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ON A CLASS OF BOUNDARY CONTROL PROBLEMS

RAINER PICARD, SASCHA TROSTORFF AND MARCUS WAURICK

Abstract. We discuss a class of linear control problems in a Hilbert space setting, which covers
diverse systems such as hyperbolic and parabolic equations with boundary control and boundary
observation even including memory terms. We introduce abstract boundary data spaces in which
the control and observation equations can be formulated without strong geometric constraints on
the underlying domain. The results are applied to a boundary control problem for the equations
of visco-elasticity.

1. Introduction

Linear control systems are typically given by a differential equation (dy denotes
the derivative with respect to time), linking the state x and the control u

dox(t) = Ax(t) + Bu(t), t <Ry,

usually completed by an initial condition x(0+) = x¢, and an algebraic equation linking
state, control and the observation y

y(t) =Cx(t) +Du(t) t€ R,

where A,B,C and D are matrices of appropriate sizes. Following general practice this
system may be recorded by the 2 x 2-block-matrix!

A—dy B
( C D) : ey
Rewriting these equations as one system acting on the whole real line R instead of the
positive half-line Ry we end up with an differential-algebraic system of the form

8(’((1)8) <§>+<—Oc(1)> <§>+<5A8> (i) =5®(?>+(g)u, @)

where the initial condition for the state variable x transforms into an additional Dirac-
0 -source term on the right hand side. Systems of this form have been studied in the
finite- and infinite-dimensional case in various works. In the infinite-dimensional case
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the operators B,C and D, acting on some suitable Banach- or Hilbert-spaces, are usu-
ally assumed to be bounded, while the operator A is the generator of a Cy-semigroup.
In this case the solution theory is rather straightforward. However, in case of bound-
ary control and observation it turns out that the operators B and C are in general un-
bounded and hence, a more sophisticated theory is needed. The classical approach
is to consider so-called admissible operators B and C as it was done for instance in
[14,15,2,3,7,8,21,22,24,4]. We focus on a class of linear control problems, where
the operators B and C are unbounded, but in our approach the admissibility for these
operators has not to be verified.

The solution theory provided in this article is based on the theory of evolutionary
equations as they were considered in [9]. As it was shown in [13, 12], linear control
systems (including the case of unbounded operators B and C) are just a subclass of
evolutionary equations. In this note we will generalize the solution theory presented in
[13] to a broader class of so-called (linear) material laws. This generalization allows
us to study control problems including delay terms. As in [13] we introduce abstract
boundary data spaces, which enable us to formulate boundary control and observation
equations without strong smoothness assumptions on the boundary of the underlying
domain. Indeed, it will suffice to guarantee a Poincare-type estimate for the involved
differential operators.

Section 2 recalls some preliminaries on evolutionary equations, linear material
laws and extrapolation spaces (so-called Sobolev chains) and we refer to [9, 11, 6] for
the proofs and a deeper study of the related topics.

In Section 3 we introduce the notion of linear control systems, which will be a
special case of the broader class of abstract evolutionary equations. In contrast to [13]
we will generalize the class of possible control problems to the case of arbitrary material
laws (while in [13] just the so-called (P)-degenerate case, cf. [9], was treated). We
provide a well-posedness result for this class, which is in essence just an application of
[9, Solution theory], and show the causality of the solution operator.

Boundary control problems are introduced in Section 4 and we show that they fit
into the abstract class of linear control problems introduced previously. In order to for-
mulate boundary control and observation equations, without imposing strong smooth-
ness constraints on the domain, we introduce abstract traces and recall the notion of
abstract boundary data spaces. Finally, we apply our findings to a boundary control
problem for the equations of visco-elasticity.

2. Preliminaries

In this section we recall the notion of evolutionary equations. Following [6] we
begin to introduce the time derivative dy as a boundedly invertible operator on an ex-
ponentially weighted L, -space.

DEFINITION 2.1. For v € R. we denote by Hy o(R) the space of all square-
integrable functions® with respect to the exponentially weighted Lebesgue-measure

2Throughout we identify the equivalence classes induced by the equality almost everywhere with their
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exp(—2vt) dr, endowed with the inner product given by

levoi= [ £ gt)exp(~2v0) &t (g € Hyo(®)).
R

We define the operator dyy on Hy o(R) as the closure of the derivative
d.vlcew): € (R) € Hyo(R) — Hy o(R)
¢ 9.
This operator is normal with Redy,, = v and hence, 0 € p(dy,y) with [|dy ] < % If

the choice of v is clear from the context we will omit the additional index v.

We can extend the operator dy to the space of H-valued functions Hy o(R;H),
where H is a Hilbert space, in a canonical way.

REMARK 2.2.

(a) For u € Hy o(R) the function d, Y is given by

X

(95 1) (x) = / uit)di (xeRae).

This especially yields the causality® of dy '

(b) Let .7 : [,(R) — Ly(R) denote the Fourier-transform and define for v > 0 the
operator ¢~ : Hy o(R) — Lr(R) by (e7""f) (x) = ¢~¥*f(x) for almost every
x € R, which is obviously unitary. Then we define the Fourier-Laplace-transform
Ly =Fe V" Hy o(R) — L (R), which gives the following spectral represen-
tation of the derivative dyy :

80.,v =2 (im+v)Z,,

where m denotes the “multiplication-by-the-argument” operator on L, (R) with
maximal domain.

With the spectral representation of dy we can define so-called linear material laws
(ctf. [9D).

DEFINITION 2.3. Let r > 0, H an arbitrary Hilbert space and M : Bc(r,r) —
L(H) be bounded and analytic. Then we define the operator M (—~) on L»(R) for

. im+v
V> 3 by

(M (imiv) f) (x) =M (wiv) f(x) (xeRae)
representatives.

3A mapping F : Hy o(R;H) — Hy o(R;H), where H is an arbitrary Hilbert space, is called causal, if for
each a € R itholds ¥ o) (M)F X(—0q)(M) = X(—0.q) (M)F, Where by x(_.. ,(m) we denote the operator on
Hy o(R;H) mapping a function f to the truncated function # + y(_.. 4(t)f(1).
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and the linear material law M(&O’l) € L(Hyo(R;H)) for v > % by

_ « 1
M3y ") = LM (W) L.

REMARK 2.4. Due to the analyticity of M we obtain by a Paley-Wiener result
that the operator M(d; ') is causal.

Note that any densely defined closed linear operator A defined in a Hilbert space
H gives rise to densely defined closed linear operator in Hy o(R;H) defined as the
canonical extension of the operator acting as (Af)(z) :=Af(¢) forall 7 € R and simple
functions f taking values in the domain of A. Henceforth, we will identify A with its
extension without further notice.

THEOREM 2.5. (Solution theory for evolutionary equations [9, Solution theory])
Let H be a Hilbert space and A : D(A) C H — H be skew-selfadjoint. Furthermore
let r >0 and M : Be(r,r) — L(H) be analytic, bounded and assume that there exists
¢ > 0 such that for all z € Be(r,r)
Rez 'M(z) > c. (3)

Then there exists Vo > 0 such that for all v > v the evolutionary equation
(oM D) +A)u=, @)

admits for every f € Hy, o(R;H) a unique solution u € Hyo(R;H), which depends
continuously on f. More precisely, 0 € p (80M 9y D) —|—A> and the solution operator

— -1
(aOM(aO—l) —|—A> is causal.

Next we introduce the concept of Sobolev-chains. For the proofs and further de-
tails we refer to [1 1, Chapter 2].

DEFINITION 2.6. Let H be a Hilbert space and C: D(C) C H — H be a densely
defined, closed linear operator with 0 € p(C). For k € Z we define H;(C) as the com-
pletion of the domain D(C*) with respect to the norm |C*- | Then (Hi(C));cy, is a se-
quence of Hilbert spaces with Hy(C) — H;_(C) for k € Z. The sequence (Hy(C))ez
is called the Sobolev-chain of C. For each k € Z the operator C: Hy 1 (C) C Hy41(C) —
Hi(C) possesses a unitary extension to Hyy1(C), which will be again denoted by C.
Furthermore H;(C)* can be identified with H_;(C*) for each k € Z via a unitary op-
erator.

REMARK 2.7.

(a) Let Hy,H, be two Hilbert spaces over the same field and A : D(A) C Hy — H,
be densely defined, closed and linear. For each k € Z the operator

A Hyy1(JA| +1) € Hi (JA| +1) — Hi(|A™[+1)

has a unique continuous extension to Hy.(JA| +1).
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(b) Let (H(C));cz, be a Sobolev-chain associated with some operator C and
A : H|(C) — H be linear and bounded, where H denotes an arbitrary Hilbert-
space. Then the operator A®: H — H_1(C*) is defined as the dual operator of A,
where we identify the dual of H with H and H,(C)* is identified with H_;(C*).

3. Abstract linear control systems

In this section we introduce the shape of linear control systems and show that
they fit into the class of evolutionary equations introduced in the previous section. We
consider a densely defined closed linear operator F' : D(F) C Hy — H; for two Hilbert
spaces Hy and H;. Furthermore let U and Y be Hilbert spaces, which will serve as
control and observation space, respectively.

DEFINITION 3.1. Let M € L(Y;H;) and M, 5 € L(H;;Y) for i € {0,1} and
M1722 S L(Y;Y) . Let

0 M 02
M) = K@ (o) +z 0 (Mi,n) (z€Bc(nr), ()
(00) © (Mi2o Mio1) Mo

where K : Be(r,r) — L(Ho @ H,) is a linear material law. An abstract linear control
system 6y F,p is an evolutionary equation of the form

0—-F*0 X
oM@y )+ | F 0 0 & | =f+Bu (6)
0 0 0 y

Here f € Hy o(R;Hy©H, &Y ) is an arbitrary source term, u € Hy o(R; U) is the control
and B € L(Hyo(R;U);Hy o(R;(Hy® H; ©Y))) is the control operator. We call an
abstract linear control system well-posed, if the operator

0—F*0
My )+ | F 0 0| CHyo(R;HySH, @Y)®Hyo(R;HyS H, &Y)
0O 0 O

possesses a densely defined bounded inverse for sufficiently large v. The continuation
to the space Hy o(R;Ho® H; @Y) of the inverse is called solution operator.

REMARK 3.2. In the literature, the concept of well-posedness for linear control
systems of the form (1) is commonly based on expressing (A —dy) ' by convolution
with the fundamental solution, i.e. via semigroup theory. Indeed, it was shown by
Salamon ([ 14, 15]) that a well-posed linear system in the sense of [22, 23] can be repre-
sented in the form (1), where A is the generator of a Cyy-semigroup and B and C are ad-
missible (possibly unbounded) control and observation operators. In our approach, we
reformulate the problem into a system of the form (6), where the unbounded coefficient

operators will be incorporated into the operator matrix (g 8) with A = (2 _g ) ,
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which is indeed a skew-selfadjoint operator (we have assumed skew-selfadjointness as
a matter of simplification throughout although the solution theory can be extended to
include the case of accretive operators in time and space, see [16, 18]). In the simplest

Moo O

1) _ 0,00

case, where M (d, ') = ( 0 0
fying the state space appropriately, to consider a control system with a different block
partition

) +9, My, this reformulation suggests, by modi-

g— 80M07()0 E
C D)’

where now §76 and D are bounded again. However, as a trade-off My oo — far from
being the identity, as in (1) — is now allowed to be non-invertible, i.e. the state equation
is itself a differential-algebraic system. Indeed, due to the generality of the material law
operator M(dj, 1), systems of the form (6) cover a broad class of differential-algebraic
equations, such as parabolic, hyperbolic and (quasi-static) elliptic state equations, even
those of changing type, as well as equations with operators non-local in time or space,
such as fractional derivatives (see [10, 19]) or convolution operators (see [17]), where
semigroup techniques are not appropriate.

In contrast to the classical concept of well-posedness, where as a consequence of
the regularizing effect of the semi-group one obtains continuous solutions, our well-
posedness concept hinges on square-integrability in time with respect to an exponen-
tially weighted Lebesgue-measure. Thus, in our setting, if semigroups can be utilized
at all, their use is related rather to the regularity of solutions of a well-posed system
than to the well-posedness of the system itself (see [12]).

It is clear that an abstract linear control system %) rp is of the form (4) given

0—-F*0
in Theorem 2.5 with A= [ F 0 0 |. Hence, the solution theory for evolutionary
0 0 0

equations is applicable. It is obvious that if M satisfies the condition (3), then so does
K and the operator JRe M 5, is strictly positive definite. However, the latter is not a
sufficient condition for the positive definiteness of tez~'M(z). We define the operator
JeL(Y;Hy® H,) by

1 (M +Mi‘720

J:== .
2 <M1,12+Mf,21)

THEOREM 3.3. Let Gy rp be an abstract linear control system. Assume that
%ezflK(z) > co >0 and ReM, 2, > ¢y > 0. Assume that there is 6 > 0 such that
co—0||J|| >0 and ¢ — % |/]| > 0. Then 6y F g is well-posed and the solution operator
is causal.

Proof. Since,

0 <M1,02) 0 7
Re M1’12 - J* ReM| 2
(M1720 M1,21) M; 2 ’
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we get for w:= (x,&,y) e Ho®& H; Y

im0 (1) (1)) v 20 )
() oot

> ol ()] + (- 1) o

The assertion then follows by Theorem 2.5. [

Z

4. Boundary control systems

This section is devoted to the study of boundary control systems. At first we show
how boundary control and observation equations can be handled within the framework
presented in the previous sections. This will mainly be done by a particular choice for
the unbounded operator F. As it was pointed out in [13, Subsection 5.1], the resulting
class of control systems can be interpreted as a generalization of a subclass of port-
Hamiltonian systems (cf. [5]) to the higher dimensional case. Moreover, we recall the
notion of so-called boundary data spaces, introduced in [13, Subsection 5.2], as well
as abstract traces, which enable us to treat boundary values as suitable distributions
belonging to some extrapolation space.

First let us fix some notation. For Hilbert spaces Hy,...,H, we define for i €
{0,...,n} the operator

7y, - Ho® ... ©H, — H;

as the orthogonal projection on H;. Note that then 77 is the canonical embedding from
H;to Hy®...® H,.
We begin this section with an illustrative example.

EXAMPLE 4.1. Let Q C R" be an arbitrary domain and define the operators grcad
and div as the closures of

grad|ce(q) 1 €2 (Q) € Lo(Q) — La(€2)"
¢ (0i9)icq1,..n}

and

div ‘Czo(g)n . CZO(Q)H - L2 (Q)n — L2 (Q)

(P)icq1,..ny — 2 9i i,

respectively. These operators are formally skew-adjoint, i.e., grc:ad C— <div> =: grad

and div C — (grﬁd) =:div. Then, using the extrapolation spaces of the operators
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|div|+i and |grad|+i we define the Dirichlet-trace and the Neumann-trace by

Yerad - Hi(|grad | +1i) — H_;(|div|+1)
u— <grad— grcad> u
and
Yai - Hi([div|+1) — H_ (| grad | +1)
¢ (div —div> ¢,
respectively. Note that in the case of a smooth boundary, the distributions Yr,qu and

Yaiv$ for u € Hy(|grad|+1) and § € H,(|div|+1i) are supported on dQ. More pre-
cisely with the help of the divergence theorem,

Omanl$) = [ G -mdS = ().
2Q

where n denotes the unit outwardonormal and S the surface measure on 8!3. Note that
Yeradtt = 0 if and only if u € D(grad) and ¥4, { = 0 if and only if { € D(div).

In the rest of this subsection we generalize the concepts illustrated in the example
above. For that purpose let Hy and H; be two complex Hilbert spaces, G C Hy ® H;
and D C H; & Hy two densely defined closed linear operators, which are formally skew-

o

adjoint. We define G := — (D) and D := — (G>* )

DEFINITION 4.2. (Abstract traces) We define the abstract traces yg and yp by
Y6 : Hi(|G| +1) — H_1(|D| +1)
Vi (G — G) v
and
w : Hi(|D[+1) — H1 (|G| +1)
W (D - b) w.

Furthermore we define the abstract trace spaces as the image spaces of the respective
trace operators, i.e.

TR(G) := 16[H:i (|G| +1)],
TR(D) := y[H:i(|D|+1)).

Clearly the kernels of  and yp are given by H, (|G| +i) and H;(|D|+1i) respec-
tively. This leads to the following definition.
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DEFINITION 4.3. (Boundary data spaces) We define the boundary data spaces as
BD(G) 1= Hy (|G| +i) )

and
BD(D) = H; (|D| + i) #1(01+0)

LEMMA 4.4. The boundary data spaces are given by BD(G) = N(1 — DG) and
BD(D) = N(1 — GD).

Proof. See [13, Lemma5.1]. O
THEOREM 4.5. The operators

YG\BD(G) :BD(G) — TR(G)

and
YD‘BD(D) :BD(D) — TR(D)

are unitary.

Proof. Let u € BD(G). Then we get for each v € H;(|D|+1) that

(Gulv) + (u|Dv)|
(Gu|v) + (DGu|Dv)|
|

(Gu|v)m, (1pj+i)

[(roulv)|

N

Gul g, (1o V|1, (1] +)

and hence,

Youls (bl < Gula, oy = \/1Gul2 +1DGuf = \/|Gul + [ul? = [ulp, (6140
On the other hand we have

(You|Gu) = (Gu|Gu) + (u| DGu) = (Gu|Gu) + (ulu) = [ul}y, 6/ 1i)»

which gives |u|y, (6/+i) < [Youlu_,(pj+i)- That ¥6|sp(g) is onto, follows by the defi-
nition of BD(G) and TR( ). The assertion for yp|gp(p) follows by interchanging the
rolesof D and G. [

Since G[BD(G)] € BD(D) and D[BD(D)] € BD(G) we may consider the follow-
ing restrictions of G and D

D:BD(D) — BD(G)
¢ — D¢
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and

G:BD(G) — BD(D)
¢ — G¢.

The operators D and G enjoy the following unexpected property.

THEOREM 4.6. We have that

(a)*:b:(z;)“.

In particular, G and D are unitary.

Proof. See [13, Theorem 5.2.]. [J

REMARK 4.7. The operator ¥p|gp(p) G (YG‘BD(G))71 : TR(G) — TR(D) is uni-
tary and can be interpreted as an abstract version of the Dirichlet-to-Neumann operator.

After these preparations we show, how systems with boundary control and bound-
ary observation can be treated within the framework of Section 3. For doing so, let
C € L(H (|G| +1);V) for some Hilbert space V and assume that F is given by

F = <_CG) Hy (|G| +1) C Ho(|G| +1i) — Ho(|D|+1) & V. (7

As in the definition of an abstract linear control system %) rp the adjoint of F comes
into play. We compute it explicitly in the next theorem for the case, when G is assumed
to be boundedly invertible. In applications this requirement can be guaranteed by as-
suming certain geometric properties of the underlying domain (e.g. segment property,
Lipschitz boundary and so on).

THEOREM 4.8. Let F be given as above and let G be boundedly invertible. Then

F*: D(F*) C Ho(|B] +1) &V — Ho(|G| +1)
(Low) s DL +Cow,

where C° is the dual operator of C with respect to the Gelfand-triplet H; (|G| +1) C
Ho(|G|+i) CH_1(|G| +i) and

D(F*) = {(§,w) € Ho(|D| +1) @V | D& + C°w € Ho(|G| +1)}.

Proof. See [13, Theorem 5.4.]. [
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REMARK 4.9. Let % rp be an abstract linear control system, where F' is given

by (7). We assume that G is boundedly invertible. Note that, as a consequence, D
is boundedly invertible as well. An element (x,({,w)) € Hy(|G|) @ (Ho(|D|) & V) be-

longs to the domain of <2 _5 ) if and only if x € H;(|G|) and D¢ +Cw € Ho(|D)).

The latter is equivalent to
(¢ +(D)'C°w) =0. (8)
Recall from (5) that M is of the form

0 M
M@ = | K@ (0) +z 0 (Mi?i)
(00) o (Mi20Mi21) My

for suitable operators M, ,;; and K : Be(r,r) — L(Ho(|G|) ® Ho(|D|) @& V). Note that
due to the block structure of F*, this operator has indeed four lines and columns. With
(x,&) = (x,(£,w)), the third and fourth line of the equation given by 6y rp read as

domyK (9 ") <7tHO(‘G|)x+ T (D) C) +domy K (9 1) ey w+ my My 12y +Cx = my f + 7ty Bu

and
Mip0x+ M1y s &+ Mioiyw+Mi 2y = aty f + 7ty Bu,

respectively. We may rewrite this as

(8071‘/[((8()_1)%?} ﬂle,lz) (W)
M17217'C€} M1,22 y
B (nvf+ 7ty Bu— domy K (95 ') (7. 1oy % + 76, o158 ™ Cx)

= 9
ny f + oy Bu — My p0x — M1 5170, ©)

(\D\)C

or equivalently as

(a()ﬂ'vK(a )ﬂv —ﬂvB)( )

M17217'EV —ﬂyB

_ (S My = QoK Oy ) i<+ T 6 = CY
- nty f — M 20y — My p0x — My 21, (ID\C

If the material law M satisfies the solvability condition (3), then the operator on the left
hand side of (9) is boundedly invertible and thus, we can express w in terms of x,{, f
and u. Plugging this representation into (8) we obtain the boundary control equation.
Analogously, by assuming that the operator on the left hand side of Equation (10) is
boundedly invertible, we can express w in terms of x,{, f and y and hence, Equation
(8) yields the boundary observation equation.
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5. A boundary control problem in visco-elasticity

In this section we apply our results to a boundary control problem for the equations
of visco-elasticity. For this purpose we introduce the required differential operators.
Throughout let  C R” be an open subsetof R*, ne€ N, n> 1.

DEFINITION 5.1. We denote by L,(Q)"*" the Hilbert space of n x n-matrices
with entries in L, (€2) endowed with the inner product

(D), qyrn = / trace (®(x) " W(x)) dx (@, € Ly(Q)"").
Q

Moreover let Hgym(€2) C Lr(€2)"*" denote the closed subspace of symmetric n x n
matrices. We define the operator Grad as the closure of

Grad‘Cz"(Q)” : CC'X’(Q)" - L2(9>n - Hsym(Q)

1
(Di)ic{1,..n} — (5 (dj¢i + 91'(1’,/'))

i,je{l,...n}
and Div as the closure of

Div ‘Czasym(Q)nxn :C:Sym(Q)”X" C Hyym(Q) — Ly ()"

(Pij)ijelt,..n} ( 9jq>ij> ,
=1

J

where we denote by C7yy, ()"" the space of symmetric n x n-matrices with entries
in C(Q).
Furthermore we extend the meaning of grad by defining it as the closure of

grad ez @y CT(Q)" € Lx(Q) — Lo(Q)™"

and similarly div as the closure of

div| g (yren  CF(Q)" C Lo (Q)"" — Lo(Q)"
n
(Wij)ijef1,mn) = ( 3,/%,‘)
j=1 ie{l,

leaving it to the context to determine if the scalar or the matrix version of these opera-
tions are meant.

An easy computation shows that Grad and Div are formally skew-adjoint, like-
wise the extended operations grad and div are formally skew-adjoint. Following the
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notation introduced in Section 4 we define Grad := — (Div)*, Div := —(Grad)*, grad:=
—(div)* and div := —(grad)*. The equations of visco-elasticity are given by
dypx(t) =DV T (1) = f(t), (11)
t
T(t) = MGradx(r) — / g(t —5) Gradx(s) ds. (12)

Here x € Hy o(R;L>(Q)") and T € Hy o (R; Hyym(€2)) are the unknowns, denoting the
displacement field and the stress tensor, respectively. The density function p € L..(L2)
is assumed to be real-valued and uniformly strictly positive, i.e. p > ¢; > 0. The
tensor M € L(Hsym(Q)), linking the stress and the strain tensor, is assumed to be
selfadjoint and satisfies M > ¢, > 0. The function g : R>9 — C is assumed to be
absolutely continuous®, i.e. g(t) = [§h(s) ds+ go for some & € L;(Rx) and g € C.
An easy computation shows that the convolution operator g+ : Hy o(R; Hyym(€2)) —
Hy o(R; Hgym (L)) is continuous for each v > 0 with

I # ot gy < = (Ml ) + 10l ) -

1
%
Thus, for v > 0 large enough, the operator (1 — M1 g*) is invertible, and hence we
may write (12) as
(M —g%)"'T=(1-M'gx)"'"M~'T = Gradx. (13)
The boundary control and observation equations are given by
TN = dpx+V2u, TN =2y—dox, (14)

on dQ, where we denote by N the outer unit normal vector field.

REMARK 5.2. Since we have to compare Neumann-type traces and Dirichlet-type
traces we have to determine a suitable control and observation space. For doing so,
let us assume for the moment that dQ is smooth. We consider the space L,(dQ)".
We assume that the outer unit normal vector field N can be extended to € such that
N € Lo(Q;R)" and divN € L.(Q). For f,g € BD(grad) we formally compute using
the divergence theorem’

/f~gdS

2Q

=/(f~g)(N~N) ds
2Q

4The equations can also be studied in a more general setting, for instance g can attain values in
L(Hgym (L)) (cf. [17]).

in D(div) for each f € D(grad).
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* 1 *
((Vefrag)-N a5+ 5 [ (Nighy ) N as
2Q
L., . L. "
= E/dlv ((Nef7 ) rig) + E/le ((ngi)k,if )
Q Q
1 .
=5 <d1v (fiNk),'k’ g>L2(Q)n + ((fiN) ik gradg>L2(Q)m
1 .
3 <<f ‘dlv (&iNk); 1 >L2(9)n + <gradf ‘ (8iNe) i 1 >L2(Q)"Xn)

1 L4 °
) << TBD(div) (fiNk>i,k| grad g> + <gradf '”BD(div) (giNk)i,k> ) .
BD(div) BD(div)

This leads to the following choice for the control space U.

DEFINITION 5.3. Let N € L..(Q;R)" be such that divN € L..(Q2). We define the
bounded linear operator v : BD(grad) — BD(div) by Vf := 7tgp(qiv) (fiNk); re (Lo}

We assume that the operator div v + v* grad is positive, i.e. for every f € BD(grad)\

{0} we have
< (div Vv gr.ad> f' f> > 0.
BD(grad)

We define the Hilbert space U as the completion of BD(grad) with respect to the inner
product

(-]")v : BD(grad) x BD(grad) — C

1 . .
(f:8) = 5 <<Vf gradg> + <gradf
BD(div)

We denote the embedding BD(grad) < U by 1.

ve) .
BD(div)

In the following we require that Korn’s inequality holds, i.e.,

H,(|Grad| +1) <> H, (| grad | +1)

(for sufficient criteria see [1] and the references therein). We consider the bounded
operator j : BD(Grad) — U given by j = 1 0 Tgp(graq) © K © n:ED(G raq) @nd compute

<]f‘g>U = <7TBD(grad) K”ED(Grad)f‘g>U

gr.ad g >
BD(div)

vg>
BD(div)

1
=5 <<V7TBD(grad) KD (Grad).)

+ < grad TlBD(grad) KnéD(Grad)f
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1
e
+ < h
1

TBD(Grad) K g (grad) v~ &1ad & >
BD(Grad)

ﬂBD(Grad)K* EED(g‘ad) divve >BD(G d))
ra

ETEBD(Grad) K*HED(grad) (v* grad + div v) g>

BD(Grad)
for each f € BD(Grad), g € BD(grad). This gives

ok 1 %% . e
J = ETEBD(Grad)K ﬂ:BD(grad) V" grad + div v

and, consequently,

! . - -
= E')/bivﬂgD(Div) Grad TEBD(Grad) K ﬂ:BD(grad) (v* grad + div V) g

REMARK 5.4. We give a possible interpretation of the latter equality. For this
purpose we compute formally using the divergence theorem

/ (Grad j*g) N - f dS
0Q

= (Ybiv ”BD Div) Grad Jj*glmgp Grad)f )

<’yblV7TBD(D1V) Grad TEBD(GTad)K ﬂ:BD(grad)v gradg|ﬂ:BD Grad)f>

<%3ivnl§D(Div) Grad TBD(Grad) K" TEED(grad) le Vg‘ﬂgD(Grad)f>

/\

+ NoI= + t\le—
| =

(Grad 7gp(Graa) K*nﬁo(grad)"* grad g| Grad f)

<7TBD(Grad) K" nl;D(grad) div Vg|f>

+
N =N =N =

(Grad 7Tgp(Graa) K*EED(grad) div vg| Grad f)

4

1 °

=5 (TBD (Grad) K" T (grad) V" &rad 8|/ )BD (Grad)
4
1
2

1 * °
7 (TBD (Grad) K™ T (grad) 41V V8|S )BD (Grad)

<grad 8 ‘ vnBD(grad) KE]ZD(Grad)f>BD(div)
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1 . N
+3 (vg| grad mep(grad) KT p(Grad).f ) BD(div)
= <g‘7TBD(grad) K”ED(Grad)f>U

= /g'TEBD(grad) K.TEED(Grad)f ds
aQ

= /g * TBD(grad) KﬂgD(Grad)f ds+ /g (- EBD(gfad))KngD(Gfad)f ds
2Q 2Q

= / 8" KMy (Graa) S dS

2Q
=/g~de
2Q

for each f € BD(Grad),g € BD(grad). Hence, equality (15) can be seen as a general-
ization of
(Gradj*g)N = g on 0Q (16)

to the case of non-smooth boundaries.

We now want to transform the equations (11), (13) and (14) into a system of the
form treated in the previous subsections. In the terminology of Subsection 4 the oper-
ator Grad should play the role of G and Div the role of D. Since we have assumed
in Theorem 4.8 that G is boundedly invertible, we require that Grad[L,(£2)"] is closed
in Heym (L2) . Then the projection theorem yields the following orthogonal decomposi-
tions’

L2(Q)" = [{0}] Grad &Div [Hyym(Q)],
Heym (€) = [{0}] Div & Grad[L,(€)"].

We define the following orthogonal projections 7piy : Lr(Q)" — Div [Hsym(€2)] and

TGrad : Heym () — Grad[L,(€2)"]. Note that due to the closed graph theorem the opera-
— —_— * o]

tor Grad := 7Graq Grad ), is boundedly invertible and so is (Grad) = —Tipjy Div 7§ 4 -

Furthermore let us denote by 1Graq the canonical embedding

Hi <’GAré1/d‘ +i) — H, (|Grad|+i).
We consider the following evolutionary problem

The closedness of the range Grad[L,()"] holds, for instance if H (|Grad|+1i) is compactly embedded
in Ly(Q)" and we refer to [20] for sufficient conditions on Q yielding this compact embedding. Note that
this compact embedding yields then a Poincare-type estimate, which in turn yields the closedness of the
range. Thus, the minimal assumption is the validity of a Poincare-type estimate.

o
"Note that the closedness of the range of Grad also yields the closedness of range of Div. Since we do
not want to give the details of the proof here, we use the closure bar for convenience.
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iy P Ly (00) 0
[T (i)
0 (00) 0
0 (88) 0 0 (—(Grd) —c*) 0 v
~ T
A @ ) G e G ()] )
0 (0v2) 0 (00) 0 y
f 0
(G}
0 -1

where C : H; <)6§d‘ +i> — U is given by Cx := j@gp(Grad)lGradX- The material law
K is given by

Tipiv P TE])SiV 0 0

~ . -1
K(z) = 0 TGrad (M_ V2mg(—iz 1)) TGrad O
0 0 z

and satisfies the solvability condition (3). Indeed, using the representation z ' = ir + v
for some v > %J € R if z € Be(r,r) we estimate

Rez ! TDiv P TL'BiV = vy

and

Rez ' 7Grad (M - \/Ez?(—iz_l)) o MGrad
=Rez MGraa (i (2717)§ M_kg(—iz_l)k> M g
k=0
= VGradM Mg
+Remguac (VIIM g1z ™)) (i (2m)* Mk§<—iz1>k> M T

—1
= VGradM NGrad

k=0

k
+ Re MGraaM ™" (x/znh(—iz*I)Jrgo) (2 (2r)2 M~ k§(—izl)k> M

1M1 (1, ) + 2]

L= v M| (1l i) + 2o

Z Ve —
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o~

where we have used that g(—iz"!') = zh(—iz ') + —5=80- Summarizing this gives
0

Mez 'K(z) > 1. The operator J is given by J = ( 0 ) and thus, ||J|| =
1

V2
Since ReM; 2 = 1, Theorem 3.3 applies and thus, the control system given by (17)
is well-posed. Next, we compute C°. For that purpose let x € H; (‘G/r;d’ +i> and

w € U. Then

(C°wlx) = (w|Cx)y

W‘]n’BD Grad) lGradx>

%
TEBD Grad) J W‘lGradx>H1(\Grad|+1

(
=
=
=

TEED Grad) J W‘ lGradx> <Grad TCBD(Grad) J * W| Grad lGradx>

)

Summarizing, we get that C° = nED(Grad) J 4+ (@d) ntadnED(Div) Grad j*. Accord-

= <n§D(Grad)j*w‘x> + <TCGrad7T§D(DiV) Grad j*W 'G?Zl/dx>

= (Tgp(Graa)/ WIX) + < (Grad) TGrad Ty p(piy) Grad j w

—_— *
ing to the definition of the domain of ( — (Grad) —C°> the implicit boundary con-
dition for the system reads as

(é?;?d) T+Cw e Hy <‘GAr§d‘ +i) .
Hence,

+ ((G”r?d)*>_lc°w € H, ()(G??d)

From

i) (‘Doiv‘ +1) C Hy (|Div| +i).

nGTadTEED(Div) Grad j*w = fgaq Grad TEED(Grad)j*W € H; (‘ DiV‘ + i)

it thus follows that T € H; (|Div|+1i) and

TonT = Yiv (— ((Gr?d>*>lc°w>

wy —1 °
= Ybiv (— ((Grad) ) nGradn:é‘D (Grad) Jw— ﬂGrad”ED(Div) Grad j*w>

L]
— —Wiv”Grad”ED(Div) Grad j*w

= _%)iVEED(DiV) Grad j*W,
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o

where we used that yp;, vanishes on the domain of Div, which is a superset of the
domain of (@d) . Using (9) we get

(E)E)-(%0)

w=—V2u—Cv=—V2u— JTBD(Grad) lGrad V-

and hence

Analogously one obtains, using (10), that
1 V2 wy) [—Cv
v2 1 )\u)  \ -y

w=Cv— \/Ey = jﬂBD(Grad) lGradV — \/§y~

and thus,

Following the reasoning of Remark 5.4, we may interpret the resulting boundary control
and observation equations as

TN =v—u=dox+2u,
TN =V2y—v=1+2y—dox

on dQ.
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