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STAR PARTIAL ORDER-HEREDITARY SUBSPACES IN %(5¢)

QIAN ZHANG AND GUOXING JI

(Communicated by D. R. Farenick)

Abstract. Let %(.7) be the algebra of all bounded linear operators on a complex Hilbert space
. Tt is proved that a weak operator topology closed nonzero subspace .# in B(H) is
hereditary with respect to the star partial order, that is, for any A € () and Be .4 , A€ A
whenever A*A =A*B and AA* = BA*, if and only if there is a unique pair of nonzero projections
P and Q in A() such that .4 =PAB(H)Q.

1. Introduction

In the last few decades, many researchers have studied properties of various partial
orders on semigroups, such as minus partial order, star partial order, left and right star
partial order, and so on (cf. [1, 2, 5, 6, 10]). Moreover, some of these partial orders
have been extended to the matrix and operator algebras and many interesting results
have been obtained.

Let M, be the algebra of all n x n complex matrices. One of the orders on M,
*

is the star partial order < defined by Drazin in [6]. Let A,B € M,,.Then we say that

A % B if A*A =A*B and AA* = BA*. We note that this definition can be extended to a
C* -algebra by the same way. In particular, it can be extended to the C* -algebra ()
of all bounded linear operators on a complex Hilbert space .7#. For example, Dolinar
and Marovt gave an equivalent definition (Definition 2 in [5]) of the star partial order
and considered some properties of this partial order in [5].

As we known for a partial order on Z(.5), the heredity of the partial order is an
important property to consider; for instance, the notion of hereditary subalgebras in a
C*-algebra ([4]). Similarly, we consider partial order-hereditary subspaces in Z(5)
for a partial order “ <.

DEFINITION 1. Let “<” be a partial order on #(s¢) and .# a subspace of
HB(H).Forany A € B(H) and B e A , if A € .4 whenever A<B, then we say that
A is a hereditary subspace with respect to the partial order “<”.
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If . is a hereditary subspace with respect to the star partial order, then we say
that ./ is a star partial order-hereditary subspace of Z(J¢). It is clear .#4* = {X* :
X € .} is also a star partial order-hereditary subspace whenever .# is. We recall
that on operator P € %(J¢) is a projection if P = P* = P2, Let P and Q be two
projections in Z(°) and A4 = PA(7#)Q. Forany A € PA()Q and B € B(H),

*

if B< A, by Corollary 2.4 in [1], we have R(B) C R(A) and R(B*) C R(A*), thus
B e P#A(H)Q. Then itis clear that .# is a weak operator topology closed star partial
order-hereditary subspace. Does the converse hold? We consider this problem in this
paper. It shall be proven in Theorem 1 that if .# is a norm closed star partial order-
hereditary subspace in (), then there is a unique pair of projections P and Q in
B(A) such that 4 NH () =PH (A)Q and A" = PAB(H)Q, where H (H)
is the set of all compact operators in %(.%) and A" is the weak operator topology
closure of .#Z . We next recall some notions.

Let ## and ¥ be two complex Hilbert spaces and Z(7,. %) the space of all
bounded linear operators from 57 to % . We denote by # (") and () the set
of all finite-rank operators and the set of all projections in (), respectively. For
every pair of vectors x,y € 7, xLy means that (x,y) =0 and x®y stand for a rank-1
linear operator on .7 defined by (x®y)z = (z,y)x for any z € . For a subset S
of J (resp. B(H)), [S] denotes the norm closed subspace of 7 (resp. B(H))
spanned by S. For an operator A € Z(5), we write R(A), N(A) and 6(A) for the
range, the kernel and the spectrum of A, respectively. Throughout this paper, we will
denote by I the identity operator on any Hilbert space.

2. Star partial order-hereditary subspaces

For a closed subspace M C .7, we denote by Py the orthogonal projection on M.
Let T € #(5). We denote by Hy =R(T*), H, =N(T), Ky =R(T) and K, =N(T*)
respectively. Then

H =H ©H, =K K> (1)

(ThO
T= ( 0 0) (2)
with respect to the orthogonal decompositions (1), where Ty € Z(H),K)) is an injective
operator with dense range.

and

LEMMA 1. Let .# be a norm closed star partial order-hereditary subspace in
PB(H). Then PR(T)%(%)PN(T)L C A for any operator T € .4 with closed range.

Proof. Let T € ./ with closed range and has the matrix form (2). We have Tj
is invertible. Let Ty = UA be the polar decomposition of 7y. Then A € HA(H;) is
an invertible positive operator and U € %(H;,K;) is a unitary operator. Now we let
A= [54)AdE; be the spectral decomposition of A. For any Borel subset A C 6(A),
we have H| = E(A)H, & (I — E(A))H, . Then

A =E(ANH, & (I—E(A)H, ® Hy = UE(AH, @ U(I—E(A)H, ®K,.  (3)
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Put U1 = U‘E(A)Hl’ A] = E(A)A, U2 = U|(I—E(A))H and A2 = ([—E(A))A on H1

respectively. Then

1

UA; 0 O
T = 0 UA, O
0 0 0

according to the orthogonal decompositions (3). Let

UiA; 00
Th = 0 00
0 00

*
according to the decompositions (3) again. It follows that 7o < T from Lemma 3 in
[5]. Hence T) € .# for all Borel subset A C 6(A). Thus for any simple function

f= X ogxa, on 6(A), where xa(-) is the characteristic function of A, we have Ty =
k=1
> g Ty, € A . Infact, we have
=1
4 Uf(A)AO
Tf: ZOCkTAk: ( fE) ) 0)
k=1

according to the decompositions (1).

Let f(A) =21"! on 6(A). Then f is continuous on (A) and hence there exists
a sequence of simple function {f,} such that |f, — | — 0 (n — o) uniformly and thus
[ £u(A) — F(A)|| = || fu(A) —A~1|| = 0 (n — o). Since .# is norm closed and

(VRO .

it follows that

_ (Uf(A)AO\ (U0
kﬂ( 0 0)‘(00)6”'

It is known that (UE)*(UE) = (UE)*U and (UE)(UE)* =U(UE)* for every projec-
tion E € #(H,). Then UE % U and thus

UEO\ = (U0
(5) = (50)
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UOE 8) € ./ . Then forevery X € Z(H, ), we have (UOX 8) €

A since X is a linear combination of finitely many projections from Theorem 3 in [9].
Take any B € Px, % () Py, . Then

B— By0\ U(U*By) 0
“\00) 0 0
for some By € #(H;,K;). Then B € .# and hence Px, B( )Py, C 4. O
We note that if there is an invertible T € .# , then .# = B(H).

which implies that (

LEMMA 2. Let .# be a nonzero norm closed star partial order-hereditary sub-
space in B(H). Then there exist rank-1 operators in M .

Proof. Take any nonzero T € .# and let T = UA be the polar decomposition
of T, where U is a partial isometry with initial space H; and final space K;, and
A = [5(a)AdE; the spectral decomposition of A as in the proof of Lemma 1. For any
t € (0,|IT|), put T; = UE[t,||T||]JA. It is easy to show that T; # 0 has closed range.
Furthermore, according to the decompositions .2 = H, & H, = E[0,||T|||H; & (I —
E[0,|T||])Hi & H, =UE[0,||T|||JHi ®U(I—E|0,|T||])H, & K> = K| & K;, we have

UE[t,||T|[]A 00 UEL,||T|)A 0 0
T, = 0 00| andT= 0  UU-E[|TINAO
0 00 0 0 0

It follows that 7; < T by Lemma 3 in [5] again. Then T; € .# for all t € (0,[|T||).
Now the desired result follows from Lemma 1. [

THEOREM 1. Let .# be a nonzero norm closed star partial order-hereditary sub-
space in B(H). Then there exists a unique pair of projections P,Q € B(H’) such
that M N\ H(H) =PAH(HA)Q and A" = PB(H)Q.

Proof. The uniqueness is evident. We recall that &2 (.7) is the set of all projec-
tions in #(7¢). For any two projections P,Q € & (s¢), P < Q whenever PQ = QP =
P.Let 7 ={(P,Q):P,Qe€ P () and P.% (H)Q C .#}. We define an partial order
on .7 such that .7 is a poset. We say that (P;,01)<(P,,0>) if Pi<P; and 0;<0Q>
for any pair of (P,01),(P,0,) € . Note that (0,0) € & (). We claim that
has a maximal element with respect to this partial order. For an arbitrary totally order
subset {(P;,0;)} C .7, {P} and {Q;} are also totally order subsets of &?(¢). Then
both {F} and {Q;} have supremums in Z?(.¢), which are denoted by Py and Qp,
respectively. Then (P;,Q;) < (Py, Qo) for all i. For any pair of vectors x,y € ¢, since
P, and Q; converge to Py and Qy in the strong operator topology respectively, we have
||Px — Pox|| — 0 and ||Q;y — Qoy|| — 0. Hence ||Px® Q;y — Pox ® Qpy|| — 0. Since
Px®Qiy=P(x®y)Q; € . forall i and . is norm closed, we have Pox® Qoy € 4 .
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Therefore Py (57)Qy C A , thatis (Py,Qo) € 7 . It follows that 7 contains a max-
imal element (P, Q) from Zorn's Lemma, and then PJ¢ ()Q C .# . 1t is clear that
both P and Q are nonzero from Lemma 2.

Next we prove that .# N () C P# (°)Q. We firstly note that .# NJZ ()
is the closed linear span of all rank-1 operators in .Z .

Let T € .#4 N () be a nonzero operator with the matrix form (2). It is known
that both H; and K, are separable. As in the proof of Lemma 1, if 75 = UA is the polar
decomposition of Ty, then A € #(H,) is injective positive compact operator and U €
ZP(H,K) is a unitary operator. Thus there are an orthonormal basis {¢; : | <i< n}
(n is finite or ) of H; and a sequence of decreasing positive numbers {A;: 1 <i<n}

n
such that A = Y, A;i(e; ® ¢;), where the series converges in norm if n is infinite. It is
i=1

trivial that A;e; @ e; < A for all i. Then

AUe; ;0\ = (UAO Ty O
in@f@ei:( eo®e 0><< 0 0>:<000>:T'

Hence A;Ue; ®e; € .# for all i. It follows that

(T 0 _n AUe;®e; 0
r=(50)-2(*570)

If #NH(A)L P (H)Q, then there exist two nonzero vectors & and 1] such
that T =E®n e€.# and T ¢ P# (¢)Q. Note that

T=En=PE@ON+PEx(1-0)n+(1-P)Ex0ONn+(1-P)Ex(1-0)n.

Put & = (1—P)& and 1 = (1 — Q)n. Then there is at least one nonzero vector in
{&1,Mm } by the assumption. The proof will be divided into three cases.

Case 1. PE =0 and On = 0. We may assume that £ and 7 are unit vectors. For
any unit vectors x; € PJ# and y; € Q7 , we have x| ® y; € P# ()0 C 4 . Put
A=1(x@y+x@n+E@y+E®n) and B=x;®y; +£®n. Note that B€ /4 .

Since (&,x1) = (n,y1) =0, we have A*A = A*B and AA* = BA*. Thatis, A < B.
Thus A € .# . 1t follows that both x; @ N+ ®@y; =2A—B and x| ®y; +x; @ N +
E@Ry—E@N=2A—B+x @y —&E@n arein 4. Weput Aj =x; @y, +x, 31N

and B =x1 @y, +x1 9N+ &Ry, — & ®@n again. Then we similarly have A; % B,
which implies that A} € .#. Thus x; ® N1 =A] —x] ®y; € .4 . Denote by P, the
projection onto the space [x] for any vector x € 7. Then PJ# ()P, C .4 . Hence
PA(A)(Q+ Py) C A and (P,Q) < (P,Q+ Py) € 7. This is a contradiction since
(P,Q) is a maximal element of .7 .

Case 2. PE #0 and On # 0. If there is only one nonzero element in {&;,1},
say, N Z0,then & =0, PE=E and T =& =T—-E@QOn € .4 . IfdimP# =
1, then P ()P, C .# andhence PJ¥ ()(Q+ Py, ) C .# . This is a contradiction
too. Assume that dim P.7#" > 2. Take any unit vectors x| € (P—P¢ ) and y| € Q7.
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Then we have & @ y1,x; ®y; € .4 . As above, we may assume that £ and 1, are also
unit vectors. Let A = (£ @y1 + £ @M +x1 ®y1 +x1@1M1) and B=E @M +x1 @1 .

We can show that A*A = A*B and AA* = BA*, which means that A % B. Note that
Be.# andso A€ .# . Thus x; @My =2A— &Ry, —E®@N| —x @y, € .4 . For any
x € P7, we have x = x; + a§ for some x; € (P—P¢)./¢ and o € C. It follows that
x@Mm =x1@Mm+oly € #. Hence P (H)(Q+ Py, ) C .#, a contradiction. We
similarly have a contradiction if £; # 0 and 1; = 0. Thus both &; and 7; are nonzero.
Since PE@On e A, PEem+&E0n+&om=E@n—PE®@On € .#. Let

2
A=pPéom+&on and B=—1-PE0on+PEom+E @ on+E@m e .

We can also show that A*A = A*B and AA* = BA*. Thus A< B and Aec .Z. It
follows that §; @ QN = (PE@M +&E@0N+& ®@N1) —A € A and thus £ QN =
PERON+& ®On € . That is, there is a rank-1 operator & ® On € .# such that
(I—P)E #0 and (I—Q)0n = 0. We now have a contradiction again.

Case 3. Either P€ or On is 0. Without loss of generality we assume that On =0.
Then T=PE@m+&ome#. & =0,then T=PéEm =EE@n =T € .4
as in Case 2. We can get a contradiction too.

Now we assume that &; # 0. Take any nonzero vector y € Q.7 and put T, =
PERy+T € . Note that T, & P# (A)Q. Since (PE®y)*(PE®y) = ||PE|*y®y
and || PE|Py @y + | PE|Py @ m = (PE ©y)*(T;). we have (PE @) (PE ®y) # (PE®

*
¥)*(Ty). It follows that P ® y < T, does not hold. We know that there are two rank-1
*
operators 71 = x; ®y; and 1> = x, ® y, for some x;,y; € S such that T; < T, for
i=1,2and T, =T + T» from Lemma 3 in [5]. Then T; € .# (i=1,2). If PT1Q =0,

then P10 = PT,Q = PE®y # T» since T» % T,. This implies that T» ¢ P# (J¢)Q
as well as Px; # 0 and Qy,; # 0. Hence by Case 2 this is a contradiction. We can
similarly get a contradiction if PToQ = 0. Thus PT;Q # 0 for i = 1,2. Since T, ¢
P ()0, there is at least one T;, for example T, such that 7> & P.# ()Q. Note
that T, € .4 and Px; # 0 and Qy, # 0. Then 7, satisfies the condition of Case 2. This
is a contradiction again. We similarly have a contradiction if P& = 0. Consequently,
we have A4 N () =Px (H)Q.

Lastly, we prove that .7 = PB()Q. Since .4 N (H) =PH ()0, itis
obvious that PA(#)Q C 4" . 1t is sufficient to show that .7 C PB()Q. Let
T € .# with closed range. By Lemma 1, we have

PR(T)%(%)PN(T)L g .%

Hence,

w

Prry B (A )Py )1 = Priry X (H)Py(ry
CHMNKH(H) =PH (H)Q =PB(H)Q,
which implies that R(T) C R(P). For any operator T € ./, let T;(0 <t < ||T||) be

operators defined as in the proof of Lemma 2. We note that 7; € .# with closed range
such that liII(l) IT; — T|| = 0. We then have R(T) C R(P) since R(T;) C R(P). It follows
—
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that [Ax: A € A4 ,x € ) CR(P). Since Tx € [Ax: A € ./ for all TEZW and any
x € A, we have R(T) C R(P). Similarly, R(T*) C R(Q) forall T € A" . Therefore
T ePAB(A)Q and A" CPA(A)Q. O

COROLLARY 1. Let .# be a nonzero star partial order-hereditary subspace in
M,,. Then there exists a unique pair of projections P,Q € M,, such that .# = PM,Q.

EXAMPLE 1. Let ./ be an infinite dimensional Hilbert space and 5% = .4 &
A . Let

_J(Xn X,
M= {(le X22> o X, X2 € B(A) and Xp1, X2 € %(JV)}.

Then .# is a norm closed star partial order-hereditary subspace such that ¢ (¢") &

In fact, this is easily proved by Douglas’s Range Inclusion Theorem (cf. Theorem
17.1 in [4]). Tt is also known that both .Z* and .# N.Z* are also star partial order-
hereditary subspaces containing % () . However .# \/ .Z* is not star partial order-
hereditary. In fact, we have

«  J (XX,
.//\/.// = {<X21 X22> D X11,X12,X21 E@(JV) and X 6,%/(,/1/)}

Let A=1 (5 ﬁ) and B = (? (I)) , where I € B(./) is the identity operator. It it

*

trivial that A < B and B € .#\/ .#*. However A& .H\| #H*.
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