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RELATIVE OSCILLATION THEORY
FOR JACOBI MATRICES EXTENDED

KERSTIN AMMANN

(Communicated by B. Jacob)

Abstract. We present a comprehensive treatment of relative oscillation theory for finite Jacobi
matrices. We show that the difference of the number of eigenvalues of two Jacobi matrices in
an interval equals the number of weighted sign-changes of the Wronskian of suitable solutions
of the two underlying difference equations. Until now only the case of perturbations of the main
diagonal was known. We extend the known results to arbitrary perturbations, allow any (half-)
open and closed spectral intervals, simplify the proof, and establish the comparison theorem.

1. Introduction

Jacobi operators appear at numerous occasions in mathematics as well as in phys-
ical models. For example, they are intimately related to the theory of orthogonal poly-
nomials or constitute a simple one-band tight binding model in quantum mechanics.
They can be viewed as the discrete counterpart of Sturm-Liouville operators and their
investigation has many similarities with Sturm-Liouville theory. Moreover, spectral
and inverse spectral theory for Jacobi operators plays a fundamental role in the investi-
gation of the Toda lattice and its modified counterpart, the Kac—van Moerbeke lattice.
For a comprehensive introduction we refer to [18].

Let a,b € U(Z)={¢@| ¢ :Z — R}, where a(n) < 0 holds for all n € Z. Then, the

Jacobi matrix
b(l)a(l) O 0 0

(
(1) b(2) - 0 0
0 (1.1)

0
0 0 “.b(N=2)a(N-2)
0 0 0aN—2)bN-1)

a

is self-adjoint and (/) is real and simple. The corresponding Jacobi difference equa-
tion is given by
TU = ZU, (1.2)
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u(n) — (tu)(n) =am)u(n+1)+aln—Du(n—1)+b(n)u(n) (1.3)
=d(a(n—1)du(n—1))+ (b(n) +a(n)+a(n—1))u(n),

z€ R, and du(n) = u(n+1) — u(n) is the usual forward difference operator.

We call u(z) a solution of (1.2) if (T —z)u(z) =0 and u(z) # 0. Whenever the
spectral parameter is evident from the context we abbreviate u = u(z). For any two
initial values u(no),u(no+ 1),np € Z, there exists a unique ’solution’ u of (1.2) which
vanishes if and only if (u(ng),u(no+ 1)) = (0,0). We exclude this case and thus, a
solution of (1.2) cannot have two consecutive zeros. We call n a node (sign-change) of
u if

u(n)=0 or amumun+1)>0 (1.4)

and say that a node n of u lies between m and [ if either m < n <[ or if n =m and
u(m) # 0. The number of nodes of u between m and 1 is denoted as #,, ;) (u).

From classical oscillation theory originating in the seminal work of Sturm from
1836 [17] we know that the n-th eigenfunction of a Sturm-Liouville operator has n — 1
nodes. This also holds for eigensequences of Jacobi operators, see [7, 8, 20] and also
[14]. Our aim now is to show that the number of nodes of the Wronskian determinant
of two (suitable) solutions u;(z;) of (7; —z;)u; =0, j = 0,1, equals the difference of
the number of eigenvalues of Jy and J; in (z9,21).

In [3] (confer also [2]) Teschl and myself considered the special case ap = a;
which is now generalized to arbitrary perturbations (see also [1]). We still assume
ap,a; < 0. This is no restriction since altering the sign of one or more elements of a
does not affect the spectrum of the corresponding matrices, their similarity can easily be
shown. Nevertheless, the signs of the solutions of the underlying difference equations
depend on the signs of @ and therefore we assume a < 0 to simplify (1.6), confer also
[1].

The Wronskian is given by W (ug,u;) € ¢(Z), where

W, (uo,u1) = uo(n)a (n)uy(n+ 1) —uy(n)ag(n)uo(n+ 1). (1.5)
We set

1 if Wpi (uo, ur)ug(n+ uy(n+1) > 0 and
either W, (uo, u1 )Wyt1 (1o, u;) <0
or W, (up,u1) =0 and Wy, (up,u;) #0

#a(uo,ur1) = < =1 if Wy (ug,ur)up(n+ 1)uy(n+1) > 0 and (1.6)
either W, (uo, u1 )Wyt1 (1o, up) <0
or Wn(uo,ul) 75 0 and Wn+1(uo,u1) =0

0 otherwise
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and say the Wronskian has a (weighted) node at n if #,(uo,u;) # 0. We denote the
number of weighted nodes of the Wronskian between m and n, m < n, by

#mn] anul Z# M07M1 (17)
and set
1 if Wy (ug,u) =0
# o (Uo,uy) = #p (U, up) — . 1.8
( ’]( 0,141) [ ’]( 0,11) {O otherwise, (1.8)
1 if W,(ug,u;) =0
#[m,n)(u07ul) = #[m,n](anul) + {0 Other;‘ENiSC, ) (1.9)
and
#(mﬁ)(umul) (1.10)

0 otherwise 0 otherwise.

- #[m.,n] (u07u1) - { ! m(uo ul) 4 { 1 "(MO ul)

Here we slightly changed the notation compared to [3]: #(mﬁ) from [3] is now denoted
as #(,.) - That (1.6) is a generalization of the counting method established in [3, (1.8)],
where ay = a; holds, follows from (2.6), see also [1, Lemma 3.21].

In the Sections 2—4 we prove our main theorem:

THEOREM 1.1. (Relative Oscillation Theorem) Let Eq(J;), j=0,1, be the num-
ber of eigenvalues of Jj in Q CR andlet uj+(z;) be solutions of (tj —z;)u =0 fulfill-
ing the right/left Dirichlet boundary condition of J;, i.e. uj_(z;,N) =uj_(z;,0) =0.

If ag,a1 <0, then,

E( o) (1) = E(-n9) (o)
=#on-1)(10+(20),u1,—(21)) = #o n-1) (0, (20),u1,+(21)) (1.11)

and

Ewz)(1) = E—wz)(Jo)

= #on—1) (0,4 (20),u1,—(21)) = #on—1)(u0,~ (20), 11,4+ (21)),
E(eoz)(J1) = E(—es.z) (J0)

= #(o.n-1) (10,+(20),u1,—(21)) = #o n—1) (10, (20),u1,+(21)), (1.12)
E(eozy) (1) = E(-en ) (o)

= #on—1) (40,4 (20),u1,—(21)) = #jo n—1) (10, (20), 11+ (21))

if we set ag(N — 1) =a;(N — 1) to compute uj _(N).



102 KERSTIN AMMANN

To simplify the previous theorem we’ve set ag(N — 1) = a; (N — 1). This doesn’t
influence J and o(J), but the value u_(N) depends on it. However, if we drop this
assumption, then we have to take the weight at N — 1 into account. We state that case in
Theorem 4.10. For a computation of u(0) any negative values ap(0) and a;(0) will
do the job.

Equation (1.11) generalizes Theorem 1.2 from [3] to different a’s. In the contin-
uous case it has been established by Kriiger and Teschl in [11]. For the case of Dirac
operators see Stadler and Teschl in [16] and for extensions to symplectic eigenvalue
problems see Elyseeva [4-6].

In the sequel (Sections 2—4) we prove Theorem 1.1 using the discrete Priifer trans-
formation. Compared to [2, 3, 11, 12, 16] we also present a simplified proof which
eliminates the need to interpolate between operators. This is of particular importance
in the present case, since ap < a; does not imply the corresponding relation for the
operators, which would make the interpolation step more difficult. In addition, (1.12)
is new. The proofs for regular Sturm-Liouville operators [1 1, Theorem 2.3] (confer
also [12]) and regular Dirac operators [16, Theorem 3.3] can be shortened in the same
manner and both theorems can be extended to (half-)open and closed spectral intervals
analogously to (1.12) (for the first case cf. also [19]).

An extension of Sturm’s classical comparison theorem for nodes of solutions to
nodes of Wronskians is established in Section 5. We show that it holds analogously
to the continuous case [12] if ay = a;, therefore confer also [2]. Moreover, we give
Sturm-type comparison theorems for arbitrary perturbations of Jacobi matrices, where,
unlike the case of Sturm-Liouville operators [1 1], we do not obtain a direct dependence
on the coefficients of the operators because ap < a; doesn’timply Jy < J; .

An extension of Theorem 1.1 to Jacobi operators on the half-line and on the line is
in preparation, see [1]. This will fill the gap that classical oscillation theory is only ap-
plicable below the essential spectrum, while relative oscillation theory works perfectly
inside gaps of the essential spectrum. We hope that this will stimulate further research,
e.g. to find new relative oscillation criteria as in the continuous case, see [10, 9].

We’d be remiss not to mention that several other extensions of relative oscillation
theory are thinkable, e.g. to CMV matrices. Only recently, Simon Hilscher pointed out
in [15] that an extension to the case of Jacobi difference equations with a nonlinear
dependence on the spectral parameter would be of particular interest.

2. The Wronskian

At first we look at the Wronskian and its "derivative’ (2.6) along the Z-axis.

DEFINITION 2.1. We define the (modified) Wronskian (also referred to as Wron-
ski determinant or Casorati determinant) by

W :D? x ((Z)? — ((Z) (2.1)
(70,71, @, y) = WO (g, y),
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where D denotes the space of difference equations, such that

W2 (@, y) = @(n)ar (n)y(n+ 1) — y(n)ag(n)p(n+1) (22)

_ ¢(n) v(n)
ap(n)@(n+1) ar(n)y(n+1)|°

We abbreviate Ab = by — by, Aa = ag—ay, and W, (¢, y) = W,>" (¢, y) when-
ever the corresponding difference equations are evident from the context. Clearly, if
ap = a; holds, then W equals the Wronskian from [3]. We have

W (@, ¢0) =0,

WOl (o, y) = -WT0(y,0),

WO T (c @, y) =W (g,c y) =c WO (,y), (2.3)
WOl (@ + ¢, y) =Wl (g, y) + WO (P, y),

WO (@, y 4 ) = WO (o, y) + WOl (¢, )

forall ceR and ¢, ¢, v, € ¢(Z).

LEMMA 2.2. Green’s Formula. We find

> (0(51y) — w(09)) () = W9 W)~ War 1 (0, 1) 2.4
j=n
m—1
= X Aa()e(i+ D) +e()w(i+1)) ZAb w(j).
j=n—1

Proof. Just a short calculation. [

COROLLARY 2.3. Let (Tj—z)uj =0, then

W (uo,u1) — W1 (o, u1) (2.5)
m—1
= > Aa()(uo(j+ Dur(j) +uo(j)ur(j+1)) +2Ab uo(f)ur(f)
Jj=n—1 j=n
and
W (uo,u1) — W1 (uo, u1) (2.6)

=Aa(n—1)(up(n)u;(n—1) +uo(n — uy(n)) + Ab(n)ug(n)u; (n).

If u and i solve Tu = zu, then W (u,ii) is constant (and vanishes if and only if u
and # are linearly dependent).
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3. Priifer transformation

In Lemma 3.8 we’ll establish the connection between the spectra of two different
Jacobi matrices and the difference of the Priifer angles of suitable solutions of the cor-
responding Jacobi difference equations. Therefore, from now on let u be a solution
of Tu = zu and let u_,, moreover fulfill the left/right Dirichlet boundary condition of
J. In order to keep this presentation self-contained at first we recall a few well-known
findings which can e.g. be found in [18]:

LEMMA 3.1. Confer [18]. The Jacobi matrix J has N — 1 real and simple eigen-
values. Moreover,

z€o(J) <= u_(z,N) =0 <= u,(z,0)=0. (3.1)

Proof. Since J is Hermitian all eigenvalues are real: let z € o(J), Jv = zv,
and ||v|| = 1. Then z = (v,zv) = (v,Jv) = (Jv,v) =Z. It can easily be seen that
every eigenvector u corresponding to z fullfills Tu = zu and u(0) = 0. Hence, by
Wo(u—(z),u) =0, u_(z) and u are linearly dependent. [

THEOREM 3.2. Confer [8], [18, Theorem 4.7]. Forall z € R

Ewy)(J) =H#on)(u-(2)) =H#on) (u+(2) (3.2)
holds.

LEMMA 3.3. If u(n) =0, then u(n— 1)u(n+1) <0.

Proof. Since (1.2) is a three-term-recursion and u # 0, all zeros of u are simple
and

u(n+1)=—a(n) (a(n—1)u(n—1)+ (b(n) — z)u(n)) #0 (3.3)
>0 <0 =0

holds. [

By (u(n),u(n+ 1)) # (0,0) for all n € Z we can introduce Priifer variables: let
Pu, 6, € £(Z) denote sequences so that

u(n) = py(n)sin6,(n), (3.4)
—a(m)u(n+1) = py(n)cos6,(n),

and p,(n) > 0 holds for all n € Z. Choose 6,(ng) € (—m, 7] at the initial position ng
and assume
[0.(n) /7] < [6u(n+1)/7] < [6u(n)/7] +1 (3.5)

for all n € Z, then both sequences are well-defined and unique. Here, x — [x] =
min{n € Z|n > x} denotes the ceiling function, a left-continuous analog to the well-
known floor function x — |x| = max{n € Z|n < x} which itself is a right-continuous
step function.
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We follow [11] and use the slightly refined (compared to [3, 18, 20]) definition of
Priifer variables by taking the secondary diagonals a into account. By —a > 0 this will
not influence the herein recalled claims on the nodes of solutions, but it will simplify
our calculations as soon as we look at the nodes of the Wronskian.

LEMMA 3.4. Fix some n € Z, then 3 k € Z such that 6,(n) = kn+y and 6,(n+
1) =kn+T, where

Ye (O,g}, e (0,nr] <= nisnotanodeofu, (3.6)
Ye (g,n]7 Ie(n,2nr) <= nisanodeofu (3.7)

holds. Moreover,
Gu(n):er—g =  Om+1)=(k+1)m. (3.8)

Proof. Abbreviate 8 = 6,. Choose k € Z such that 6(n) =kn+7y, y € (0,7]
holds. By (3.5) we have " € (0,2x]. If u(n)u(n+1) # 0, then sinycosy > 0 iff n is
not a node of u and sinycosy < 0 iff n is a node of u, hence (3.6) clearly holds for y.
By sinI'cosy > 0 we have sinI" > 0 iff n is not a node of u# and sinI' < 0 iff n is a
node of u, thus, (3.6) also holds for IT".

Now, suppose we have u(n+ 1) =0, then n is not a node of u and either I' = 7 or
I' =27 holds. By Lemma 3.3 we have u(n)u(n+2) <0, hence sinf(n)cos0(n+1) =
(—1)*siny(—1)*¥cosT < 0. Thus, by cosT" < 0, we have I' = . From —a(n)u(n+
1) = p(n)cosO(n) =0 we conclude that (—1)¥cosy =0, thus y =% and hence (3.6)
and (3.8) hold. If u(n) =0, then n is a node of u, Y= 7, and (3.6) holds by sin6(n+
1)cosO(n) >0,ie. (—1)ksinT(—=1)kcosy>0. O

COROLLARY 3.5. Forall n € Z we have

[6,(n)/m]+1 ifnisanodeofu

[6,(n)/m] otherwise. 3.9

[6,(n+1)/7] :{

Now we are able to count nodes of solutions of the Jacobi difference equation
using Priifer variables and the number of nodes in an interval (m,n) is given by

THEOREM 3.6. Confer [20, Lemma 2.5]. We have
#(mm)(u) =[6,(n)/m] - |6,(m)/m] —1. (3.10)

Proof. We use mathematical induction: let n =m~+ 1, then if u(m) =0, u(n) #£0
we have #,, ,) () = 0 and by Corollary 3.5

[0,(n) /7] = [6u(m+1)/7] = [08,(m)/7] + 1= |0u(m)/m| +1 (3.11)

€L



106 KERSTIN AMMANN

holds. If u(m) # 0 holds, then by Corollary 3.5 we have

0,(n)/m] —2 if misanode
18u(m) /) = [B,(m) /] —1= { | B0}/ ] _ (3.12)
—_— [6,(n)/m] —1 otherwise.
¢7
The inductive step follows again from Corollary 3.5. [J
Let s_/(z) denote the solution of Ts = zs fulfilling
5-(z,0)=0,5_(z,1) =1, resp. s1(z,N)=0,54+(z,N+1)=1 (3.13)

and let ny denote the base point, i.e. nyp =0, resp. no =N.

Then, by s+ (n9) = 0 we have sin64(ng) =0 and by si(no+ 1) = 1 we have
—a(ng)s+(no+ 1) = ps(np)cos 0+ (ng) > 0, hence 0+(ng) =0 holds by 6+(ng) €
(—m,m.

COROLLARY 3.7. We have

#on(s-)=[0_(N)/a]—1 and #opn)(s+)=—16:,.(0)/m] -1 (3.14)

In the last step we now introduce the difference A of two Priifer angles on which
our subsequent considerations rely:

LEMMA 3.8. We find

E(zy(1) —E(- oo,zo>(Jo) (3.15)
= [Asg s (o)1 (e1) N) /7] = [Asg , (z0) 51— (e1) (0) /7]
= [Asy_ (o)1) N) /] = [Asy _(z) 1.4 e1) (0) /7],

E(—w,m(h) E(,%] (Jo) (3.16)
:|—A80i (20)51,(21) (N)/TE]—L 50,+(20)551,7 (21) ( )/m] —

E(—ez)(J1) = E(—e ) (Do) (3.17)
= LASOi (20)-51,7(z1) (N)/TEJ —[A 50,4(20)551,5(21) ( )/®] 4 1,and

E(eoz)(N1) = E(o ) (Jo0) (3.18)
= [As) ()1 () N/ 7] = [Asy _(z) 1.4 (e1) (0)/ 7]
= Ay (co)s1 (e0) N) /] = (A co)s1— (o) (0)/ 7,

where Ay, =0, — 6, € {(Z).

Proof. Abbreviate s;+ = s;+(z;). By Theorem 3.2, Corollary 3.7, and —[x| =
| —x] forall x € R we have

E(eoz)(J1) = E(—eozy)(Jo) = #o.n) (51, ) — #0.n)(50,+) (3.19)
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= |—651‘7 (N)/ﬂﬂ - I—_ 650‘+ (O)/TE-I = I—Asogﬁsl,f (N)/TE-I - |—ASO‘+~,S1‘7 (O)/TE-I
=~ (E(ceoz) (J0) = E(ooz) (J1)) = [Agy sy . (N) /7] = [Asy sy . (0) /7).
By Lemma 3.1 and (3.4) we have

weo(l) = Ay 5. N)/REZ <= Ay 5 _0)/reZ, (320)

0)/meZ  (3.21)

S

aneo(l) = Ay,s (N/REZ <= Ay 5.

and hence
E(wz)(N1) = E(—eoz)(J0) = [Agy i1 (N) /] = [Agg iy - (0)/m] =1 (3.22)

holds by

E(wz)(1) = E(—wz)(J0) (3.23)

= fASOi,sl; (N)/m] — [As 1+ (0)/m] - {(1) 1; 22 i ZE;Z;

The rest now follows analogously. [

4. Nodes of the Wronskian

It remains to investigate the sign-changes of W(ug,u;). We will express them
in terms of the difference A of Priifer angles of the involved solutions to finally gain
their connection to the difference of the spectra of the corresponding matrices (which
is Theorem 1.1) by Lemma 3.8.

Therefore let u; be solutions of 7; —z,j = 0,1, where p;,0; € {(Z) are their
Priifer variables from (3.4). They correspond to the same spectral parameter z, which
is no restriction, since we can always replace b; by by — (z1 —z9). We abbreviate

A=Ayyu =601 — 60 €l(Z) 4.1
and adopt Lemma 4.1 and Lemma 4.2 from [3]:
LEMMA 4.1. Confer [3]. Fix some n € Z, then 3 k;j € Z,j = 0,1, such that

Oj(n) =kit+vy;, V€ (O,TC], 4.2)
Gj(l’l + 1) = ijL'-l- FJ', FJ' S (0,271'), 4.3)

and one of the following holds:

(1) either ug and uy have a node at n or both do not have a node at n, then

T T
yl—y()6<—5,5) and Ty —Toe (—m,m). (4.4)
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(2) uy has no node at n, but ug has a node at n, then
Yi—m€ (—n,0) and T)—Tye (—2x,0).
(3) uy has anode at n, but uy has no node at n, then

i—mwe 0,r) and T;-Tye (0,2m).

Proof. Use Lemma3.4. [
LEMMA 4.2. Confer [3]. We have

[A(n) /] =1 < [A(n+1)/7] < [A(n) /7] +1
Proof. Let k=k; —ko, n € Z. By Lemma 4.1 we have either

T T
A(n) € (kn — Tkt 5) and An
A(n) € (kr — k) and A(n+

n
A(n) € (km,kn+m) and A(n

+
1) € (km —2m,kr), or
(n+1)e(

A
A 1) € (km,km+2m).
In each case the lemma holds. [

The rest of this section is new, see also [1].

LEMMA 4.3. We have

Wa(uo, 1) = po()p () sinA(n),
W, (o, uy)u (n+l)u1(n+1): sin(y1 — ) cos ypcos v,
W1 (o, ur )uo(n+ Duy(n+ 1) = psin(T'y — Tp) cos ypcos 11,

where p,p > 0.

Proof. Consider
Wi (uo,u1) = uo(n)ai (n)ui(n+1) —uy(n)ag(n)up(n+1)
= po(n)p1(n)sin(6; (n) — Oo(n))
= po(n)p1(n)(— 1)1 sin(y (n) — y(n))

po(m)p1(m)po(n+1)py(n+1)
Caomar () - O

andsetp—% and p =

LEMMA 4.4. We have

upn+ 1) =ui(n+1) =0 = W, (uo,u1) = W1 (uo,u1) =0,
up(n+1)=0,u;(n+1) #0 = W, (uo,u1 )Wyt (uo,u;)
up(n+1) £ 0,u;(n+1) =0 = W, (up,u1)W, (uo,ul)

b

>0
> 0.

1) € (kn —m,kn+ 1),

(4.5)

(4.6)

4.7)

(4.8)

(4.9)
(4.10)

4.11)
4.12)
4.13)

(4.14)

(4.15)
(4.16)
(4.17)
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Proof. The first claim holds obviously. For the second claim just observe that by
Lemma 3.3

Wi (10, 11 )Wo s 1 (0, 101) = —uo(n)uo(n+2)ag(n+ Dar(nur(n+1)> >0 (4.18)
holds if up(n+1) =0,u;(n+1) #0 and

Wi (10, 11 )Wos 1 (0, 101) = —ur (n)uy (n+2)ag(n)ar (n+ Nug(n+1)> >0 (4.19)
holds if up(n+1) #0,u1(n+1)=0. O

COROLLARY 4.5. If Wy (ug,u1)Wyi1(uo,u1) < 0 holds or if Wy(up,uy) =0 and
W1 (uo,u1) # 0 holds, or if W, (ug,u1) # 0 and W,y1(ug,u1) = 0 holds, then

up(n+uy(n+1)#0 (4.20)
and moreover Aa(n) #0 or Ab(n+ 1) # 0 holds.

To shorten notation we denote

(+1) if [A(n+1)/7]=[A(n)/x] +1, (4.21)
(0) if [A(n+1)/7]=[A(n)/x],and (4.22)
(=1) if [A(n+1)/x] = [Aln)/7] —1. (4.23)

LEMMA 4.6. Let n € 7, then

(+1) <= Wyp1(uo,ur)uo(n+ 1)u;(n+1) > 0 and
either W, (ug,u1)Wyi1 (uo,u1) <0 (4.24)
or  Wy(ug,ur) =0,W,i1(ug,uy) #0,

(—1) <= W,(uo,u1)uo(n+ uj(n+1) > 0and

either W, (ug,u1)Wyi1 (uo,u;) <0 (4.25)
or  Wy(ug,uy) # 0, W,y 1(up,uy) =0,
(0) <= otherwise. (4.26)

Proof. If (+1), then we either have case (1) of Lemma 4.1 and 3 — 1 € (—7,0],
I' =Ty € (0,m) or we have case (3) of Lemma 4.1 and 93 — % € (0,7),T; — Ty €
(m,27). Clearly, by (4.11), in either case we have

Wi (uo, u1)Wyp1 (uo,ur) <0 or  Wy(uo,ur) = 0,Wyy1(uo,ur) # 0. (4.27)

Hence, by Corollary 4.5 we have ug(n+ 1)uj(n+ 1) # 0 and thus cosypcosy; # 0. In
case (1) of Lemma 4.1 we have sin(I'; —Tp) > 0 and cosycosy; > 0 by Lemma 3.4.
Hence, by (4.13) W41 (o, u1)up(n+ 1)uj(n+ 1) > 0 holds. In case (3) of Lemma 4.1
we have sin(I'; —T'y) < 0 and cosycosy; < 0 by Lemma 3.4. Hence, by (4.13)

W1 (o, ur)up(n+ Duy(n+1) >0 (4.28)
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holds.

If (—1), then we either have case (1) of Lemma4.1 and y1 — € (0,5),T1 —Ty €
(—m,0] or we have case (2) of Lemma4.1 and y; — Yy € (—7,0),[' =Ty € (—27, —7].
Clearly, by (4.11), in either case we have

W (uo, u1)Wyp1 (uo,ur) <0 or  Wy(uo,ur) # 0, Wyy1(uo,ur) =0. (4.29)

Hence, by Corollary 4.5 we have ug(n+ 1)uj(n+ 1) # 0 and thus cosypcosy; # 0. In
case (1) of Lemma 4.1 we have sin(y; — 1) > 0 and cosyycosy; > 0 by Lemma 3.4.
Hence, by (4.12) W, (ug,u;)ug(n+ 1)u;(n+ 1) > 0 holds. In case (2) of Lemma 4.1 we
have sin(y; — 1) < 0 and cosypcosy; < 0 by Lemma 3.4. Hence, by (4.12)

W (uo,u1 )ug(n+ Du(n+1) >0 (4.30)

holds.
On the other hand, if W, (ug,u1)W,+1(uo,u;) <0 by (4.11) we have either (+1)
or (—1). If, use (4.12),

Wn(uo,ul)uo(n—F l)ul(n—|— 1) = psin()/l — )/0) cosypcosy >0, 4.31)

then we have either case (1) or case (2) of Lemma 4.1 and in each case we have (0) or
(—1). Hence,

W (uo, w1 )Wyiq (uo,u1) < 0 and Wy, (ug,uy)up(n+ Duy(n+1) >0 = (—1).
If, use (4.12),
Wn(uo,ul)uo(n—F l)ul(n—|— 1) = psin()/l — )/0) cosypcosy <0, (4.32)

then we have either case (1) or case (3) of Lemma 4.1 and in each case we have (0) or
(+1). Hence,

Wi (o, u1) Wy 1 (o, u1) < 0 and Wiy 1 (uo,ur)uo(n+ Nuy(n+1) >0 = (+1).

If W,(up,u1) =0,W,41(uo,u1) # 0, then we have case (1) of Lemma 4.1 and by
Corollary 4.5 we have cosyycosy; > 0. Hence, if Wy (ug,u1)uo(n+1)u(n+1) >0,
then (4.13) implies sin(T'; —Ty) > 0, thus, (+1) holds by case (1) of Lemma 4.1.

If W, (ug,uy) # 0,W,11(up,u1) = 0, then by Corollary 4.5 we have cosyycosy; #
0. If additionally W, (uo,u1)up(n+ 1)ui(n+ 1) > 0 holds, then by (4.12) cosycosy
and sin(y; — 7p) are of the same sign. Hence, we have case (1) of Lemma 4.1 and (—1)
or case (2) of Lemma 4.1 and (—1).

Thus, (4.24) and (4.25) hold and clearly by Lemma 4.2 we have (0) otherwise. [

REMARK 4.7. Consider (1.6), then

W, (uo,u1 )Wy (uo,u1) 20 or - Wy(ug,uy) = Wy (ug,u;) =0 (4.33)
= #y(uo,u1) = —#,(u1,up)
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and
W, (uo, u1 )Wys1 (o, u1) <0 = #,(up,u;) #0
by Corollary 4.5. Moreover, if W, (ug,u;) =0 and W, (uo,u1) # 0 holds, then
up(n) =0 <= uy(n) =0. (4.34)
From Lemma 4.6 we conclude

#a(uo,ur) = [A(n+1)/m] — [A(n) /7], (4.35)
Hinn) (0, 1) = [A(n) /7] = [A(m) /7] (4.36)

LEMMA 4.8. We have

#(mn) (w0, u1) = [A(n) /7] — [A(m) /7] — 1, (4.37)
#i ) (uo,u1) = |A(n)/m] — [A(m)/m] + 1, and (4.38)
# () (1o, u1) = [A(n) /7| — [A(m) /7. (4.39)

Proof. By (4.11) we have W;(ug,u;) =0 <= A(j)/m € Z and hence by (4.36)

o 10,01) = [A)/ ]~ {1 a7 a0
=JA(n)/n] — |A(m)/n] —1 (4.41)
holds. The second and the third claim follow analogously. [
LEMMA 4.9. We have
#) (o, u1) = —H# () (U1, u0),  #inn) (o, u1) = —H#pp ) (U1, U0). (4.42)
If Wy (ug,u1) # 0 and W, (ug,u1) # 0, then
#imn) (o, 1) = —H# ) (1, 10). (4.43)
Proof. Use [x] = —|—x| and Lemma4.8. [
THEOREM 4.10. Let ag,a; <0, then
E(ez)(N1) = E(—e ) (Do)
= #o,n) (to,+(20), 1, (21)) = #o,n) (40, (20) 11+ (21)) (4.44)

and

E(wz) 1) = E(—wzy) (o)
= #on) (o, +(20), 11— (21)) = #o.n) (0.~ (20), 11+ (21)),
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E( o z)(N1) = E(—ea 5] (Jo)

= #o,n) (0,4 (20),u1,— (21)) = #po vy (0, (20), 11+ (21)) (4.45)
E(wz)(N1) — E—oo,zO (Jo)

= #lo.n) (u0,+(20),u1,—(21)) = #o.n) (0.~ (20), u1,+(21)),

where uj+(zj),j=0,1, are solutions fulfilling the right/left Dirichlet boundary condi-
tion of J;, i.e. uj_(zj,0) =u;j (zj,N) =0.

Proof. By Lemma 3.8 and Lemma 4.8 we have
E(ccer)) (1) = E(—e ) (o)
I—ASOi )81, (21) ( )/ﬂﬂ L 50,4+(20),51,5 (2 ( )/ﬂj -1 (4'46)
=#0n(50,+(20),51,5(21)) = #o (uo,i(Zo), uix(21))
and the equations (4.45) can be shown analogously. [

Proof of Theorem 1.1. In Theorem 4.10 the solutions u; +(z;), j =0, 1, depend on
the coefficients @;(0) and a;j(N —1) of 7;, although J; (and hence also c(J;)) doesn’t
depend on them. If ap(N — 1) = a1 (N — 1), then by (2.6) we have

Wi (0,+(20)), w1, +(21)) — Wi—1(u0,+(20), u1 % (21)) (4.47)
= (bo(N) —z0 — b1 (N) +z1)uo.+(z0,N)ui +(z1,N) =0

and hence there’snonodeat N—1. [
We close the proof of our main theorem with the following

REMARK 4.11. By Theorem 1.1 we have

#io,n) (1o, (2), w15 (21)) = —Ho v (1,4 (2), 10,5 (2)), (4.48)
#(o.5 (u0,+(2),u3,-(2)) (4.49)
= #o.n) (0,4 (2), u1,—(2)) +H#o.n (U1,— (2), 42,4+ (2)) + H#(o.n (2,4 (2), u3,—(2))

and

—(2),u3,+(2)) (4.50)

o, (o,
=#(o N (U0, (2)u1,+(2)) +#io v (1,4 (2), 42, (2)) + H#po vy (2, (2), 3.+ (2)).

5. Triangle inequality and comparison Theorem

In the last section we now establish the Triangle Inequality and the Comparison
Theorem for Wronskians which generalize Theorem 5.12 and Theorem 5.13 from [2]
to different a’s. Moreover, Theorem 5.3 generalizes and sharpens Theorem 5.11 from
[2]. We refer also to [1].
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THEOREM 5.1. (Comparison Theorem for Wronskians I) Let J| > J», then

#lo.n) (H0,+(2), U2 £(2)) = #jo v (10, +(2),u1,£(2)), (5.1)
where #o ) can be replaced by #.o n), #o.n), o #on)-
Proof. Let o(J1)={z1,...,z2v—1} and 6(J2) ={Z1,...,Zv_1}, then z; > Z; forall

i by Ji > Jp, confer [13, Theorem 8.7.1], and hence we have E_., ) (o) > Ewy (J1).
Thus, by Theorem 1.1

#io.n) (o,+(2),u2,—(2)) = E(—wa)(J2) — E(—eo 1) (Jo) (5.2)
2 E(—o)(N1) = E(—oz)(Jo) = #jon) (0,4 (2), 11, (2))-

The rest follows analogously from E(_.. (J2) > E(_e (/1) and Theorem 1.1. [J

COROLLARY 5.2. Let ap = a; = ap and moreover let bo(j) = b1 (j) = ba(j) for
all j=1,...,N—1.

If 0 and N —1 are positive nodes of W (uo+(z),u1+(z)), then the Wronskian
W (uo +(2),u2 +(2)) has at least two positive nodes at 0,...,N — 1.

THEOREM 5.3. Let m < n, then

|#[m,n] (u07u1) - (#(m,n)(ul) - #(m,n)(uO)” <1, (5.3)

where #,, ;1 can be replaced by #,, ;) Or #, ).

Proof. For all x,y € R we have

O<r=yl=([x]=yD<1 and —1<x—y]—(lx]-[))<0. (54
Hence, by (4.36), Theorem 3.6, and —[x]| = [ —x] we have

[#im,n] (05 11) — (# () (1) — # (0 (00)) |
= [[(61(n) — 60(n))/m] — ([61(n) /7] — [6o(n)/x]) (5.5)
+ [(8o(m) — 01(m)) /7] — ([ Bo(m)/m| — | 61(m)/m])| < 1.

Moreover, by Lemma 4.8 and Theorem 3.6 we have

(uo,ul) (# m,n)(ul) _#(m,n)(u()))
=[A(n)/x] = ([61(n)/7] —[60(n)/7]) (5.6)
— ([A(m)/7] = ([6:(m) /7| — [6o(m)/7])) -1

and

# () (U0 11) — (# () (1) — H# () (100))
=1+ [(6o(m) — 91(m))/ | = ([8o(m)/mc| — | 61(m)/m]) (5.7)
—([(6o(n) — 61(n)) /7] — ([60(n) /x| — [61(n)/x])). O
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THEOREM 5.4. (Triangle Inequality for Wronskians) We have
‘#[m,n](u()7u2) - (#[in,n](u()vul) +#[m,n](ulau2))‘ <l (5.8)

where #,, , can be replaced by #,, ).

Proof. Abbreviate A; j = AM,.,M!. ,then Ag 1 +Aj = Ag> holds.
By (4.36) we have #,, ,(uo,u2) = [Ag2(n) /7] — [Ao2(m)/m] and hence

#[mﬁ](uo,ul) —|—#[m7n](u1,u2) 5.9
< [Aop(n)/m] + 1= [Aoa(m) /7] = #py, ) (10, u2) + 1

and
#[m,n](u07ul) +#[m,n](ul7u2) (5.10)
2 [Doa(n) /7] = ([Ao2(m) /7] + 1) = #p ) (w0, u2) — 1

holds by [x+y]| < [x]| + [y] < [x+y]| +1 forall x,y € R. Further, by Lemma 4.8 and
[x+y| —1< |x|+[y] < [x+y] we have

# () (U0, 1)+ H () (1, 102) (5.11)
< [Aop(n)/m] — Ao (m) /7] = #(p (0, u2) + 1

and #(mﬁ](u(),l/tQ) < #(m,n] (M07u1) +#(m,n](u17u2) +1. O

THEOREM 5.5. (Comparison Theorem for Wronskians II) If either

(A) Wi(uo,ur)uo(j+ Dur(j+1) <0 and Wj(uy,uz)ui (j+ Duz(j+1) <0
forall j=0,....N—2 or

B) ap=ay =ay and by(j) = b1(j) = ba(j) forall j=1,...N—1

holds and 0 and N —2 are (positive) nodes of W (ug,uy), then W (ug,uz) has at least
one positive node at 0,...,N —2.

Proof. In either case for all j =0,...,N —2 we have #;(up,u;) > 0 and also
#;(ur,uz) > 0, hence from Theorem 5.4 we conclude

#o.n—1) (0, u2) = #io n_1)(uo,ur) +H#on—1)(ur,u2) —1. O (5.12)

>2 >0
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