perators
nd
atfrices
Volume 8, Number 4 (2014), 1095-1105 "doi:10.7153/0am-08-61

2-SUMMING OPERATORS ON 1,(2))

DUMITRU PorA

(Communicated by H. Bercovict)

Abstract. Let 2 = (X,),cy be a sequence of Banach spaces and 1 (27), ¢o (%) the cor-
responding vector valued sequence spaces. In this paper we characterize nuclear operators on
co (Z). As an application we obtain the necessary condition for an operator on I, (£) to be
2-summing. In the case of multiplication operators from /, (2") into I (#') (respectively from
co (Z7) into ¢y (%)) we show that the sufficient condition stated by Nahoum is also necessary.
We also give the necessary and sufficient conditions for a bounded linear operator from I, (.7#)
into I (') to be 2-summing, where . and % are sequences of Hilbert spaces. Further
we give the necessary and/or sufficient conditions that Hardy and Hilbert type operators from
L (Z) into I (Y) to be 2-summing.

1. Introduction and background

The concept of absolutely summing linear operator plays a key role in operator
theory. We recommend in this regard the books [2, 3, 9, 10, 12, 13]. Giving its spe-
cial importance, a lot of work was done in order to give the necessary and sufficient
conditions for some natural operators to be absolutely summing. For example, D. J.
H. Garling in [4, Theorem 9] has given an almost complete description of the summing
properties for the multiplication operators from I to ;. Also, E. D. Gluskin, S. V. Kisl-
jakov, O. I. Reinov in [6] studied the same problem in a more general context. In this
paper we are mainly interested in studying the case of 2-summing operators defined on
the vector valued sequence space I, (2"). We first give a characterization of the nuclear
operators on ¢g (2), Theorem 1. As an application, we obtain the necessary condition
for an operator on I, (Z") to be 2-summing, Theorem 3. In the case of multiplication
operators from I, (Z") into I, (%) (respectively from ¢ (2) into ¢o (%)) we show
that the sufficient condition stated by Nahoum is also necessary, Corollary 1. We also
give the necessary and sufficient conditions for a bounded linear operator from I, ()
into [, () to be 2-summing, where % and % are sequences of Hilbert spaces,
Theorem 4. Further we give the necessary and/or sufficient conditions for the Hardy
and Hilbert type operators from /, (£") into I, (Y) to be 2-summing, see Corollaries
4,5,6.

Next, let us fix some notations and notions.

Let 2" = (Xu),cn be a sequence of Banach spaces and we denote by I, (2) the

Banach space of all sequences (x,),cy With x, € X, forall ne N, ¥ ||an§n < oo,
1

n=
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endowed to the norm H(xn)neNle(% (2 ||xnx) . Similarly, ¢y (2") denotes

the Banach space of all sequences (x,),cy With x, € X, forall n € N, [x,|lx — 0 as
n— oo, endowed to the norm || (x,, HGNH = supHanX ,see [13]. When X, =X for

every natural number n, we will write /5 (X ) respectlvely co (X). We will also consider
the canonical mappings oy : Xy — I (") (respectively oy : Xy — ¢o(27)) and py :
L (Z) — Xy (respectively py :co(Z") — Xi) defined by oy (x) = (0,...,0, x ,0,...),
kth
Pr ((%n)eny) = Xk, where k is a natural number.
Let X, Y be Banach spaces. A bounded linear operator 7 : X — Y is 2-summing
if there is a constant C > 0 such that for every (xz);<;, C X the following relation
1 1
n 2 2
holds (Z ||T(xk)||2) < C sup (2 |x* (x)] ) . The 2-summing norm of 7T is
k=1 [EXES!
defined as m, (T') = inf{C | C as above}, see [2, 3, 9, 10, 12, 13].
A bounded linear operator T : X — Y is nuclear if there exists (x};),.y C X*,

(n)yen C ¥ such that 3 [[x:] [yall < oo and 7 (x) = 3, x* (x)y, for x € X. Sucha
n=1 n=1

representation is called a nuclear representation of 7. In this case [T, =

inf{ S vall }, where the infimum is taken over all nuclear representations of

T, see [2, 3,9, 12, 13]. This class is denoted by (A, || |],,,c) -
Let 2" = (Xn)pen> ¥ = (Ya),en be two sequences of Banach spaces and 7 =

(Va)nen @ sequence of bounded linear operators V,, : X, — Y, with sup||V}|| < eo. The
neN
multiplication operator My : I (27) — I, (%) (respectively My : co(Z7) — co(¥))

is defined by My ((xn),ery) = (Vi (%)) e -

2. The results

Our first result gives a characterization of the nuclear operators defined on ¢o (2").

THEOREM 1. Let T : ¢o(Z) — Y be a bounded linear operator. The following
assertions are equivalent:
(i) T is nuclear.

(it) all T o 0, : X, — Y are nuclear and Z |7 0 Ol < -

nuc
n—=

= Z 1T 0 0|

nuc nuc*

Proof. Letx€¢o(Z"). Then x = 2 (0,0 pn) (x), where the series is convergent
n=1

in ¢o(2). Since T is a bounded linear operator, we have

oo

T(x)= Y T((Guopn)(x iTOGn pa (%)) (1)

n=1
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()= (ii). By () let (Wi)zen C (co(27))", (¥ )reny C Y be such that kgl lWiel| [yl < oo

and

Ms

T(x)= D, wi(x)yforx€co(Z). (2)

k=1

Let n € N and x € X,,. From (2) we deduce (T 0 0,) (x) = Z (W 0 0,) (x) yk, thus all
T o 0, are nuclear and || o G,][,,,,. < 2 [1Wico Onlly: [lyell Since, as it is well known

and easy to prove, Z [wooully: =yl for y € (co (X)), it follows that

n=1

8

oo

3. 170 Ghlle < 3, 3 1vio ol
n=1

Il
IIMX i

(Z leOan;> yill = Twill el

k=1
Taking the infimum over all the nuclear representation of 7' as above, we obtain

z 1T 0 Ol e < IT| ie. ().
=

(ii)=(i). Since all T o o, are nuclear, then all T o 6,0 p,, are nuclear, ||T o 6,0 p,||

thus by (ii), 2 IT o 0,0 pall

nuc

IIT o o, oo. By a general result, see [9, Theorem

nuc? nuc

6.2.3, p. 91], it follows that the series Z T o0 0, 0 p, is convergentin A4 (co(Z),Y)

n=1
and let S = Y T oo0,o0p, beits sum. Note that ||S||,... < X |7 06,0 pnllye <
n=1 n=1
Z | T o Ol - We get that S(x) = ¥, (T o0,0p,)(x) for x € ¢o(Z") and by (1),

n=1

S T i.e. T isnuclear. [

We recall Nahoum’s theorem, see [7, Lemme, p. 5], [13, Lemma 23, p. 274]. For
the sake of completeness we include a proof different from that in [7, Lemme, p. 5].

THEOREM 2. Let U :Z — L (%) (resp. U :Z — co (%)) be defined by U (z) =
(Un (2))pen- If all U, are 2-summing and 'Y, [m (U,,)}2 < oo, then U is 2-summing
n=1

and [, (U)]* < g [ (U]

Proof. First, let us note that ||U (z)||* = E |U, (2)||* for z € Z (respectively
n=1

U (2)|]*> < gl |Uy (2)|* for z € Z). Let (21); ;< C Z, then we have
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n=1i=1 n=1 [lx*]|<1 \i=1
192
oo k 2
2 * 2
< (Z[ﬂz (Un)] ) sup (Z " (z1)] )
n=1 || <1 \i=1

and the statement follows. [

One of the main ingredients in our proof is the following result which is a comple-
tion of [8, Proposition 2.4.] and [1 1, Satz 8].

LEMMA 1. Let X % Y be a bounded linear operator. The following assertions
are equivalent:

(i) V is 2-summing.

(ii) For each Banach space Z, each 2 -summing operator Z Yx , VoU isnuclear.

Moreover, sup ||[VoU]|| .= m(V), where the supremum is taken over all Ba-
71'2(U)§1

nuc

nach spaces Z and all 2 -summing operators Z Yx.

Proof. (1)=(ii). From Grothendieck’s theorem, see [3, Theorem 5.31], Vo U is
nuclear and ||V oU]||, . < 7 (V)m (U). Then

nuc

sup ||[VoU]
7[2(U)§1

<m(V). ey

nuc

(i1)=>(i). From (ii) it follows that for each Banach space Z the mapping h‘Z, 11, (Z,X)
— A (Z,Y) defined by h% (U) =V oU is well defined. By the closed graph theorem
h is bounded linear, thus  sup || (U)|| = CF < co, where the supremum is taken
71'2(U)§1
over all 2-summing operators Z X . We will prove that My = sup [[VoUl||,,. <
mU)<1
oo, where the supremum is taken now over all Banach spaces Z and all 2-summing

operators Z Y X. Indeed, if sup ||[VoU]
7[2(U)§1

e = ©, where the supremum is taken

over all Banach spaces Z and all 2-summing operators Z Y x , we deduce that there

exist Banach spaces Z, and 2-summing operators Z, T X such that m (T,) <1 and

|V o Tyl e =n-2" for all natural numbers n. Then U, = 2l,,Tn :Z, — X are such

that m (U,) < 3 and ||V oUy,,. = n for all natural numbers n. Let us consider

the sequence 2 = (Z,),cy and define U : [, (Z) — X by U = ¥ U,op,. Since
1

n=
=

2 %) (Unopn) <

n=1 n

I8

m (U,) < 1, by a general result, see [9, Theorem 6.2.3, p. 91]
1
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(2)

I
< Cy 7/ and so

for all natural numbers n. But U oo, = U,, and

it follows that U is 2-summing and m, (U) < 1. Then ||V oU||
IVoU o Gullye < IV oUl,e < CH)
hence n < ||V oU,||

nuc

< Ci}('ﬁf) for all natural numbers n, which is impossible.

nuc

Now let I, 5, X be a bounded linear operator. Let also @ = (a,),cy € . Then

o Y I is 2-summing with 7 (M,) = ||a||, , hence ¢ oM X will be 2-summing. Then
[VoSoM,|, . .<Mym (SoM,). Since, as is well-known

nuc

IV oS oMyl = il(VoSoMa) (en)]] = i| IV (S (en)]

we get ¥ |a,| ||V (S(en))|| < My ||all,||S||. Since a = (an),cy € I is arbitrary we
n=1
1

o 3
deduce that < V(S (en))||2) < My ||S||. This means that V is 2-summing and
n=1

ﬂz(V)gMV: sup HVOUHnuc’ @)
mU)<1

see [3, Proposition 2.7 ], i.e. (i). From (1) and (2) we get also the equality from the
statement. [

IfT:0, —Y (respectively T : co — Y) is a 2-summing operator, since for each

n 2 n
natural number n we have, sup ( Y |x* (ek)z) =1,then ¥ ||T (ex)||* < [m2 (T)]?
l]l<1 \k=1 fe=1

and thus 3. |17 (ex) | < [m2 (7))
n=
The following result is the main result of this paper. It gives a necessary condition

that an operator on I (Z") (respectively ¢ (2")) be 2-summing and can be regarded
as a vector version of the scalar case shown above.

THEOREM 3. Let 2" = (X,),cy be a sequence of Banach spaces, Y a Banach
spaceand T : 1 (Z7) — Y (respectively T : ¢y (Z") — Y ) a bounded linear operator. If

T is 2-summing, then all T o ©, are 2-summing and Y, [m, (T o G,,)]2 < oo, Moreover,
n=1

3 [m(Too)f < [m(T)

Proof. Let & = (Z,),cy be a sequence of Banach spaces and U, : Z, — X, be
such that U,, are 2-summing and 7, (U,) < 1 forall n € N. Letalso a = (a,),cy € Iz
We define U : ¢o(Z) — L(Z) (esp. U :¢co(Z) — co(Z)) by Ulz) =
(anUp o pn(2))peny- From m (Uyop,) < m(U,) <1 forall ne N and a € I, by
Nahoum’s theorem 2, it follows that U is 2-summing and m (U) < ||al|,. Since T is
2-summing, by Grothendieck’s theorem, see [3, Theorem 5.31], ToU : ¢ (%) — Y is
nuclear and ||ToU|,,. < m (T)m (U) < m(T) ||al|,. By Theorem 1 it follows that

nuc
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all ToU oo, are nuclear and 3, ||ToUooyl,,.=||ToU|,, - By asimple calcula-
n=1
tions, we have U o ¢;,, = a,,0,,0U,,, ToU o o6,, = a,,T o 6,0U,, so, all a,T oo, oU, are

nuclear and Y, ||a,T o 6, 0 U, || Since this is true for all a € [, we de-

n=1

=|ToU|

nuc nuc -

nuc —

duce thatall T oo, 0U, are nuclear (take a =e,, n€N)and Y, |a,|[|T 0 6,0 U,||
n=1

|IToUJ,,.- Then

nuc

n

Z\a,\ IT o o;o Ui
i=1

m (T)|lal, forne N (D

nuc \

Taking in (1) the supremum, first for 7, (U;) < 1, then for m, (U,) < 1, ..., for m, (U,)
< 1, from Lemma 1, we obtain ¥, |a;|m (T oo0;) < m(T)|all, for n € N ie.
i=1

Y lan|m (Too,) < m(T)|lall,. As it is well known, from here it follows that

n=1

[0 (Too,)]> < e and (ni [ng(ToGn)}z)% = sup (§ an|rc2(ToGn))

=1 lall<1 \n=1

I M8

n

1
<m(T). O

In the case of multiplication operators from [, (:Z") into I, (%) (respectively
co(Z) into c¢o (%)) we show that the sufficient condition stated by Nahoum is also
necessary.

COROLLARY 1. Let My : [ (Z) — (%) (resp. My :co(Z) — co(¥)) be
the multiplication operator. The following assertions are equivalent:
(i) My is 2-summing.
(ii) all V,, are 2-summing and (1 (Vy)),cn € La-
Moreover, [m (My))* = 3, [m (Va2
1

n=

Proof. We prove the case My : 1 (Z") — I, (%), the other one is similar.

In view of Nahoum’s theorem 2, we must prove only that (i) = (ii). If we write ¥ =
L (%), then My :1,(Z) — Y and by a simple calculation we have My o 6, = 0,0V,
and p, oMy oo, =V, . From these relations we deduce that My o 0, is 2-summing if
and only if V}, is 2-summing and 7, (V,)) = m, (M © 6,,). Then (i) = (ii) follows from
Theorem 3 and the above relations. [

LEMMA 2. Let 2" = (Xy),cn be a sequence of Banach spaces, Y a Banach space
and V : 1 (Z") — Y a bounded linear operator. We consider the assertions:

(i) V is 2-summing.

(ii) all V o 0, are 2-summing and 2 [ (V 00,)]* < o

Then, always (i) = (ii). Ifmoreover 3&” = (Xu),eny 18 a sequence of Hilbert spaces,
Y a Hilbert space, then (i)< (ii) and in this case [m, (V)]2 =Y [m{Vo Gn)}2.
1

n=
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Proof. (i1)=(ii) was shown in Theorem 3.
(ii)= (i) in the case when 2" = (X,),cy i8 a sequence of Hilbert spaces, ¥ a
Hilbert space. In this case, as it is well known, I, (£") is a Hilbert space and the

scalar product in I, (") is defined by <(x")neN7(y")neN>lz(5/') = Y (Xn,yn)yx . Since
2 n:l n

V:L(Z)—Y is a bounded linear operator (between two Hilbert spaces) we can

consider the adjointof V, V*:Y — I, (2"). We prove that V* (y) = (Vo 0,)" (), oy

for y € Y. Indeed, let y € Y and write V* (y) = (A, (¥)),cn, Where A, : Y — X,,. Then
for each x € X, we have (V*(v), 0, (x)),(2) = 0V (0 (x)))y i

{An (9),2)x, = (n (Vo o) )y = (Vo) (v),x)y,

thus, since x € X, is arbitrary, A, (y) = (Voo,)" (y). But, since on Hilbert spaces 2-
summing operators coincide with the Hilbert-Schmidt operators, by (ii), all V oo, are
Hilbert-Schmidt, and then as it is well known all (Vo o,)" are also Hilbert-Schmidt

s Then 3. (V001"

V*:Y — 1 (Z) is Hilbert-Schmidt, thus {/ is Hilbert-Schmidt, hence 2-summing i.e.
(). O

and ||V oo, s = ||(Voo,)" < oo and by [1, Lemma 1],

In the sequel we give the necessary or/and sufficient conditions for a bounded
linear operator from I, (2") into I, (%) to be 2-summing. Further, we will use these
results in order to give the necessary and/or sufficient conditions for the Hardy and
Hilbert type operators from /5 (:27) into I, (Y) to be 2-summing.

Let Z" = (Xn),ens & = (Ya),en be two sequences of Banach spaces.

Let V:1h(Z2) — (%) be abounded linear operator and if we define the bounded
linear operators V;; : Xy — Y, by Vi = pp,oV o oy, then

V( neN) (2 Vo (xx) ) for (x")neN eL(Z).
neN

The matrix of operators ¥ = (V},), <y is called the operator representing matrix of V.
Indeed, let us define L, = p,oV : 1, (2") — Y, and then note that L, are bounded

linear. Next V (x) = (L (x)),cy for x = (xu),cpy € 2 (27). We have x = 3 o (xy)
k=1

from where, L, (x) = é‘,l Ly (op (x)) = ki (Lyooy)(xx) = ki Ve (%) -

COROLLARY 2. Let V:1h (Z) — L (%) be a bounded linear operator and ¥ =
(Vnk)mkeN its operator representing matrix. If V is 2 -summing, then all operators Cy :

X — (%) defined by Cy (x) = (Vux (X)), are 2-summing and i [m (Ck)}2 < oo,
k=1

8

Moreover, 5. [m(Cu)J” < [ma (V)]
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Proof. Since V is 2-summing from Theorem 3, all V o o; are 2-summing,
Y [m(Vo Gk)}z <ocoand Y [m(Vo Gk)}z <m (V)]Z. For x € X, we have
k=1 k=1

(Voo (x) = (i Vaj (pj (0% ()O))) = (Vik () peny = G (%) -
neN

J=1
Thus all Cy are 2-summing, m, (V o ;) = m (Cy) and the conclusion follows. [

In the case of Hilbert spaces we can prove the following result, perhaps well
known, but for which we do not know any reference. Note that this result extend the
well known characterization of 2-summing operators from [/, into 1.

THEOREM 4. Let ¢ = (Hy),cn, K = (Kn),cn be two sequences of Hilbert
spaces, V 1l (H') — 1, (') a bounded linear operator and V' = (Vyi),, 1c its oper-
ator representing matrix. The following assertions are equivalent:

(i) V is 2-summing.

(ii) all operators Cy : X — 1> (£ defined by Ci (x) = (Vo (X)) pery are 2-summing

and kzl [0 ()] < o
(iii) all operators Ly, : 1, () — K, defined by L, (x) = i Vor (xi) are 2-summing
k=1

and 3. [m (L)} < .
n=
(iv) all V. : Hy — Ky, are 2-summing and 'Y, [m (Vnk)]2 < oo,
nk=1

(712 (V).

Moreover, [my (V))* = kgl (72 (C)]* = g (712 (L)) = |

P

n

Proof. (1)=(ii) is a particular case of Corollary 2.

(i) < (iv). Since Hy and K,, are Hilbert spaces and since every 2-summing oper-
ator defined on Hilbert spaces coincides with the Hilbert-Schmidt one, from Lemma 1
in [1], Gy is 2-summing if and only if all V,; are 2-summing, ¥, [7 (Vux)]* < oo and

n=1

n=1

moreover, [, (Ck)}2 = E [m (Vnk)}z. The equivalence (ii) < (iv) follows.
(iv) = (iii). Since E [m (Vnk)]2 < oo from Lemma 2 (the implication (ii) = (i)), all
k=1

S mL)f= 3 o)

n= n

L, are 2-summing and [m, (Ln)}2 =3 [m (Vnk)}2. Also
k=1

B~
|
—

< oo and (iii) follows.

(iii)=-(i). Since as we have already observed, V (x) = (L, (x)),,cry and E (73 (L))
n=1

< o0, by Nahoum’s Theorem 2, we get that V is 2-summing and [, (V)]> < Y, [m (L))
n=1

re. (). O
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In the rest of the paper, 2" = (X,),cy is a sequence of Banach spaces, ¥ a
Banach space, V; : X; — Y are bounded linear operators, (an;{)mkeN is a matrix of
scalars (real or complex numbers) such that the scalar matrix (|| [|Vill), ren de-
fines a bounded linear operator from /5 into /. Note that this means that the oper-

ator U : [, — I, defined by U ((&:),cn) = ( E || || V|| §k> is bounded linear.
k=1 neN
Under these assumptions, the operator V : I (27) — L, (Y) defined by V ((x4),cn) =

( E ani Vi (xk)) is bounded linear. Indeed, let (x,), .y €[> (Z£"). First let us note

k=1 neN

that X ||awVi (x0) || < X Jank] | Vil |Ixc| for n € N. Since U takes its values in /; and
k=1 k=1

(1xn])neny € L2, the series from the right member is convergent, hence Y, @, Vi (i) is
k=1
absolutely convergent, thus convergent and then we can write y, = Z anVi () €Y.

From ||y,|| < Z lani Vi (x| < |ank\ |Vi|| [|xx]| for n € N, the fact that U takes its
k=

values in I and (ka||)kGN €l we get (Vn)pen €L ().

COROLLARY 3. Let V : 1, (Z") — 1, (Y) be the operator defined by V ((xn),en) =

( S auVi (xk)) . We consider the following assertions:

neN
(l) V is 2-summing.

(ii) all Vy. are 2-summing and 'Y, [T (Vk)}zc,% < oo, where ¢y = | 2 \ank\z.
k=1

Then, always (i) = (ii). If moreover, 2" = (X;),cn is a sequence olelbert spaces
and Y is a Hilbert space then, (i) < (ii) and in this case [t (V)]* = 3 [m (Vi)]* 2

Proof. (i)=>(ii). The operator matrix of the operator V is V,; = a,; V. In this case
Cr: Xk — 1 (Y) is defined by Cy (x) = (@ Vi (%)) ey - We have [|Ce (x)[| = ci [[Vie () |-

oo

Since V is 2-summing, then by Corollary 2 all C; are 2-summing, Y, [ (Cy)]* < oo

oo

and 2 (75 (C)]* < [m (V)]?. Thus all Vi are 2-summing, ¥, [7 (Vk)}zc,% < oo and
k=1
[ (Vi) ¢} < [m (V)] dee. ().

(ii))=-(i). We have

EMS

=

[TL’Q anka 2 (2 %) anka ) 2 %) Vk Ck < oo

1 k=1

jaek

n

by (ii). Then (i) follows from Theorem 4. [l

In Corollaries 4, 5 and 6, ¥ = (V;,),.c is a sequence of bounded linear operators

V. : X, — Y such that sup ||V,]| < . In these cases, by the classical Hardy and Hilbert
neN
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theorems, see [5], the operators are well defined.

COROLLARY 4. Let Hy : 1,(Z°) — I, (Y) be the Hardy operator defined by
Hy ((%n)pen) = (MLGN. We consider the following assertions:

n

(i) Hy is 2-summing.

(ii) all Vi are 2-summing and E [m (Vk)fc,% < oo, Where ¢ = /| Y, n%
k=1

[m Vk)]

(iii) all V,, are 2-summing and 2 < oo,

Then, always (i) = (ii) < (iii). Ifmoreover, X = (X")nEN is a sequence of Hilbert
spaces and Y is a Hilbert space then, (i)<(ii) and in this case [m (H»-//)]2 =

3 [ (VP

Proof In view of Corollary 3 only the equivalence (11) 4 (iii) needs a proof. Since

i ,,Lz L a5 k — oo we get ckmﬁ as k — oo. Thus Z [ (V)] ¢} < o if and only
et k=1

it ¥ BUWE . O

The following result is a particular case of Corollary 3.

COROLLARY 5. Let Hy : I,(Z°) — I, (Y) be the Hardy operator defined by

Hy ((%n)pen) = (kz % . We consider the following assertions:
=n neN
(i) Hy is 2-summing.

(ii) all Vy, are 2-summing and z [mVil” Vk] < oo,

Then, always (i)=>(ii). Ifmoreover 2" = (Xn),en s a sequence of Hilbert spaces
and Y is a Hilbert space then, (i)<(ii) and in this case [m (Hy/)} =3 M

COROLLARY 6. Let Hy : [, (Z") — 1L(Y) be the Hilbert operator defined by

Hy ((xn)neN) = ( > % where the dash indicates that the sum ranges over
k=1 neN
all k except k = n. We consider the following assertions:

(i) Hy is 2-summing.
(ii) all Vy. are 2-summing and 'Y, [ (Vk)}2 < oo,
k=1

Then, always (i) = (ii). If moreover, 2" = (X,),cn is a sequence of Hilbert spaces
and Y is a Hilbert space then, (i)@(ii) and in this case [T, (H»-//)}2 =[m (Vl)}2 %2 +

oo

Y [m(Vi))? c?, where i = + Z s for k> 2.
k=2
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Proof. 1f we take in Corollary 3 a,; = ﬁ for n # k and a,, = 0, then c% =

o o o k—1 o k=1
» 1 1 n? 2 s 1 1 1 n? 1
—— = s=%and ¢, = =Y 5+ 5=+ 5 fork>
ngl (n—l)2 nél n? 6 k nél ("_k)z ngl n? nél n? 6 nél n?
2. Since ¢ — ”TZ as k—oo, X [m (Vk)]zci <eoifandonlyif ¥ [m (Vi)]* <eo. [
k=1 k=1

REMARK 1. Unfortunatlely, we do not know if the implication (ii) = (i) in Corol-
laries 3, 4, 5 and 6, is true for each sequence 2~ = (X”)neN of Banach spaces and Y a
Banach space.
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