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SPECTRAL ESTIMATES FOR DIRICHLET
LAPLACIANS ON PERTURBED TWISTED TUBES

PAVEL EXNER AND DIANA BARSEGHYAN

Abstract. We investigate Dirichlet Laplacian in a straight twisted tube of a non-circular cross
section, in particular, its discrete spectrum coming from a local slowdown of the twist. We prove
a Lieb-Thirring-type estimate for the spectral moments and present two examples illustrating
how the bound depends on the tube cross section.

1. Introduction

Relations between geometry of a region and spectral properties of operators de-
scribing the corresponding dynamics are a trademark topic of mathematical physics.
A lot of work was done in the last quarter a century about Dirichlet Laplacians in in-
finitely extended tubular regions. A particularly interesting class of problems concerns
properties of twisted tubes.

The fact that twisting of a non-circular tube gives rise to an effective repulsive in-
teraction was noted for the first time in [3], a proper mathematical meaning to this fact
was given through an appropriate Hardy-type inequality [4]. On the other hand, while a
periodic twist of an infinite straight tube raises the threshold of the essential spectrum,
it is natural to expect that its local slowdown will act as an attraction and could thus
give rise to a discrete spectrum of the corresponding Dirichlet Laplacian; in [5] it was
demonstrated that it is indeed the case. The effect has been further investigated, in par-
ticular, the paper [2] analyzed the asymptotic distribution of eigenvalues in case when
the ‘slowdown’ perturbation is infinitely extended and has prescribed decay properties.

In this paper we address another aspect of this spectral problem. We suppose
for simplicity that the perturbation is compactly supported so that the discrete spec-
trum is finite, and we ask about bounds to eigenvalue moments. Using the dimension-
reduction technique of Laptev and Weidl [8] we derive Lieb-Thirring-type inequalities
for moments of order ¢ > 1/2; for o > 3/2 these inequalities contain the optimal
semiclassical constant. The role of the potential is at that played by the negative part
of an auxiliary operator acting on the cross section of the tube the coefficients of which
carry the geometric information.

We accompany the general result by a pair of examples illustrating the dependence
of the obtained bound on the tube cross section. Not surprisingly the estimate becomes
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trivial as the cross section turns to a circle; using an elliptical disc we show that the
bound behaves like & (SG'H/ 2) for small values of the eccentricity €. The second
example is maybe less self-evident: we show that a sufficiently ‘wild’ cross section can
make the bound arbitrarily large even if both the cross section area and its diameter
remain bounded.

2. The Lieb-Thirring type estimate

In this section we first formulate the problem and state the main result, then we
prove it and comment on the spectrum on an auxiliary operator which appears in the
derived inequality.

2.1. The main result

Let @ be an open, bounded and connected Lipschitz domain in R2, and let O :
R — R be a differentiable function. For a given s € R and 7 := (12,13) € @ we define
the mapping £: R x @ — R> by

L£(s,1) = (s,12c080(s) +135in0(s),13c08 O (s5) —125in O(s)), (2.1

which has an obvious meaning of rotating the coordinate frame in the normal plane to
the x-axis at the point s by the angle 6(s). The image £(R x ®) is a region in R?
which we call a twisted tube if the following two conditions are satisfied:

(i) the function 0 is not constant,
(ii) the set @ is not rotationally symmetric with respect to the origin in R?;

in particular, the tube is set to be periodically twisted if 0 is a linear function.
As we have indicated we are interested in tubes with a local perturbation of the
periodic twisting. Consequently, we shall consider angular function 8 such that

6(s) = B(s) = Po—u(s), (2.2)

where fBy is a positive constant' and u(-) is a positive and bounded function with
supp i C [—so,50] for some s9 > 0. We will be concerned with tubes

Qp = L(R x w) (2.3)

defined by £ = £¢ corresponding to 6(s) = ffso B(s)ds, the angle being determined

Q
up to a constant. The object of our study is the Dirichlet Laplacian —A,” on L? (Qp)
associated with the quadratic form

Oslvl= [, IVWePar, v eD(0y) = ' (0).

IThe positivity assumption is made just for the sake of simplicity since for By < 0 one can pass to a
unitarily equivalent operator using mirror-image transformation (s,7) — (—s,7).
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Q
It is well know [5, 4] that analysis of —ADB can be rephrased as investigation of the
unitarily equivalent operator Hg on the ‘straightened tube’, i.e. the cylindrical region
R x o, which is associated with form

Oplv] = /]R V0P + (0w + 000y (s.0)] dsar, (24)

where

Jd 4 d d d
r._— _ — = — = —_— = -_—
V= (3[2’ 81‘3) ’ o ds’ Ji=t 81‘3 & 31‘2 ’

the latter being nothing else, up to an imaginary unit, than the angular momentum
operator in the normal plane to tube axis. In other words, the operator Hg acts on its

domain in L? (R x ) as

H __a_2_a_2+ —'i—‘é() b2 2 2
P o 94 "as YN\ "9n T Bon

and the geometry of the original problem is translated into the coefficients of the ‘straight-
ened’ one. We are going to compare Hg with the ‘unperturbed’ operator Hg . To
formulate the result, we need the following operator on L*(),

P 2\’
hﬁo = —Ag—ﬁoz <128—t3—t38—t2>

with the domain

2
D(hg,) :,%’f)l(a))n{g: (—Ai’)’—ﬁ& (Q%—ts%) )gELz(w)} .

This choice ensures that the /g is self-adjoint and makes it possible to avoid problems
one may have, e.g., for polygonal ®’s with non-convex corners [, 9]. It is convenient
to introduce the polar coordinates (r,) in the normal plane in which the action of &g,
can be written as

hgy = —AB— B33 with D(hg) = 5" (0)N {g: (~A8 — B332) g € X)) ,
(2.5)
where the standard polar-coordinate expression can be used for the Dirichlet Laplacian
—Af}. As the latter has a purely discrete spectrum and the second term is positive, the
spectrum of hp, is purely discrete as well. We denote

E :=info(hg,), (2.6)

further we consider the radius of ®,

d:= sup \/B3+13
(h13)e®



170 P. EXNER AND D. BARSEGHYAN

and the quantity
.1 1
Yl}o = mln{g,m}. (27)

Now we are in position to state our main result:

THEOREM 1. Let Hg be the operator associated with form (2.4) with the twisting

velocity 0 given by (2.2), and assume that the compactly supported function [ (-) is
bounded with the derivative [ € L' and satisfies the condition |||« < ¢ Bo with some
€ (0, %7130)‘ Then the following Lieb-Thirring-type inequality,

tr(Hp — )% < 02% LS. /trH( )T 245, 6 >3)2, (2.8)
is valid for the discrete spectrum of Hg, where

2
Oy gy = VBy — 3c, (2.9)

and furthermore, H(s)_ is the negative part of the operator

o a2f. 0 a\> 1 Oof o2f
—Ap— By <t28_t3_t38_t2> —%OLT— (2Bo—u) f) —E  (2.10)

2
with D(H(s)) = 74 (0)N {g : (—A‘ﬁ - B2 (1‘28373 —13 8%) ) g€ Lz(w)}, where —A}

is the Dirichlet Laplacian, f is the ground-state eigenfunction of hg,, and

) INo+1)
ol arT(c+3)

is the standard semiclassical constant.

g (2.11)

REMARK 1. The validity of the result can be in analogy with [6] extended to any
0 > 1/2; the price to pay is only a change in the constant, Lﬁi | being replaced with
r(o, 1)Ly | with the factor r(c,1) <2 if 0 <3/2.

Proof. Using the fact that the ground-state eigenfunction f of hg, is strictly pos-
itive in @ — cf. [5] — we can decompose any y € Cy’(®) as

W(S7t) :f(t)(p(s7t)'

We substitute this into (2.4) and integrate twice by parts obtaining
Oyl —EvIE= [ (Vo= (880 1P + 0P

+(Bo— 1) fIof (050 @+ P Is9) + (Bo — 1) f* (059 D@ + 050 0 D)
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(B~ 11000 — (Bo— 122 1) S0P ~ Ef*]gf ) dsd

Since
/R(&YWJrWyw)ds /u (@ +9dsp)d /u\rp\zds

where the last integral makes sense in view of boundedness of the function ¢, and
—A8f — B2d2f — E f =0 holds by assumption, we get

Qg[‘lf}—EH‘I/H2Z/Rxwfz(W/(P\z-l-\&y(P+ﬁ08a(p\2)dsdt
- (w2090 + 5o0) +u PO + Gt 00)
—(u2—2ﬁou)f28a¢|2+(u2—2ﬁou)(3§f)f<p2) dsdr

:/R F2(IV'0I* + 10,0+ Boduo|?) dsdi — I, (2.12)
X

where

Ig = /Rxw <ﬂfaaf|§0|2 + 1% (059 90 + 90 95 )

—u(u—Zﬁo)f23a¢|2+u(u—2Bo)(3§f)f|¢|2) dsdr:

the integral again makes sense since [t € L' by assumption and the other involved
functions are bounded. Let us estimate it. Using the Cauchy inequality one gets

< [ Rf@uf)lpP dsar
Rxo

12
+2 (/ ;,L2f28aqo|2dsdt) (/ f285q0|2dsdt)
Rxw Rx o

82
2o [ uplaeoPasars [ <u2—2ﬁou>%|<p|2dsdr

1/2

2
/ il “f|1m2dsdt+/ —2Bout) f|qf\2dsdt
+c/ f2\85(p|2dsdt+/ (™" +2Bou) u? *|dep|* dsdr
af 2 2f 2
/ o —=|y] dsdt—|—/ —2Bop) == |y|"dsds (2.13)

2
+c/]R f2\8 o[> ds dt—f—(”“ﬁ +2””°°)/ B3 f* 100 dsd
0

for an arbitrary ¢ > 0. Let us now return to the quadratic form expression (2.12). If

1
2[30/ 721050900| dsdr < —/ 7210, 2 dsdr
Rxw 2 Rxw
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then the said formula yields the estimate
I-EIIP =5 [ PV +120R+Blael) dsar—Ip. (214
In the opposite case, namely under the assumption
2 1 2 2
2[30/ £219:0/|90p] dsds > = / FlospPdsdr,
Rxw 2 JRxo
one has to employ the obvious inequality |dy¢@| < d |V’ @] to obtain
/ 722 dsdr < 16ﬁ§d2/ Vo2 dsdr.
Rxo Rxw

Combining these estimates with the definition (2.7), we infer from (2.12) that

Qv —Ellv* =15 [ 2 (IV'0I* + 100 + B3 10apl) dsdr —I5.  (2.15)

B Rxw
Furthermore, in view of inequality (2.13) it follows from (2.15) that
byl —EvIP > af g, [ 1 (V9P +|pl*+ Bil0uol?) dsc

- dof ~n%f\ e
/M(u oL o) % )wl dsds

with the number oy, g, given in (2.9). In the next step we estimate the integrals
Jexo L2V 0?dsdr and [g.., f?|0a®@|*dsdz. An integration by parts yields
d d d
A ad " dsdr = /
Rx o

2
2
/Rxwf o, | 4= /ﬂm a; %o, a;

J; 8f 2 1 af 2
+/Rxw 7 (a:,) yPdsars | 30 (Nt,) |2 dsdr

for j =2,3. In a similar way, changing integration variables one finds

2
VI dsar

/ f2\8aqo|2dsdt:/ |8aq/—(p8af|2dsdt:/ |9 w? dsd
Rx Rx Rxw

+/ a“f |qf\2dsdt+/ (a;f)wzdsdt

hence inequality (2.15) implies

vl —EVIE= ot g, [ (V'Y 412w+ B30y ) dsds

) 19f 19f
v [ (WP g (55n) o (Gon)
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3uf)? Ouf
+p3 %) +ﬁ§aa( : ))|w2dsdr

- 9t gy 1) 2L ) [yp
/]Rxco(u f m2Po—n) f >W| dsdr.

After a differentiation we get from here
0 [w] — Ellyl

A% 2
aiﬁo/ <|V/W2+|avw2+ﬂ()28aw2+< Df+ﬁ28"‘f> |w2) dsdr

—/Rxw (ua"‘%—u(m u) ;

so in view of the fact that f is the ground-state eigenfunction of operator hg, we are
able to conclude that

) ly|*dsdr,

OV —EVIE> o, [ (VY +[awP+B3l0uy —E|yP) dsa
d 2
[ (6% - %) asar 2.16)

Up to the numerical factor the quadratic form on the right-hand side corresponds to the
self-adjoint operator H, on L*(R x ®) acting as

0 J 2 1 0, f 827‘
- Rx o 2 v - Yo _ Zod ) .
HO = —AD —ﬂo (tz _atg —13 812) ﬁ.ﬁo (,LL f ,U(Zﬂo ,LL) f ) E;

we are going to prove that its negative spectrum is discrete and establish a bound to it.
We shall employ (2.16) in combination with the minimax principle.

Choosing for y a function u € Cj'(R x @) we can estimate the right-hand side of
(2.16) from below as follows

/R (|8Su|2+|V’u|2+[3§|8au|2—E\u|2)dsdt
X

1 dof
2 —u(2
o oy (u 7 H(2ho —w %L 7

2/ \85u\2dsdt—|—/ (H(s)u(s, ), u(s, )20 ds.
Rxm R

) |u|? dsdr

where H(s) is the negative part of Schrodinger operator (2.10). Consider next func-
tions of the form g = u+ v, where u as above and v € Cj (R x @) supported by the
complement R x @ := R*\R x o are both extended by zero to R*. We have

2 2 2 2 2 2
\\a5u||Lz(Rxw)+Axw(|vfu\ + B3100ul — Eluf?) dsdi-+ |90, )
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1 Ouf 0if
Y / %ol 2By — L) 2 dgd
Vs~ g [ (0% e %) i asa

2 /]R3 ‘a.Yg‘zdet—i_/R<H(S)g(s7')ag(s7')>L2(]R2) dS, (217)

where we have extended H(s) to an orthogonal sum acting as zero on C (RZ\E)
obtaining thus an operator on Cj’(R?). The inequality (2.17) holds true for any func-
tion g € CJ (R¥\9Qyp) and its left-hand side is the quadratic form associated with

the operator H, & (—A%“”) . On the other hand, the right-hand side of (2.17) is the
form associated with the operator — % ® I;2(g2) +H(s) defined on the larger domain

2 (R,L*(R?)). Due to the positivity of the Dirichlet Laplacian —ARX® the varia-
tional principle allows us to conclude

0?2 ¢
tr(HO—)‘jgtr< a2®1L2(R2>+H( )) , 0>0. (2.18)

Then in turn the Lieb-Thirring inequality for operator-valued potentials [8] implies
tr (Ho_)f < Lﬁi /t Hi(s )G+1/2ds forany o©>3/2

with the semiclassical constant L 1 (and for o > 1/2 with a worse constant as men-
tioned in Remark 1). By minimax pr1n01ple we thus finally get

tr (Hy —E)° < 2% L /tH( 245 for 6 >3)2,

which concludes the argument. [J

2.2. The discreteness of the spectrum of operator H(s)

In order to apply Theorem 1 we have to make sure that the (negative part of the)
spectrum of the operator H (s) is discrete. It looks almost self-evident, but we present
a proof, under slightly stronger assumptions:

THEOREM 2. The spectrum of H(s) is purely discrete for any fixed s € R if the
following condition is satisfied:

20|l N1At]loo 2
, < . 2.19
ax{ Bo 2[302 TN ( )

Proof. We shall estimate H(s) from below by an operator the spectrum of which
is purely discrete, then the claim will follow by the minimax principle. Using once
more the fact that the ground-state eigenfunction is strictly positive, we can represent
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any ¢ € C5’(w) as @(t) = f(¢) ¢(¢), t € . Using an integration by parts in the angular
variable in combination with Cauchy inequality we get

o _ _
2L 1opal=| [ raunieral=3| [ F@so+ s
1/2
< (/wf2|9a¢|2dt> (/wf2|¢2dt)
< %/wf2\8aq)\2dt+%/w|<p|2dsdt. (2.20)

Next we use the fact that the function f is ground state-eigenfunction of operator Ag.
Combining another integration by parts with Cauchy inequality and denoting here for
the sake of brevity (x,y) = (x1,x2) we derive

02
B [ “eLioPar =85 [ @2nisiofa= [ (Ef 1P o sgnsioP)a
=& [ PloPa+ [ (p)foPa=E [ jpPa+ [ af)svPa

S R VR RS A O
— & [ |pPar- 2/(”) |¢\2d—2/ r(525+3L0) a

2 ! £12 2
<E/w|<p| dt—/w\Vf\ 0] dt+2j21/wf¢|‘a—xj

2
24 121 412 )
<E [ JoPar— [ |vrPlol dt+2j§,1\//wf -

2 a(z) 2
<£ [ lgPa- [ WrPlgPa+ Y [ £2]5F
[0} o =1/ d j

2 8f 2
dt/w\(z>|2 <&—x,) dr
2 2

:E/Q)|(P|2dt+/wf2\v/¢|2dt. 2.21)

Armed with these estimates, we are going to find the indicated lower bound to H(s).
To this aim we first rewrite the corresponding quadratic form as

_ 1412 2 2 [ 2 2. L daf
<H(S)<p,<p>—/w|V¢\f k[ £10u0f = o [ Aol

3 /# (2Bo—u f\(P\zdt (2.22)
OC
w,Bo

for any function ¢ = f¢ € C5(w). In order to establish this relation we have to check
that

/w (—ABQ—Bidop—E@)pdr = /w \V'o[2f2dr + B3 /w Ploa9Pdr.  (2.23)
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First we integrate by parts

2
[T S e G tmarr=— [ (E) wlotyPasay

. 9%, 9 . 292/
[ 1ot Gy Gt drdy = [ fle)loey) PGS () ddy.
and the same for the variable y which yields

of 99 of 99 I\ 20%f
/f%xj d+/f¢a—xjg—x,d “/c,)(a_x,) o= [ floP5sa

(2.24)
for j =1,2. Using polar coordinates 7 = (r,¢¢) one can check is a similar way that

| 15(000) @us) i+ [ £0(068) Guf 5.9
~ [ @afPloPa~ [ rloP@2na. 225)

These identities make it possible to infer that

/w( Ao — B30 —E)pdt

2

-3 [ [SLor 32 dt+[302/|f(9a¢)+¢(aaf)\2df—E/f2|¢\2df
j=1 J
2

_ 2 df 9¢

_§‘</ (8}6,) 191 dt+/f¢8xj8xj

adf d
+[rosl a) +ﬂo</wf2|9a¢|2dt+/w¢|2(3af)2df
+ [ 180u0)@ur)art [ f¢(aa$><aaf>dr) £ [ Plopa

Using then the identities (2.24) and (2.25) we rewrite the last expression as

i</f2 d”/"”z(aC) dt‘/"i’z(af.) dt—/fwaf )

j=1
#53 ([ rouoPar+ [ 107@uriar— [ loP@ur - [ noP@ina)
- [ fPloPa
= [ (PIV6P — 101881 + B3040 P — B3 S19P (921~ E o)

99

0x;
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and since —Aff — [3282 f —Ef =0 holds by assumption, we arrive at the relation
(2.23). Using now the estimates (2.20) and (2.21) we infer from (2.22) that

000> [ IR 5 | Plonola—sZL ([ Ploserars [ o7

M( /|(p|2dt+/f V’¢2df)

o, 5, P
> (1 %)/ﬁwzm@o ﬁ02 )/le8 oPar
Eu) jfjﬁo AR %/wwdt
> (1 azﬁﬁo)/ﬁvmzmﬁo( S zﬁﬁ())/fﬂa o di
S A AR

2u(s)  la(s)| /
> <l_max{0€ﬁ7ﬁ0ﬁo Zazﬁﬁo })/ <f2|V¢2dt+ﬁg/wf2aa¢2dt>

2E
_a2“(;)/<p2dz_—2a2 |/\(p\2dt.
IJ7/30 0o ﬂ:ﬁo @

Using now (2.23) we arrive at the operator inequality

s Cmax J 2HG) o [aGs)] 2Eu(s)  |a(s)|
e (1 " {aﬁ7ﬁoﬁ0 20&2![50[30 }> o™ Hﬁoﬂo 2aﬁzlﬁo

from which the sought discreteness of o(H(s)) readily follows. [

3. Dependence on the cross section

We conclude the paper by a couple of examples illustrating how the obtained
bound depends on the cross section shape.

3.1. First example: an elliptic disc

Given a positive number € we assume that @, is an elliptic disc the boundary
of which is described by the relation (14 £)2x> +y*> = 1. We are going to show that
for sufficiently small values of the parameter € and a gentle perturbation p(-) the
negative-spectrum moments of the operator Hg — E' on the corresponding twisted tube
(2.3) behave asymptotically as

o (e72) [ ()] + ()28 — ()" s
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To prove this claim, let us estimate the right-hand side of (2.8) in this case. First
we check that the negative spectrum of operator H(s) is nonempty under the condi-
tion ||1t]l < 2Bo. Using the fact that —ASf — BZd2f — Ef = 0 holds by assump-
tion, that the function f is strictly positive on w, according to [5], and the relation
Jo. (o f)fdt =0, we find

FHO 2y = BB [ G2

I~ll30

_ ()(Zﬁo ())/ (a&f)Zdt<07

lil30

hence the claim follows by minimax principle. On the other hand, the lower bound to
H (s) proved in the previous section under the conditions (2.19) means that the negative
spectrum consists of a finite number of negative eigenvalues, the multiplicity taken into
account. Moreover, their number has an upper bound independent of &, and in fact,
H (s) has for small € a single negative eigenvalue as we are going to check next.

We use reductio ad absurdum assuming that there is more than one negative eigen-
value. Let {A(s)}, with M > 1 be the negative spectrum of H(s) and {gx(s)}.,
the family of corresponding eigenfunctions. It is easy to see that

Mels) = [ (g~ E)ei(s))ai(s) 31
AN O, (%2)lsi(s)P
(o) ~ () (2o~ u(s)) B )
aﬁ7ﬁ0 ( f ’ f )

we shall estimate the second term on the right-hand side. We write the operator hg,
more explicitly as

? R L, D 2?9,
hgy=—53—33— 0<x 8_)12_x$_2xy8x8y_y8_y+y W)

and pass to the coordinates x = 1%, y =1 which allows us to replace the operator g,
by a unitarily equivalent operator on L2 (coo, e dé dn) acting as

02 2+¢

ZﬁOZ—Ag)O_ﬁ()zagg+8<—(2+3)(Bn+1)a§2 (1+e)2ﬁ052 ) (3.2)

Using the fact that the principal eigenfunction f of hg, on L*(w.) equals

f(x7y):f((l+£)x7y)v (x,y)E(ug,

where f is the ground-state eigenfunction of Zﬁo on L? (a)o, 1%5 dé dn) and applying
the first-order perturbation theory [7] one gets that for small values of the parameter €

f(x’y):fdiSC((1+8)x7y)+ﬁ(£)7 (3.3)
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where fiisc is the ground-state eigenfunction of operator —A7Y — 3292 on L?(a),
which coincides naturally with the ground-state eigenfunction of the Dirichlet Lapla-
cian on the unit disc.

Let us next show that there is a constant C > 0 such that the bound

gk (s)]
f

holds on the cross-section @, uniformly in s. Passing to polar coordinates and denoting
g (r,0) := g(rcos@,rsing) for any k = 1,...,M and similarly for f, and using the
Dirichlet condition at the boundary of w, one gets

<C, k=1,....M, (3.4)

gk() )| g () (@)l |gi(s)(r9) —gi(s)(r(9), @)
f(xy) [ (ro) fr(ro) = f*(r(e), )
[(dgi(s)/dr)(ro(@), 9|

(@f*/dr)(ri(9), @)
where the curve @ — r(¢@) with ¢ € [0,27) is the boundary of the ellipse @ and

ro(@),r1 (@) € [0,7(p)]. Note that the left-hand side of (3.4) is well defined and contin-
uous on the precompact set supp i X @, hence we have to care only about the behavior

in the vicinity of the boundary. We have ‘ % ‘ > o > 0 near the boundary of the unit
circle and using the asymptotics (3.3) for points near the boundary of the ellipse @, we

get
’ 98;(s)

)| 1
o) St o)

which yields the bound (3.4) valid uniformly is s.
Working out the perturbation theory in (3.3) to higher orders and using the fact
that the angular derivative of the function fgis is zero one can check that

)

L~(w¢)

ar

dof = O(g), daf=0le), (3.5)

and combining this asymptotics with the inequality (3.4) we find that the second term
on the right-hand side of (3.1) behaves as ¢'(¢) in the limit € — 0. Since the first term
is positive and Ax(s) < 0 holds for k = 1,...,M by assumption, it follows

[ (g, ~E) aus)) ) ar = (). (36)

Now we expand the functions g;(s), k =1,...,M, in the orthonormal basis {f™}_,
corresponding to the eigenvalues {E, },_, of the operator hg —E on L* (o), ar-
ranged in the ascending order, i.e.

()= X conls)s”

The principal eigenvalue E of the operator /p, is simple. Indeed, assume that there are
two eigenfunctions g; and g such that hg g; = Eq; holds for j = 1,2. By the first
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order of perturbation theory and (3.2) we then have

qj(xay):fdiSC((1+£)x7y)+ﬁ(£)7 j:1a27

which, however, contradicts to the orthonormality of the functions g; and g, . Inserting
now the Fourier expansion into (3.6) we get

/ ( i Ck,m(S)Emfm> (ick,l(s)fl> dr = ﬁ(e)’
W\ jp=2 =1

and consequently, Y5, Ey|cin(s)|> = (), and since E; > 0, we have

iymwﬁ=m@,

which means that

|, lax(s) e )f[ ar = o(e)
as € — 0. This in turn implies
gk(s) =cri(s)f+0(e), k=1,....M,
a.e. in @, . The orthogonality of the functions g (s) then requires
cka(s)e(s) =0(e) if k#1,

which contradicts to the fact that ¢ ;(s) = 1 + €(g) coming from the relation
Jo. | gx(s)|>dr = 1. Consequently, the operator H(s) has a single negative eigenvalue
for all € > 0 small enough.

Now it is sufficient to combine relations (3.1), (3.4), and (3.5) with the fact that
hg, — E > 0 to arrive at the asymptotics

Mi(s) = O(&) (|(s)[ + u(s)(2Bo — u(s)))

for € — 0 which proves the sought assertion.

3.2. Second example: a multiply folded ribbon

Next we are going to illustrate the opposite effect, namely that choosing the cross
section far from the circular shape we can make for a fixed twist perturbation u the
right-hand side of the estimate (2.8) arbitrarily large. To this aim we shall construct an
appropriate sequence of the sets wy, k=1,2,....

We begin with the circles 77 and 7, centered at zero of radii one and two, respec-
tively. We cross them by axes and quadrant axes, i.e. the lines y = +x, and connect
the intersection points by a closed piecewise linear zigzag curve denoted as F(()t)t Next

we fix a small positive number € and construct in a similar way the curve l"l(r} ) with
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(1)

Figure 1: The curve Ty, and the set .

Figure 2: The curve l"(()?t.

vertices on the circles of radii 1 — € and 2 — €. The two curves are the inner and outer
boundary of the set which we denote as @; — cf. Fig. 1.

2)

Next we construct the set @, bounded by the curves rfj{ and T\ obtained in a

similar way by cutting the plane into sixteen radial segments — cf. Fig.mZ.
The construction proceeds in the same way: in the k-th step we obtain a ‘zigzag
ribbon’ loop with 2K*1 outer vertices.
Our aim is now to show that if such a ‘maccaroni’ tube is twisted with a fixed
slowdown perturbation tt, the right-hand side of the spectral estimate (2.8) will be

bound from below by

1[4kt oF12 i 12
(5 L ey @)
H.Po

To demonstrate this claim we note first that in view of minimax principle the ground
state eigenvalue of H(s) equals

Aii(s) = inf{ gH(s)gdt : g€ D(H(s)), HgHLZ(a)k) = 1}7

which means that
Ma) < ——— [ (8@ufi) i~ 0(2Bo— ) GEAIE) .

o
u.Bo

where f; is the ground state eigenfunction of &g on L?>(wy). Using the fact that
Jo,(9afic) firdt = 0 and an integration by parts similar to the argument used in the pre-
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vious example we find that

p(s)(2Bo— u(s))
2

M(s) < —
aﬂ:ﬁo

[ @ufirar: (3.8)
W

we are going to estimate the last integral from below.
To this aim we consider separately the parts of w; divided by the four circles used
in the construction, specifically

oxN{l—e<r<1}, oxnN{l<r<2-—¢}, and oxN{2—e<r<2},
and moreover, in view of the discrete rotational symmetry we can discuss only one

segment of it. Consider therefore first the part @ of @, N{l < r < 2— ¢} bounded
by the circles 7j and T,_, and the radial lines ¢ =0 and ¢ = 577, and estimate

the integral [5(dofi)?dt from below. The polar coordinates of the points of @ are
re(1,2—e¢) and ¢(r) € (¢i(r), p2(r)) with appropriate ¢;(r) € (0, %) , hence we

get
) 2—¢ 0 (r) )
/~fkdt:/ dr/ rfi (o) doc.
o 1 o1(r)

Writing sz(r, -) as a primitive function of the radial derivative and using the Dirichlet
condition which f; has to satisfy at dwy we rewrite this expression as

2-¢ @ (r) @ Jf 2
fzdt:/ rdr/ (/ —de) da.,
/a ¢ 1 o) \Joi() 90

hence using Cauchy inequality we may infer that

P 2—¢ o) ra dfi 2
£2di < —/ dr/ / r<— dodo
/(B k 2K+ o) Joi) \ 0
2

2 2—¢ @(r) afk 2 5
< W‘/l dr/q)l(r) r<%> de:m/&')(aafk) dt,

which implies

4k+l
/~(8afk)2dt> — a)f"zdt'

Q]

In a similar way one estimate from below contributions from the other parts of the set
@y , thus combining (3.8) with the normalization condition |, o sz dr =1 we get

41 1 (s)(2Bo — u(s))
n aﬁ=ﬁ0

| A1 k(s)| > ,sER,

and consequently, the validity of estimate (3.7) for the right-hand side of (2.8).
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