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STRONG CONTINUITY OF THE LIDSTONE EIGENVALUES
OF THE BEAM EQUATION IN POTENTIALS

GANG MENG, KAIMING SHEN, PING YAN AND MEIRONG ZHANG

(Communicated by K. Veselic)

Abstract. In this paper we study the dependence of the Lidstone eigenvalues A,,(q), m € N,
of the fourth-order beam equation on potentials g € LP[0,1], 1 < p < eo. The first result is that
Am(q) have a strongly continuous dependence on potentials, i.e., as nonlinear functionals, A,(q)
are continuous in g € LP[0,1] when the weak topology is considered. The second result is that
Am(q) are continuously Fréchet differentiable in potentials ¢ € LP[0,1] when the L? norm is
considered. These results will be used in studying the optimal estimations for these eigenvalues
in later works.

1. Introduction

Recently, we have undertaken a systematic study in papers [8, 9, 15, 18] on the de-
pendence of solutions and eigenvalues of the second-order Sturm-Liouville operators
on potentials. It has been shown that eigenvalues of Sturm-Liouville operators have
the strongly continuous dependence on potentials, i.e., as nonlinear functionals of po-
tentials, eigenvalues are continuous in potentials even when the weak topologies are
considered for potentials. These strong continuity results have been applied to solve
several interesting extremal problems and optimal estimations for the corresponding
eigenvalues in papers [14, 19]. See also the survey article [16]. This has given another
approach to solve extremal problems on eigenvalues, which is different from that in
[6, 7].

In this paper, we will study the dependence of eigenvalues of the following fourth-
order beam equation on potentials g

YW (@) +qx)yx) =2Ay(x),  x€[0,1]. (1.1)

Here g € 7 := LP([0,1],R), endowed with the L” norm ||-|[,, where 1 < p < eo.
With the Lidstone boundary condition

y(0) =y(1) =0=y"(0) =y"(1), (1.2)
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it is well-known that problem (1.1)—(1.2) has a sequence of (real) eigenvalues
Ai(g) <A2(q) <+ < Au(q) <

such that lim,,;—.c An(g) = +oo, see [5]. Notice that solutions y(x) of (1.1) are in the
Sobolev space W*1([0,1],R). For example, one has for constant potentials

Am(c) = (mr)*+¢  VmeN, ceR. (1.3)

It is a basic result that A,,(¢) are continuous in potentials ¢ when the L” norm
|- |l for g € £7 is considered. For the Lebesgue spaces .£7, besides the norm
topologies || - ||, one has the weak topologies w, which are defined as follows. We
say that g, — ¢ in (Z7,w),), if

1 1
/ qnvdx—>/ gqvdx Yve L7
0 0

where p* = p/(p— 1) is the conjugate exponent of p. A functional f: ¥? — R is
said to be strongly continuous if f: (.Z”,w,) — R is continuous. Evidently, strong
continuity of f implies that f: (£7,]-||,) — R is continuous.

One of the main results of this paper is the following strong continuity of A,,(q)
ingq.

THEOREM 1.1. For each m € N, as a nonlinear functional, Xy,(q) is strongly
continuous in g € L, where 1 < p oo,

Another result of this paper is the following continuous Fréchet differentiability of
Am(q) in g € £P with the L norm || - |,

THEOREM 1.2. As a nonlinear functional of q € (Z7,||-|,), eigenvalue A,(q)
is continuously Fréchet differentiable. Moreover, the Fréchet derivative is given by

94An(q) = E;(-,q), (1.4)

where E(-,q) is an eigenfunction associated with A,(q) satisfying the normalization

condition:
1Em(- )2 = (/E2xq ) _ 1

Here (1.4) is understood as the following bounded linear functional ¢ of (<Z7,||-||,)
1
- / E2(vqh()dx  Vhe.ZP. (1.5)
0

The continuity and differentiability results of this paper are the basis to study
eigenvalues in a quantitative way. As did in [14, 15, 16, 19] for the second-order sys-
tems, we will undertake quantitative analysis for eigenvalues of the fourth-order beam
equation in future works.
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The paper is organized as follows. In Section 2, after recalling some basic facts
on fundamental solutions and eigenvalues of linear systems, we will prove that the first
eigenvalue A;(g) of (1.1)—(1.2) is strongly continuous in g € £?. In Section 3, we will
use the induction principle to give the proof of Theorem 1.1. In these proofs, different
from the approaches used in [8, 11, 15, 18] for the second-order equations, we will ex-
tensively exploit the minimax characterization for eigenvalues A,,(¢). Such a technique
is also used in [4, 12] to obtain some strong continuity of weighted eigenvalues and the
first non-trivial Fucik curve of the Laplacian in weights. Finally, Theorem 1.2 will be
proved at the end of Section 3.

We end the introduction with the following remark. We can argue in a similar
way to prove that the strong continuity and Fréchet differentiability of eigenvalues in
potentials obtained above also hold for other self-adjoint boundary conditions, such as

y(0) =y(1) =0=y'(0) =y'(1),

or
y(0) =y(1) =0=y'(0) =y"(1).
2. Preliminary results

Given g € .£P, where 1 < p <o, and A € R. We consider equation (1.1). Let
©i(x,A,q) be the fundamental solution of Eq. (1.1) satisfying

(¥(0),Y'(0),y"(0),y"(0)" =ei,

where 1 <i< 4. Results in [8, 18] show that solutions of (1.1) have strongly continuous
dependence on potentials ¢.

LEMMA 2.1. As nonlinear operators, the following solution mappings
Rx(gpva)_)(c3v“'||c3)7 (l,q)—wpi(-,?t,q), (2.1
are continuous, where 1 <i < 4. Here C3 = C3([0, 1],R).

As for the first eigenvalue A;(q), one has the following minimization characteri-
zation.

LEMMA 2.2. ([1]) There holds

, (2.2)

where
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The following lemma shows that 4;(¢g) can be estimated using ||¢||; from bellow
and from above.

1 LEI‘V‘IMA 2.3. As a functional, A(q) is bounded for q in any bounded subset of
51 11)-

Proof. Let us take u in (2.2) as y(x) := v/2sin(7x) € C3. Then |[y|> =1 and

1
M@ < [ (WP +av?) ar< W3+ IvIElal = +20gl. @3

N

On the other hand, for any u € C(z) with u # 0, one has

1 2 1
2 wlas) < [ e
0 0
X 1 1
:uu’|0—/ uu”dxé/ |un"'| dx
0 0
< lull2fle” 2, (2.4)
and

_lallillellz v2[ull2

1
| sz~ gl 2 =

V2 [ull2
L (llgllillll3 | 2ul%
>—— . 2.5
7 (M S >
Let us write (2.4) as
2
ul|%
By (2.5) and (2.6), one has
1 1 20,112
112 2 )2 2 llqllyllull3
dx = dx> ———=.
| (@) ar= B+ [ qu )
Thus (2.2) yields
M(q) = —llqlli/4. @7

Now (2.3) and (2.7) have proved the lemma. [

For g € !, let E|(x,q) be an eigenfunction associated with 1;(q) satisfying
the normalization condition: ||E|(-,q)|l» = 1. For definiteness, we always take the
normalized eigenfunction Ej(x,q) of Ai(g) so that E{(0,q) > 0. Then E;(x,q) is
uniquely determined.

LEMMA 2.4. Let g, — qo in (L', w1). Then, up to a subsequence, one has some
E € C? such that
Ei(qn) —E  in (C-lles)- (2.8)
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Proof. Since g, — qo in (£, w1). [|gu|l1 is bounded. By Lemma 2.3, up to a
subsequence, one can assume that A;(g,) — A for some 4 € R.

Due to the Lidstone boundary condition (1.2), one has a,, b, € R, n € N, such
that

E, (x7 CIn) = an%(xaxl (CIn)7CIn) + bn(p4(xvx’1 (CIn)aCIn)' (2.9

Step 1. We claim that {a,} is bounded.
If not, let us assume that |a,| — . Then {b,} would be unbounded. Otherwise,
if {b,} is bounded, one has b, /a, — 0. By Lemma 2.1,

by 5 N
20 (%) := @2(x, A1(qn), qn) + a—(P4(X,M (@n),qn) = @2(x,A,q90) =:2#0  (2.10)

in (C3,] - || cs). Recall that

1 1
1= (B a=a- [ Fodx @.11)

This is impossible because a, — o and z, — Z % 0. Thus both {a,} and {b,} are
unbounded in the present case. Notice that (2.11) can be rewritten as

1 1
1= /O (E1(x,qn))> dx = b2 /0 2(x)dr, 2.12)

where

flx) = Z—sz(x,mqnmn) +@a(%, 21 (0n) dn)-

We distinguish two cases. The first case is that {a,/b,} is bounded. Arguing as
before, it follows from Lemma 2~.1 that, up to a subsequence, Z, will tend to a non-
zero function of the form ¢, (x,A,q0) + @4(x,A,q0), where ¢ € R. By (2.12), this is
impossible because {b,,} is unbounded. The second case is that {a,/b,} is unbounded.
Then, up to a subsequence, one has b,/a, — 0. Thus one still has (2.10). Therefore
(2.11) is impossible because {a, } is unbounded. These contradictions have shown that
{an} is necessarily bounded.

Step 2. We claim that {b,} is bounded.

This can be proved as in Step 1.

Step 3. From Steps 1 and 2, let us simply assume that a, — ag and b,, — by. By
setting

E(x) := ao@a(x, 2,q0) +bo@s(x. X, qo), (2.13)
convergence result (2.8) follows immediately from (2.1) in Lemma 2.1. [
Based on the minimization characterization (2.2), we will prove the following

strong continuity of 4;(g) in g € £'.

LEMMA 2.5. As a nonlinear functional, A1(q) is strongly continuous in q € L.
Precisely, if g, — qo in (L', wy), one has then Ay(q,) — A1(qo).
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Proof. Let us take the first (normalized) eigenfunctions y,(x) := E|(x,g,) with
potentials g,, where n > 0. From the minimization characterization for A;(go), one
has

1 1
/()(y3)2dx4r/0 qoygdx = A1(qo),

1 1
/O(yﬁ{)zder/O qoy2dx = A1(qo),

and, from the minimization characterization for A, (g, ), one has
! 11\2 ! 2
| omracs [Canide=ia),

1 1
| o02act [ andacma).

Here n € N is arbitrary. From these, we obtain
1 1
/o (gn — q0)y2dx < A1(gn) — Ai(qo) < /0 (¢n—qo)ygdx  VneN. (2.14)
By the definition for g, — go in (£, w),), one has
. ! 2 . by by
lim | (40— qo)ypdx = lim (/O qnyodx—/o qoyodX) =0.

n—oo

On the other hand, by applying Lemma 2.4 to E(-,g,) = yn, n € N, one has

1 N 1 _
/(qn—qo)Ezder/ (g0 —q0) (vs — E*)dx
0 0

/Ol(qn —LIO)YﬁdX' =

1 1
< ’A QnEzdx—‘/O CIOEde’+||CIn—CIO1y,%—E2||N
—>07

because g, — qo in (L1, w1), y2 — E? in (C3,|-||c3) and ||gn — qol1 is bounded.
Now (2.14) shows that lim, .. A;(g,) = A1(qo) (for any possible convergent subse-
quence). The theorem is thus proved. [J

Because of Lemma 2.5, the limiting function E(x) in result (2.8) of Lemma 2.4 is
independent of the choice of subsequences and is actually Ej(x,qo). Thus Lemma 2.4
can be improved as the following strong continuity result.

COROLLARY 2.6. The following (nonlinear) eigenfunction operator is continu-

ous
(glawl)_)(CGvH'”Cﬁ)a 6]_>E1(751)

We remark that if g, — go in (Z',w), it is possible to use equations (1.1) for
Ei(-,q,) to show that

EY () = EP(q0)  in (L wy).
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3. Proofs of main results

For m € N, we choose some normalized eigenfunction Ej,(x,q) associated with
the mth eigenvalue A,,(q) of problem (1.1)—(1.2). Denote

mel,q = Span{El('7‘1)7"' »Emfl(WQ)} C "gz
and X
v, = {u €L (uv) = / uvdx=0Vv e le_q} .
: 0 :
Recall that {E,(-,q) }uen are orthogonal

<Ei('7CI)7Ej('7CI)> =0 VZ#] (3.1)

We have the following variational characterization of eigenvalues, which is a limiting
case of the minimax principle [3].

LEMMA 3.1. For m € N with m > 2, one has the following minimization (or
minimax) characterization

1 2 2
u')" 4+ qu”) dx
Am(qg) = min Jo (( 2 q ) )
ueC%mVéilA’q fO uzdx
u#0

(3.2)

Now we are ready to prove the theorems stated in the introduction.

Proof of Theorem 1.1. Since (£, w)) is the weakest topology, it suffices to show
the theorem for the case p = 1.
Suppose that g, — qo in (£, w;). We claim that for m € N,

,}g{}okm(q") = A‘m(‘IO)a (33)
1im En(-,qn) = En(-,q0)  in (C*,]| - lcs). (3.4)

We will prove (3.3)—(3.4) by induction on m € N. Notice that Lemma 2.5 and
Corollary 2.6 state that (3.3)—(3.4) hold for m = 1. Inductively, let us assume that
(3.3)-(3.4) hold for all 1 <m < k— 1. In this case, (3.4) can be rewritten as

Jim Vi1 g, =Vio14, in (€11 lles)-
From this, it is easy to verify that
fu€ViEy,, and fy— fin (C3]|-[l3) = F€ViE - (3.5)

For simplicity, let us write y,(x) = Ex(x,q,) € Vi- | g forne Z* . By the same
arguments as in Lemma 2.4, there exists y such that, up to a subsequence,

o= pin (C2] -l s)-
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By (3.1) and (3.5), one has y € V- | g0+ Since [|yu[[2 =1 for all n, one has

lwla=1. (3.6)

Let us decompose
k—1
Yo = Up+Vp=up+ Z a;Ei(-,qn),
i=1
where u, € V- | g and v, = SV AE(,qn) € Vi1, Notice that
2 2 S e 2 2 e
L= |lyollz = lluallz + X, @) IIEi(-,qn) 13 = luallz + D (@)*.
i=1 i=1
In particular, |a?| <1 forall i=1,....,k— 1 and n € Z". Thus, up to a subsequence,
Vp — Vo € kal,qo in (C37 H ' ||C3)

and then
Uy — Uy € Vk{17q0 in (C37 || : HC3)'

Since yo = ug + vp, we have
up =Yyo and Vo) = 0.

Then
n —yoin (C3] - |ls)  and v, —0in (C, |- ||cs)- (3.7)

Let us decompose
Yn = Wn + 2, where w,, € V,}_qu and z, € Vi—1,4,-
Similarly, one has
wy — win (C2]|-[les) and  z, — 0in (C3, |- [|3)- (3.8)

By Lemma 3.1, one has, forall n € N,

1 1
/O (1 + v)")? dx + /0 0t + v dx = A (qo), (3.9)
1 1 1
[ nrace [Camdacsaia) [ w2 G0
0 0 0
and
! 2 ! 2
/0 (W + 20)/")2dx + /0 n (W + 20 dx = Ae(g), (3.11)

1 1 1
/O(u;{)2dx+/0 qnuﬁdx>xk(qn)/o u? dx. (3.12)
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From (3.10) and (3.11), we have
1
Melan) = Malao) [ whds
1 1 1
>/ (W +20)") dx+/ (W +20)? d — (/ (w;;)2dx+/ qowﬁdx)
0

_/ 2w” //dx—|—/ // dx+/ —qo)w dx—|—/ 2qnwnzndx—|-/ qnZ, 2 dx.

By (3.6) and (3.8), one has

1
liminf(A(gn) — Ak(qo)) = liminf (?Lk(qn) - kk(qo)/ w2 dx) >0
n—soo 0

n—oo

Similarly, from (3.9) and (3.12), we have

M) [ e~ halao)

1 1
< [l uirans [ audac— ([ 2acs [t +2a)
1
/Zu” " dx — / " dx—|—/ qo)uﬁdx—/ 2qounvndx—/ gov? dx.
0 0

Because of (3.7), one has ||u,||2 — |[yol[2 = 1. Thus

n—oo n—oo

imsup (i)~ 2ao) = Timsup (Aulan) |42~ 2an) ) <0

These have proved (3.3) for m = k.
Furthermore, result (3.4) can be proved by the same arguments as in Corollary
26. O

Proof of Theorem 1.2. The continuous Fréchet differentiability A,(q) in
g € (Z7.]]|p) is a conventional result [10, 17]. In the following we will compute
the Fréchet derivatives. Notice that for any ¢, h € £? and 7 € R, E, (x,q+ Th) satis-
fies

ES (v, g+ Th) + (9(x) + Th(x)) En(x, g+ Th) = A(q+ Th)Em(x,q+Th)  (3.13)

for x € [0,1] and boundary condition (1.2). To find the Fréchet derivative ¢ := d;A,(q) -
h € R, let us expand E,,(x,q+ th) and A, (q+ Th) as

En(x,q+th) = Ep(x,q) + 1z(x) +0o(7) and A, (q+Th) = An(q) + T€ +0(7)

when T — 0. Expanding (3.13), we know that z(x) satisfies the inhomogeneous beam
equation

2V )+ (g(0) = An(@)z(x) = (€= h(x) Enlx,q),  x€[0,1], (3.14)
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and the boundary condition
z(0)=2z(1) =Z"(0) =7"(1) =0. (3.15)

In order that Eq. (3.14) has solutions z(x) satisfying (3.15), by the Fredholm
principle, it is necessary that the inhomogeneous term of (3.14) is orthogonal to the
eigenfunction E,(-,q), i.e.

[ - nenEsaan=o.

As Ep(-,q) is normalized, we know that

1
0= [ EAxh(x)x.
0
This gives (1.4) and (1.5). O

In conclusion, we have established for the fourth-order beam equation (1.1) the
continuity of eigenvalues in weak topologies of potentials and the continuous differen-
tiability of eigenvalues in the norms of potentials.

Like the corresponding results for eigenvalues of Sturm-Liouville operators, these
results can lead to many interesting extremal problems. For example, let 1 < p < oo
and r > 0. Theorem 1.1 shows that the following extremal problems

r},
r},

can be attained by some potentials, because balls in spaces £7 are compact in weak
topologies w,. Moreover, the continuous differentiability of eigenvalues in Theo-
rem 1.2 shows that these problems can be determined using the Lagrangian multi-
plier method. Since Eq. (1.1) is a linear Hamiltonian systems of two-degree-freedom
[13], the corresponding critical equation is some nonlinear Hamiltonian system of two-
degree-freedom. A complete analysis for these extremal problems is much complicated
and will be given in future works.

Lzmp(r) = mln{xm(q) 7RSS gp, ”cl”P

<
M, (r) :=max {Anu(q) : g € L7, |lq, <
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