T)T. Conversely, if T and T are as above, then {7 ,Y(T)I'} is a quasi-
boundary triplet for S¥!.

Proof. The converse part follows directly by checking the criteria for quasi-bo-
undary triplets. For the direct part recall that by Theorem 4.2 there exists an operator
B in {J,(-,-)} with domB = J# = ranclos(B) and kerclos(B) = {0}, a symmet-
ric operator T in {2, (-,-)} with dom7T =ranB and domT* Nmulclos(B) = {0},
and a bounded unitary operator U; from {f%,< -,- >} onto {#2 < .- >} with
domT, C domU; such that T,U;"' = Y1 (T)Y2(B), where Y1(T) and Y»(B) are as in
(5.2). Since domT =ranB, it is now clear that I" := Y, (clos (B))U; satisfies the stated
conditions. [J

Note that the condition dom7* N mully in Proposition 5.1 guaranties that
ran (Y (T)T') = Rz, see step 3 of the proof of Theorem 4.2. Hence, in particular, that
condition guaranties that Y| (7)T is an (isometric) operator, see (2.5).

As a consequence of Theorem 4.15, the following necessary and sufficient condi-
tions hold for a quasi-boundary triplet to be (extendable to) a boundary relation.

THEOREM 5.2. Let S be a closed symmetric relationin {R,[-,-|} andlet {7 T}
be a quasi-boundary triplet for S . Then {A,T} is a boundary relation with mulT" =
{0} if and only if T(jkerTo N domT) is a hyper-maximal neutral subspace of {77,
< +,+ >} for some (and hence for every) fundamental symmetry j of {Rz, <L >t
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A further sufficient condition for a quasi-boundary triplet to be a boundary relation
follows from Theorem 4.12: a quasi-boundary triplet {77, T’} is a boundary relation
with mulT" = {0} if ranT\y = J#. Quasi-boundary triplets can also be characterized by
their associated Weyl functions, cf. [7, Proposition 2.6] and [1, Proposition 2.6].

PROPOSITION 5.3. Let {J#,(-,-)} be a Hilbert space and let M(-) be a -
valued operator function. Then M(-) is the Weyl family of a quasi-boundary triplet (for
the adjoint of a closed symmetric relation in the Hilbert space {$),(-,-)}) if and only
if there exists a symmetric operator T in {,(-,-)} such that domM(-) C domT and
that My (+) := clos(M(-) +T) is a Nevanlinna family® which satisfies domMp (1) =
S and kerMp (L) NdomT* = {0} forall A € C\R.

Proof. If {2 ,T} is a quasi-boundary triplet for the adjoint of a symmetric rela-
tion S in a Hilbert space {$), (,-)}, then by Proposition 5.1 there exists a symmetric op-
erator T in {7, (-,-)} with domT = . and a boundary relation {#,T"} for $* with
(kerI))* = kerIy, ranTy = % and dom7* NmulTy = {0} such that T =Y;(T)I".
The Weyl family My (+) associated to T is a Nevanlinna family of bounded operators,
i.e. domMp (L) = forall A € C\R, see [12, Proposition 3.15]. Note also that
the condition dom7* NmulTy = {0} implies that ker M (A1) NdomT* = {0} for all
A € C\R. Now a calculation shows that the Weyl family M(1), A € C\ R, associated
to I is

M(A)=T+Mp(A), domM =domT. (5.3)

Since domT = J# and domMp(-) = J#, (5.3) gives that M () = clos(M(-) — T)
and that domM(-) C dom7T .

Conversely, if Mp := clos(M(-) + T) is a Nevanlinna family which satisfies
domMp (A) = 4 for all A € C\R, then, see [12, Proposition 3.15], there exists a
symmetric operator S in a Hilbert space {9, (-,-)} and a boundary relation {.#,T"} for
S* satisfying (kerI))* = kerI7, and ranT{j = .7 such that its associated Weyl family
is Mp . Then, since domT = . and mulT'y Ndom 7™ = kerMp (1) NdomT* = {0},
Proposition 5.1 implies that {52, Y1(—T)I"'} is a quasi-boundary triplet for $* and a
calculation shows that its Weyl family is Mp(-) =T =M(-). O

Note that if 7 has equal defect numbers in the above statement, then the quasi-
boundary triplet for M(-) can be extended to a boundary relation.

5.2. Boundary relations for intermediate extensions

The results in [12, Section 4] for boundary relations in the Hilbert space setting
are here shown to remain valid in the Krein space setting. Therefore recall that for a
boundary relation {7, '}, Ty and T'; are defined as in (2.8). Using those definitions
a boundary relation {7, T’} for the adjoint of a closed symmetric relation in the Krein
space {&,[-,-]} is, analogous to the Hilbert space case, called a generalized boundary
triplet if mulT" = {0}, ranTy = .2 and A, defined via grAo = kerT, is a selfadjoint
relation in {R, |-, ]}, cf. [13, Definition 6.1].

2For the definition of a Nevanlinna family see for example [11, Section 2.6].
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For later use first observe the following statement about the transformation of a
boundary relation by certain standard unitary operators, see [12, Proposition 3.11].

LEMMA 5.4. Let S be a closed symmetric relation in {&,[-,-]} and let {7, T}
be a boundary relation for S with mull = {0} and with associated Weyl family
Mr (). Moreover, let B be a closed operator in {H,(-,)} with domB = ¢ =ranB
and ker B = {0}, and let K be a selfadjoint operator in {F,(-,-)} with domK = 5.
Then, with T' := Y| (K)Y2(B)T, also {,T"} is a boundary relation for S with
mulT” = {0}. Its Weyl family M (1), L € C\R, is

Mp(A)=K+B *M(2)B~!, domMp (1) =dom(M(A)B™1).

Proof. Since Y1(K) and Y (B) are standard unitary operators in the Krein space
{A#?,< -, >}, itis evident that {7, T’} is a boundary relation for SI*/, see Defini-
tion 2.2. The expression for M follows from a direct calculation after the observation
that domT" = domI” and, hence, 9, (T) =, (T’), where T and T’ are the relations
in {R,[,"|} such that grT =domTI and gr7’ =domI”. [

To obtain results on boundary relations for intermediate extensions, the above
lemma is combined with Proposition 5.5 below. Note that the following statement
is a generalization of a similar statement for generalized boundary triplets to the Krein
space setting, cf. [12, Proposition 4.1].

PROPOSITION 5.5. Let S be a closed symmetric relation in {&,[-,"]} and let
{# T} be a generalized boundary relation for S with associated Weyl family Mr(-).
Moreover; let ' be a closed subspace of H and define T from R2 to ' by

r/{faf/} - {FO{f7f/}’ gzs}f’r‘l{faf/}}

for all {f,f'} € domT such that To{f,f'} € #'. Then {H'.T"} is a generalized

boundary triplet for S L*} C St where grS, =kerI”, and kerT'y = kerI). Its associated
Weyl family M (L), A € C, is

Mp(A) =PypMr(A), domMp(A)=domMr(A) NAH' ="

Proof. The first part is a direct consequence of Corollary 4.20 with U;, defined as
U{f. 'Y=, Py f'}, f € and f' € A . The formula for the Weyl family is a
direct consequence of the definition of I together with the observation that domI” C
domT and, hence, DM, (T’) C N, (T), where T and T’ are the relations in {&,[-,-]}
such that grT = domTI and gr7’ = domI”, see Definition 2.4. [

Now the statements from [12, Section 4], other than [12, Proposition 4.1], can be
obtained by combining Proposition 5.5 with Lemma 5.4; following is an example, cf.
[12, Corollary 4.5]
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COROLLARY 5.6. Let S; be a closed symmetric relation in {R;,[-,-];} and let

{ T} be a generalized boundary triplet for SLM with associated Weyl family M;, for
i=1,2. Moreover, with & := R ® R, define the operator T from R to A as

LA @ f, flo o} = T8 A A3 THA A+ TH A, £

see (2.8), where

domT = {{fi® fo,fi & f} € & : {f1, i} € domT", {f2,f;} € domT?
and T3 {1, f1} =T fo, 41 }.

Then {2 T} is a generalized boundary triplet for S[r*] - S[l*] & S[z*], where grS, =
kerT", and its associated Weyl family is My + M, .

Proof. Define I' as
1 / 1 /
rinemsien ={ (4 (READ ]

where {fi,f]} € domI'! and {fs,f;} € domI?. Then {5#2,T"} is a generalized

boundary triplet for S [1*] P S[;] with associated Weyl family M, (-) & M;(-). Next define
the operator B on 72 by B{f,f'} ={f'.f —f'}, f,f' € 5. Then, see Lemma 5.4,

{4 T8} where T8 :=Y,(B)I" , is a generalized boundary triplet for 5\ &5} . Here

B / 1 r(z){f27f2/} ) (r%{f27f2/}+r%{fl7f{})}
Fherfish) {<ré{fz,f5}—r3{fl,f{} T A :

for {f1,f]} € domT" and {f», f3} € domT?2. Its associated Weyl family is

Mi(A)+ My (L) Mi(A)
MBW:( S Miw)’ het

After these observations the statement follows directly from Proposition 5.5. [
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