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ESSENTIAL SPECTRA OF QUASI-PARABOLIC COMPOSITION
OPERATORS ON HARDY SPACES OF THE POLY-DISC

UGUR GUL

(Communicated by Raiil Curto)

Abstract. In this paper we study the essential spectra of a class of composition operators on the
Hilbert-Hardy space of the bi-disc which is called “’quasi-parabolic” and whose one variable ana-
logue was studied in [2]. As in [2], quasi-parabolic composition operators on the Hilbert-Hardy
space of the bi-disc are written as a linear combination of Toeplitz operators and Fourier multipli-
ers. The C*-algebra generated by Toeplitz operators and Fourier multipliers on the Hilbert-Hardy
space of the bi-disc is written as the tensor product of the similar C*-algebra in one variable with
itself. As a result we find a nontrivial set consisting of spiral curves lying inside the essential
spectra of quasi-parabolic composition operators.

Introduction

Quasi-parabolic composition operators is a generalization of the composition op-
erators induced by parabolic linear fractional non-automorphisms of the unit disc that
fix a point & on the boundary. These linear fractional transformations for & = 1 take
the form
_ 2iz+a(l—2)

0a(z) = 2itall=2)

with 3(a) > 0. Quasi-parabolic composition operators on H*(ID) are composition
operators induced by the symbols where ‘a’ is replaced by a bounded analytic function
“y’ for which 3(y(z)) > 6 >0 VzeD. We recall that the set of cluster points
Ce(y) of y € H*(D) at & € T is defined to be the set of points z € C for which there
is a sequence {z,} C D so that z, — & and y(z,) — z. Similarly for the bi-disc,
Gl 6)(W) of ye H>(D?) at (&;,&) € T? is defined to be the set of points z € C
for which there is a sequence {z,} C D? so that z, — (&1,&) and y(z,) — z. In[2]
we showed that if y € QC(T) then these composition operators are essentially normal
and their essential spectra are given as

0e(Cp) = {11 € [0,20] .z € €1(y)} U{0}
where 6 (y) is the set of cluster points of y at 1.
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In this work we investigate this phenomenon in the bi-disc setting. We look at
the composition operators on the Hardy space of the bi-disc induced by symbols of the
form

9(z1,2) = (2izl+"’1(zl’12)(1—Z1> 2i12+l//2(21722)(1—12)>
1,22 2itwi(z,22)(1—21) ' 2i+ya(z1,22)(1—22)

where w1,y € H(D?) such that 3(y;(z1,22)) > 8 >0 V(z1,22) € D?, j=1,2.
These symbols are carried over via the Cayley transform to the symbols of the form

P(wi,w2) = (w1 + w10 & (wi,wa), w2 + Y0 &y (wy,wa))
on the two dimensional upper half-plane H? i.e.
¢ logot,=¢

where

21—1 2p—1
62(11,22)=<1 2 )

a+i i
is the Cayley transform. In particular we prove the following result:

MAIN THEOREM 2. Let ¢ : D> — D? be an analytic self-map of D? such that

0(z1.22) = (21’21-%%(21&2251—11) 2izy + Yo (z1,22)(1 —z2)>

2i+yi(z1,22) (1 —z1) 7 2i+ya(z1,22)(1 — 22)

where y; € H”(D?) with 3(y;(z1,22)) > € >0 forall (z1,22) € D?, j=1,2. Then
Cyp : H*(D?) — H?(D?) is bounded. Moreover if y; € (QC® QC)NH*"(D?) then we
have

0e(Cp) 2 {"11722) 4y 1) € [0,00],21 € G0y (W1)and 22 € €1 1y (y2) } U{0},

where  €(11)(y) is the set of cluster points of y at (1,1) € T?.

We work on the two dimensional upper half-plane H? and use Banach algebra
techniques to compute the essential spectra of operators that correspond to “quasi-
parabolic” operators. As in [2] translation operators on H?(H?) can be considered
as Fourier multipliers on H?(H?) where H? is considered as a tubular domain (we
refer the reader to [8] for the definition and properties of Fourier multipliers on Hardy
and Bergman spaces of tubular domains in several complex variables). Throughout
the present work, H?(H?) will be considered as a closed subspace of L?(R?) via the
boundary values. With the help of Cauchy integral formula we prove an integral for-
mula that gives composition operators as integral operators. Using this integral for-
mula we show that operators that correspond to“quasi-parabolic” operators fall in a
C*-algebra generated by Toeplitz operators and Fourier multipliers.

The remainder of this paper is organized as follows: In section 1 we give the basic
definitions and preliminary material that we will use throughout. For the benefit of the
reader we explicitly recall some facts about C*-algebras, tensor products of C*-algebras
and nuclear C*-algebras. Using a version of Paley-Wiener theorem due to Bochner we
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also introduce the C*-algebra of Fourier multipliers acting on H?(H?). In Section 2 we
first show that “quasi-parabolic” composition operators are bounded on H?(H?) and
prove an integral representation formula for composition operators on H?(H?). Then
we use this integral formula together with the boundedness result to prove that a “quasi-
parabolic” composition operator is written as a series of Toeplitz operators and Fourier
multipliers which converges in operator norm. In section 3 we analyze the C*-algebra
generated by Toeplitz operators with QC(R) ® QC(R) symbols and Fourier multipliers
modulo compact operators. We write this C*-algebra as the tensor product of the C*-
algebra ¥ in [2] with itself. In doing this we follow the approach taken by [1] for
analyzing the Toeplitz C*-algebra of the bi-disc. We use this tensor product to identify
the character space of the C*-algebra generated by Toeplitz operators with QC(R) ®
QOC(R) symbols and Fourier multipliers modulo compact operators. In section 4, using
the machinery developed in sections 2 and 3, we obtain some results about the essential
spectra of “quasi-parabolic” composition operators.

1. Preliminaries

In this section we fix the notation that we will use throughout and recall some
preliminary facts that will be used in the sequel.

Let S be a compact Hausdorff topological space. The space of all complex valued
continuous functions on S will be denoted by C(S). For any f € C(S), || f |~ will
denote the sup-norm of f,i.e.

1/ [leo= sup{| f(s) |: s € §}.

For a Banach space X, K(X) will denote the space of all compact operators on X and
B(X) will denote the space of all bounded linear operators on X . The open unit disc
will be denoted by I, the open upper half-plane will be denoted by H, the real line
will be denoted by R and the complex plane will be denoted by C. The one point
compactification of R will be denoted by R which is homeomorphic to T. For any
z€ C, R(z) will denote the real part, and 3(z) will denote the imaginary part of z,
respectively. For any subset S C B(H), where H is a Hilbert space, the C*-algebra
generated by S will be denoted by C*(S) and for any subset S C A where A is a C*-
algebra, the closed two-sided ideal generated by S will be denoted by I*(S).

The Hardy space of the bi-disc H?(ID?) is identified as the tensor product of the
two copies of the classical Hardy space of the unit disc H*(ID), i.e. the closure of the
linear span of the set of functions

{h(z,w) = f(2)g(w) : f,g € H*(D)}

with respect to the inner product
2 2w . . _ _
(i hy) = / 7y (1, ¢% )y (01, 02)d6,d 6.
o Jo

In the same way the Hardy space of the two dimensional half-plane H?(H?) is identi-
fied as the tensor product of the two copies of the Hardy space of the upper half-plane
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H?(H). Note that H*(D?) and H?(H?) are isometrically isomorphic. An isometric
isomorphism ® : H*(D?) — H?(H?) is given by

(1 1 z1—1 -1
(®/)(e1,22) = (zl—l—i) <z2+i)f<zl+i’zz+i>

Under this isometric isomorphism C, for an analytic self-map ¢ : D? — D? is carried
over to ({2 (Z‘fil)igggfiﬁ’zﬁﬂ) )C¢ on H?(H?) through @, where § = &' 0o,
i.e.we have

PC,d ' = T( (@1 (21.2) )Py (21 ,20) H) )an ()

(21 +i)(zp+i)

A tubular domain IT= X @ iA is a domain in C" where A CR" isaconei.e. x,y € A
= x+ycAand V>0, x€A, txc A. We observe that H? =R?>@i(R*)? is a tubular
domain. We have the following Paley-Wiener type theorem due to Bochner (see [8], p.
93):

THEOREM 1. Let I1 = X ®iA be a tubular domain where A C R" is a cone and
X = R" then the Fourier transform

FUN = Gy [ SO @

maps H?(T1) isometrically onto L*(A*) where A* ={y € R" :x.y >0 Vx & A} is the
dual cone of A.

Since H? =R?@i(RT)? and ((R*)?)* = (R*)2, Bochner’s theorem gives us that
7 HE) - L(RY)?)

is an isometric isomorphism.

Using Bochner’s theorem we define the following class of operators on H?(H?)
which we call “Fourier Multipliers™: let ¥ € Co((R*)?) then Dy defined in the fol-
lowing way

Dy =F 71M19§

maps H?(H?) into itself. Let
Fey(miyp) = {Do - 9 € Go((RT)*)}
then F (g+y2) is a commutative C*-algebra of operators on H?(H?) and

FCO((R+)2) = CO((RJr)z)'

For any Banach algebra A let M(A) denote the space of characters of A i.e.

M(A)={x€ A" : x(ab) = x(a)x(D)}.
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where A* is the dual space of A. If A has identity then M(A) is a compact Hausdorff
topological space with the weak™ topology. If A is commutative then M(A) coincides
with the maximal ideal space of A. If A is a C*-algebra and [ is a two-sided closed
ideal of A, then the quotient algebra A /I is also a C*-algebra. For a Banach algebra A,
we denote by com(A) the two-sided closed ideal in A generated by the commutators
{aja, — ara; : aj,a; € A}. Itis not difficult to see that

M(A/T) =M(A) 3)

for any closed two-sided ideal I C com(A) since any character ¢ is zero on com(A).For
a € A the spectrum oy (a) of a on A is defined as

oa(a) ={A € C: Ale—a isnotinvertiblein A},

where e is the identity of A. We will use the spectral permanency property of C*-
algebras (see [0], pp. 283); i.e. if A is a C*-algebra with identity and B is a closed
*-subalgebra of A, then for any b € B we have

op(b) = 0a(D). 4)

To compute essential spectra we employ the following important fact (see [6], pp. 268):
If A is a commutative Banach algebra with identity then for any a € A we have

oa(a) ={x(a) :x e M(A)}.
In general (for A not necessarily commutative), we have
oa(a) 2 {x(a):xe M(A)}. (%)

Let H and K be two given Hilbert spaces. On the algebraic tensor product H ® K of
H and K, there is a unique inner product (.,.) satisfying the following equation

(X1 @Y1, ®y2) = (x1,X2)m{y1,2)K

Vx1,x0 € H y1,y2 € K (See [5] pp. 185). Forany T € B(H) and S € B(K) there is a
unique operator T®S € B(H ® K) satisfying the following equation:

(T&S)(x®y)=Tx® Sy

Moreover || T&S ||= || T |||| S || (See [5] pp. 187). For any two C*-algebras A C B(H)
and B C B(K) the algebraic tensor product A ® B is defined to be the linear span of
operators of the form T®S i.e.

n
AOB={Y Ti®S;:TjcA, S;e€B}
j=1

The algebraic tensor product A © B becomes a *-algebra with multiplication

(X1 @y1) (X2 ®y2) = X1%2 @ y1)2
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and involution
(x@y) =x"®y"

However there might be more than one norm making the closure of A ® B into a C*-
algebra. If y is a pre C*-algebranorm on A® B we denote by A ®y B the closure of A®
B with respect to this pre C*-algebra norm y. A C*-algebra A is called “nuclear” if for
any C*-algebra B there is a unique pre C*-algebra norm on the algebraic tensor product
A®B of A and B. A well-known theorem of Takesaki asserts that any commutative
C*-algebra is nuclear (see [5] p. 205). An extension of a C*-algebra by nuclear C*-
algebras is nuclear, i.e. if A, B and C are C*-algebras s.t. the following sequence

0-ALBECo0

is short exact and A and C are nuclear then B is also nuclear (see [5] p. 212). For
any separable Hilbert space H the C*-algebra of all compact operators K(H) on H is
nuclear (see [5] pp. 183 and 196). For any separable Hilbert spaces H; and H, we have

K(H, ® Hy) = K(H,) @ K(H>) (6)

(See [1] pp. 207). We recall the following fact about tensor products of C*-algebras: If
A and B are C*-algebras then we have

M(A® B) = M(A) x M(B) o)
that is the map (¢, ) — @&, where

(01&¢2)(a@b) = ¢1(a)d2(b) ®)

is a homeomorphism of M(A) x M(B) onto M(A® B). See [5] pp. 189. The essential
spectrum o, (T) of an operator T acting on a Banach space X is the spectrum of the
coset of T in the Calkin algebra (X )/K(X), the algebra of bounded linear operators
modulo compact operators. The well known Atkinson’s theorem identifies the essential
spectrum of 7' as the set of all A € C for which A/ — T is not a Fredholm operator.
The essential norm of 7' will be denoted by || T || which is defined as

ITle=inf{|| T+K|:K € K(X)}

The bracket [-] will denote the equivalence class modulo K(X). Using the isomet-
ric isomorphism @, one may transfer Fatou’s theorem in the bi-disc case to two di-
mensional upper half-plane and may embed H?(H?) in L?(R?) via f — f* where
f¥(x1,x2) = limy_ f(x1 + iy,x2 +iy). This embedding is an isometry.

Throughout the paper, using ®, we will go back and forth between H?(ID?) and
H?(H?). We use the property that @ preserves spectra, compactness and essential
spectrai.e. if T € B(H*(D?)) then

(a2 (2))(T) = Op(aa () (PoTod 1),
K € K(H*(D?)) if and only if ®o Ko ®~! € K(H?(H?)) and hence we have
0o(T) =0, (PoTod ). )
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The local essential range Z..(y) of y € L”(R) at o is defined as the set of points z €
C so that, for all € > 0 and n > 0, we have

Ay~ (B(z,€) N(R — [~n.n])) > 0,

where A is the Lebesgue measure on R. The following proposition from Hoffman’s
book (see [3] pp. 171) relates the local essential range to the values of a function f € A
in a function algebra A on the fiber M (A) of the maximal ideal space of the function
algebra:

PROPOSITION 2. Let f be a function in A C L™(T) where A is a closed *-
subalgebra of L (T) which contains C(T). The range of f on the fiber My (A) consists
of all complex numbers { with this property: for each neighborhood N of o and each
€ >0, the set

{lfr=¢Cl<einn

has positive Lebesgue measure.
Hoffman states and proves Proposition 2 for A = L (T) but in fact his proof works
for a general C*-subalgebra of L=(T) that contains C(T). By Cayley transform Hoff-

man’s proposition holds for L(RR) as well. Let us also recall the following fact from
[2] and [7] that we will use in the last section:

LEMMA 3. If y € OQC(R)NH”(H) we have

Foo(Y) = Coo (W)

where o () is the cluster set of ¥ at infinity which is defined as the set of points z €
C for which there is a sequence {z,} C H so that z, — oo and y(z,) — z.

See [2] and [7] for a proof of this lemma.
We finish this section by recalling an elementary geometric lemma from [2] which
we will use in the next section:

LEMMA 4. Let K C H be a compact subset of H. Then there is an o € R™ such
that sup{| ¥~ |:z€ K} < 8 < 1 for some & € (0,1).

See [2] for a proof of this lemma.

2. An approximation scheme for quasi-parabolic composition operators on
Hardy spaces of the bi-disc

This section is a generalization of sec. 3 of [2] to bi-disc. As in [2] we devise an
integral representation formula for composition operators and we develop an approxi-
mation scheme using this integral formula for composition operators induced by maps
of the form ¢ : H? — H?

0(z1,22) = (P121 + Wi(21,22), P222 + W(21,22))
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where p; >0, i = 1,2 and y; € H*(H?) such that 3(y;(z1,22)) > € >0, ¥(z1,22) €
H?. Boundedness of composition operators induced by such kind of mappings above
is not trivial. In order to show that quasi-parabolic composition operators on H?(H?)
are bounded we will use the following lemma due to Jafari (see [4] pp. 872):

LEMMA 5. Suppose ¢ : " — H" is holomorphic and Cy is bounded(compact)
on a dense subset of HP (H") for 1 < p < eo. Then Cy is bounded(compact)

Although Jafari states and proves this lemma for the poly-disc D", his proof carries
over to our case in exactly the same manner as he does it for the poly-disc. Using lemma
5 we prove the following result:

PROPOSITION 6. Let ¢(z1,22) = (p1z1 + W1(21,22), p2z2 + W2 (21,22)) be an an-
alytic self-map of H? into itself such that y; € H*(H?), p; >0, and S( vi(z1,22)) >
8 >0 forall (z1,22) € H? where j=1,2. Then Cy is bounded on H*(H?).

Proof. Without loss of generality we may take p; = p, = 1, for otherwise we
consider the operator Cy instead of Cy, where

¢(21,22) = (21 + llfl(z—l’ Z—2)72244//2(1—1’ —=))-
P1 P2

We observe that V), ,,C3 = Cy Where V,,, 1, (f)(z1,22) = f(p121,p222). Since Vj, p,
is invertible Cy, is bounded if and only if Cg is bounded.
The Hilbert space H?(H?) is a reproducing kernel Hilbert space with reproducing

kernel functions .

(2i)2 (W1 —z1) (W2 — 22)

Koy o (z1,22) =

we observe that
C(T) (kv wy) = k(p(Wuwz)

and that |

ki, |= 55—

H w1,W2 || S(WI)S(W2)

where C;, is the Hilbert space adjoint of Cy. Let E = {3_; ¢jky,;u,; : ¢j € C} then
it is clear that E is dense in H?(H?). Observe that by equation (10) we have

(10)

1
Cokwiw, || =
H o"wi,wa H S((PI(W17W2 S (P2(W17W2))

< (505555 (5055 ) (s ) <l

for all (wy,w;) € H?, since 3 (w1 (w1,w2)) > & >0 where

o(wi,w2) = (@1 (w1, w2), @2(wi,w2).
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Hence C(’;, is bounded on £ and since

[ (Cout,v) |=| (u,Cov) |=| (Cyviu) =] (Cvyue) IS C [l u[]| v |

for some C > 0 and for all u,v € E, C, is also bounded on E. Since E is dense in
H*(H?), by lemma 5 C,, is bounded on H?(H?). O

Like in one variable case, for any f € H?(H?) we have the following Cauchy
Integral formula

xl,XQ d.X1dX2
11
1(61,2) = s | / 8 (11)

(x1—z1)(x2—22)

Using this integral formula we prove the following proposition

PROPOSITION 7. Let ¢ : H? — H? be an analytic function such that for
¢"(x) = lim p(x +iy)
y—

where y = (v,y) € R and ¢* (x1,x2) = (@1 (x1,%2), @2 (x1,%2)) we have 3(@; (x1,x2)) >
0 for almost every X = (x1,x2) € R*. Then the composition operator Cy on H*(H?)
is given by

(Cof)" (x1,x2) = lim(wa) (x+iy)

tl,tz)dtldtz
w (11— 9} (%)) (12— 93(x))

Proof. By the equation (11) above one has

S (t,0)dndn
(Cof)xtiy) = 2m // (= @r(x+iy)) (12— pa(x+1iy))

where x = (x1,%2) € R? and y = (y,y) € R?. Let x = (x1,x2) € R? be such that
limyop(x+iy) = ¢*(x) = (¢ (x),93(x)) exists and I(¢j(x)) >0, j=1,2. We
have

ll,fz)dfldlz ‘ (12)

Co(f)(x+iy) = (27i)? / / tl—(p1 (2 — @5 (x))
1 [ (t1,0)dndn *(11,12)dtydty
( )

(2mi)> \Je2 [T, (6 — @j(x +iy)) o2 [T, (5 — 0 (x)

1 1 1 i
|G /Rz <H31 (= @i(x+iy)  TE_1(tj— 9} (x) )f ot
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Consider
1 B 1
(1 —@u(x+iy)) (2 — @2(x+iy)) (11— 97 (x)) (12 — 95(x))
1 1
T -t iy) (- e(xtiy) (- @i (x+iy)(n - 93 (%)
1 1

- (t1—ei(x+iy)) (2 — 2(x)) (11 — @7 (%)) (22 — 95 (x))
_ P2 (x1 + iy, X2 + i) — @5 (x1,%2)
(t1— @1(x+iy)) (12 — @2(x)) (2 — P2 (x + i)
@1 (x1 + 1,00 +1y) — @7 (x1,x2)
(t1 — @1(x+1iy)) (12 — 92(x)) (12 — P2(x + iy))

Inserting this into equation (12) above we obtain

f* t17t2 )dtdt,
Co(f)(x+iy) — 2m / / (11— o7 (x)) (2 — @35 (x ))‘

\%(X‘HY) ¢ (x) | / f*(117l2)dt1d12 ‘
R2 (11 — Q1(X+1y)) (f2 — @2(X)) (12 — @2(x 4 iy))

< 472
\ @1 (x+iy) — @7 (x) | / fH(t1,02)dndty
42 R (11— @1(x+1iy)) (12 — ¢2(x)) (2 — @2 (x + 1y))
| p2(x+iy) — @5(x) | diydt> 2
<hzle Am? </Rz | (12— @2(x)) 5=, () — @j(x +1iy)) |2>

@@+m—wwn< dndy )5
4 2 | (12— () T2, (1 — @j(x +iy)) [2
by Cauchy-Schwarz inequality. Now consider
dtydr
R | (11— o1 (x+iy)) (12 — @2(x)) (22 — @2 (x+ i) [2

- </Z |11 = <P16Zi+iY) I2> </Z | (2= %(X))(Ztl— P2(x+1iy)) 2)

We have lim,_o ¢;(x +iy) = ¢;(x), j=1,2. Let

:inf{\t—q)f‘(x):teR}U{|t—<p§‘(x):te]R}
2

Choose & > € > 0 such that V 0 < y < 6 we have

+ 11 fll2

) €
| @j(x+iy) = @;(x) |< 5
Then one has by triangle inequality

|t1—@i(x+iy) [>]1— @[ (x) | —8 > &
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and this implies that

1 1
< .
|1 —@(x+iy) | ~ |t —of(x)| —&

hence we have

/°° dn </°° dh Y
e [n—pxtiy) P (- e () [—a)? T

since the integral on the right hand side converges and its value only depends on & and
x = (x1,x2) € R?. Similarly by the same arguments as in [2] we have

/°° dt)
o | (2= @3 (%)) (02 — 2(x+ 1)) [?

P /°° dty _Kk
S (- os(x) | —&) [n—@s(x) 2 O

As aresult we have

“(11,12)dtd

ColF)xt ) — 2m / / f t1 tz() f ;22( 3

< W(Wl(x—kz’y)—(pf(x)\+|q02(x+iY)—(P§(X) )
M XKEOX 2

g %g

Therefore

[ (t,0)dtdt
lim(C O
lm( of)(x1 +iy,x2 +iy) = Zm / / =0 (02)) (12— 93 G1o2))

Throughout the rest of the paper we will identify a function f in H*(H?) or
H °°(H2) with its boundary function f*. We formulate and prove our approximation
scheme as the following proposition.

PROPOSITION 8. Let ¢ : H?> — H? be an analytic self-map of H? such that

¢(z1,22) = (Pr21 + ¥1(21,22), paz2 + Y2(21,22))
p1,p2 >0 and wj € H™ is such that 3(y;j(z)) > € >0, j=1,2 forall (z1,22) € H?.
Then there is an o € RT such that for Cy : H*(H?) — H*(H?) we have

C(P = Vp17p2 2 TTTTTgDﬁl.nDﬂZ‘nN

n,m=0
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where the convergence of the series is in operator norm, T and Ty are the Toeplitz
operators with symbols 1 and 13" respectively,

~ ~ X X
Tj()Cl,)CQ) :ia_ll/j(xler): W('xl;xZ) = W<_17_2) )
pP1 p2

Vp1.pa 18 the dilation operator defined as

(Vpr.pf)z1,22) = f(p121,p222)

(—it; P11

] and

and Dy, , and Dy,, are the Fourier multipliers with ¥ ,(t1,t2) =
_ (71’[2)'"670”2 . l
Do m(t1,12) = ~—2—— respectively.

m!

Proof. Since for ¢(z1,22) = (p1z1 + ¥1(21,22),P222 + W2(21,22)) Where y; €
H> with 3(y;(z1,22)) > € >0 forall ze H and pi,p> > 0, we have

3(@; (x1,x2)) = €>0 foralmostevery (xi,x) € R

We can use Proposition 7 for Cy : H 2 — H? to have

- 1 f(Wl,Wz)dWlsz
(€615 = Gz [ v 1 0 os— n0)
_ 1 / f(Wl,Wz)dWlsz

(2mi)? Jr2 (Wi — px1 — w1 (X)) (w2 — px2 — ya(x))

where x = (x1,x2) € R2. Without loss of generality, we take p; = p, = 1, since if
p1 # 1 or py # 1 then we have

1 f(wi,wa)dwidw,
= 1
VD) o e Ty Y
where j(x1,x) = ‘l/j(;:—ll» ;—22) We observe that
1 (14)
(w1 —x1 — i (x)) (w2 —x2 — y2(x))
1
T owmtia— (e — i) —w Fia— (e — X))

- 1
) (x1 —wi +ia)(x2 —wr + i) (1— (%)) (1_ (%))

Since 3(y;(z1,22)) > € >0 for all (z1,20) € H? and y; € H*, we have y;(H2) is
compact in H, and then by Lemma 4 there is an ¢ > 0 such that
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for all (x1,x2), (wi,wa) € R?. So we have

1 _ < (i —yi(x) \"

1 o — yj(x) o\ —witia ’
Xj—wj+tio

Inserting this into equation (14) and then into equation (13), we have

(Ny=1),(N2—1)
(Cof)xr, )= Y, ToTegpKunf(X)+Riy, f(X) +Ron, f(X) + Ry, 3, f (),
n,m=0
where T?7f(x17x2) = T;?(xl,xz)f(xl,xz), Tj(x1,X%2) = iot —y(x1,X2), Ky is defined
as

K f( ) 1 / f(Wl,Wz)dWlsz
n.m ,X2) = K N N
I LX) =02 Jee (v — wy + i0)™ L (x2 — wa + do )t
and
Ry N, f(x1,x2) Z TN1+1T15" Ny +1mf (X)),
Ny
Row, f(x1,%2) = ), T TT£V2+1Kn7N2+1f(X>7
n=0
R Fl) = 1 / Swi,wo)dwidw,
N1,N> (277: )2 T Ny+1 N2+l H W,+Z(X)Nj+l(w —xj— %( ))

Let ¢1(z1,22) = (z1 + W1 (21,22), 22 +ix) and @a(z1,22) = (21 +i0t, 22+ Ya(21,22)) then
we have the following estimates for Ry y, and Ry v, :

IR, I Coy [} 8™ (1 8)7,

I R, I Coy || 8% (1 —8) 71

By proposition 6, Cy, and Cy, are bounded so we have || Ry, |[— 0 and || Ry, |— 0
as Ni,N, — oo. We have the following estimate for Ry, , :

Ni+N
I Rovy vy (1< Ty 1] Ty 111 Cop ] 67172
Hence || Ry, v, ||— 0 as Ni,N, — oo. We observe that

Kmm = Dﬂn#m

) _ (—itl)neiml (—itz)meimz

] o . Hence we have

where O, (t1,12

C(P = 2 TTi’lengﬁl#nDﬂZ,m’

n,m=0

where the convergence is in operator norm. [
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3. A ¥-c*-algebra of operators on Hardy spaces of H>

In the preceding section we have shown that “quasi-parabolic”” composition opera-
tors on the H lie in the C*-algebra generated by certain Toeplitz operators and Fourier
multipliers. In this section we will identify the character space of the C*-algebra gener-
ated by Toeplitz operators with a class of symbols and Fourier multipliers. We identify
this C*-algebra with the tensor product of its one variable version which is treated in
[2] with itself. We will consider the C*-algebra of operators acting on H?(H?)

¥(QC(R?),Co((R)?)) = C* (T (QC(R?)) U Fy g+ )

where

OC(R*) = QC(R) ® QC(R {Zf, )i fj:8; € QC(R)}
and
7(QC(R?) =C"({Ty : ¢ € QC(R?)}
is the Toeplitz C*-algebra with QC(R?) symbols. Recall that
OC(R) = {f € L™(R): foe " € 0C(T)}
where

z—1
7+

¢(z) =
is the Cayley transform and
QC(T) = (H*(D) +C(T)) NH=(D) + C(T)

is the class of quasi-continuous functions.
In ([2]) we showed that the following sequence

0 — K(H*(H)) - ¥(0C(R),Co(RT)) & C(M) — 0 (15)
is short exact where

Y(QC(R),Co(RT)) = C*(F (QC(R)) U Fyge))

is the C*-algebra generated by Toeplitz operators with QC symbols and continuous
Fourier multipliers and

M = (M (QC(R)) x [0,9]) U (M(QC(R)) x {=}) (16)

is the maximal ideal space of ¥(QC(R),Co(R"))/K(H?(H)). Here M(QC(R)) is the
maximal ideal space of QC(R) and

Mo(QC(R)) = {x € M(QC(R)) : xlgsy = 8oy 8u(/) = lim £(1)}

t—oo
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is the fiber of M(QC(R) at . Throughout the C*-algebra W(QC(R),Co(R™)) will
be denoted by ¥ and ¥(QC(R?),Cy((RT)?)) will be denoted by ¥,. Since K(H?)
is nuclear and C(M) is commutative and hence nuclear, by eqn. (15) ¥ is nuclear.
Therefore all the C*-algebras that we will deal with in this paper will be nuclear and
A ® B will denote the closure of the algebraic tensor product of A and B with respect
to this unique C* norm. Following the approach in [1] we identify ¥, with ¥ ®
¥ corresponding to the identification of H?(H?) with H?(H)® H?(H). Define the
operators Wy = Ty&I for any f € QC(R) as

(Wra)(z1,22) = P(f(z1)a(z1,22))
for a € H*(H?) and W, = I®T, as
(Wea)(z1,22) = P(g(z2)a(z1,22))

where P is the orthogonal projection of L?(R?) onto H?(H?). In the same way for the
Fourier multipliers define Ey = Dy®I as

(Eya)(z1,22) = (7' My F)(a)(z1,22)
where ¥ € Co(R") and E; = I&D; for 7€ Cy(R™) as
(Eza)(z1,22) = (F M F)(a) (21,22)

where My is defined as

(Mya)(t1,tr) = O(t1)a(t1,1)
M is defined as

(Mza)(t1,12) = t(t2)a(ty,12)

and .Z is the Fourier transform defined as in equation (2). Since ¥, is generated by
{Wp,We,Ep,Ec: f,g € OC(R) ©,7€ Cy(RT)} and W is nuclear, ¥, =¥ ® V. By
equation (6) we have K(H*(H?)) = K(H*(H)) ® K(H?(H)). Since ¥, =¥ 2% we
have

com(W3) = com(¥ @) =I*(com(¥) @ YUY @ com(P))

By equation (15) we have com(¥) = K(H?*(H)) hence we have
K(H*(H?)) = K(H*(H)) @ K(H*(H)) C com(¥ @¥) = com(¥2)
Hence by equations (3) and (7) we have
M(¥,/K(H*(H?))) = M(¥y) = M(P @ W) =M x M

where M is as in equation (16). We summarize the result of this section as the following
proposition:
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PROPOSITION 9. Let ¥, = C*(7 (QC(R?)) UFg,((r+)2)) be the C*-algebra gen-
erated by Toeplitz operators with QC(R) ® QC(R) symbols and continuous Fourier
multipliers acting on H*(H?). Then for the character space M(W¥,/K(H?*(H?))) of
WV, /K(H?(H?)) we have

M (¥, /K(H*(H?))) =M x M

where M is the maximal ideal space of the C*-algebra W(QC(R),Co(R™T))/K(H?(H))
generated by Toeplitz operators with QC(R) symbols and continuous Fourier multipli-
ers modulo compact operators acting on H*(H).

4. Main results

In this section we prove the main results of this paper which asserts that the essen-
tial spectra of quasi-parabolic composition operators on the Hardy space of the poly-
disc contain a non-trivial set which consists of spiral curves as in one variable case. In
doing this we use multi-dimensional generalizations of the methods employed in [2].
We prove the following proposition which might be regarded as a weaker version of a
multi-dimensional generalization of lemma 3:

PROPOSITION 10. Let y € QC(R) ® QC(R) NH>(H?) then we have

{(91062) (W) : 01,02 € Moa(QC(R))} D Cloo,c0) (W)

where ¢1Q¢, is as defined by equation (8) and <5(m7w)(l[/) is defined to be the set of
points w € C for which there is a sequence {z,} C H? so that z, — (s0,%0) and
V(zn) — w.

Proof. Let us first show the above inclusion for functions of the form

vz = Y o))

Jj=1

where @;,1; € QC(R) NH™(H). Let w € €(w.)(y) then there exists a sequence
{zn} € H2, 24 = (z1,0,22.0) such that z, = (z1,,22.0) — (o°,%0) and Y(z14,22,) — W.
Since ¢;,n; € QC(R)NH*(H) C H*(H), the sequences {@;(zi,)} and {n;(z2.)}
have convergent subsequences, hence without loss of generality (by passing to a subse-
quence if needed) there are wy j,w; ; € H such that

Qj(z10) = wij and Nj(z2.0) — w2 j (17)

as n — oo, where j € {1,2,...,m}. Since the index j takes finite number of values we
observe that one may find a single sequence z, = (z11,221) € H? such that equation
(17) holds for all j € {1,2,...,m}. By proposition 2 and lemma 3 there are ¢;,¢, €
M..(QC(R)) such that ¢;(¢;) =w; ; and ¢(n;) =wy j forall j € {1,2,...,m}. Since
YLy wijwaj =w we have

(0182) (W) =w
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Therefore we have

Clooo) (W) C{(91002) (W) : 01,02 € Ma(QC(R)) }

For y having an infinite sum of the following form

oo

v(z1,22) Z (z1)n;(z2)

one may choose subsequences of {zj ,} and {z,} through a Cantor diagonalization
argument so that equation (17) holds for all j € N. The rest follows in the same way as
above. [J

We are now ready to state and prove our first main result for quasi-parabolic com-
position operators acting on H?(H?):

MAIN THEOREM 1. Let ¢ : H? — H? be an analytic self-map of H? such that
¢(z1,22) = (21 + Yi(z1,22), 22 + 2(21,22))

where y; € H”(H?) with 3(yj(z1,22)) > € >0 forall (z1,22) € H?, j=1,2. Then
Cop : H*(H?) — H?(H?) is bounded. Moreover if y; € (QC(R)® QC(R))NH*(H?)
then we have

0.(Cp) 2 {CnF20) 1 € [0,00], 21 € Cloope)(W1)and 2 € Coo ) (W2) } U{0},
where (e ..) (W) is the set of cluster points of y at (eo,0).

Proof. The boundedness of Cy, is a consequence of proposition 6. By Proposition
8 we have the following series expansion for Cy :

Cp = 2 T TepD e D iy

n,m=0 n' m‘

e %2

where 7(z1,22) = 0t — Wi(z1,22) and To(z1,22) = it — Ya(z1,22). So we conclude
thatif i, ys € OC(R)® QC(R)NH*(H?) with 3(y;(z1,22)) > €>0, j=1,2, then

Cy € ¥(QC(R?),Co((RT)?)) =¥,

where ¢©(z1,22) = (21 + y1(21,22),22 + W2(21,22)) . We look at the values ¢(Cy) of ¢
where ¢ € M(W,/K(H*(H?))). By Proposition 9 we have

M(¥, /K (H2(E))) = M x M

where M is the maximal ideal space of the C*-algebra W(QC(R),Co(R™))/K(H?(H))
generated by Toeplitz operators with QC(R) symbols and continuous Fourier multipli-
ers modulo compact operators acting on H?(H). Let

¢ = ¢1&¢, € M(V2/K(H?(H)))
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where ¢1,¢, € M as in the identification done in equation (8). If ¢; = (x1,e) or
¢2 = (x2,00) where xj,x, € M(QC(R)) then we have

S A .
O(Cyp) = 2 —m 1 (x1,X2)" B (x1,%2)" 01 (00, 12) D2 (o0,12) = 0

Vxi,x € M(QC(R)) and 1, € [0,00) since ¥y ,(co,1,) =0 forall n € N where Oy ,(11,12)
= (—it1)"e” ™ and Vo (t1,12) = (—it2)"e” "2 . If ¢; = (x1,11) and @ = (x2,72) where
X1,%2 € Mo(QC(R)) and 11 # oo, 1y # oo, then we have

(018¢2)(Cp) = i Lm (x1,22)" B2 (x1,22)" 01 (t1,22) D2 (11, 12)

o N \R\(,— < 1. m(__ . \m
(Y S () (i) e S () (i)
= n! =, m!
— (Vilerm)n+ (x1,x2)0) (18)

Since W, /K (H?(H?)) is a closed *-subalgebra of B(H*(H?))/K(H?*(H?)) we have,
by equation (4),

Ow, k(2 (12)) (Co) = Oz 2)) sk (2 (12)) (Cp) = 0e(Cop)
and by equation (5) we have
Oy, k2 ) (Co) = 0(Cp) 2 {(91962)(Co) : 1,2 € M} (19)

By proposition 10 we have

{¥a(x1,32) 31,00 € M (QC(R))} 2 %

o) (Y2) 20)
Therefore by equations (18), (19) and (20) we have

0:(Cy) 2 {(01©¢2)(Cy) : 61,02 € M} D
{ei(zlt1+22t2) 11,02 €10,09,21 € Glooeoy (1) and 23 € G o) (y2) }U{0} O

{1 (x1,x2) 1 x1,22 € Moo(QC(R)) } 2 Clec ) (Y1),
4

MAIN THEOREM 2. Let ¢ : D> — D? be an analytic self-map of D? such that

0(z1,22) = (21’21 +yi1(z1,22) (1 —z21) 2iz2+ya(z1,22)(1 _Z2)>

2i+yi(z,22)(L—z1) 7 2i+ya(zr,2)(1 —22)

where y; € H*(D?) with 3(y;(z1,22)) > € >0 forall (z1,22) € D?, j=1,2. Then
Cop : H*(D?) — H?(D?) is bounded. Moreover if y; € (QC®QC)NH*(D?) then we
have

0.(Cy) 2 {1 T22) 14y 15 € [0,00],21 € Gy 1y (W1)and  z2 € €11 (w2)} U{0},
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where (1 1)(y) is the set of cluster points of y at (1,1) € T2.

Proof. Using the isometric isomorphism ® : H?(D?) — H?(H?) introduced in
section 2, if ¢ : D*> — D? is of the form

0(z1,22) = (21’21 +yi1(z1,22)(1 —z21) 2iz2+ya(z1,22)(1 _Z2)>

2i+yi(zi,22)(L—z1) 7 2i+ya(zr,22) (1 —22)

where y; € H*(D)? satisfies 3(y;(z1,22)) > & > 0 then, by equation (1), for ¢ =
¢ opod, wehave @(z1,22) = (21 + w1 0€a(21,22),22 + Y20 €2(21,22)) and

Cs 1)

—1 _ )
PCo® =T wetatay  wetrty o))

Since both T(1 WQZ( ))(1+W20Q2( 2))

+i

and Cg are bounded and @ is an isometric

isomorphism, it follows that Cy is also bounded. For y; € QC®QC, j=1,2 we
have both

C(p ¥, and ¥,

T o€, (2.2 o
(14 VP20 (14 2052

and hence
DoCyod ! €P,.

For any ¢;&¢, € M(W,/K(H?(H))) = M x M we observe that

(¢1®¢2)( y1o€(z ) (¢1®¢2)( V005 (2 2)):0

|+l 2+1

Hence we have
(919¢2) (@0 Cyo® ") = ($1E¢2)(Cy) (22)

By equation (9) we have

0.(Cp) = (@0 Cpo® 1)
By equations (19) and (22), we have thus

0e(Cy) 2 {($1©62)(Cg) : 61,2 € M} (23)

By equations (20) and (23) we have
0(Cy) D {£/E117212) 41 1y € [0,00],2 € Clooo0) (W1 0€2),22 € Clow o) (W2 0 &2) } U{0}
Since for any y € H*(D?),

Clooe) (W0 &) = 61,1 (W)
we conclude that

O_e(C(P) 2 {ei(szrZZIZ) HAPTAAS [O,°°],Zl € %(1,1)(1!/1)311(1 € <€(1,1)(W2)} U{O} U
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