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COMPLETELY POSITIVE LINEAR MAPS ON MAXIMAL
AND MINIMAL OPERATOR SYSTEM STRUCTURES

XIN L1 AND WEI WU

(Communicated by B. Magajna)

Abstract. An s-entanglement breaking map between operator systems is a point-norm limit of
entanglement breaking maps, which are a generalization of the corresponding notion in matrix
algebras. We develop some of the key properties of this map, and obtain some conditions when
the completely positive linear maps between operator systems coincide with the s-entanglement
breaking maps. Especially we show that a linear map from a nuclear operator system to the
maximal operator system structure of an Archimedean ordered *-vector space is completely
positive if and only if it is s-entanglement breaking. We also discuss the relationships between
s-entanglement breaking maps and weak * -entanglement breaking maps, and nuclear maps be-
tween operator systems.

1. Introduction

In [4], Kadison proved that every function system, i.e., an ordered real vector space
with an Archimedean order unit, can be represented as a vector subspace of the space of
continuous real-valued functions on a compact Hausdorff space via an order-preserving
map which carries the order unit to the constant function 1. This result motivated Choi
and Effros to obtain a noncommutative analogy: any operator system, i.e., a matrix
ordered *-vector space with an Archimedean matrix order unit, is completely order
isomorphic to a selfadjoint subspace of a unital C*-algebra that contains the unit [1].
Choi and Effros’s characterization is a very useful tool in a number of areas: operator
spaces and completely bounded maps [7], metric aspect of noncommutative spaces
[11, 12], quantum information theory [10], etc..

To create a theory for operator systems themselves, Paulsen, Todorov and Tom-
forde introduced the operator system version of the MIN and MAX functors from the
category of normed spaces into the category of operator spaces. Some key properties
were developed [9]. As an application, they investigated the relation of completely
positive linear maps to the entanglement breaking maps between matrix algebras. In
particular, they proved that a linear map ¢ : M,, — M,, is entanglement breaking if
and only if there exist positive linear functionals s; : M, — C and matrices P, € M|,
where [ =1,...,q, such that ¢(X) =¥, s;(X)P,. There they raised the question:
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Given an operator system (., {C,}*"_,,e) and an Archimedean ordered *-vector space
(W,WT.f), is a completely positive linear map from . to OMAX (W) a ‘limit’ of
sums of maps of the form ¢(a) = s(a)P, where s is a positive linear functional on .’
and Pe WT?

In this paper we discuss the problem above in the point-order topology on oper-
ator systems. We begin by investigating the order topology on operator systems and
introducing entanglement breaking maps and s-entanglement breaking maps between
operator systems. We obtain some key properties of s-entanglement breaking maps
between operator systems which are the generalizations of the matrix algebra case.
In Section 4 we discuss the relation of s-entanglement breaking maps to completely
positive linear maps between different operator system structures. We give a nuclear
characterization of s-entanglement breaking maps between operator systems in Section
5. The next section is devoted to some notions on operator system structures.

2. Operator system structures

In this section we recall basic definitions. Let W be a real vector space. A cone in
W is a nonempty subset P C W with the properties:

1. ApeP forany A >0 and p € P;
2. p+qgeP forany p,geP.

An ordered real vector space (V,V™) is a pair consisting of a real vector space V and a
cone VT CV satisfying VT N—V* = {0}. In an ordered real vector space (V,V*), an
element e € V is called an order unit for V if for each v € V' there exists a real number
r>0 suchthat re—veVvT.

A x-vector space is a complex vector space V with a conjugate linear involutive
map *:V+— V. Ina x-vector space V, the hermitian elements of V are the elements in
the set V, = {v € V :v* =v}. An ordered *-vector space (V,V') is a *-vector space
V together with a subset V1 C V), satisfying the following properties

1. V' isaconein Vj;
2. VtN—v* ={0}.

When we have an ordered *-vector space (V,V™1), a partial ordering > is defined on
Vi: v>wifandonlyif v—we V™.

A hermitian element e in an ordered *-vector space (V,V™) is called an order unit
for V if, for any v € V},, there exists a real number r > 0 such that re > v. And an order
unit e for an ordered x-vector space (V,V™) is called Archimedean if whenever v € V
and re+v > 0 for all real number r > 0, we have that v € V™. An Archimedean ordered
x-vector space is a triple (V,V™',e), where (V,V™") is an ordered *-vector space and e
is an Archimedean order unit for V. A linear functional f on an Archimedean ordered
x-vector space (V,V™T,e) is positive if f(VT) C[0,4c0) and a state if it is positive and
f(e) =1. Welet S(V) denote the set of all states on V and call it the state space of V.
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Let V be a x-vector space. For m,n € N, we let M,,,(V) denote the set of all
m x n matrices with entries in V.. We write M,(V) := M, ,(V), My := My »,(C) and
M, := M, ,. With the natural addition, scalar multiplication and = -operation, M,(V)
becomes a x-vector space. The multiplication by scalar matrices on the left and right
can be defined in a way similar to the multiplication of two scalar matrices. We let 0,
be the n X n zero matrix.

A matrix ordering on a x-vector space V is a sequence of sets {C, };-_; satisfying

1. each C, is acone in M,(V)y;
2. G,N—C, ={0,} forall n € N;
3. X*C,X CCy, forall myn e N and any X € M, ,,.

And a x-vector space with a matrix ordering is called a matrix ordered x-vector space.
In a matrix ordered *-vector space (V,{Cy,}:"_,), for v €V we denote

V= eM,(V).

v

An element e € V, is called a matrix order unit for V if e, is an order unit for
(M, (V),C,) foreach n. An element e €V}, is called an Archimedean matrix order unit
for V if for each n, e, is an Archimedean order unit for (M,(V),C,). An (abstract)
operator system is a triple (V,{C,}7"_,,e), where (V,{C,};;_,) is a matrix ordered *-
vector space, and e € Vj, is an Archimedean matrix order unit for V.

Given an Archimedean ordered *-vector space (V,V™' e). A matrix ordering
on (V,V*,e) is a matrix ordering {C,}>_, on V such that C; = V. An operator
system structure on (V,V™ e) is a matrix ordering {C,};_, on (V,V', e) such that
(V.{C.}:>_,,e) is an operator system. For two matrix orderings & = {P,}>_, and
2={0,}7, on (V,V*t,e), we say that & is stronger than 2 or 2 is weaker than
P if P, C Q, forall n. On any Archimedean ordered x-vector space (V,V ™, e) there

are two operator system structures " (V) = {C""(V)}>_,, where

crin(v) = {(v,-j) EM,(V): Y Lidjwij € VT forall Ay,... A € (C},
i,j=1

and €™ (V) = {C™(V)}_,, where

Cr(V)={A € My(V) : rey + A € D (V) for all r > 0}

and

i=1

k
Dzwx(v) = {Zai®vi:viev+,ai€M;f7i= 1,...,k7kEN},

which represent, respectively, the weakest and strongest operator system structures on
(V,VT.e) [9]. The operator systems (V,6™"(V),e) and (V,£"*(V),e) will be simply
denoted by OMIN(V) and OMAX (V).
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Let . and 7 be vector spaces. A linear map ¢ : . +— 7 induces a linear map
") : My (%) > M,(T) given by

0" ((si)1<i,j<n) = (D(5i.)))1<ij<n-

If (&,{C.} i e) and (T, {Dn};,f) are operator systems, then a linear map ¢ :
S — T is called n-positive if ¢ (C,) C D, for some n € N, and completely positive
if $()(C,) C D, foreach n € N. A 1-positive linear map will be called a positive map.

3. s-entanglement breaking maps

In this section we introduce the s-entanglement breaking maps between operator
systems. Some key properties of s-entanglement breaking maps will be developed.
Let (V,V™) be an ordered real vector space with order unit e. For v € V, let

|[v[| =inf{r e R:re+v>0andre—v > 0}.

Then || -|| is a seminorm on V, the order seminorm on V determined by e. Moreover,
when e is an Archimedean order unit, || - || is a norm by Proposition 2.23 in [8]. In
this case, it is referred to as the order norm and the topology induced by it is called the
order topology on V.

Let (V,V™) be an ordered x-vector space with order unit e, and let || -|| be the
order seminorm on Vj,. A seminorm p(-) on V is called a x-seminorm if p(v*) = p(v)
forall v € V. An order seminorm on V is a x-seminorm |||- ||| on V with the property
that ||[v]|| = ||v]| for all v € V},. If a *-seminorm or an order seminorm on V is in fact
a norm, it is called a *-norm or an order norm on V , respectively. In general, there
are many order seminorms on an ordered *-vector space. Given an operator system
(«7,{C:};7_1,e), we obtain an Archimedean ordered *-vector space (-,Ci,e). So
we have an order norm on .¥’ which is unique up to equivalence by Proposition 2.23,
Proposition 4.9 and Proposition 4.11 in [8]. The topology induced by the norm will be
called the order topology on .7 .

PROPOSITION 3.1. Let (/,{C,};_,,e) be an operator system. Then each
(M, (),Cy,en) is an Archimedean ordered x-vector space. For any X), = (xﬁ) with
A €A and X = (x;5) in M,(”), we have that limy X; = X in the order topology
on M,(&) if and only if limlxl?; = x;j in the order topology on ./ for all i,j €

{1,2,...,n}.

Proof. Since forany n € N, (M,,(-*)s,Cy,en) is an ordered real vector space with
an Archimedean order unit e,, an order norm || - ||, on M, (%), is determined by e,,.
For Y = (yij) € M, (.), we set

fo.y
= (3,

Then ||| |||, is @ *-norm on M, (.¥). Moreover, it is an order norm on M, (.%).

2n
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Forany i € {1,2,...,n}, let E; be the n x 1 matrix with i-th row is one and others
are zero. Given Y = (y;;) € M,(’) and any € >0, forany i, j € {1,2,...,n} we have

Oyij)
Y ntE€)e + %
(Il elea (2%
_(UllY][ln+e)e  =EIYE;
LEJYE; ([[[Y]lln+e)e
(Bl +es  LEYE,
+EYVE Ej([[Ylln+€)en;

C(E 0N ((IYIlla+e)en Y Ei 0 .
o v (¥l eden) L0 E) €

Hence |[|y;]|[1 < [|[Y[]». Similarly, we can prove that ||| E;y;;E}|||» < |[|y[|1 for any
i,j€{1,2,...,n}. So we obtain
il <Y e = 112 EviiES W n < 22N Ei E5 | < ZF i [ yilh,

forany i,j € {1,2,...,n}. Now we have
A A
I\Ix,-,-—xt'j\lh < [1Xa — X|l]» <ZZj=1|‘|xij_xij‘|‘lv

for any i,j € {1,2,...,n}. This indicates that limy X, = X in the order topology
on M,() if and only if lim xl’.lj = x;; in the order topology on . for all i,j €
{1,2,...,n}. O

We recall that a positive linear functional f : M, ® M, — C is called separable if
there exist [ € N, positive linear functionals g; : M, — C and positive linear functionals
h; M, — C for i=1,2,...,1 such that f:Zlegl@hi. A linear map ¢ : My — M,, is
called entanglement breaking if so ¢") is a separable state for any state s : M, @ M,, —
C and any n € N. By Theorem 6.10 in [9] a linear map ¢ : My — M, is entanglement
breaking if and only if there exist g € N, positive linear functionals f; : My — C and
positive semidefinite matrices P; € My, for i =1,2,...,q such that ¢(x) = X7, fi(x)P;
for x € M.

DEFINITION 3.2. Let (., {Cyn};7_;,e) and (7 ,{Dx};_,, f) be operator systems.
Alinear map ¢ : . — 7 is called entanglement breaking if there exist g € N, positive

linear functionals @; on . and positive elements p; € 7 for i = 1,2,...,q such that

q
d(x) = 2 w;(x)pi, x€.7.
i=1
A linear map ¢ : . — 7 is called s-entanglement breaking if there exists a net
{®2 }ren of entanglement breaking maps from . to .7 such that ¢(x) = limy, ¢, (x)
for any x € . in the order topology on .7 .

PROPOSITION 3.3. Let (-, {Cp};r i e) and (T ,{D,};_\.f) be operator sys-
tems, and let \y be a linear map from . to 7 . If there exists a net of s-entanglement
breaking maps {V;}icr from % to T such that lim; y;(x) = y(x) for any x € .7 in
the order topology on .7 . Then  is s-entanglement breaking.
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Proof. Since each yj; is s-entanglement breaking, there exist a directed set A;,
.. . . n)Ll- .. nx’_
posllltl\llle linear functionals {w;;.},%; on . and positive elements {p;; },%; of 7
such that

2 pj?u

and limy, ;. (x) = y;(x) for all x € .7 in the order topology on .7 . Now we define a
new net of entanglement breaking maps {yy }yea, where A = {(i,4;) :i € [,A; € A}
and vy, = y,_ for some A;, and we have

lim () = y ()

for any x € . in the order topology on .7 . So V is s-entanglement breaking. [

LEMMA 3.4. Let (&, {C,}_,e) and (T ,{Dn}y_.f) be operator systems. If
¢ is a positive linear map from % to 7, then ¢ is continuous for the order topologies

on . and T .

Proof. Let |||-|||1 and ||| ||| be two order norms on . and 7, respectively.
For any hermitian element a € ., we have that —|||a|||ie < @ < |||a|||1e. Since
¢ is positive, we obtain that —|||al||1¢(e) < ¢(a) < |||al||10(e). Also we have that
—lllo(e)lll2f < ¢(e) < ll[@(e)][[2f - So we have

—lllallllllo(e)|2f < ¢(a) <|llalll1lll@(e)]|2f-
Hence [[(¢(a)|l|2 < [l|¢(e)l[]2[llall]: -

Now for any a € .¥, we have that a = “*“
a+a* a—a*
oGt < [[o (%) 4W(2i)
2
a+ta* a—a*
<
ol || || + ot | 5= ||

<2{[le()lll21llalll-

Therefore, ¢ is continuous for the order topologies on . and . [

LEMMA 3.5. Let (Z,{C,};_1.e), (L ADn}i 1, f), (T AEq )y 1.8) and
(% AF,}_\.h) be operator systems. If ¢ :.¥ — T is an s-entanglement breaking
map and @ : Z — & and v : T +— U are positive linear maps, then ¢ o ¢ : % T
and yo ¢ : .S — 9 are also s-entanglement breaking.

Proof. Since ¢ is s-entanglement breaking, there exists a net of entanglement

breaking maps ¢ (x) = X;*| @; ; (x)p;; with A € A, such that lim, ¢, (x) = ¢(x) for
any x € . in the order topology on .7 . For any A and any r € %, we have

»=i@ﬂwmpl
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Since ¢ is positive, all ; ; o @ are positive linear functionals on Z. It is clear that
limg; (¢() = 6(p(r))

for any r € Z in the order topology on .. Hence ¢ o ¢ is s-entanglement breaking.
Similarly, since y is positive, we have that all y(p; ;) are positive elements of %,
and

x»=é@ﬂwWPw

forall A and x € .. By Lemma 3.4, y is continuous for the order topologies on .7
and % , and so we have

V(6L) = limy(6,(9) = lim 3 01 (9w ()

for x € .. Therefore, yo ¢ is s-entanglement breaking. [

Given an operator system (., {C, }+_,,e), a positive linear functional ¢ : M, (%)

— C is called weak™ -separable if it is a weak * -limit of sums of functionals of the form
f®g,where f is a positive linear functional on M,, and g is a positive linear functional
on .. We recall that a linear map ¢ from the operator system (., {C,};r_;,e) to an
operator system (7 ,{D,}_,,f) is called weak™* -entanglement breakmg if for every
n € N and every positive linear functional s : M, (.7) — C, the map so ¢ : M, () —
C is weak * -separable [9].

THEOREM 3.6. Let (7 ,{Cn};_,,e) and (T . {D,};_,,f) be operator systems,
and let ¢ be a linear map from .7 to 7. If ¢ is s-entanglement breaking, then

1. ¢ :OMIN(.”) — OMAX(.7) is completely positive,
2. ¢: S — OMAX(T) is completely positive,

3. ¢:OMIN(S) — T is completely positive,
4

. O is weak™ -entanglement breaking.

Proof. First we assume that ¢(x) = Y/* | @ (x)px, where each @y is a positive
linear functional on . and each py € . Forany n € N and X = (x;;) € Ci""(.7),
since every positive linear functional on any operator system is completely positive [7,

Proposition 3.8], we know that a),En)(X ) = (ax(xij)) € M, for each k. So we have

¢(n)(X) x,, (2 W xl/ ) Zwk ®pk€Dmax(=7)

For the general case, we suppose that ¢(x) = limy, ¢, (x) for any x € . in the
order topology on .7 and each ¢, has the form ¥* @, (x)p;, as above. For any
X = (x;;) € C""(.), by Proposition 3.1 we have

lim ") (X) = lim (92 (x:7)) = (9.x;)) = 0 (X)
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in the order topology on M, (7). Since d))(L") (X) € DP*(7) and CJ(.7) is the
closure of D" (.7) in the order topology on M,(.7) by Proposition 3.20 in [9], we
obtain that ¢ (X) € C"*(.7). Hence ¢ : OMIN(.”) — OMAX(7) is completely
positive, and so ¢ satisfies (1).

Since {C"}>_, is the weakest and {C"*}*_| is the strongest in all of the oper-
ator system structures on an Archimedean ordered *-vector space, (2) and (3) follow
from (1). By Theorem 6.15 in [9], (3) and (4) are equivalent. This proves (4). [

4. Completely positive linear maps

In this section we discuss the relationship between completely positive linear maps
and s-entanglement breaking maps between different operator system structures.

LEMMA 4.1. Let (V,V".e) be an Archimedean ordered x-vector space. If
OMAX (V) # OMIN(V), then there exist an operator system (%, {C,}r_,,f) and a
completely positive linear map ¢ from the operator system (., {C,}5_, f) to the op-
erator system OMAX (V) which is not s-entanglement breaking.

Proof. Choosing (,{Cy};_,,f) = OMAX (V) and ¢ = idy. Then ¢ is a com-
pletely positive linear map from the operator system (.,{C,};_, f) to the operator
system OMAX (V). However, ¢ is not s-entanglement breaking, otherwise by (1) of
Theorem 3.6 we have that ¢ : OMIN(.) — OMAX (V) is completely positive. And
by the definition of minimal operator system we have that OMIN(.¥) = OMIN(V).
Since ¢ is the identity map, we get that C"" (V) = C"*(V) for all n. This contradicts
the assumption. [

EXAMPLE 4.2. For m,n € N, alinear operator a € B(C" ® C") is said to be block
positive if (a(E®n),E®n) >0 forall £ € C™ and n € C". A linear operator a €
B(C™ @ (C") is called separable positive if it can be written in the form a = 2{-‘:1 b; @ c;
for some positive semidefinite operators b; € B(C™) and ¢; € B(C") fori=1,2,... k.
It is known that C"*(M,,) is the set of block positive linear operators on C" @ C" and
C'*(M,) is the set of separable positive linear operators on C” @ C" [3]. For n > 2,

let {eg?) #;—; be the matrix units of M, . Take

(n)

®el" 2) o, 2 ), (2) 1)

2
(1) ey Ve, Tejy ey +eyy ey, .

a=e,
Forany & = (&,&) € C?> and n = (n1,...,M.)" € C", we have

(a(@@n),E@m) = (& +&M) (&N +&n2) = 0.

So a € M, ® M, is block positive. Since —1 is an eigenvalue of a, it is not positive
semidefinite. Hence a is not separable positive. Therefore, Cy""(M,,) # Cy*(M,), i.e.,
¢min(M,) # €"*(M,). So by Lemma 4.1, there exist an operator system

(7, {C:}_1,f) and a completely positive linear map ¢ from the operator system
(. {Cu}_,. f) tothe operator system OMAX (M,) which is not s-entanglement break-

ing.
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LEMMA 4.3. Let (V,V™" . e) be an Archimedean ordered x-vector space, and let

(MVH {M;z_ (Mn)};::lv 1")
be the operator system arising from the identification of M,, with B(C"), where M,};(M,,)
is the set of positive semidefinite matrices in My, ® M,, = M,,,. Then a linear map
¢ : M, — OMAX (V) is completely positive if and only if ¢ is s-entanglement breaking.

Proof. Let a be the matrix (el(,))1<,7 j<n of matrix units, where {e | are

lJ
the matrix units of M,. Then ¢ is completely positive if and only 1f 0" (a) =

(q)(e??)) Lot ien € Crax(y) [7]. Since C"(V) is the closure of D!"*(V) in the order
<ijj<n

topology on M, (V), ¢ (a) € C"* (V) if and only if there exists a family of elements
{YA}AEA in D (V) such that lim, ¥;, = ¢(")(a) in the order topology on M, (V). Let

Yy =34 Ay @ prg with Ay = (i) € M and pp; € V. We define

Ky
q)ﬂ, (.X) = Z Tr(Aa)Lx)leh S Mn7
=1
where A? , denotes the transpose of A; 3 . Since A; 3 > 0, itis not hard to see that each

Vi (x) = Tr(A] Ax) is a positive linear functional on M,,. So each ¢, is entanglement
breaking. Moreover, we have

¢/1(( ZTVAMEU Py = Zau Pis
i=1

forall i,j=1,2,...,n. So

ky,

7L
) =)YA =Y.
(%(el >1<”<n g < ij pll>1<i’j<n 1:21 IA®pia =1

Hence lim;, <¢;L(e("'))> =0"(a) = (q)(e@)) in the order topology on M, (V). By

ij
(n)

Proposition 3.1, we have lim, ¢, (e; (n )) = ¢(e;;") in the order topology on V for any

i ] E {1,2,...,n}. Since each x E M, can be written as a linear combination of

{eu 7 i—1» wehave that lim; ¢; (x) = ¢(x) in the order topology on V' for each x € M,
So by definition, ¢ is s-entanglement breaking. Conversely, if ¢ is s-entanglement
breaking, we can see ¢ is completely positive by Theorem 3.6. [

Let M be a von Neumann algebra, and let (., {C,};7_,,e) be an operator system.
A linear map ¢ from M to . is said to be normal if for every net {x;} in M with
lim;x; = x € M in the strong operator topology on M, we have that lim; ¢ (x;) = ¢(x)

in the order topology on .%.

PROPOSITION 4.4. Let B(H) be the set of bounded linear operators on some
Hilbert space H, and let (V,VT,e) be an Archimedean ordered x-vector space. If
¢ : B(H) — OMAX (V) is a normal and completely positive linear map, then ¢ is s-
entanglement breaking.
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Proof. If H is finite dimensional, by Lemma 4.3 we have that ¢ is s-entanglement
breaking. When H is infinite-dimensional, there exists a net of finite-dimensional pro-
jections {p;}ica in B(H) with lim; p; = I in the strong operator topology on B(H),
where Iy is the identity operator on H. For i € A, set

0i(x) = ¢ (pixpi), x€ B(piH).

Then each ¢; is a completely positive linear map from B(p;H) to OMAX (V). By
Lemma4.3 each ¢; is s-entanglement breaking. So there exist a directed set A;, positive

. . ny. .. n.
linear functionals {®; ;,},Z; on B(p;H) and positive elements {p; 3} 21 of V such
that "

nli
02,(x) = X, 02, (0)Pj2  Ai € Ay,
j=1
and limy, ¢, (x) = ¢;(x) for all x € B(p;H) in the order topology on OMAX (V). Now
for each A; € A;, we define

n;Ll_

vy, (x) = Y, ;2 (pixpi)pj s, x € B(H).
j=1

Then we have that each y;, is entanglement breaking, and
lim y, (x) = lim @2, (pixpi) = ¢i(pixpi)
forany i € A and x € B(H) in the order topology on OMAX (V). We define

vi(x) = ¢i(pixpi), x€B(H)

for i € A. Then each v; is an s-entanglement breaking map from B(H) to OMAX (V),
and for any x € B(H) we have

lim vi(x) = lim¢; (pixpi) = lim¢ (pi(pixpi)pi) = lim¢ (pixpi) = ¢(x)

since lim; p;xp; = x in the strong operator topology on B(H). Therefore, ¢ is s-
entanglement breaking by Proposition 3.3. [

An operator system (7,{Cy};_,,e) is called nuclear if there exist nets of uni-
tal completely positive linear maps @, : . — My, and y; : M,, — &, such that
lim, yy (@ (x)) = x for any x € . in the order topology on . [2].

THEOREM 4.5. Let (,{C,};_,e) be a nuclear operator system, and let
(V,VT.f) be an Archimedean ordered *-vector space. Then a linear map ¢ : . —
OMAX (V) is completely positive if and only if ¢ is s-entanglement breaking.

Proof. Since .7 is nuclear, there exist completely positive linear maps ¢, : . —
My, and v : M,, — .7 such that lim; y; (¢ (x)) = x for any x € . in the order
topology on .. If ¢ is completely positive, then ¢ o y; : M, — OMAX (V) is also
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completely positive. So by Lemma 4.3 we have that ¢ o y;, is s-entanglement break-
ing. Set ¢, = ¢ oy, o, , by Lemma 3.5 we see that ¢, is s-entanglement break-
ing. From Lemma 3.4 we know that positive linear maps between operator systems
must be continuous for the order topologies on the two operator systems, we see that
lim, ¢y (x) = limy, ¢ (y (@y (x))) = ¢ (x) for x € . in the order topology on V. So ¢
is s-entanglement breaking by Proposition 3.3.

Conversely, if ¢ is s-entanglement breaking, we can see ¢ is completely positive
by Theorem 3.6. [

We say an operator system (.7, {C, };-_,,e) is injective if for every pair of operator
systems (Z,{Dn};_,,f) and (- ,{E,};;_,,f) suchthat Z C .7, and each completely
positive linear map ¢ : Z +— .7, there exists a completely positive extension Y : .7 +—
Z [1]. For example, B(H) is injective.

THEOREM 4.6. If (7 ,{C,}>_,,e) is aninjective operator system and if (V,V ™" e)
is an Archimedean ordered x-vector space, then a linear map ¢ : OMIN(V) +— T is
completely positive if and only if ¢ is s-entanglement breaking.

Proof. Assume that ¢ : OMIN(V) — .7 is completely positive.

Since (J,{C,};;_,,e) is injective, the map ¢ : OMIN(V) — OMAX (7) is com-
pletely positive by Proposition 6.11 in [9]. By Theorem 3.2 in [9], €""(V) is the
operator system structure on (V,V ™, ¢) induced by the inclusion 7 of V into C(S(V)).
So 7 is positive. From the injectivity of (.7,{C,};"_,,e), we can extend ¢ to a com-
pletely positive map ¢’ from C(S(V)) to OMAX(.7). Since C(S(V)) is nuclear as a
unital C*-algebra, it is a nuclear operator system by Remark 5.15 in [5] and Corollary
3.2in [2]. So by Theorem 4.5, ¢’ is s-entanglement breaking. It is clear that

p=0'ot

Therefore, ¢ is s-entanglement breaking by Lemma 3.5.
Conversely, if ¢ is s-entanglement breaking, we can see that ¢ is completely
positive by Theorem 3.6. [

PROPOSITION 4.7. Let (V,V*t,e) be an Archimedean ordered x-vector space.
If OMIN(V) # OMAX(V), then OMAX (V) is not a nuclear operator system and
OMIN(V) is not an injective operator system.

Proof. Let ¢ = idy. Then ¢ : OMAX (V) — OMAX (V) is completely positive. If
OMAX (V) is nuclear, then ¢ is s-entanglement breaking by Theorem 4.5. So from (3)
of Theorem 3.6 we see that ¢ : OMIN (V) — OMAX (V) is completely positive. Hence
we obtain that OMIN (V) = OMAX (V'), which contradicts the assumptions.

Similarly, from the fact ¢ : OMIN(V) — OMIN(V) is completely positive and
OMIN(V) is injective, we will get that ¢ is s-entanglement breaking by Theorem 4.6.
So ¢ : OMIN(V) — OMAX(V) is completely positive by (2) of Theorem 3.6. We
obtain that OMIN(V) = OMAX (V), which also contradicts the assumptions. [
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EXAMPLE 4.8. For n > 2, we have that OMIN(M,) # OMAX (M,) by Exam-
ple 4.2. From Proposition 4.7 and its proof we get a non-nuclear operator system
(L A{Cu} |, e) = OMAX (M,), an Archimedean ordered *-vector space (M,,M,",1,)
and a linear map ¢ = idy, : . — OMAX (M,) which is completely positive, but it is
not s-entanglement breaking.

Similarly, by Proposition 4.7 and its proof we get a non-injective operator system
(F ADu}_ |, f) = OMIN(M,), an Archimedean ordered x-vector space (M, M, ,1,)
and a linear map W = idy, : OMIN(M,) — 7 which is completely positive, but it is
not s-entanglement breaking.

On the relationship between weak * -entanglement breaking maps and s-entangle-
ment breaking maps between operator systems, we have the following corollary.

COROLLARY 4.9. Let (/,{Cy}5_y,e) and (T ,{D,}_,,f) be operator sys-
tems. If (T {Dn}y_,,f) is injective, then a linear map ¢ : % — T is weak™ -
entanglement breaking if and only if ¢ is s-entanglement breaking.

Proof. Assume first that ¢ is weak”-entanglement breaking. By Theorem 6.15
in [9], we have that the map ¢ : OMIN(.”) — 7 is completely positive. So ¢ is s-
entanglement breaking by Theorem 4.6. Conversely, if ¢ is s-entanglement breaking,
we can see that ¢ is weak * -entanglement breaking by Theorem 3.6. [

Generally, a weak*-entanglement breaking map need not to be s-entanglement
breaking. In fact, we have

PROPOSITION 4.10. Let (V,V™" e) be an Archimedean ordered x-vector space.
If OMAX (V) # OMIN(V), then there exist an operator system (- . {Cp}_,,f) and a
linear map ¢ : % — OMIN (V) such that ¢ is weak” -entanglement breaking, but it is
not s-entanglement breaking.

Proof. Let (<, {Cy};_y,f) = OMIN(V) and ¢ = idy. Then ¢ is a completely
positive linear map from . to OMIN(V). So ¢ is weak*-entanglement breaking
by Theorem 6.15 in [9]. However, ¢ is not s-entanglement breaking. In fact, if ¢ is
s-entanglement breaking, then by (2) of Theorem 3.6, ¢ : OMIN(V) — OMAX (V) is
completely positive. So we have that OMIN(V) = OMAX (V). This contradicts the
assumption. [

EXAMPLE 4.11. For n > 2, denote

(S AC Y ,e) =OMIN(M,), (T ,{Dy}y_\,f)=OMIN(M,).
Then from Example 4.2 and Proposition 4.7 we have that (.7,{D,};_,, f) is not injec-
tive. It is clear that the linear map ¢ = idy, : . — .7 is completely positive. By Theo-
rem 6.151in [9], ¢ is weak " -entanglement breaking. However, ¢ is not s-entanglement
breaking by Example 4.8.
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5. Nuclearity and s-entanglement breaking maps

In this section we give a nuclear characterization of s-entanglement breaking maps.

PROPOSITION 5.1. Let (. {Cp};r i e) and (T ,{D,};_\.f) be operator sys-
tems. Then a linear map ¢ : . — 7 is s-entanglement breaking if and only if we can
find a net X, of compact spaces and completely positive linear maps @), : ./ — C(X3)
and 1 C(X)) — T such that ¢(x) = limy (y; o @y)(x) for any x € .7 in the order
topology on T .

Proof. Assume that ¢ is s-entanglement breaking. Then there exist a directed set
A, positive linear functionals {®; ; };’i , on . and positive elements {p; ; };’i L of T

such that
),

02(x) = X, @2 (X)pjas
j=1
and limy ¢ (x) = ¢(x) for all x € . in the order topology on .7 . By changing coef-
ficients of @; ; we may assume that they are states. Set X; = {@ 3,..., wn,l,l}- Then
X, C S(7), where S(.7) is the state space of .. So each X, is compact in the
weak * - topology. Define the maps @, : . +— C(X;) and vy, : C(X;) — J by

0 () (@) = w3 (x), x&€
and
na
v (f) = Zf(wijt)pi,la fecC(Xy).
i=1
Then ¢, and y; are completely positive linear maps and ¢; = y; o @, . So we get the
desired factorization.

Conversely, suppose that there exist a net of compact spaces {X; },ca and com-
pletely positive linear maps ¢, : ¥ — C(X;) and y; : C(X;) — 7 such that
limy, v (@) (x)) = ¢(x) for any x € .7 in the order topology on .7 . Since C(X)) =
OMIN(C(X;)) by Proposition 5.2 in [9], we see that y; : C(X;) — OMAX(.7) is
completely positive by Proposition 6.11 in [9]. Moreover C(X, ) is nuclear, and so y;
is s-entanglement breaking by Theorem 4.5. Hence y; o @, is s-entanglement break-

ing by Lemma 3.5. Now that ¢ is s-entanglement breaking follows from Proposition
33. O

Considered the Problem 6.17 in [9] and compared with the factorization theorem
in [6], we conjecture that completely positive maps from OMIN(.%) to OMAX(.7)
are s-entanglement breaking maps, so we have the following question.

QUESTION 5.2. Let (V,VT,e) and (W,W™, f) be Archimedean ordered *-vector
spaces. For any completely positive linear map ¢ : OMIN(V) — OMAX(W), is ¢ s-
entanglement breaking?
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