perators
nd
atfrices
Volume 8, Number 1 (2014), 287-299 "doi:10.7153/0am-08-16

THE ANDERSON MODEL WITH MISSING SITES

CONSTANZA ROJAS-MOLINA

Abstract. In the present note we show dynamical localization for an Anderson model with miss-
ing sites in a discrete setting at the bottom of the spectrum in arbitrary dimension d. In this
model, the random potential is defined on a relatively dense subset of Z¢ , not necessarily peri-
odic, i.e., a Delone set in Z? . To work in the lower band edge we need no further assumption on
the geometric complexity of the Delone set. We use a spatial averaging argument by Bourgain-
Kenig to obtain a uniform Wegner estimate and an initial length scale estimate, which yields
localization through the Multiscale Analysis for non ergodic models. This argument gives an
explicit dependence on the maximal distance parameter of the Delone set for the Wegner esti-
mate. We discuss the case of the upper spectral band edge and the arising need of imposing the
(complexity) condition of strict uniform pattern frequency on the Delone set.

1. Introduction and main result
Consider the operator
Hy=—A+V, on (2(Z9) (1.1)
where d > 1 is the dimension,

_Jom)ifneD
Vo(n) = {0 otherwise. (1.2)

where (@ (n))nep are i.i.d. random variables with regular, compactly supported proba-
bility distribution g such that suppu C [0,M], for M > 0. We denote the probability
space by (Q,P), where Q = [0,M]P. Here D is a subset of Z?, not necessarily peri-
odic, and relatively dense. This means there exists a constant R > 1, such that every
closed cube in Z? of side length R in the max-norm of Z¢ contains at least one point
of D. We call such D an R-Delone set in Z¢ (note that the usual uniform discreteness
property used to define Delone sets is trivially satisfied in Z¢). The operator H, with
the potential V, is called the Anderson model with missing sites and fits in the more
general framework of Delone—Anderson operators [22, 11, 3, 24, 13].

We say that Hy, exhibits dynamical localization in an interval I, INc(Hy) # 0,
if for any y € £2(Z%) we have, with probability one:

sup ||(X)P/2e~Ho p (I y|| < e, forall p >0, (1.3)
teR
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where P,(I) denotes the spectral projection of Hy, associated to the interval I. Note
that the norm in (1.3) is a measure of the spreading of the wave v in space as a function
of time. Therefore, dynamical localization means absence of diffusion, in the sense that
the particle stays localized in space uniformly for all times. For a thorough exposition
of the subject, see [12, 14, 25]. The method we use to prove localization, the Multiscale
Analysis, actually proves stronger notions of dynamical localization, see the discussion
in [14, Section 3].

For standard Anderson models, i.e. with D = Z4, dynamical localization has been
proved at the bottom of the spectrum in arbitrary dimension. The Anderson model with
missing sites, on the other hand, presents the difficulty of having gaps in the potential,
so there is no covering condition. In the continuum, the problem of obtaining dynamical
localization and proving Wegner estimates without any covering condition was treated
in [5, 15, 24, 13], among others.

More general models, but still associated to periodic settings in Z¢ were consid-
ered in [4] in the Lifshitz tails regime at the bottom of the spectrum. This allowed
the authors to prove dynamical localization using the Fractional Moment Method [1].
However, in the case where D is non periodic, Hy is a non ergodic Hamiltonian and
therefore the Integrated Density of States (IDS) cannot be proven to exist as a non
random object with the standard techniques. This problem was addressed for Delone—
Anderson models on graphs in [20, Section 4] and in the continous setting in [11],
showing that under certain conditions on the geometric complexity of the Delone set,
as finite local complexity and strict uniform pattern frequency, the IDS exists, is non
random and it gives information about the almost sure spectrum of Hg. The IDS for
Delone operators, that is, purely aperiodic settings, has been thoroughly studied in the
literature, see e.g. [16, 17, 18, 19].

For a study of dynamical localization in non ergodic models on L?(R?) and in
particular, Delone—Anderson models, see [22]. Previous results for the latter model
were obtained in [3] using the Fractional Moment Method. In [22] a generalization of
the Bootstrap multiscale analysis [10] was obtained for continuous non ergodic models,
which holds in the discrete setting, under the condition that all probabilistic estimates
involved are uniform with respect to translations in space. Therefore, to prove that Hy,
exhibits dynamical localization at the spectral band edges, it is enough to show that a
uniform Wegner estimate and a uniform initial length scale estimate hold for energies
in that range.

The main purpose of this note is to show dynamical localization for Hg at the
lower band edge, using an averaging argument by Bourgain-Kenig [2] (see also [8, 6]).
We also show that a geometric assumption on the Delone set D is enough to establish
the existence of almost sure spectrum around the upper band edge, or, equivalently, at
the bottom of the spectrum in the case of a non trivial bounded background potential.
To study the bottom of the spectrum we need no assumption on the existence of the
IDS nor we need information on its asymptotic behavior. As a consequence, we do
not need to impose any condition on the geometric complexity of D. For the upper
band edge, however, one needs to impose that D satisfies the property of strict positive
uniform pattern frequency (SUPF). Note that since D is embedded in Z¢, it is trivially
of finite local complexity (FLC) (see [21, Section 2.3] for a complete definition). These
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geometric conditions are needed to ensure that there is almost surely spectrum in the

region where one can prove localization. Once D satisfies the property SUPF, and

since it is of FLC, results from [20, 11] show that the IDS exists, is non random and the

spectrum of H,, is given by the support of the density of states measure associated to

the IDS. Then, there exists a set £ C R, such that ¥ = 0 (Hy,) for almost every @ € Q.
Let us recall that for u € (2(Z%),

Hou(n) = —Au(n)=— Y (u(m)—u(n)). (1.4)

[m—n|;=1

Using a Fourier transform, it is easy to see that o(Hp) = [0,4d], where 6(A) denotes
the spectrum of an operator A. By assuming O € supp i, one can use a Borel-Cantelli
type argument (see [22, Section 6.4]) to show that

[0,4d] C 6(Hy) C [0,4d+M], almost surely (1.5)

The lower band edge of 6(H) corresponds to Ey = 0, while the upper band edge
corresponds to some value E. = supX € [4d,4d + M]. In Section 3 we show that,
although we do not know if there are spectral gaps in the spectrum beyond 4d, the
energy E, is not an isolated spectral value of 6(Hy,), almost surely.

Our main result is the following ([23]):

THEOREM 1.1. Let D be an arbitrary Delone set and assume O € supp L. For
any d > 1, Hy defined in (1.1) exhibits dynamical localization at the bottom of the
spectrum.

Our proof relies on a spatial averaging argument by Bourgain-Kenig [2, Section
4], see also [9, 8, 11]. It consists in using an averaged version of the original potential,
that proves to be a good approximation at the bottom of the spectrum of —A. The
case of the upper band edge is equivalent to study the bottom of the spectrum of an
operator Hy, = Hy+V,,, where Hy is now a perturbation of the Laplacian by a potential
supported in Z? \ D. In this case the averaging argument no longer works.

REMARK 1.1. As this note was being written, the author learned about Elgart and
Klein’s recent work [7]. There, they use another approach to prove dynamical localiza-
tion at spectral band edges for H, without averaging of the potential, that allows them
to treat the case of a non trivial background potential.

In our proof, the averaging argument gives concentration estimates on the eigen-
functions of finite volume versions of H, . Basically, we prove that a Delone potential
accounts for lifting the spectrum of Hj by a certain constant that depends only on the
dimension, the single-site potential, the support of the random variables and the pa-
rameter R of the Delone set D (in [7], this is proven through a different argument).
These inequalities, in turn, give both the optimal uniform Wegner estimates following
[6], and an estimate on the spectral gap generated at the bottom of the spectrum by the
finite volume restrictions. The initial length scale estimates are then a consequence of
the existence of such a gap and Combes-Thomas estimates. This is done for the lower
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band edge in Section 2 and does not need a Lifshitz tails behavior. To our knowledge,
so far Lifshitz tails have been obtained at the bottom of the spectrum only for the case
where the unperturbed Hamiltonian is —A [20, 11]. In the upper band edge, or in the
case of a non zero background potential, it is necessary to impose a disorder condition
on the probability measure of the random variables, which in a certain way replaces the
Lifshitz tails estimates. Namely, one needs to impose the following condition: for some
o>0and T>d/2

1((0,7]) < o™ fort > 0 small. (1.6)

where [l is the probability measure associated to the random variables @(n) = M —
In Section 3 we comment on the upper band edge and the geometric property
needed on the Delone set D to ensure that there exists spectrum around the band edge
almost surely.
Using for the upper band edge of H, the results obtained by [7] for more general
settings together with Theorem 1.1 one can conclude the following:

COROLLARY 1.2. Let D be a Delone set satisfying the property of strict positive
uniform pattern frequency. Assume {0,M} € supp and let (1.6) hold. For any d > 1,
Hy, defined in (1.1) exhibits dynamical localization at the spectral band edges.

We denote by Az (x) = [~L+x,L+x]¢ C Z? the cube of side length 2L+ 1 € N
centered in x € Z¢ . We denote by H, 1 the restriction of an operator H to a cube Az (x)
and omit the center x from the notation when results are uniform in x. For a Borel set
I C R we write P(I) = x;(H) for the spectral projection of H associated to 7. In
particular, we use the notation Py, (I) = yr(Hox ) for the spectral projection of Hy
restricted to the cube Az (x) . For n= (ny,...,ng) € Z¢ we write |n|. 1= max|<;<q|ni|
for the max-norm and |n|y := ¥,_; _4|n;| for the graph norm in ¢2(Z¢). We denote by
| -|| the £%>-norm, and by £.(Z%) the compactly supported functions on Z .

2. Dynamical localization at the lower band edge

2.1. The Wegner estimate

The following is the uniform Wegner estimate needed to apply the Bootstrap Mul-
tiscale Analysis method for non ergodic models.

THEOREM 2.1. There exists an energy Ew such that for any compact interval

& C1=[0,Ew], there exists a finite constant Qw = Qw (%, ,R) such that for every
Eec .7,

P (dist(6(Hgpx1),E) <1) < QwnL? (2.1)

for n € (0,1] and L € N, uniformly with respect to x € 7.

Let
Vir(n) = Y, 8(n), (2.2)

YEDNAL(x)
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where 0,(n) is the Kronecker delta. The proof Theorem 2.1 follows from the proof of
[6, Theorem 1.1], which holds in the discrete setting and relies on the positivity estimate
[6, Teorem 2.1]. The proof of Theorem 2.1 is therefore a consequence of the following,

LEMMA 2.2. Let L€ N, L > R. There exists an energy Ew € R" and a positive
constant C such that for 1 = [0,Ey], for any x € Z¢ and ¢ € Ran Py 1(I), we have

(Ver @ @) a0 = CllOIIR, (2.3)

Proof. For simplicity, we omit the center of the box x from the notation, since the
results are uniform in x, and write || - || instead of || - ||, . Let L > R and consider the
spatial average of V(n) over the cube Ajg = {n € Z% : |n|, < 2R} given by

1
Wi (n) := @RI YEAZ )VL n—y (2.4)

Note that for each point n € Ay, the sum in the last line is non zero. In particular, for n €
Ay, near the boundary of Ay, since L > R there always exists a sub-cube Ag C Ag(n),
completely contained in Ay, that contains at least one point of D. By averaging in
space we retrieve the following covering condition:

1 1

> - @@ = — . .
WL(”) = (4R+1)dmg,\L6m(n) (4R+1)d XAL (2 5)
Let ¢ € Ran Py ([0, 1]), with suppe C Az and ||@|| =1, then
VLo, 0) = (WLp, @)+ (VL. —WL)9, ¢)
1 2
> — — — . .
/,(4R—%1)d”¢H <(WQ V2)¢7¢> (2.6)

In order to obtain a lower bound, we need an upper bound on the second term in the
r.h.s. of the last inequality.

(WL=Vi)o,0) = ﬁi‘l’ ( Y Vin—v) ))

nezd Y€A2R(0)

— Y omVi(n)e(n)
nezd
_ ﬁ > Y et nVilnen+y)

YEA2R(0) neZd

(4R—|—1 > X e (n)

YEAR(0) nezd

1
:WVEE(O)WL(P(-+y>,<p(-+y>>—<Vup,<p>>. @)
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Note that

(VLo (- +7), o(-+7)—(VLo,0)]
= |(VLo(-+7), (0(-+7) = 0)) + (VLo(- +7),0) — (VLo, )|
| +7), (o(-+

=[(Veo(+ 7). (@(-+7) = @)+ (Vilo(-+7) — ), 9)|
<2Vifl-lloC+7) — @l (28)
Thus 2Vl
L||oo
((We=Vi)e.0)| < mygé(o) lo(-+7) = ol 2.9)

For every ¥ € Ag(0), consider the shortest path between y and 0 (1f this is not
unique, pick one). Let {¢;}%, be the canonical base of Z¢. For y= Y% | ae;, this
shortest path can be written as a sequence of vectors in Z¢:

Bl :=er, B :=2e1,....B} =aiel, (2.10)
ﬂllﬂ =aje; +€2,...,ﬁky =aje|+...+ageq—1,
where k = a; +ap+...ay. Since |y|., < 2R, we have that 0 < k < 2Rd and they satisfy

Bl —B|,=1 fori=0,1,2,..k (2.11)
with ﬁg :=0 and ﬂ12/+1 := 7. Then,

lo(-+v) =l =lo(+7)to(-+B)Eo(+B ). . xo(-+B])—o()
<lloC+7)—oC+BIlI+lo¢+B{)—o(-+B )l
o+ lloC+B])— o).

This is a sum of at most 2Rd + 1 terms of the form
lo(-+m)—@(-+n)||  where |m—n|, =1, (2.12)
and each of these terms is inferior or equal to

1/2
\ 2(Ho@, 9)a, (E > |<P(m)—<P(n)|2> :

neAr m—nl;=1

Then, Vy € Ag(0), we have that [|@(-+7) — @] < (2Rd + 1)\/2(Hyo@, @), . This
implies that

> lloC+7) =@l < (4R+1)Y(2Rd + 1)1 /2(Ho@, )4, - (2.13)
YEAR(0)

Then,
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(WL = V)@, 9)| < 2||Vi||=4V2Rd\/ (Ho@, A, (2.14)

where we used that R > 1. Replacing this in (2.6) gives

1
VLo, ) > m - 8d‘/§HVL||°°R(<H0§0»(P>AL)1/2 =C (2.15)

Since ||Vz|| =1 and R > 1, for C to be positive, it is enough that

By = ((8\/§dR(4R+ 1)d> s (Hoo, b, (2.16)

That is, there exists an energy Ew := g*Ew > 0 with g € (0,1) such that for [ =
[0,Ew] and ¢ € Ran Py (I), (2.3) holds with a constant C = (1 —¢)(4R+1)"¢. O

2.2. The initial length scale estimate

To start the Bootstrap Multiscale analysis in the non ergodic setting, it is enough
to prove the existence of a spectral gap above Ey := infc(Hg) = 0 a.s. for the finite-
volume operator Hy, ;.. This was done in the continuous setting in [8, Proposition 3.1]
using the spatial averaging argument from Section 2.1 and holds also in the discrete
case in the following form

PROPOSITION 2.3. For p >0, there exists a scale L =L(d, i, p,R) such that for
all L > L we have

inf P (Hw,x,L > CR—2<d+2>(1ogL)—2/d) >1-17 2.17)

x€zZd
where the positive constant C depends on the parameters p,d,M and [L.

For the reader’s convenience, we sketch the proof of [8, Proposition 3.1] with the
corresponding changes in the discrete setting.

Proof. For simplicity we write || - || for || - ||, and, since the results are uniform
in x, we omit this subscript from the notation. Take L € N,L > R, and consider the
spatial average of V1 = Viyxa, over the cube Aosgg(0), for some K > 1 to be chosen
later. For n € Ay, define

1
Wor(n):=———= > Vorln—7) (2.18)
(4RK +1) yeARK(0)
> min_ L > e |x (2.19)
= TepNg . o A .
(SR)d JEALND Kd 76/\](/3 (/)I'TD L

We can obtain a lower bound for the last line using the theory of large deviations (see
e.g. [8, Eq. 3.10]). We obtain, for K big enough
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P <Ww,L > B xAL> > 1— [de~Curak?, (2.20)

for some constant Cy, g s depending on the probability measure u,R and d, where [i

is the mean of u (the dependence on R, d, proportional to R~%, comes from the fact
that K¢/R? < |Ag ND| < K¢). Therefore,

Hppi=—A+Wyyp > on Ay, (2.21)

with a probability larger than 1 — L%eCuraK®
Take ¢ € £.(Z%), suppp C Ay and ||@|| = 1. Then, with a probability larger than
1 — L% CurdK" \e have that

(HoL®,0) = (Hor®,0) — (Wo.L —Vo.r),0)

.
%H(PII —((Wo.L —Vo.r)0, ). (2.22)

Z (5R)

The second term in the r.h.s. of the last line can be estimated as its deterministic coun-
terpart (2.6) in the proof of Lemma 2.2. Recalling that ||Ve|| = M, we get

(WL —Vo.r)9,0) | < 8dV2MRK\/ (Ho®, @)A, (2.23)

Since V1 =0, (Ho@,9) < (Hp @, ®). Moreover, since we work at the bottom
of the spectrum we can assume (H, 1@, @) < 1, by taking ¢ € Ran Py, 1([0,1]). This
yields

d 2
(Ho0.0) > ((SR)2(1+8dVIMRK)) (1), (2.24)
with a probability larger than 1 — L9~ CuraK"
1/d
Given p > 0, take K = <(g:—;>dd 10gL> , with L big enough depending on the

parameters d, L, p,R, so we obtain (2.17). " O

2.3. Proof of Theorem 1.1: localization through the multiscale analysis

The Bootstrap Multiscale Analysis is at its core an iteration procedure that shows
a fast decay of the local resolvents of Hg ,; in some energy interval, as L tends to
infinity. This in turn yields, among other things, dynamical localization. For a detailed
description of the method, see [12, 14, 25].

As stated in [10, Theorem 3.4], in order to perform the Multiscale Analysis in
some energy interval .# and obtain all its consequences, it is enough to verify a Weg-
ner estimate and an initial length scale estimate (ILSE) in .#. This method requires
some standard regularity conditions on the random potential [10, Section 2]. The Mul-
tiscale Analysis can be applied to non ergodic models that satisfy the aforementioned
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assumptions for finite-volume operators H s uniformly with respect to the center
x € 742 of the cube, see [22, Section 2].

In our case, we have assumed that the random variables are i.i.d. and have a reg-
ular probability distribution, so V, as defined in (1.2) satisfies the standard regularity
assumptions. Then, what is left to verify in order to apply the Multiscale Analysis
is that the two main ingredients hold, the Wegner estimate and the ILSE, uniformly
with respect to the center x € 74 [22, Theorem 2.3]. The first is obtained in Theorem
2.1, while the ILSE is a consequence of Proposition 3.3. Namely, we proved that there
exists a spectral gap in 6(Hy ,z.) above the spectral infimum Ey = 0, then the Combes-
Thomas estimate transforms this into a decay of the resolvent for energies near Ey (see
e.g. [12, Section 11.2] and the references therein).

3. Comment on the upper band edge

Note that by reflecting the spectrum of H,, with respect to the origin and shifting
it by a constant 4d + M, the problem of studying the upper spectral band edge of H,
is equivalent to study the bottom of the spectrum of the operator H,, given by

Ho=—Ho+4d+M=A+4d+M Y &+ Y @(n)s,
nezd\D neD

= Ho+ Vo 3.1)

where
Hy=A+4d+M Z Op :=A+4d+V, (3.2)
nGZd\D

and V,, is the alloy type potential of the form (1.2) corresponding to the random vari-
ables @(n) =M — w(n). Denote by [i the probability measure for @(n). We have that
supp fi C [0,M]. Here we assume moreover the following

0 €suppfi, thatis, M €suppll. (3.3)

‘We need to recall some basic definitions from the theory of Delone dynamical sets,
which will give us later a way to characterize the Delone sets for which working at the
band edges is well defined (see [21, Section 2.3]).

DEFINITION 3.1.

i) Given an R-Delone set D C Z¢, any finite subset Q C D is called a pattern of
D. Two sets Q,Q' C D are called equivalent if there exists x € Z¢ such that
x+0=0".

ii) Let (Ar)zen be a sequence of concentric cubes of side length L in Z¢. We
define the pattern frequency of Q in D as the following limit, if it exists,

_ o HOCD:3xe (-A) st.x+0=0}
n(Q) = lim AL

, (3.4)



296 CONSTANZA ROJAS-MOLINA

that is, the number of equivalent patterns of Q in D per volume converges (it is
known that this quantity is always bounded, so the question is to know whether
the equality liminf = limsup holds [21, Lemma 2.25]).

iii) We say that D has uniform pattern frequency if for any pattern Q C D the se-
quence 5 5
_ H{OoCD:3ye(x+AL) st.y+0=0}

nX,L(Q) : ‘AL‘

(3.5)

converges uniformly with respect to x € Z¢, when L goes to infinity. Moreover,
we say that D has a strict uniform pattern frequency (SUPF) if this limit is strictly
positive.

It was proven in [11] (see also [20]) that if the Delone set D is of finite local
complexity and of strict uniform pattern frequency, then there exists a set X C R such
that we have o (Hy) = 6(Hy) = X almost surely. What is left to prove is that E, =
supo(Hg) = info(Hy) is not an isolated spectral value.

Recall that for the lower spectral edge, if O € suppt, then one can use a Borel-
Cantelli argument as in [22, Eq. 6.4] and follow the proof of [12, Theorem 3.9] to show
that 6(—A) C o(Hy) almost surely, using the translation invariance of —A. Note that
the background potential Vjy in (3.2) is of Delone type, since 74 \ D is also a Delone
set satisfying SUPF, so Hj is not invariant under arbitrary translations. To recover an
analogous result for 6(Hy) and o (Hp), we can replace this translation invariance with
the property SUPF. We have the following,

PROPOSITION 3.2. Let O € suppfi and assume that the Delone set D has the
property of strict uniform pattern frequency. Then, for Hy = A+ 4d +V, defined in
(3.2) and Hy, defined in (3.1), we have

o(Hy) C 6(Hy) almost surely. (3.6)

Proof. Since there is a one-to-one correspondence between the patterns of D and
Z\ D, if D satisfies the SUPF property, so does Z? \ D. Indeed, any pattern Q of D
is of the form Q = DNK, where K C Z¢ is a compact set, and Q = (Z¢\ D) NK is the
corresponding (unique) pattern in Z%\ D.

Let E € o(Hy) and take a Weyl sequence ¢y € .(Z%) associated to it. For every
k,let K; C Z? be a finite cube such that supp ¢ C K. Because of the SUPF property,
every pattern K; NZ?\ D (and therefore K; N D) is repeated infinitely many times in
Z4. Fix k and extract a sequence {v;(k)}; C Z¢, with j in some index set _# (k),
such that the cubes {K; +v;(k)}; generate patterns that are equivalent to the patterns
{KxNZ4\ D} and are pairwise disjoint. Note that for every j € ¢ (k),

Voxk, = VOXKk+V_,(k) and VXKk = Vka+V_,.(k)7 3.7
where V(n) = ¥ep 8,(n). This implies that the events

Aj={0 0y <1/k, Yy K +v;(k)} (3-8)



THE ANDERSON MODEL WITH MISSING SITES 297

are independent and P (A;) = P(4g) > 0, since 0 € suppjfi. By the Borel-Cantelli
Lemma, we have that

Q. :={ : ® € Aj for infinitely many ;} (3.9

has probability one. We have that the countable intersection Q := (1, € has also prob-
ability one.

Let us denote the index set of the A; in € by _#’(k). Now, among the
{v(k)j}je g1(x)» for every k we can pick a vector vg € {v(k);}jc sy such that the
cubes {Kj + vi}x are pairwise disjoint and ||V ¥k, +v, ||~ < 1/k almost surely.

Then, the sequence {y := @ (- — vi) }x with supp w; C K + vy, is by construction

a Weyl sequence for E and H,,, for @ € Q (by (3.7) itis a Weyl sequence for Hy). [

We write E, :=inf o (Hy). Then, since V, > 0, by (3.6) we have that info (Hy) =
E, > 0 a.s. Since we do not know the nature of the spectrum of Hy, in order to show
that any dynamical localization result at the bottom of the spectrum of Hy, is non empty,
we need to prove that there is almost sure spectrum in, at least, a neighborhood of E, .

The following result is known in the literature of deterministic ergodic potentials
in dimension 1 (see [26, Section 6.2, Problem 2]).

PROPOSITION 3.3. Ifthe Delone set D has the property of strict uniform pattern
[frequency, then the spectrum of Hy is essential spectrum.

Proof. As explained in the proof of Proposition 3.2, if D satisfies the SUPF prop-
erty, so does Z4\ D. Let E € 6(Hy). By Weyl’s criterion, there exists a (normalized)
Weyl sequence ¢ in the core of Hy, £.(Z%) such that ||(Hy — E)@y|| < 1/k for any k
big enough. To prove that E € 0,(Hp), it is enough to prove that one can extract an
orthogonal Weyl sequence sequence from ¢y .

For each ¢y, take a compact set K; C Z¢ such that supp ¢; C K} and dist(supp ¢,
7\ K;) > 1. Because of the SUPF property, every pattern K; NZ%\ D (and therefore
K;ND) is repeated infinitely many times in Z¢. We can extract a sequence {v;}; C Z9,
such that the cubes {Kj + v}, generate patterns that are equivalent to the patterns
{K;NZ\ D}, and are pairwise disjoint. Consider the sequence {w} := @x(- —v¢) }x.
Since supp Y C K + vi, the sequence is orthogonal.

Since 4d + A is invariant with respect to translations by v; and Voxk, +v, = Vo Xk, »
we get ||(Ho— E)wi|| = ||(Ho — E)gi|| < 1/k, ie., {Wi}; is an orthonormal Weyl
sequence for £. [

In particular, E. € Oy (Hy) and E. € Op55(Hy), by (3.6). The localization results
in [7, Section 1.2.3] at the bottom of the spectrum of Hy, , which imply finite multiplicity
of eigenvalues, together with Proposition 3.3 yields that E, is not an isolated spectral
value of A, . Note that in dimension 1 this result is direct, since the essential spectrum
does not contain degenerated eigenvalues.

REMARK 3.1. Note that property of strict uniform pattern frequency implies con-
dition [7, Eq. 1.13].
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