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CONDITIONS C,, C;,, AND CZ FOR p-OPERATOR SPACES

JUNG-JIN LEE

(Communicated by Z.-J. Ruan)

Abstract. Conditions C, C’, and C” were introduced for operator spaces in an attempt to study
local reflexivity and exactness of operator spaces [4, Chapter 14]. For example, it is known that
an operator space W is locally reflexive if and only if W satisfies condition C” [4, Theorem
14.3.1] and an operator space V is exact if and only if V satisfies condition C' [4, Theorem
14.4.1]. It is also known that an operator space V satisfies condition C if and only if it satisfies
conditions C' and C” [4, Lemma 14.2.1], [7, Theorem 5]. In this paper, we define p-operator
space analogues of these definitions, which will be called conditions C,, C;,, and Cg, and
show that a p-operator space on L, space satisfies condition C, if and only if it satisfies both
conditions C;, and CZ . The p-operator space injective tensor product of p-operator spaces
plays a key role.

1. Introduction to p-operator spaces

A concrete operator space V is defined to be a closed subspace of %(H), where
Z(H) denotes the space of all bounded linear operators on a Hilbert space H. For
each n € N, the matrix algebra M,(Z(H)) with entries in Z(H) can be identified
with Z(H @ --- ® H) via matrix multiplication

————

hy Y1 Thjh;
Li||:]= : , [Tl €M (#(H)), hjeH,
hn i1 Thjhj

and this gives rise to a norm || - ||, on M, (V), which we denote by M,(V). It is then
easy to verify that the following two properties (called Ruan’s axioms) hold:
= max{|[ufln [[v]lm}-

u(
Ov b

M forueMy,(V), a € M, (C),and B € M, ,(C), we have ||ouf3 ||, < | o||||u]m]| B,
where ||| is the norm of o as a member of A(¢4',¢4), and similarly for f3.

D for ue M,(V) and v € M,,(V), we have
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An abstract operator space is a Banach space X together with a family of norms
|- |ln defined on M, (X) satisfying the conditions Z.. and .# above. In [13], Ruan
showed that these two concepts coincide and after Ruan’s characterization, operator
space theory has really been taken off and quickly developed into an active research
area in modern analysis. Many important applications have been found in some related
areas. For example, let G be a locally compact group. It is well known that G is
amenable if and only if the convolution algebra L;(G) is amenable as a Banach alge-
bra [9]. We consider another Banach algebra called the Fourier algebra A(G) which
consists of all coefficient functions of the left regular representation A of G, i.e.,

A(G) ={o()=(A()E,n): &1 € L(G)}.

By [5], A(G) is a commutative Banach algebra with respect to pointwise multipli-
cation and can be regarded as the predual of VN(G), the group von Neumann algebra
of G. If G is abelian, then its dual group G is also abelian and we have the isometric
isomorphism A(G) = L;(G), and this suggests a relationship between the amenability
of G and the amenability (as a Banach algebra) of A(G). Indeed, if A(G) is amenable,
then G is amenable. In the opposite direction, Johnson showed that the Banach algebra
A(G) fails to be amenable even in the case of very simple compact groups, such as
SU(2,C) [10].

In [14], Ruan studied the operator amenability of A(G) which can be regarded as
the amenability of A(G) in the category of operator spaces, and proved that a locally
compact group G is amenable if and only if A(G) is operator amenable. This suggests
that A(G) is better viewed as an operator space, and motivated by this observation,
there has been some research [3, 1] to study Figa-Talamanca-Herz Algebra A,(G),
which can be regarded as an L, space generalization of the Fourier algebra A(G) (The
reader is referred to [0, 8] for more details on A p(G)), in the framework of L, space
generalization of operator spaces. This leads to the definition of p-operator spaces we
will give below. Throughout this paper, we let 1 < p < eo.

DEFINITION 1.1. Let SQ, denote the collection of subspaces of quotients of L,
spaces. A Banach space X is called a concrete p-operator space if X is a closed
subspace of Z(E) for some E € SQ,, where Z(E) denotes the space of all bounded
linear operators on E.

Let M, (X) denote the linear space of all n x n matrices with entries in X. For
a concrete p-operator space X C A(E) and for each n € N, define a norm || -, on
M, (X) by identifying M, (X) as a subspace of B((,(E)), and let M,(X) denote the
corresponding normed space. The norms || - ||, then satisfy

Deo for u € M, (X) and v € M,,(X), we have ||u D v||ntm = max{||u||,, |[v]|m} -

My forueMy(X), o eM,,,(C),and B € M, ,,(C), we have | ouf||, < ||e||||ul|m] Bl
where [|e|| is the norm of o as a member of (£}, (}), and similarly for 3.

REMARK 1.2. When p =2, these are Ruan’s axioms and 2 -operator spaces are
simply operator spaces because the SO, spaces are exactly Hilbert spaces.
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As in operator spaces, we can also define abstract p-operator spaces.

DEFINITION 1.3. An abstract p-operator space is a Banach space X together
with a sequence of norms || - ||, defined on M, (X) satisfying the conditions Z.. and
M) above.

Thanks to the following theorem by Le Merdy, we do not distinguish between
concrete p-operator spaces and abstract p-operator spaces, so from now on we will
merely speak of p-operator spaces.

THEOREM 1.4. [11, Theorem 4.1] An abstract p-operator space X can be iso-
metrically embedded in JB(E) for some E € SQ, in such a way that the canonical
norms on M, (X) arising from this embedding agree with the given norms.

Note that a linear map u : X — Y between p-operator spaces X and Y induces
amap u, : My(X) — M,(Y) by applying u entrywise. We say that u is p-completely
bounded if ||ul| pep == sup,, ||un|| < eo. Similarly, we define p-completely contractive,
p-completely isometric, and p-completely quotient maps. We write 6 %,(X,Y) for
the space of all p-completely bounded maps from X into Y, and to turn the mapping
space € %,(X,Y) into a p-operator space, we define a norm on M, (¢ %,(X,Y)) by
identifying this space with €%, (X, M, (Y)). Using Le Merdy’s theorem, one can show
that €%,(X,Y) itself is a p-operator space. In particular, the p-operator dual space
of X is defined to be €%,(X,C). The next lemma by Daws shows that we may
identify the Banach dual space X’ of X with the p-operator dual space ¢ %,(X,C) of
X.

LEMMA 1.5. [3, Lemma 4.2] Let X be a p-operator space, and let ¢ € X', the
Banach dual of X. Then ¢ is p-completely bounded as a map to C. Moreover,

ol pes = || @]]-

If E=L,(u) for some measure u and X C A(E) = B(L,(u)), then we say
that X is a p-operator space on L, space. These p-operator spaces are often easier
to work with. For example, let xx : X — X" denote the canonical inclusion from
a p-operator space X into its second dual. Contrary to operator spaces, Kx iS not
always p-completely isometric. Thanks to the following theorem by Daws, however,
we can easily characterize those p-operator spaces with the property that the canonical
inclusion is p-completely isometric.

PROPOSITION 1.6. [3, Proposition 4.4] Let X be a p-operator space. Then Kx
is a p-complete contraction. Moreover, Kx is a p-complete isometry if and only if
X CA(Ly(1)) p-completely isometrically for some measure L.

Conditions C, C’, and C" for operator spaces were introduced and studied in [4,
Chapter 14] and [7] and they play an important role in understanding local reflexivity
and exactness of operator spaces. For example, it is known that an operator space is
locally reflexive if and only if it satisfies condition C” [4, Theorem 14.3.1]. It is also
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known that an operator space is exact if and only if it satisfies condition C’ [4, Theorem
14.4.1]. In this paper, we define p-operator space analogues of these conditions, which
will be called conditions C,, C;,, and C;,’, and show that a p-operator space on L,
space satisfies condition C, if and only if it satisfies both conditions C;, and C;,’.

2. Tensor product of p-operator spaces

In this section, we recall basic properties of tensor products on p-operator spaces
studied in [3, 1]. We mainly focus on p-projective tensor product and p -injective tensor
product.

DEFINITION 2.1. Let X,Y be p-operator spaces. Let X ® Y denote the algebraic
tensor product of X and Y. For u € M[,(X®7Y), let

[[ulln, = nf{ e[ [VI[[Iwl[[[B] - u = (v @ w)B},

where the infimum is taken over r,s € N, a € My s, v € My(X), w € My(Y), and
ﬁ S Mr><s,n .

Daws defined and studied the p-projective tensor product [3]. Note that || - ||,
gives the algebraic tensor product X ® Y a p-operator space structure [3, Proposition
4.8]. Furthermore, || - |5, is the largest subcross p-operator space normon X ®Y in
the sense that [[x®y|| < ||x||-||[v]|s for all x € M,(X) and all y € M,(Y) [3, Proposition
4.8]. The p-operator space projective tensor product is defined to be the completion

Ap
of X ®Y with respect to this norm and is denoted by X ® Y.
REMARK 2.2.
a. One can show that p-operator space projective tensor product is commutative,

A A
ie., X (Xf Y=Y (Xf X p-completely isometrically.

b. By universality of the Banach space projective tensor product é [11, A.3.3], we
have

[ulln, < llullx

forallue X®Y.

Let V,W, and Z be p-operator spaces, and let v : V x W — Z be a bilinear map.
Define bilinear maps .5, by

Yrsitu :Mns(V) X Mt,u(W) - rxt,sxu(z)» (V»W) = (W(Vi.,ﬁwk,l))a
and let Y., = Y. ,.s . Finally define

Wl jpes = sup{ll sl - s € N}
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We say that y is jointly p-completely bounded (respectively, jointly p-completely
contractive) if ||y]|jpepr < oo (respectively, ||y||jpes < 1). The space of all jointly p-
completely bounded maps from V x W to Z will be denoted by € %,(V x W,Z) and
this space can be turned into a p-operator space in the same way as for €.%,(V,W).
Here we collect some results on the p-projective tensor product for convenience.

PROPOSITION 2.3. [3, Proposition 4.9] Let X,Y, and Z be p-operator spaces.
Then we have natural p-completely isometric identifications

A
CByX @Y, Z)=CRBy(X xY,Z) =CB,(X,CB,(Y,2)).
In particular,
A
(X ®Y) =€B,(X.Y).

As in operator spaces, the p-operator space projective tensor product is projective
in the following sense:

PROPOSITION 2.4. [3, Proposition4.10] Let X, X1,Y, and Y1 be p-operator spaces.
Ifu:X — Xy and v:Y — Y| are p-complete quotient maps, then u® v extends to a

Ap A

p-complete quotient map u®@v: X (Xg Y =X ®pY1.

We now briefly introduce the p-operator space injective tensor product.

DEFINITION 2.5. Let X,Y be p-operator spaces. Regarding the algebraic tensor
product X @Y as a subspace of 4%,(X’,Y), we define the p-operator space injective

Vp

tensor product X & Y to be the completion of X ®Y in €%4,(X",Y).

To be precise, for u = [u;;] € M,(X ®Y) with u;; = Zg’;’l x};j ® y;z, the p-operator
space injective tensor product norm ||ul|y, is defined by

HMHV,, ZHMHM,,(%@,,(X’,Y)) = ||u||<g,%,,(x/,M,,(Y))

Nij T
[2 Jft (xi!)yﬁ!]
k=1

2.1
:meN,f:[fvt}eMm(X/)l y

Minn (Y)

=sup

where M,,(X'); denotes the closed unit ball of M,,(X") =€ % ,(X,My).

PROPOSITION 2.6. Suppose that X ,X,,Y, and Y| are p-operator spaces. Given
p-complete contractions ¢ : X — X| and y :Y — Y|, the mapping

PRy XRY -X|QY)

extends to a p-complete contraction

Vp Vp
PRY:XRY —-X ®Y1.
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Proof. Since ¢ ® y = (idx, @ ¥) o (¢ ®idy), it suffices to show that ¢ @ idy and
idx, ® 14/ extend to p-complete contractions. Let u = [u;;] € M, (X ®Y). Let us write

wij = Zk” x @y¥ for each u;;. Since

(@ @idy)n( lE«p W eM(Xi®Y),

from (2.1) it follows that
Nij L
[Z st (@ ))yﬁg’]
k=1

Define hy = gy o @ for 1 <s,t <m, then h = [hy] =go @ € M,,(X’); and we have

H ((p ® idY)n(u)”\/p < HMH\/[)'
To show that idy, ® y is also p-completely contractive, let v = [v;;] € M,(X; ®VY).

:meN,g= [g.w] S Mm(X{)l
Mnm(Y)

(@ @idy)n(u)]|v, = sup

Writing v;; = ¥~/ wi/ @i/ we have

:meN, f = [fu] € Mu(X))1
Myn(Y)

Vllv, = sup

Nij T
> fawi )y
k=1

On the other hand,

1(idx, @ y)n(V)llv,,

Nij - y

> fsz(wzf)w(y;’)] im €N, f =[fu] € Mu(X{)1
k=1 an(Yl)

()

<Hllpeslvllv,- O

=sup

(2.2)
meN f= [f\'t} € Mm(Xl/)l

=Ssup ‘
Minn (Yl)

REMARK 2.7.

€
a. By definition of the Banach space injective tensor product &, we have

2 y) < ulles,xy) = llulv,

forevery u e X®Y.

b. Let ue M,(X®Y). If Y C B(L,(v)) for some measure v, then by Definition
2.5 and [3, Theorem 4.3, Proposition 4.4]

ullv, = sup{[[W(@s (1) |1, - Mk €N, @ = [@s] € M (X') 1,y € M(Y') }
= sup{[[(@ ® y)u(u)|| : m.k €N, € My(X")1, 9 € M(Y')1}.
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c. Let F: X®Y — Y ®X denote the “flip”, that is, F(Tx;i @) =Xyi®x;. If
Y C A(L,(v)) for some measure v, then by (b) above, forevery u € M,(X®Y),
we get

[ullv, = sup{[|(@ @ W) (u)|| : m,k € N,@ € My (X")1, ¥ € Mi(Y')1}.

On the other hand, if X C %(L,(u)) for some measure u as well, then

1Ea()lv, = sup{[|(w @ @)u(Fu(u))l| : m,k €N, @ € My(X")1,y € Mi(Y')1}
Vp Vp
and it follows that X ® ¥ =Y ® X p-completely isometrically.

v
d. M, é M; is p-completely isometrically isomorphic to M,. This follows imme-
diately from [1, Theorem 3.2].

At this moment, we do not know whether the p-operator space injective tensor
product is injective, thatis, if u: X — X and v:Y — Y are p-completely isometric in-
jections, then we do not know whether 1 ® v always extends to a p-completely isomet-

v _ Vp
ric injection u @ v : X 65 Y—X é Y. But if we assume that all the p-operator spaces

. . Vp ~ Vb
under consideration are on L, space, then we can show that u®v: X @ ¥ =X ® Y
is a p-complete isometry as in the following proposition. This fact supports that the
terminology p-injective tensor product is still reasonable.

PROPOSITION 2.8. Let Uy,Ur be measures. For i = 1,2, suppose X; CY; C
B(Lp(1i)). Then
Vp Vp
X1XHCh @h
p -completely isometrically.
Proof. Fori=1,2,let ¢;: X; — Y; denote the (p-completely isometric) inclusion.

Since @ ® @2 = (@) ®idy,) o (idx, @ ¢2), by Remark 2.7 (c) above, it suffices to show
that

Vp Vp
idy, @0: X1 @ X = X1 @1

is p-completely isometric. Note that the following diagram commutes:

vy idx, © vy
X1 ®X X19h

CRBy(X{,Xo)——> CB,(X],Y2)

Vp v
Since X; @ Xy C €2,(X].X2), X; ® Yo C €B,(X|.Ys), and CB,(X],X,) C
€ B,(X{,Y>) p-completely isometrically, we conclude that idx, @ ¢, is p-completely
isometric. [J
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3. Conditions C;,, C;;, and C, for p-operator spaces

In this section, we define conditions C;,, C;,’, and C, for p-operator spaces and
prove the main result. Throughout the section, ¢t and v will denote measures.

LEMMA 3.1. Let V and W be p-operator spaces. Then the bilinear mapping
. Vp
PV xW = (VoWw), (f,g)— f®g

A
is jointly p-completely contractive and hence the canonical mapping ¥ : V' (25 W —

v
(Vv & W) is p-completely contractive.

Proof. We identify [fj;| € M,(V') with an operator F € €%,(V,M,), and like-
v
wise [gi] € My(W') with G € €%,(W,M,). We have the identification M,((V &

v v
W))=€¢A,V @@IJW,M,S). Let H be the map [fi; ® gu] : V ® W — M,,. Then by
Proposition 2.6 and Remark 2.7 (d) we have the commutative diagram

H
v w My

red] /

Vp
M, @ M,

with [|[F ® G|l ey < |F | pes | Gll pes» and it follows that [|[fi; @ gulll = [|H || pep < ||F @
GHpc‘h < HF”pchGHpch as reqUired- U

LEMMA 3.2. Let V and W be p-operator spaces. Then || - |, is a subcross
matrix norm. In particular, for every u € M,(V @ W), we have ||ul|y, < [[ul|x,.

Proof. Just to fix notation, we identify M,(V) @ M,(W) with M, (V @ W) by
(vij) @ (W) = (vij @ i) (i x),(j,) Where we have the ordering (1,1) < (1,2) <--- <
(l,9) < (2,1) <--- < (rq). Hence I, ®w € M, ® My(W) = M,,(W) is identified
with a block matrix in M,(My(W)) which has r copies of w down the diagonal and
0 elsewhere. Applying axiom Z.. repeatedly hence shows that ||I, @ w||,, = [|w|.
Then, for o € M,, the matrix a @w € M, @ My (W) = M,,(W) is the product (o ®
1,)(Ir ® w) which has norm at most | c||||w||, by axiom .#,. Now let v € M.(V)

v
and w € My(W), and consider v®@w € M,,(V ® W). This tensor induces the opera-
tor T € €AB,(V',Myy(W)) given by T(f) = (f(vij)wu)(ik),j0) = (f(vij)) ©@w. For
f=(fw) € My(V'), we see that T,(f) = ((f,v)) @w € Myq(W), which by the previ-
ous paragraph has norm at most [[((f,v))[|nr[lWllg < |lflla[[V]|-|[wllg- Hence [[T]|per <

IvI|-]|wl]lq as required. O
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v
Let V and W be p-operator spaces and fix ¢ € (V ® W) . For vy € V, we define
a bounded linear functional ,,¢ on W by

w@W) =e(vo@w), weWw.
Vp
In general, when vy = [v;j] € M,(V) and ¢ = (@] € M,((V @ W)'), we define
W@ = [Vij O] € My, (W'). Similarly, for wy € W, we define ¢,,, € V' by
P (V) = @(vewy),  veEV.
Asin ,, ¢ above, we can extend the definition of ¢,,, for wo € M,(W) and ¢ €
v v
M, ((V & W)'). Define a linear map OFy  VOW — (V S W)" by

\
OFy (oW ) (9) = (oW i, vEV, W eEW', pe(Vaw).
\
Similarly, define a linear map @y, : V' @W — (V & W)" by

\Y
q)e’W(VU ®W)(§D) = ((pwv”)w’vu, v” S V//7 we W, (0ONS (V éW)/.

LEMMA 3.3. The map ®§_W (respectively, (I)‘L,W ) defined above extends to a p-
; R/ U Ve o . L e
completely contractive map ®yy, 1V @ W' — (Ve W) (respectively, Dyy VI ®

Vp
W— (V& W)").

v
Proof. Consider the bilinear map @ : V x W" — (V & W) given by

(W) = (@ = (oW )wwn),

then we get

D5 : M (V) ¥ MS‘(WU) - M,_Y((VgW)”), ([Vij]a [Wkl//]) = [q)("i,hwkl//)]

and
"l =sup { 1rs5). 01 0 € MoV W)l <1

Since ((@,5(v,w"), 0)) = {(,,w")), we have
1{(@rs v, w"), @D | = ([ WD < L@ aty 0y - W g, 0

Vp
and the result follows because & 1is a subcross matrix norm and hence

[v@llut,, vy = suPy L@ WD [ = W € Mo (W), [[w]| < 1}
= sup,, { [ {@,v @W))[M,,, : w € Mu(W), [[w]| < 1}
< ol - vl
< vl B
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REMARK 3.4. Let o be a general subcross matrix norm.

Ap
a. We have a natural p-complete contraction V @5 W — V ®yW and the adjoint
gives a contraction (V ®q W) — €%,(V,W') C B(V,W') given by

@=Ly, (Lo(v),w)y=0(vew), @c(Ve,W) vevVv, weW.

A
b. Using the natural p-complete contraction V ®p W — V ®q W, each member in
Ap
(V®q W)’ can be regarded as a member in (V ® w)'.
c. We can define ®f y, : VR W” — (V@ W)" and @y : V' QW — (V @q W)”
v
for a general subcross norm o and Lemma 3.3 remains valid if ® is replaced

by ®q¢ -

A v
Let W: V' & W — \% ® W) denote the canonical map, and consider the following
commutative diagram

(DR
Veow!" . " —>\P /
® % ® W) (v ® w’)

‘ ‘ ‘ |

CHG (VW) ‘ (VW)

where €%} (V',W") denotes the space of all weak *-continuous p-completely boun-
ded finite rank maps from V' to W” and 1 denotes the inclusion map. This commu-
tative diagram shows that d){;W is one-to-one, so one can equip V @ W with the p-

Vp
operator space norm inherited from (V (}é) W)", which will be denoted by, following the

Vp
notation in [4], VW, We say that V' satisfies condition C,, (or V has property C,,)
if this induced norm coincides with the p-operator space injective tensor product norm
forevery W C A(L,(v)).
Similarly, the following diagram

L
(DVW Vp

V'OW ——— (v g w)" S v Swry

GBS (W, V) L (W V)

is also commutative, d)‘L,W is one-to-one, and one can hence equip V"’ @ W with the p-

v v
operator space norm inherited from (V & W)”, which will be denoted by V" SW. We
say that V satisfies condition C;,’ (or V has property CZ ) if this induced norm coincides
with the injective tensor product norm for every W C #(L,(Vv)).
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EXAMPLE 3.5. We say that a p-operator space X is reflexive if the canonical
isometric inclusion Ky : X — X" isa p-completely isometric isomorphism from X onto
X" . Itis easy to verify that a p-operator space X is reflexive if and only if X is reflexive
as a Banach space and there is a measure y such that X C %(L,(u)). In particular, for
any measure (U, Lj,(1) and L, (1) are reflexive, where L, (1) (respectively, L;,(‘LL))
denotes the p-operator space structure given on L, (i) (respectively, L,/ (u)) by the
identification L,(u) = %(C,L,(u)) (respectively, L,y (u) = B(Ly(u),C)). Itis clear
that every reflexive p-operator space satisfies condition C;,’.

In order to define condition C,, for p-operator spaces, we need the natural map
Vp
from V" @W" to (V ® W)". To do this, let o be a general subcross matrix norm on

V ®@W and consider the diagram

V®W” (3.1)

y\w\\

V// ® W// V ®O¢ W)

L

V//®W

"

_P> (V ®a W)// ,

where P is the restriction mapping and (®f )" and (®f; )" are from Remark 3.4 (c).
Consider the following p-complete contraction:

Ap Ap
(VEWY 2CB,(V,W') —S s GB,(W" V') (VS WY
Ap Ap
For ¢ € (V ® W), let " € (V ® W”)" denote the image of ¢ under this map. Then
we have

o (vaw") = (oW iy =0Fyvaw") (@), veVv, wew’

Moreover, qu is weak*-continuous in the second variable. Similarly, we also consider
the p-complete contraction

A A
VEWY 26B,W,V") —s ¢B, (V! W)= (V"' SW)
and define "¢, and then we get that

oV @wW) = (@uV )y =@y (V' @w) (@), V' EV', weW,

and that "¢ is weak*-continuous in the first variable.

A

REMARK 3.6. Let o be a general subcross matrix norm. By Remark 3.4 (b),
A
we can still define @ € (V ® W) for any ¢ € (V ®@¢ W) . Similarly, we can define
A
Npe (V'@ W) forany @ € (V@ W)
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The next result follows by Remarks 3.4 and 3.6, and the same argument as in the
proof of [7, Theorem 1].

THEOREM 3.7. Let V and W be p-operator spaces. Let o. be a subcross matrix
normon VW and denote by V@4 W the resulting normed space. Then the following
are equivalent.

a. There exists a separately weak*-continuous extension
O V'ow' - (V Qu W)//
of the natural inclusion 1 : VW — (V@ W)".

b. The following diagram commutes

Ap
(V ® W//)//

V// ® W// (V ®O£ W)

W)//

nn

P (VRaW)"

Ap

(V// ®

c. Forevery ¢ € (Vo W), two functionals ("¢@)" and "(¢") coincide on V"' @
w’.

d. Forevery 9 € (V®@qW)', Ly :V — W' is weakly compact, where (Ly(v),w) =
o(veaw),veV, weW.

Vp
THEOREM 3.8. Let V. C A(L,(1)) and W C B(L,(v)). For every ¢ € (V ®
W)’, Ly is weakly compact, where Ly is as in Theorem 3.7 (d).

Proof. Without loss of generality, we may assume [|@||(= [|@]| ) < 1. Let @
(respectively ®V) denote the embedding ®V : V < Z(L,(u)) (respectively, ®" :
W — %B(L,(v))). By Proposition 2.8 and [1, Theorem 3.2], we have p-completely
isometric embeddings

VEW o BLy () S BLy(V)) = Ly x V).
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Consider the diagram below:

\
Vaw > C

(DV@(I)W e

B(Ly (% v))

By Hahn-Banach Theorem, ¢ extends to ¢ : Z(L,(u x v)) — C. Applying the same
technique as in the proof of [ 1, Theorem 3.6], we can find a measure space (Q2,X,0) to-
gether with two vectors § € L,(6), n € L,y(0), and a unital p-completely contractive
homomorphism 7 : Z(L, (1 x v)) — ZB(L,(6)) such that ¢(-) = (w(-)&,n).

Define T : A(L,(1)) — #(Lp(v))' by

(T(x),y) =0(x®y),  x€B(Ly(1)), yeB(Ly(V)).
Then it is easy to check that the following diagram is commutative:

VLW/

o ](q,w),
B(Ly(1)) — = B(Ly(v))
Define R: Z(Ly(1)) — Ly(0) and S: B(Ly(v)) — Ly (6) by
Rx)=n(xa ), xeB(Ly(n)), and  SG)=(x(10y)n, yeB(Ly(v)),

then the diagram

is commutative, because
(S'R(x),y) = (R(x),S(y)) = (r(x@ )&, (r(1®y))n) = (w(x@y)E,n)
=p(x®y)=(T(x),y).

Combining these two commutative diagrams, we finally have Ly, = (®W)'S'/R®" , that
is, Ly is factorized through a reflexive Banach space L, (6), so L, is a weakly compact
operator [ 12, Propositions 3.5.4 and 3.5.11]. [
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COROLLARY 3.9. Let V,W be p-operator spaces on L, space. Then there exists
a (necessarily unique) separately weak*-continuous extension

Vp
V' oW — (v (X’) W)//
vp
of the natural inclusion 1 : VW — (Vo W)".

Proof. Combine Theorem 3.7 and Theorem 3.8. Uniqueness follows from sepa-
rate weak*-continuity. [J

Now we are ready to define condition C, for p-operator spaces. Let @ be as in

Corollary 3.9. The following commutative diagram

Vp

V' w” —2 Vew) . (v’ ® w')

GBS (VW) ‘ (VW)

shows that @ is injective. Thus we can equip V" ® W” with the p-operator space

v
structure induced by ®, which will be denoted by V" : W, We say that V C
B(Ly(u)) satisfies condition C,, (or has property C)) if the map @ is isometric with
respect to the injective tensor product norm for every W C Z(L,(v)).

PROPOSITION 3.10. Suppose that V.C JB(L,(1t)). Then V satisfies condition
Cp ifand only if V satisfies both conditions C,, and Cy,.

Proof. Suppose that V satisfies condition C,, and W C %(L,(v)). By Proposition
v
2.8 and [3, Theorem 4.3], we have a p-completely isometric embedding V 65 w'" C

Vp
V" @ W" and the bottom row in the following commutative diagram

\/,, /e VP "
Ve J w \%4 @I\W
Vp Vp
V//: ® :W// —— V// ® W//
is isometric. Therefore the top row is also isometric and hence V satisfies condition

CI’,. That V satisfies condition C;,’ can be proved using a similar argument.
On the other hand, if V satisfies condition Cg , we get

Vp Vp Vp
V// ® W// — V// . ® :W// [N (V ®W//)//.
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If V also satisfies condition C;, then

- 0 Vp "
VoW =Ve:W ‘—>(V®W),

and hence we have isometric inclusion

P Vp mr
VI SW" s (VS W)

Vp Vp \Y Vv
Since V" @ W" C 4 ® W) and (V QgW)” —(V QgW)”” isometrically, the inclusion

Vi

v
VoW’ C(V & W)" must be isometric. [
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