oerators
nd
atrices
Volume 8, Number 2 (2014), 529-553 "doi:10.7153/0am-08-27

APPROXIMATE DOUBLE COMMUTANTS AND DISTANCE FORMULAS

DON HADWIN AND JUNHAO SHEN

(Communicated by D. R. Farenick)

Abstract. We extend work of the first author concering relative double commutants and approx-
imate double commutants of unital subalgebras of unital C*-algebras, including metric versions
involving distance estimates. We prove metric results for AH subalgebras of von Neumann al-
gebras or AF subalgebras of primitive C*-algebras. We prove other general results, including
some for nonselfadjoint commutative subalgebras, using C*-algebraic versions of the Stone-
Weierstrass and Bishop-Stone-Weierstrass theorems.

1. Introduction

We extend results in [14] on approximate double commutants of C*-subalgebras
of C*-algebras. We also obtain some results for non-selfadjoint subalgebras. A key
ingredient in the proof of the main result in [14] was S. Machado’s version [18] of the
Bishop-Stone-Weierstrass theorem [4]. In this paper we use Machado’s vector version
of his theorem [18], the factor state version of the Stone-Weierstrass theorem for C*-
algebras of R. Longo [17], S. Popa [19], S. Teleman [22], and the first author’s version
of the Bishop-Stone-Weierstrass theorem for C*-algebras [13].

The classical double commutant theorem of von Neumann [25] is a key result in
the theory of von Neumann algebras. The first author [1 1] proved an asymptotic version
of von Neumann'’s result for unital C*-algebras, and later [12] proved a metric version
with an analogue of Arveson’s distance formula.

It was shown by R. Kadison [15] that inside a factor von Neumann algebra von
Neumann’s double commutant theorem fails, even for commutative subalgebras. How-
ever, the author [14] showed that, for commutative unital C*-subalgebras of a factor
von Neumann algebra, the asymptotic version holds.

Suppose .7 is a subset of a ring % . We define the relative commutant of . in
X, the relative double commutant of . in X, respectively, by

(SR ={T c #:NS€./,TS=ST},

(S R)" ={T €#:NA€ (S %) ,TA=AT}.

If & is a unital C*-algebra and . C Z, we define the relative approximate double
commutant of ./ in A, denoted by Appr (.7, %)" as the set of all T € 2 such that

HTAJL —AT||—0
Mathematics subject classification (2010): 46L10, 46L.54.

Keywords and phrases: C*-algebra; approximate double commutant; distance formula.

© &1€P€N’ Zagreb 529
Paper OaM-08-27


http://dx.doi.org/10.7153/oam-08-27

530 D. HADWIN AND J. SHEN

for every bounded net {A; } in % for which
1S4 —AxS =0

for every S € .. The approximate double commutant theorem [11] in B(H) says that
if .7 =.7*, then Appr ()" = C* (.#). Moreover, if we restrict the {A; }s to be nets
of unitaries or nets of projections that asymptotically commute with every element of
.7, the resulting approximate double commutant is still C*(.%).

It is clear that the center 2 (%) of 2 is always contained in Appr (.7, %)"
and that Appr (.7, %)" is a norm closed unital algebra. Thus Appr (.7, 2)" always
contains the norm closed unital algebra generated by .U % (). If ¥/ =.9*, then
Appr (-7, %)" is a C*-algebra and must contain C* (.U 2 (£)). In [15] R. Kadison
calls a subalgebra .« of & normalif o/ = (o, %)" . We say that o7 is approximately
normal if o/ = Appr (o, B)".

We say that o7 is metric-normal in A if there is a constant K < oo such that, for
every T € A,

dist (T,«/) < Ksup{||TU —UT| : U € (&, )", U unitary} .

The smallest such K is the constant of metric-normality K, (<7, ) of < in . We
say that 7 is approximately metric-normal in A if there is a K < o such that, for
every T € A there is a net {U,} of unitaries in # such that, for every A € <,
|AU) — U, A|| — 0, and such that

dist (T, /) < Klim |[TU, = U T

The smallest such K is the constant of approximate metric normality Ku, (<, B).

Here is a summary of the results in this paper. In Section 2 we discuss a version of
relative injectivity, summarize known results and prove a few new ones. We relate the
forms of injectivity to the metric versions of normalilty and approximate normality. We
also develop a number of useful basic results about the various versions of normality.
We prove (Theorem 14) that if <7 is a unital AH C*-subalgebra <7 of a von Neumann
algebra %, then C* (o7 U % ()) is metric approximately normal in %, and we prove
(Theorem 15) that every unital AF C*-subalgebra of a primitive C*-algebra is metric
approximately normal.

In Section 3, following ideas of Akemann and Pedersen [1], we prove (Theorem
17) that surjective unital *-homomormisms send the approximate double commutant of
a set into the approximate double commutant of the image of the set. This result is a key
ingredient to our results in Sections 4 and 5 where we prove general results (Theorem 21
and Theorem) that involve C*-algebraic versions of the Stone-Weierstrass or Bishop-
Stone-Weierstrass theorems. We conclude in Section 6 with a list of open problems.

2. Metric results

If </ is a unital C*-subalgebra of a C*-algebra %, then .# (<7, %) is the con-
vex hull of the maps Ady : B — % defined by Ad, (T) = U*TU, with a unitary
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U c (o/,%)'. We say that a unital C*-subalgebra o7 is strongly injective in a uni-
tal C*-algebra # if there is a conditional expectation E : # — <7, a faithful unital
representation 7 : % — B(H) for some Hilbert space H, and anet {¢, } in .% (<7, %B)
such that, forevery T € £,

7 (93 (T)) — = (E(T))

in the weak operator topology. It is clear that if .o is strongly injective in &, then </
contains the center 2 (%) of #. If o/ and % are von Neumann algebras, we say
that &7 is weak* injective in % if E and the net {¢@, } and be chosen so that, for every
TecA,

¢ (T) — E(T)

in the weak*-topology on 4, i.e., we can choose 7 to be the identity representation on

PROPOSITION 1. Suppose 8 C B(H) is a unital C*-algebra. Then

Af m: B — B(M) is a faithful unital *-homomorphism for some Hilbert space
M, and E : B — < is a conditional expectation and there is a net {y; } in
F(n (&7’),7‘6(%)//) such that, for every T € B, {y; (n(T))} converges in the
weak operator topology to an element ©w(E(T)) of m (<), then < is strongly
injective in 4.

. [10, Theorem ClIf & is a von Neumann algebra, then % (A) is weak* injective
in A.

. [20] If # is a von Neumann algebra and <7 is a normal von Neumann subalge-
bra of B such that (<7, %) is hyperfinite (e.g., </ is a masa in B), then <f is
weak* injective in 2.

. If B is a primitive C*-algebra, then % (#) = Cl1 is strongly injective in A.

If o = Zﬁjgm% is a unital C*-subalgebra of % and, for i=1,...,m, P =
160®---00, L=0®1@---®0,..., Bp,=0®---®0D 1, then < is strongly
injective (resp., normal, approximately normal) in B if < is strongly injective
(resp., normal,approximately normal) in P,AP; for 1 <i < m.

. If <; is strongly injective in B; for i = 1,2, then &\ Qi o is strongly injective
in %l Qmin %2 .

. If o is strongly injective in B and W' is any unital C*-algebra, then W Qmpin
is strongly injective in W Quin B .

A B =, (D)= M (C)R D for keN and of = My (&) = 43 (C)® & and
& is strongly injective (resp., normal) in 9, then < is strongly injective (resp.,
normal) in B.
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Proof. (1). Suppose U € ()" is unitary. It follows that there is an A = A* €
n(%)" such that U = ™. It follows from the Kaplansky density theorem that there is
a bounded net {A,,} in % such that w(A,) — A in the strong operator topology, and
it follows, that if U, = ¢4, then 1t (U,,) — U in the *-strong operator topology, and
thus 7 (Ady, (B)) — Ady (m(B)) in the strong operator topology. It follows that the
point-weak-operator closure of {mo@: ¢ € .7 («/,%)} contains every y; om, and
thus contains 7 o E It follows that <7 is strongly injective in Z.

(4). This follows from (1) and (2).

(5) is obvious.

(6). Suppose, for i € {1,2}, m : ; — B(H;) is a faithful representation, E; :
PB; — of; is a conditional expectation and {(p;L7,-} isanetin .7 (%, %;) such that

7 (02,4(T)) = m (Ei(T))

in the weak operator topology. Then E (71 ®T>) = E| (T1) ® E» (T>) defines a con-
ditional expectation E : B @min By — | @min @4. Also n(T1 @ T) = m (1) @
m (1) € B(H, ® Hy) defines a faithful representation of %) Quin $>. Moreover, if
Ui € (<, %8;) is unitary for i = 1,2 and 1 < k < m and if 0 <sy,7,...,8m,4, and
S sk =0 =1, then Wy, = U1 @ U, € (A @min S, B1 @min $>)' and

2 Skt We r (T'®T) Wk*,r = (2 SkUk71T1Ulj71> ® (ZtrUnszU:z) .
r=1

k=1 k=1

Thus
o (T1@T) =31 () @@12(T2)
defines an element @) € % (&) Qmin P, B1 @min $>) . Moreover,

m(or (10 T) =7 (91,1 (1) @M (@22 (T2)) — T (E(Ty @ T))

in the weak operator topology on B (H; ® H,). Hence 7] Quin 9% is strongly injective
in '%1 Omin '%2 .
(7) and (8) follow from (6). O

Suppose 7 is a unital C*-subalgebra of a unital C*-algebra %. We define two
seminorms on % as follows:

dy (T, o/, B) =sup{|WT —TW|: W € (o, 8),|W|| <1},

and
dun (T,o/ , B) = sup limsup|W, T — TW, ||
{mr 4
taken over all nets {W; } of contractions in % for which ||[AW, — W, A|| — 0 for every
Acd.
The following lemma is obvious and the proof is omitted.

LEMMA 2. Suppose < is a unital norm closed subalgebra of a unital C*-algebra
B and T € B. Then
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1. d,(T,o/ ,B) and da, (T, <, PB) are seminorms on A,

2. dy(T*, o, B) =dy(T, o, B) and don (T*, o, B) = dgn (T, , B),
3. dy(T, o, B) < dan (T, o, B) < 2dist (T, ) <2|T||

4. d,(T,o/,B) =0 ifand only if T € (7, B)"

5. du (T, o/, B) =0 ifand only if T € Appr (<, B)"

We define K, (<7, %) and K, (<, %) by
K, (ot ,PB) = sup{dist (T, ): T € B,d, (T, o/ ,B) <1},

Kon (o, B) = sup{dist (T, o/ ): T € B,dg, (T, 7, B) < 1}.

Clearly K, (%7,9%) is the smallest M > 0 such that, for every T € #, we have
dist (T, /) < Md, (T, </ ,%) and Ky, (;aﬂ%’) is the smallest N > 0 such that, for
every T € A, we have dist (T, /) < Ndun (T, </, %) . We say that <7 is metric normal
in o if K, (o, 9B) < e and & is metric approximately normal if K, (o7, PB) < oo. It
is also clear that K, (o, #) < K, (<, %), so metric normality implies metric approx-
imate normality.

The following proposition shows the relationship between strong injectivity and
metric normality.

PROPOSITION 3. Suppose 7| C o5 C --- C o, is are unital inclusions of C*-
algebras and <, is weakly injective in 1 for 1 <k <m. Then

Proof. Foreach k, 2 < k< m choose a net {(p;t’k} in Z (_1,),aconditional
expectation Ey : o7, — %1 and a faithful representation 7 : <7, — B (H}) such that

T (@ (T)) — me (Ex (T))
in the weak operator topology for every T € 7. It is clear that
T (A1, ) C F (A, D)
for 2 < k < m. Morover, if U is unitary and U € (¢,.97,)’, then
IT=UTU"|| = |TU = UT|| < du (T, %, )

for all T € «7,. Suppose T € 47,, and let B denote the closed ball in <7, cen-
tered at 7 with radius d, (T, ,4,). Let #,, denote the set of all A € <, such
that m,, (A) is in the weak-operator closure of the convex hull of {m,(UTU*):U €
(e, ), U is unltary} Clearly #;, is convex and closed under conjugation by uni-
taries in (<}, m) and, since 7, is anisometry, #;, C B. It follows that E,, (T') € #},.
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Next we let #,,_; denote the set of all A € o7, such that m,_; (A) is in the weak-
operator closure of the convex hull of {7,,— | (UE,,(T)U*):U € (<, %,)’, U is unitary} .
Clearly #;,— is convex and closed under conjugation by unitaries in (<7, dm)’, and,
since 7,1 is an isometry, #;,_1 C B, and it follows that E,,_ (E,, (T)) € #p—1 C B.
Proceeding inductively, we see that

Ey(E3 (- En(T))) € BN,
from which it follows that

dist (T, o) < dy (T, %, ).
Hence K, (<, 9,) < 1. O

The following corollaries follow from Proposition 1 and Proposition 3.

COROLLARY 4. If A is a von Neumann algebra and </ is a normal von Neu-

mann subalgebra such that (<7, %) is hyperfinite, then <f is metric normal in % and
Ky (M (), My (PB)) < 1 for every k € N.

COROLLARY 5. If @7 is a maximal abelian selfadjoint subalgebra of a von Neu-
mann algebra B, then K, (M) (), My (B)) < 1 for every k € N.

COROLLARY 6. If o7 is a maximal abelian selfadjoint subalgebra of a von Neu-
mann algebra %, and W is any von Neumann algebra, then K, (W @ of , W @ B) < 1,
where & denotes the spatial tensor product.

COROLLARY 7. If A is a hyperfinite von Neumann algebra, then every normal
von Neumann subalgebra </ of A is metric normal and

K (o, B) < 1.

Without injectivity, this is the best analogue of Proposition 3.
LEMMA 8. If &/ C 9 C A are unital C*-algebras, then

Ky (A, B) <Kn(2,B)+Kn (A, D) 2Ky (2, B)+ 1),

and
Kun (I, B) < Kan (2, DB) + Kan (', D) 2Ky (2,B) +1).

Proof. We present the proof for K, ; the proof for K, is similar. Suppose T € X
and € > 0. Then

dist (T, 2) < [Ky (2,P) +¢€|d, (T, 2,B).
Hence there is a D € & such that

T —D| < [K, (2, B) +€]dy (T, 2, 5B).
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Similarly, there is an A € </ such that

ID—A|| < [Ky (', D)+ €]dy (D, o, D).

Hence
|T —A| <||T D[+ [|D—A
< [Ki(2,2) + €ldy (T, 2, B) + Ky (/D) + €] d (D, A, D).
However,
dy(T,2,%) <dy (T, , %),
and
<2[K.(2,98)+€)d,(T,2,8)+d, (T, ,B)
< 2[Ki(2,8) + €] +1)d, (T, /. B)
Hence
dist (T, o) < ||T —A|

<
< [Ki(2,%8)+¢€ld, (T, ,PB)
+ K (A, D)+ €] (2|[Ki (2,PB) + €]+ 1)d, (T, ot , B) .
Letting € — 0T, we see

dist (T, ) < [Kn (D, B) + Ky (. D) (2Ky, (D, B) + 1)] dn (T, o/, B) .
It follows that

Ko (4, B) < K (2,B) + K (. D) (2K (2,8) +1) O

We now consider the metric approximate normality for direct limits.

LEMMA 9. Suppose </ is a unital C*-subalgebra of a unital C*-algebra % and
{4 :i €1} is an increasingly directed family of C*-subalgebras of </ . If </ is the
norm closure of Ujc; <7, then

Koy (7, B) < liminfK,, (<, B).

Proof. Suppose T € #, F C o is finite, € >0, and let A = (F,€). Then
dist (T, /) =limdist (T, <%)
1
< supKy, (T, ;) liminfd, (T, <, A) .
i 1
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We can choose iy sufficiently large so that there is a map « : F — 7, such that
[A—a(A)] <e/2
forevery A € F and so that

liminfdy, (T, %, B) < dan (T, ), B) + €.
1

We can choose a unitary U, in 4 so that
U (A) = (A) Uy || < €/3
forevery A € F and so that
dan (T iy, B) < |ULT —TUy | + .
It follows that

dist (T, o) < [||UpT — TU, || + 2¢€] sup Kun (7, B) .
i

and
|U2A — AU, | < e.

If we let A be the set of all pairs A = (F, ) directed by (C,>), we see that {U } is a
net such that
|AU, = U3 Al — 0

for every A € o7 and such that
dist (T, /) < li)ILn |ULT —TU, ||| supKan (i, B) < dan (T, , ) sup Kan (3, B) .

Hence K, (&, B) < sup; Kun (4, %), and since the same holds for when we restrict to
the set {«7 : i > j} forsome j, we canreplace sup; Ky, (%, %) with liminf; K, (<, B).
U

We now want to extend a key result in [14]. Recall from [14] that a unital C*-
algebra A is centrally prime if, whenever 0 < x,y < 1 are in % and x#y = {0}, then
there is an e € 27 (%) suchthat x<e<landy<1l—e.

The following result is a generalization of [14, Theorem 1], in which # = C.
That result required S. Machado’s metric version [18] of the Bishop-Stone-Weierstrass
theorem [4]. Here we require Machado’s vector version of his result [ 18] (See [20] for
an beautiful elementary proof.)

PROPOSITION 10. Suppose o/ C & are unital commutative C*-algebras, W' is
a unital C*-algebra, % is a centrally prime unital C*-algebra such that
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2. Z(BminW) A QW .
Then, forevery T € 2Q W/,

dist (T, W) < dan (T, A W , B Bin W) .

Proof. We can view 2 = C(X) for some compact Hausdorff space X and we can
view Z@# as C(X,#'), the C*-algebra of continuous functions from X to # . We
can write T = f € C(X,#'). Tt follows that & ® # is a C*-subalgebra of C (X, %)
that is an ./ -module. It follows from Machado’s theorem [18], that there is a closed
o -antisymmetric subset E C X such that

dist (f, o @) =dist (f|g,(Z W) k).

However, since & = &/* and E is </ -antisymmetric, we see that every function in
o/ is constant on E. Hence, if u € &/ and w € # we have, for every x € X that
(u®w) (x) = u(x)w. Hence, every function in & ® # is constant on E. Thus

dist (flg,(Z @W)|g) =inf{||fle —h|:h:E—#, his constant}
= i f — .
ngszclelEpllf(X) w|
Since E is compact, we can choose o, 3 € E such that

1F (o) = fF (BNl = sup [[f(x) = f W)l

x,yEE

If we let w= f (), we see that

dist (fle, (4 @ W) |e) < sup||f (x) =SB =If () = £ (B

Hence,

dist (f, QW) <||f(B)—f(a)].

If f(a)=f(B),then T = f € .o/ @ % and the desired inequality holds. Hence
we can assume 0. # 3. Let A be the set of pairs (U,V), we U and V are disjoint open
subsets of X such that o € U and 3 € V. Suppose A = (U,V) € A. We can define
g hy ., s € C(X) such that

L 0<gu,hp,rasn <1

2. ga(a)=hy(a)=1, gahy =hy, glx\v, =0

3.1 (B)=s2(B)=1, sy =s5, ralx\v =0.
We then have, for every F € C(X, %)

4. hyF =Fh; and ||l F — (1QF (a0)) hy || — O
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5. S)LF :FS)L and HS)LF— (l®F(ﬁ))S}LH — 0.

Claim: hy (BR1)s) = (hyBs))®1# {0}. Since A is centrally prime, h) HBs)
= {0} implies that thereisan e € 2 (%) C o suchthat iy <e<lands) <l—e<1.
Thus 1 < e(or) and 0 < e(B), which contradicts e (o) = e (). This proves the claim.

For each 2 € A we can choose Q) € h) %s; @1 with ||Q; | = 1. We then have,
forevery F €e C(X, %)

I[FQy — O F] - [(1@F () Q. — 0 (1 F (B))][ = 0,

SO

IFQ» = Fl =1 ©F (a)) 0y —Ox (1@ F (B))[|| — 0.

However,

(1@ F(a) 0 =01 @F (o), and Q3 (1@ F (B)) = 0 @ F (B).

Hence, |[FQ) — Oy F|| — 0 forevery F € & @ # and

lim 70, — 041 = im 04 (£ (B) — f (o) = 1/ (B) ~ /(@)
>dist(f,Z@W). O

COROLLARY 11. Suppose </ is a commutative unital C*-subalgebra of a cen-
trally prime unital C*-algebra B such that 2 (#) C &/ and W is any unital C*-
algebra. Then &/ @ W is approximately normal in B Quin W .

Proof. Suppose ¥ C % is amasain Z that contains 7 . It follows that (Z ® #/,
B W) =D W), and (2 W, B@min#)' = Z@W . Hence D@ W is
normal in & ®min # . Hence, if T € Appr(«/ @ W', B Qmin ”‘//)”, then T € QW ,
and it follows from Proposition 10that T € &/ @ #. [

COROLLARY 12. Suppose </ is a commutative unital C*-subalgebra of a von
Neumann algebra % and % (B) C o/, and W is any unital C*-algebra. Then
A Quin W is metric approximately normal in B Quin W and

Kun (ﬂ Rmin Wﬂ%®min W) g 4.

Proof. Let 2 be amasain & that contains <7 . It follows from Proposition 1 that
2 is weak*-injective in #, and that 2 ® # is strongly injective in % Qmin # . Sup-
pose T € B Qmin # . We can assume that Z C # (H) is a von Neumann algebra and
W CB(M) and B Quin # is the spatial tensor product of % and # in B(HQM).
Then there is a net {@, } in % (2,9) such that E (S) = w*-lim, ¢, (S) is a condi-
tional expectation from Z to 2. Then EQ 1 : B Qmin # — 2 @ W defined, for every
Rin BQW, by

(E 1) (R) =w-lim (¢, © 1) (R)
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is a conditional expectation and each
01 F (DWW, BRminW ) C F (AW, B min¥).
Hence T} = (E®1)(T) € B, where B is the closed ball in % ®uin # centered at T
with radius d, (T, o @ #', B @min #) . However, Theorem 10 implies that
dist(T1,d QW) <dan (T, S QW , B Quin W)

g;dbn(734576@'%7,3?Q§nﬁn?¢/)ﬁ—2“7‘—»7}”

< dan (T,JZ%@ Ww%)@min W) + 2dn (TWQ{ ® W?‘@(gmin W)

< 3dan (T7%® Ww@@min W) .

Hence
dist (T, o @ W) < dist (T, @ W)+ |T — T4
<4dg (T, QW , B Rmin #'). O

THEOREM 13. If A is a unital centrally prime C*-algebra and % (#) C o is
a unital C*-subalgebra that is isomorphic to a finite direct sum of tensor products of
algebras of the form 9 @ M (C), with 9 commutative, then </ is approximately
normal in B. Moreover, if 2 is a von Neumann algebra, then K, (<, A) < 4.

Proof. Write o/ = o/} & --- @ 7, where each 7 is isomorphic to % @ ., (C)
for some s; in N, andlet P, =1405---00,P,=001---p0,...,P,=0D--- P
0@ 1. It follows from Proposition 1 that 3j_ P;%P; is strongly injective in . Since
D @ M, (C) C B BP, we can write

P, PP, =:3gk§§u%%k((x

with Z, C %, . Since A is centrally prime, so is each P, %P, and thus so does each
Py Since Z (#B) C 2, we know that

2 (B ® My, (C)) = Z (B) &1 C UMy (C),

which implies 2 (%)) C Z for 1 < k < n. Since, by [14], & is normal in %, we
know that P .o/ P, = % ® M, (C) is normal in %y @ s, (C) = BBP for 1 <k < n.
Hence by Proposition 1, <7 is normal in Z. If £ is a von Neumann algebra and if,
for each k, &) is a masa in %, containing 7 for 1 < k < n, then

o

Y. 6@ My (C)

1<k<n
is weak* injective in A . It follows from Theorem 10 that, forevery S=S,®---® S, €
X cken 6k ® M (C)
dist (S,9/) < max dist (Sg, % ® M, (C))
1<k<n

< max dan (S/ﬁJyk@*%Sk (C) 7'%/( ®'%Sk ((C))

1<k<n

Ldan (S, ,PB).
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If T € A, it follows that there is an S € 2519@@ 6 @ M, (C) such that
It follows that

dist (T, o) < dist (S, )+ ||S—T||
gdan(S_Ta%a%)'i'zdun(Ta%:‘%))
<

218 = T| + 2dun (T, 7, B) < 4dn (T, o/, B). O

THEOREM 14. If & is a unital AH C*-subalgebra of a von Neumann algebra
B, then
Kan (A, B) < 4.

Proof. This follows from Theorem 13 and Lemma 9. [J

THEOREM 15. If A is a primitive unital C*-algebra and </ is a unital AF C*-
subalgebra of A, then
Kun (o ,B) < 1.

Proof. Suppose 7 = M, (C)@--- @ M, (C) andlet P =100@--- D0, P, =
021®---@0,....5=03---®0D 1. Then ¥ ;< P, BP; is strongly injective in &
and we can write AP, = My, (%;) for 1 <i< k. Since Z is primitive, it follows
that each Z; is primitive, and thus C is strongly injective in %; for 1 <i < k. Hence
by Proposition 1, ., (C) is strongly injective in .#, (%;) for 1 < i < k. Whence,
by Proposition 1, & is strongly injective in Y <;<x P.%P,;. Hence, by Proposition 3,
K, (o7 ,9) < 1. The general case easily follows from Lemma 9. [

The reason we can get better metric results (AH instead of AF) for von Neumann
algebras than primitive C*-algebras is that we know that every masa is strongly injec-
tive, or that K, (o7, %) < e when <7 is a masa in a von Neumann algebra Z.

Suppose 1 is an infinite set and {%; : i € I} is a family of unital C*-algebras and,
foreach i € I, < is a unital C*-subalgebra of %;. Suppose « is a nontrivial ultrafilter

o
on/ and 7 : H%’i — H‘%’ / 2?2 ;% and p : H%’i — H%’i are the quotient maps,
icl icl icl
o
where H%’i is the C*-ultraproduct of the Z;’s with respect to the ultrafilter or. Let
o = H;z{,-.

icl

PROPOSITION 16. The following are true.

icl

1. Kan (77: () vH'%i/ZieI %t) < supje; Kan (1, 5;)
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2. Ky (”(d) vH‘@i/ZiEI‘@i> < sup;e; Ky (i, B).

icl

o
3. Kun (P (JZ{) 7H<@i) g hmi—»a Kun (bQZw@l)

o
4. Kn (P (d) aHﬁi> g hmi—»a Kn (JZ{lﬂ%l)

5. If each <7; is a masa in a von Neumann algebra %;, then

K, (n () ,H@,-/E@,-) <land K, (p () ,ﬁ@,) <1

il icl

6. If each %B; is primitive or a von Neumann algebra, then

z (ﬁ@,) = ﬁff (@,) and
icl icl icl

7. If, foreach i € I, %; = B(H,) for some Hilbert space H;, then

Kan (n (), []%: /2%) <29 and K, (p (o) ,ﬁ%) <29.

icl icl

8. If each %B; is a von Neumann algebra and & is a unital commutative C*-
subalgebra of HB,-, then

icl

K <c* (M%Ug (H%-/z%)) ,H%/z%) <and

il icl il icl

Kan (C* (p(@)uff (ﬁ@)) ﬁ%‘) <4

9. If 9 C H%i is norm separable and I = N, then

icl

K, <c* (n(@)uff (H%/z%)) ,H%/z%-)

icl icl icl icl

e <c* (M%Ug (H%-/z%-)) ,H%/z%) and

icl icl icl icl
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& (c (pvz (112) ) [1)
~& (¢ (prvz (1)) 112).

Proof. (1) Let A = sup;c; Kun (97, %;). If A= oo, there is nothing to prove, so
we can assume that 0 < A < oo. Suppose T = n({T;}) € H%i/ziel %; and, for

1<k<m A= {Ak’i} € o/ and suppose € > 0. Then, for ezislll iel,
dist (T;, ;) < Kan (i, ;) dan (Ti, 7, %) < Adan (Tr, 4, %) -
Hence there is a unitary U; € %; such that
|UiAri — Ax,Ui|| < €
for 1 < k < m and such that
dist (T;, o) < A(||UT; — T;Ui|| + €) .
Hence, for each i € I there is a C; € & such that
17i = Gill < A(|UTi — TLUi|| + €)

Then U = {U;} € [ [%: is a unitary and C = {C;} € &/ . Moreover

icl

dist (T, 7 (/) < | T — (C)]| = limsup | - G|
i—s00
<limsupA (|UT — T +€) = Al (U) T = Tx (U)]| +¢],

—

and, for 1 <k <m,
|7 (U) Ak — Agre (U)|| = limsup || UiAx; — Ax i Ui|| < €.
|—o0
If we let A be the set of all pairs A = (#,¢) with € >0 and .F# = {A|,..., Ay} a
finite subset of 7 («7) and we let V) = m (U) constructed above, then {V, } is a net of
unitary elements of [ [%i/ X:c; %; such that, for every A € (<)
icl
[V2A = AV, || — 0,

and such that

iel icl

dist (T, (/) < Alimsup ||[TVy, — V, T|| < Adan <T7 n() 7H93i/2=%> .
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Hence K, (n(szf) ’H‘@i/zz‘d‘%) <A.
icl
(2). Now we let A = sup,.; K, (%, %;). Suppose T =1t ({T;}) € [ [ Bi/ Zic1 %
icl
and £ > 0. As in the proof of (1), for each i € I, we can choose a unitary U; € (<7, %;)’
and a C; € 7 such that

ICi = Tl < A[UT; = TU; | + €]

/
Hence U = w({U;}) is a unitary in (71:(@7) 7H$i/2ielﬂi> and

icl

dist (T, 7 (/) < limsup||T; — Gi|| < A|UT — TU||

[—o0

< Ad, (T,TL'(JZ{) ,H@,‘/E@,) .

iel i€l

(3) and (4). The proofs are almost the same as those of (1) and (2).

(5). This follows from (2) and (4).

(6). This follows from (2) and (4) and the fact that 2 (%) is weakly injective
when £ is primitive or a von Neumann algebra, which implies K, (2 (%), %) =1.

(7). This follows from (1) and (3) and the fact from [12] that K, (¢",B(H)) <
29 for every Hilbert space H and every unital C*-subalgebra ¢ C B(H).

(8) We can find, for each i € I, a masa .«7; in %; so that </ :Hdi contains .

iel
We know from (5) that

K, (71:(@7) 7]'[%3-/2@,-) < land K, (p () 712[%3-) <1

iel el
Suppose T = n({A;}) € n(«/) with A= {A;} € & and suppose € > 0. We know from
(5) that 2 (H@i/zie, @,-) =r|[][Z (%) |.son (C* (@u [1Zz #)ux® 42%,-))

icl icl icl

=C* (n(_@) uz H%’,/Ziel ,%) > and thus & =g C* (.@U Hff (B)UY? o
icl icl
C /. It is clear that dist <T7C* (77:(@) Uz (H,%-/Z,-g%’,))) is the same as
icl
dist (A,&). However, it follows from Proposition 10 (with % = C) that there is a net

{Ux} of unitary elements of []%; such that
icl

|U2S = SU|| — 0
for every S € & and such that

dist (A,éo) < li)ILnHUlA_AUQLH .
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If JCIand S={S;} € [[%i, we define P;S = {8} € [[%:., where
icl icl
§_ S;ified
! 0ifig¢J "
Since A € o7, it follows, for every finite subset J C I, that PJA € ¥,;; <% C & . Hence,
for every finite J C I, we have

lim [|UyA — AU, || = lim ||Uy Pp ;A — Pp jAU, || -

Suppose F C 7 is finite and € > 0. We write U, = {U) (i)} and, for each D € F,
we write D = {D;}. It follows that the set Iz of i € I for which there is a unitary
W; € %; with

max ||W;D; — D;W;|| < € and

DeF

dist (A, &) < ||WA; — AW;|| + ¢

must be infinite. Hence we can choose a unitary W) = {W(F’g) (z)} so that

W;ifie I(RS)
1 otherwise °

Wire) (i) = {
It follows that
max || DWr.e) — Wi D < €
and
dist (A, &) < |8 (Wir.e)A = AWire)) | = |7 (Wiee)) T = T7 (Wire)) |-
It follows that {7 (W(r¢)) } is a net of unitary elements of | [/ Xc; %: such that

icl
17 (Wiee) S =7 (Wire)) || = 0
forevery S € m () and such that

dist <T7 c* (n: (P9)uZ (H%,-/Z%’,-) ) )
iel icl

=dist (A, &) < lir(r; s1)1p |7 (Wire)) T =T (Wire))||
K

<du (T,C* (n(@)uf (H%’i/zﬂz)) ,H%JE,%) :
icl el il el

The fact that K, (<) < 1 (by part (5)) implies, reasoning as in the proof of Lemma 8,

we see that
Kun (c* (n(@) Uz (]‘[%/2%))) <4
icl icl

The argument for ultraproducts is the same except for considering finite subsets J C [
we consider subsets J not in the ultrafilter o, which shows that I(F7g) co.
(9) . This follows using arguments in the proof of [14, Theorem 4]. [
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3. Representations

In[1] C. Akemann and G. Pedersen showed that central sequences from a quotient
P/ 7 can be lifted to a central sequence in Z. The ideas in their proof can be used
here. Recall from [1] and [2] thatif _# is a closed ideal in a unital C*-algebra % there
is a quasicentral approximate unit, i.e.,anet {ej }, ., in _Z such that

1. 0<ey <1 forevery A € A,
2. |[(1—ep)x||+]x(1—ey)|| — O forevery xe 7,
3. ||be; —e;b|| — 0 forevery b € A.

It is well-known [1] that if 7: % — 28/ _# is the quotient homomorphism, then
|(1—ey)b| — ||z ()| forevery b e A.

THEOREM 17. Suppose 9B and & are unital C*-algebras and m: % — & is a
unital surjective x-homomorphism. If . C A, then

T (Appr(f,%)”) CAppr(n(S),&)".

Proof. Let {e; }, -, be a quasicentral approximate unit for kerz. Then, for every
xX,yEAB,
(1 =ex) x| = [lz ()],
and
(1 =ea)x]y =y [(1=ex) || = llm (x) 7 (v) =7 () w ()]

The second follows from the first statement and

[y(1—ex)—(1—ex)y[| —0.

Suppose x € # and 7 (x) ¢ Appr(m(S),&)". Then there is an & > 0 such that for
every finite subset .7 of . and every 11 > 0 there is a y € & such that

el <1

[z (y) 7 (w) —r(w) ()l <n
forevery w € . and
Iz ()7 (x) =7 (x) 7w ()] > e.

It follows from the above remarks that there is a 4 € A such thatif y .z )= (1 —¢;)y,
then

[yezmll <L

[y mw =wyzmll <n
forevery w € ., and
[y mx —xyiz.m || > &
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Then {y(# )} is a bounded net such that ||y g nyw —wy(z || = 0 forevery w € .7/
and such that Hy({yr’n)x—xy(yrm H —+ 0. Hence x ¢ Appr (7, 8)". 0O

It is easy to show that a direct product of unital centrally prime C*-algebras is
centrally prime. The following result shows that the same is not true for subdirect
products. This gives a way to construct examples of commutative unital C*-subalgebras
of a C*-algebra % for which Appr (a7, %)" is much larger than C* (/U 2 (B)).
Note that in the following lemma the algebra <7 is not assumed to be selfadjoint.

LEMMA 18. Suppose %\, PB.,..., B, are unital C*-algebras and XB C B &
By @ -+ D By is a unital C*-algebra such that the coordinate projection ;1 %8 — A,
is surjective for j=1,2,...,n. Then, for every unital norm closed subalgebra </ of
B, we have

Appr(t, B)" = [Appr(m (), %)) -+ & Appr(m, (), )" N B.

Proof. It follows from Theorem 17 and the surjectivity of 7; that
n; (Appr (o, %)") C Appr(n; (), 5;)"
for j=1,2,...,n. Hence
Appr (o, B)" C [Appr(m (), %) @ DAppr(m, () ,ﬂn)"] NA.

Next suppose bj € Appr (T, (ﬂ),%j)'/ for j=1,2,....nand b=b1 Dby H--- Db, €
A . Suppose {x;L =X 1Dx2D- --éBx;L’n} is a bounded net in & such that, for every
a=m(a)dm(a)® - Em(a) €,

||lax;, —xyal — 0.

Then
i (@)xs,;—xa 7 (a)|| — O for 1 < j<n.

Hence, for 1 < j <n, {x; ;} is a bounded net in %; such that, for every ¢ € 7 (/)
Hx;tﬁjc—cx;L.’jH — 0.
Hence
lxab —bxa || = || (brxa. —x2,101) @ -+ @ (buxiw — X3.ubn) || — O

Hence b € Appr(</,8)". O

COROLLARY 19. Suppose B\, B>, ...,PB, are unital centrally prime C*-algeb-
ras and B C By & --- & B, is a unital C*-algebra such that the coordinate projection
7. B — B is surjective for j=1,2,...,n. Then, for every unital commutative C*-
subalgebra </ of B, we have

Appr(o ,B)" = [C* (m (L) UZ (5))) D & C* (my () U Z (%) NB
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EXAMPLE 20. Let S be the unilateral shift operator on {2, andlet 8 =C* (S* @ S).
It follows that ' ((*) & (02) C B +#C*(S*)@C*(S) and 2 (#B) =C1 C .
IfO#A=A"€ X ((?) and o =C*(A®A), then </ a unital commutative C*-
subalgebra of B, % (B) C o, but

Appr (e, B)" =C* (A)oC* (A),

which is much larger than <7 .

4. C*-algebraic Stone-Weierstrass and continuous fields

Here is our main result in this section. The proof is based on the factor state version
of the Stone-Weierstrass theorem of Longo [17], Popa [19], (and Teleman [22]).

THEOREM 21. Suppose A is a unital separable C*-algebra and </ is a unital
C*-subalgebra of 2 with % (%) C </ . Suppose also { ;i :i € I} is a family of closed
two-sided ideals of A such that

1. If i # jarein I, then
(&N J)+ (o0 7)) =

2. o[ (¥N_7;) is approximately normal in %/ ¢; foreach i € 1.

3. If 7 is aprimitive ideal in &, then there is an i € I suchthat ¢ C _7;.

Then <f is approximately normal in 4.

Proof. Assume via contradiction that T € Appr (7, %)" and T ¢ < . It follows
from the factor state Stone-Weierstrass theorem [17], [19], that there are factor states
o # 3 on C*(«/U{T}) such that o (A) = B (A) for every A € &/. We can choose
S € C*(o/ U{T}) so that o(S) # B (S). Since Appr(e/,2)" is a C#*-algebra con-
taining o/ U{T}, we see that S € Appr(o/, ). It follows from Longo’s extension
theorem [17] that we can extend o and 3 to factor states on %. Let (7y, Hy,eq) and
(71:/37H,3,e,3) be the GNS representations for o and 3, respectively. Since o and 3 are
factor states, 7y (%)" and g (%)" are factor von Neumann algebras; whence ker 7,
and ker7g are prime ideals, which by [8] are primitive. Hence there are i, j € I such
that _#; C kermy and #7; C kermg.

Case 1. i= j. Define p; : 8 — 4/ _Z; to be the quotient homomorphism. It fol-
lows that p; (Appr(</,2)") C Appr(pi(/),pi(B)) = pi(</) since p;i() =
| («/ N _7,) is approximately normal in p; (). It follows that p;(S) € p; (<),
sothereis an A € & suchthat S—A ckerp;= _7;. But ¢ Ckermg and ¢;= 7; C
kermg . Hence 7y (S) = mg (A) and 75 (S) = 75 (A), which implies o (S) = o (A) =
B(A) =B (S), acontradiction. Hence this case is impossible.
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Case 2. i # j. It follows from assumption (2) that (p;®p;) (<) = pi (&) @
pj (7). It follows that (p; ® p;) (#B) = pi(#) © pj(H), and we know from Theorem
17 that

(pi©p)) (S) € (pi & p)) (Appr (<, 2)")
CAppr(pi() @ pj(),pi(B)®p;j(£))
=Appr(pi(<),pi(B))" & Appr(p;(),p; (A))"
=pi(Z)®pj(F)=(pi®p;) ().

Hence there is an A € & such that

S—A €kerp;Nkerp; C kermy, ﬂkerrc,;.
Hence,
which is also a contradiction.

Since Cases 1 and 2 are both impossible, our assumption that <7 is not approxi-
mately normal must be false. This completes the proof. [

COROLLARY 22. Ifin Theorem 21 we replace condition (3) with any one of

1. o is commutative, & (B/ #;) C [ (/ N _Ji) and B _F; is centrally prime
foreveryicl,

2. o =€ (UL (B)) where o is an AF algebra and each _F; is a primitive
ideal,

3. o =€ (UL (PB)) where o is an AH algebra and each #/ J; is a von
Neumann algebra,

4. Z(#) C o and each HB/ 7 is finite-dimensional

then < is approximately normal in 4.

COROLLARY 23. Suppose 9 is a separable unital commutative C*-algebra and
W is a unital C*-algebra, and <%y is a C*-subalgebra of = 2 Q W . If any one of
the following holds,

1. o is commutative and W is centrally prime,
2. o is AF and W is primitive,
3. Ay is AH and W is a von Neumann algebra,

then
Appr (e, B)" = C* (U Z (B)).
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5. C*-algebraic Bishop-Stone-Weierstrass and nonselfadjoint subalgebras

In this section we prove a modest result that applies to commutative nonselfad-
joint subalgebras. The proof relies on the first author’s version of the Bishop-Stone-
Weierstrass theorem for C*-algebras [13]. Suppose <7 is a unital closed (not necessar-
ily selfadjoint) subalgebra of a unital C*-algebra Z. A set & of states on 4 is called
<f -antisymmetric if whenever a € <7 and als is real (i.e., ¢ (a) € R forall ¢ in &),
we have alg is constant. Here is the first author’s Bishop-Stone-Weierstrass theorem
for C*-algebras [13].

THEOREM 24. [13] Suppose <7 is a separable commutative unital closed subal-
gebra of a unital C*-algebra # and b € B and suppose for every <f -antisymmetric
set of pure states on % there is an a € </ such that b|g = a|g. Then b € </ .

THEOREM 25. Suppose % is a unital separable C*-algebra <7 is a unital com-
mutative norm-closed subalgebra of % with % (%) C </ . Suppose also { #i:ie€l}
is a family of closed two-sided ideals of 9 such that

1. If i# jarein I, then
(Z(B)N 7))+ (Z(B)N Jj) = Z(B)

2. o /(N _F) is approximately normal in B/ _f; for each i € 1.
3. If 7 is aprimitive ideal in &, then there is an i € I suchthat ¢; C 7.

Then <f is approximately normal in 4.

Proof. Suppose E is an <7 -antisymmetric set of pure states on %. Since 2 (4)
=2 (B)" C o, itfollows that each element of 2 (%) is constant on E . Suppose, for
k=1,2, that oy € E with GNS representation m; and, by (3), choose i; € I so that
i, Ckerm. If iy # iy, it follows from that there is an x € 2 (%) such that x— 1 €
i, and x € _¢Z;,, which implies m; (x) = 1 and m (x) = 0, contradicting o (x) =
0 (x). Hence there is an i € I such that, for every o € E with GNS representation
m, we have ¢ Ckerm. Let p: % — %/ _#; be the quotient map. We know from
Theorem 17 that p (T) € Appr(p (/),p (#))". However, it follows from (2) that
Appr(p(«),p (%)) = p (/). Hence there is an A € .o/ such that T — A € kerp =
Ji. Hence, for every a € E, o(T) = ot (A). It follows from Theorem 24 that T €
. O

One example of an algebra 2 with a family of ideals satisfying (1) and (3)
in Theorem 25 is by letting # = C(X)®@ # =% (X, #") for some unital C*-algebra
# and some compact Hausdorff space X, and, for each i € X, letting _#; = {fe
C(X,#): f(i) =0}. The trick is guaranteeing condition (2).

In [23] T. Rolf Turner proved that if 7 is an algebraic operator on a Hilbert space
H, then ({T},B(H))" = {p(T):p € Clz}. This leads to the first statement in the
following lemma.
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LEMMA 26. Suppose n € N. Then

1. If T € M,,(C), then the algebra of polynomials in T is normal.

2. If n > 2, the following are equivalent:

(a) ne{2,3}.

(b) Every unital commutative subalgebra of 4, (C) is normal.

Proof. (1). This follows from Turner’s result [ 14].

(2). (a) = (b). First suppose n = 2. It follows from Wedderburn’s theorem that
any commutative algebra &7 C ., (C) is upper triangular with respect to some basis
for C?; whence dim.«7 is at most 2. This means that there is a T € ., (C) such that
</ is the set of polynomials in T ; whence, by (1) above, <7 is normal..

Next suppose n =3 and &/ is a commutative unital subalgebra of .#5 (C). If &/
contains a nontrivial idempotent, then o7 is the direct sum of a subalgebra of .#, (C)
and .7, (C), and the desired conclusion follows from the case n =2. If ./ contains no
nontrivial idempotents, then every element of <7 is the sum of a nilpotent and a scalar
multiple of the identity. Since the algebra generated by a 3 x 3 nilpotent of order 3 is
maximal abelian, the desired conclusion follows from (1) above whenever </ contains
a nilpotent of order 3. If the subalgebra .4 of nilpotents in <7 has dimension 1 then
the desired conclusion follows from (1). Since ./ is commutative and is unitarily
equivalent to a subalgebra of the strictly upper-triangular 3 x 3 matrices, we conclude
that dim.#” = 2. Moreover, every nonzero element of .4 is a nilpotent of order 2,
and therefore has rank 1. A linear space of rank-one operators must have all have the
form e ®x with e fixed or with x fixed and (e,x) = 0 (see, for example, [14, Lemma
4.2]). Here

(e@x)(h) = (h,x)e.

Hence ./ is unitarily equivalent to

abc
M= 0a0 ) :ab,ceC
00a

or
a0c

N = Oab |:ab,ceCy,,
00a

and it is easily shown that .4/ = .4} for j=1,2. Hence .#" is normal. [J

ol A
0 ab
A€ 5 (C) and trace (A) = 0, is commutative and not normal, since (o7,.#, (C))" is
the set of 4 x 4 matrices of the same form without the restriction ¢race (A) = 0.
The following result is an immediate consequence of Theorem 25 and Lemma 26.

The algebra ./ of 4 x 4 matrices of the form ( ) , where o € C and
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THEOREM 27. Suppose K is a compact metric space and % = C (K) ® 4, (C).
Then

1. If T € B, then the norm closed algebra </ generated by {T}U % (B) is ap-
proximately normal, i.e.,

Appr({T},B)" = .

2. If n=2 or n=13, then every unital commutative closed subalgebra </ of 9B that
contains % () is approximately normal, i.e., if % C A is a commuting family,
then Appr (7, B)" is the norm closed algebra generated by . \J % ().

6. Questions and comments

We conclude with a list of questions and comments.

1. If & is any unital C*-algebra, it is clear that 2 (%) is normal. When is % (%)
metric normal or metric approximately normal? It is clear that for 7 € 4, the
inner derivation oy on % defined by 67 (S) = TS — ST extends to a weak*-
continuous operator on 2" | and since the closed unit ball of Z is weak*-dense
in the closed unit ball of %" | it follows that

17| = [|6r

|| = 2dist (T, 2 (%))

On the other hand ||d7|| is clearly equal to d, (T, % (B),%). Hence, for every
TecA,

dist (T, % (B)) < 2K, (Z (#),B)dist (T, 2 (#™)).

The same argument applies if we replace #** with ©(%)", where : 2 —
B(H) is a faithful representation. This makes it easy to see that if Z is primitive,
there is a faithful irreducible representation 7, so

dn(T, 2 (B) ) = |8ty | = 24t (x(T), 2 (m(8)"))
— 2dist (z(T),C1) = 2dist (T, Z (),

which implies K, (2 (#),%) = 1/2. Itis not hard to show that 2 (%) is met-
ric normal when % has a finite separating family of irreducible representations.
However, it is also true for .5 (C (X)) when X is compact Hausdorff space.

2. For which unital C*-algebras is every masa metric normal or metric approxi-
mately normal? In these algebras we know that every commutative unital C*-
algebra containing the center is metric approximately normal. Morover, if, for
a centrally prime algebra 4 there is an upper bound for the 7, (<7 ,PZP) for
all masas .o CPZP with P a projection in A, then it follows that every AH
C*-subalgebra of Z containing 2 (%) is metric approximately normal.
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3. It was shown in Proposition 16 that, if each B; is a von Neumann algebra, then

[1]

[2]
[3]

any commutative C*-subalgebra </ containing the center of H,%- / Yic1 P that
icl
lifts to a commutative C*-subalgebra of H%i, is metric approximately normal.

icl
What about those commutative C*-algebras o7 that do not lift? We see that the
general problem almost reduces to masas that do not lift.

Interesting special cases are when .o/ is the C*-algebra generated by a single
normal element or two unitary elements or three selfadjoint elements and / = N.
It was shownn by H. Lin [16] that when each %; is finite-dimensional, then every
normal element in H,%- / Y.ic1 % lifts to a normal element in H,%-. P. Friis and
iel i€l
M. Rgrdam [9] gave a simple proof of Lin’s result when each %; is a finite von
Neumann algebra. If 7 is infinite and %; is an infinite von Neumann algebra for
infinitely many i € /, then there is a normal element 7 in H%’i /Yic1 % that
i€l
does not lift to a normal element of H%’,u Indeed, if S is a nonunitary isometry
il
and

2k
T, = [S” (8" + Y, =55 (1857 (S*)k] s,
fe=1"
then ||T,7, — T,/ T,|| < 2/n and the distance from 7, to the normal operators

is 1. Is C* ({T} V2| [1%i/ et ,%>> normal or approximately normal?
icl
What is a masa in H,%- / Yic; %; that contains T'? There is a similar example
icl
(see [7]) when I =N and %, = #,(C) for each n. There is a commuting
family {71,7», T3} of selfadjoint operators in H‘%’ / Yic1 % that does not lift to

icl
commuting selfadjoints in []%;. There is also [24] a commuting pair U,V of
icl
unitaries [ [%i/ Lie; % that do not lift to commuting unitaries in [ [4;. Are
icl icl

the associated C*-algebras genereated by these families and the center normal or

approximately normal? What are the masas in H%’i /Yic1 % in this case?
il

Let [F3 denote the free group with 3 generators u,v,w. Is C* (u,v) approximately
normal in C* (F3)? In C; (F3)? In %, ?
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