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DERIVABLE MAPS AND GENERALIZED DERIVATIONS

ZHIDONG PAN

(Communicated by M. Omladic)

Abstract. Let o/ be a unital algebra, .# be an 7 -bimodule, L(.</,.Z') be the set of all linear
maps from <7 to .# , and %, be arelation on <7 . Amap 6 € L(<7,.#) is called derivable on
Ry if §(AB)=06(A)B+AS(B) forall (A,B) € Z.;. One purpose of this paper is to propose the
study of derivable maps on a new, but natural, relation %Z,,. Moreover, we give a characterization
of generalized derivations on .#,(C), the n x n matrix algebra over the complex numbers;
specifically, a linear map 8 on .#,(C) is a generalized derivation iff there exists an M € .#,(C)
such that 6(AB) = 6(A)B+ Ad(B), for all A,B € .#,(C) satisfying AMB = 0; in this case
6(I) = cM, for some c € C.

1. Introduction

Let o/ be a unital algebra, .# be an & -bimodule, and L(<7,.#) be the set
of all linear maps from 7 to .#. A map 6 € L(«/,.#) is called a derivation if
forall A,B € </, 6(AB) = 0(A)B+AS(B). Let %y be arelation on &7, i.e. Xy
is a nonempty subset of & x of. We say 6 € L(</,.#) is derivable on X if
O0(AB) = 8(A)B+AS(B) forall (A,B) € Z.y; for convenience, such a & will be called
a partial derivation . There have been many papers studying when a partial derivation
is a derivation. Jordan derivations have been extensively studied (see, e.g. [2], [4],
[6], [10], and [12]), these are partial derivations that are derivable on Z., = {(A,B) €
o/ x @ : A = B}. Recently, many have considered partial derivations that are derivable
on Z4 ={(A,B) € &/ x o/ : AB = C}, for some fixed C € &/ (see, e.g. [1], [3], [5],
[7-11], and 13-15]).

In general, partial derivations are not necessarily derivations. Examples of such
partial derivations include generalized derivations. Recall that a map 6 € L(<7, . #) is
called a generalized derivation if forall A,B € <7, 6(AB) = 6(A)B+Ad(B) —AS(I)B,
where [ is the unit of /. For any M € .# , we define a right multiplier M, from
o to M by M.(A) =AM, V A € o/ and a left multiplier M; from </ to .# by
M(A)=MA,VAc /. If 6 € L(o/,.#) and M = §(I), then one can easily check
that 0 is a generalized derivation iff 6 — M, is a derivation iff 6 — M; is a derivation.
That is, generalized derivations can be viewed as a sum of a derivation and a right
(or left) multiplier. If & € L(«7,.#) is a generalized derivation, let M = &(I) and
Ry(M,0) ={(A,B) € of x o/ : AMB = 0}. Clearly, § is derivable on Z.(M,0).
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Naturally, this raises the following question: For any M € .Z, if 6 € L(<«/, . #) is
derivable on Z.,(M,0), is 6 a generalized derivation? In this paper, we show this is
the case when &7 = . # = .#,(C), the n x n matrix algebra over the complex numbers.
In this case, for simplicity, we will use .#;, for .#,(C) and for any M € ., let
#(M,0) ={(A,B) € My, x My : AMB =0}.

2. Characterization of generalized derivations on .7,

The following is our main result.

THEOREM 2.1. If 0 € L(Ay, #y), then 6 is a generalized derivation iff there
exists an M € .#, such that & is derivable on %(M,0); in this case 6(I) = cM, for
some ¢ € C.

We begin with two simple reduction lemmas.

LEMMA 2.2. Suppose < is a unital algebra and # is an </ -bimodule. Let A €
Lot , M), Mc #, T € o beinvertible in o/, and §(A) = T 'A(TAT )T, VA €
/. Then §(I) =T~ 'A(INT, and

(i) A is derivable on %.;(M,0) iff § is derivable on %.,(T~'MT,0).

(ii) A is a generalized derivation iff 8 is a generalized derivation.

Proof. Forany A,B € o/ ,let A| = T~'AT and B; = T~ 'BT. A routine calcula-
tion shows (A,B) € %Z.,(M,0) iff (A|,B;) € Z.,(T~'MT,0) and
S(A1B1) — 8(A1)B1 —A18(By) = T~V [A(AB) — A(A)B — AA(B)|T.

Thus (i) follows.
Similarly, (ii) follows from

5(A1B))—8(A,)B) —A8(By)+A,8(1)By =T '[A(AB) — A(A)B—AA(B)+AA(I)BIT.
O

LEMMA 2.3. If A€ L(AMy, My), n > 2 and E;j are the matrix units of .4, then
there exists a 0 € L( My, #y) suchthat § —A is aninner derivation and E;;0 (Ejj)Ej =
0, forall i # j.

Proof. Take K =Y | A(Ey)E;; and define O € L(Ay, #y,) by 6k(A) = KA —
AK, YA€ #,.Let 6 =A— 0k, thenV j,

8(Ejj) = A(Ej;) — (KEjj — Ej;K) = A(Ej;) — A(Ej)Ejj + Ejj Y, A(Eii) Eis.

i=1
It follows that for any i # j,
E;iS(Ejj)Ejj =0. (2.0)

O
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LEMMA 2.4. If 8 € L(AMy, Ay), n > 2 satisfies Equation (2.0), J € A4, is a Jor-
dan matrix, and 8 is derivable on %(J,0), then 8(Ey) = E6 (Ex)(En+Eis1141), VI<
n and S(Ekn) = EkkS(Ek,,)En,,.

Proof. For any k < j or k> j+2, then E;;jJE; = 0. Since 0 is derivable on
Z#(J,0),
0= 5(E,'J'Ek1) = 5(E,'J')Ek1 +Eij5(Ekl)~ (2.1)

In particular, S(E,'j)Ekk + E,‘J'5(Ekk) =0, thus S(E,'j)Ekk + Eij5(Ekk)Ekk = 0. Combin-
ing with (2.0), we see 0(E;;)Ew = 0, which implies

O(Eij)Ex = 0. (2.2)
By (2.1) and (2.2),
E8(E) =0, (23)
We will first prove
0(En) = Ew6(En)- (%)

The conclusion of the lemma follows directly from (2.2) and (). We will prove (x)
by induction on k.
If k =1 then by (2.3),

n

O0(Ey)=18(Ey) = (ZEi,-)B(EU) =E8(Ey).
i=1

Suppose k > 2 and
O(Ex—11) = Ex—1x—16(Ex—11)- (2.4)
By (2.3),
0(Ex) = (Ex—1x—1 +Ew) 6 (Exr)- (2.5)

Let J = (a;;), there are two possible cases.
Case 1. ap_1; =0
In this case, Ex_1x—1JEw = 0. Since § is derivable on Z(J,0),

0=06(Ex—1x—1En) = 6 (Ex—1x—1)Ex + Ex—15-106(Ex). (2.6)

In particular,
0= 6(Er—1x—1)Ewk + Er—1x—10 (Exx). (2.7)

Multiplying Ey; from the right of (2.7) and applying (2.0) gives 0 = §(Ex_1x—1)Ex,
which implies 6(Ek_1k_1)E]d = 5(Ek—1k—l)EkkEkl = 0. Plugging this in (26) , we get
Ek_lk_16(Ekl) = 0. Putting this in (25) gives (*)

Case 2. aj_1; =1

If ay = 0 then EJEy = 0. Since 6 is derivable on Z(J,0),

O(EEw) = 8(Ew)En + Exic0 (Epg).
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Multiplying Ey_1—1 from the left and applying (2.0) gives
Ex1k-10 (EwEx) = Ex—1k-18 (B ) Ext = Ex—12-16 (Ep) EieEr = 0,

and putting this in (2.5) gives ().
If ay 75 0, then ay_jp—1 = awk 75 0. Let a = aj_1;—1 then Ekflkfl.](aEkl —
E;_1;) =0. Since § is derivable on Z(J,0),

O[Ex—1x—1(aEy — Ex—11)] = O0(Ex—1x—1)(aEy — Ex—11) + Ex— 1516 (aEyy — Ex_1y).
Combining with (2.4), we get
0= 6(Ex—1k—1)(aEy — Ex_11) +aEp_ 15,16 (Ep). (2.8)

In particular,
0=0(Ei—1x—1)(aEwk — Ex—1k) + aEg—1x—16 (Exk)-

Multiplying Ejy from the right and applying (2.0) gives 0= 8(Ey_1x_1)(aEw — Ex—_1%)-
Thus 6 (Ex—1k—1)(aExn — Ex—11) = 0(Er—1x—1)(aEw — Ex—1x)Ex = 0. This, together
with (2.8), gives Ej_1;—18(Ey) = 0. Now, (x) follows from (2.5). O

LEMMA 2.5. If 6 € L(AMy, My), n = 2 satisfies (2.0), J € M, is a Jordan ma-
trix, and O is derivable on %(J,0), then 8(E;j)Ej1j+1 = Eij6(Ejj)Ejt1j+1, ¥V j <n.

Proof. Let J = (a;;) and fixa j <n.
If ajj11 =0 then E;;JE; 1j+1 =0. Since 0 is derivable on %(J,0),

0=6(EijEjt1j+1) = 8(Eij)Ejt1j+1+ Eij6(Ejt1j+1).

Applying Lemma 2.4, we get 8(E;;)E ;141 = 0, in particular, §(E;;)Ej+1j+1 =0=
O(Eij)Ejt1j+1-

If ajj1 =1 then E;jJ(a;;E;11;—E;j;) = 0. Since § is derivable on Z(J,0), we
have 8[Eij(aj;Ejv1j— Ejj)) = 8(Eij)(ajiEj1j— Ejj) + Eij6(ajjEj11;— Ejj) . Apply-
ing Lemma 2.4, we get —6(Eij) = 6(Eij)(aijj+1J’ — Ejj) —EijS(Ejj) . Multlplylng
Ej.1j41 from the right yields the conclusion. [

LEMMA 2.6. If 0 € L(AMy, My), n > 2 satisfies (2.0), J € A, is a Jordan ma-
trix, and 8 is derivable on Z(J,0), then for each i, 8(E;;) = ¢;EyiJ, for some ¢; € C.

Proof. Any matrix T = (;;) can be viewed as a linear operator on C" with stan-
dard column vectors {ej,---,e,} as basis, thatis, for any column vector x € C", we can
define Tx = (#;j)x. The range and kernel of 7" will be denoted by ran (7") and ker (T'),
respectively. Fix any i, then ran (E;;J) C Ce;. By Lemma 2.4, §(E;;) = E;;6(Ej;), so
ran (8 (E;;)) C Ce;. Thus, E;J and 6(Ej;) are operators of rank at most one, with range
contained in the same one-dimensional vector space.

If E;J =0, then E;JE,; =0, forall k=1,---,n. Since 0 is derivable on Z(/,0),

O(EiiEr) = 8(Eii)Ex1 + Eiid(Er1) = 8 (Eii)Ex1 + EiiEx O (E1 ).
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Thus 0 = 6(E;;)Ey and 8(E;) = 0. In this case, 0(Ej;) = cE;;J, forany ¢ € C.

To complete the proof, we only need to show ker(E;J) C ker(5(E;;)), when
EiJ #0.

Suppose J = (a;j) and E;;J #0.

If i = n, then E,nJ = apEny # 0 implies ker (EpJ)=span{ej, ez, --,e,—1}. By
Lemma 2.4, 6(E,;) = 6(Enn)Eun- Thus ker (E,,J) C ker (8(E,,))

If i <n,then E;J = a;E; + aiiv1Eiiry. It follows that ¢, € ker (Eiij), Vk<ior
k>i+2 and ajir1€; — Ajjejr1 € ker (Eii-]) .

Since E,‘,‘J;ﬁ 0, ker(E,-,-J) = span {61, ce @i 1,16 — Ajj€it1,€i42," " ,en} . Note
that E;;J(a;i-1E; — aiiEi+11) =0, and § is derivable on Z(J,0),

O[Eii(aiir1En — aiiEiv11)] = O(Eii)(aiiv1Ei — aiiEir11) + Eiid(aiiv1Eil — aiiEir11).

Combining the above equation with Lemma 2.4, we get 0 = 8 (E;;)(aii+1Ein — aiiEiv11) -
Thus 8 (E;;)(aii+1€i—aiieiy1) = O(Eii)(aiiv1Ein —aiiEir11)e1 =0,1.e. ajir1e;—ajieiy1 €
ker(6(E;;)). By Lemma 2.4, 8(E;) = O0(E;)(Eii + Eiz1i+1), thus e, € ker(6(Ey)),
Vk<iork=>i+2,andker(E;J) C ker(8(E;)). O

LEMMA 2.7. If 6 € L(AMy, My), n = 2 satisfies (2.0), J € M, is a Jordan ma-
trix, and & is derivable on %(J,0), then there exists a ¢ € C such that 8§ (E;;) = cE;iJ,
foralli=1,--- n; as a consequence d6(I) = cJ.

Proof. For any i # k, by Lemma 2.6, there exist ¢;,c; € C such that 6(E;) =
ciEiiJ and 8(Ey) = cExJ. If E;;7J =0 we can choose ¢; to be any number, in par-
ticular, take ¢; = ¢. Similarly, if ExJ = 0, we can take ¢ = ¢;. Let J = (a;;). Fix
any i and k, without loss of generality, we assume i < k, Ej;J # 0 and EpJ # 0. Thus
aj; and a;;| are not both zero, and ay; and agy; are not both zero. For any j with
E;;J #0, define j* = j if aj; # 0; otherwise j* = j+1. Thus a;;+ # 0, in particular,
aii» # 0. and ay+ # 0; moreover, if k = n then E,;,,J = a,,E,, # 0 implies n* = n.

Claim: ag;+ = 0; indeed, since i < k, it follows i* < k. If i* <k then a;+ =0
since J is a Jordan matrix. By the definition of i*, i* = k precisely when a; =0 and
i* =i+ 1 =k. In this case, since E;J # 0 and J is a Jordan matrix, ;1] = 1 and
a = ajy1iv1 = @i = 0.

By the claim,

EikJEi*k* = ak,-»«El-k* =0. (29)

We will proceed by considering two separate cases: a;+ = 0 and aj+ # 0
Case 1. aj+ =0.
In this case,
EiiJEk*k* = aik*Eik* =0. (210)

It follows from Egs. (2.9) and (2.10),
(awer Eii + ai Eig)J (Er — Epopr ) = apger EiiJ Epgr — @i EyJ Egr g = 0. (2.11)
Since § is derivable on Z(J,0), by (2.9), (2.10), and (2.11) we have

O(EiEp 1) = 8 (Eix)Epr + Eix6 (Epp),
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5(EiiEk*k* ) = 5(Eii)Ek*k* + Eii(s(Ek*k*)7
and

O[(amEii + ajpwEit.) (Ep i — Epr )] = O(ape-Eij + aii Eig) (Eir — Eprer)
+(apEii + i Eig) 0 (Ejjor — Epger ).

The last three equations give us

a8 (EiiEp i) — aji» O (EigE i) = aper O (Eii) Epr i — aij 8 (Ejge) Eper g
+apeEii0(Ep ) — aipr Eg 6 (Ep ).

By Lemma 2.4, §(E;;E;+) = E;j6(Ej+). Thus
—a;i O (Eix g+ ) = e O (Eii) Epepr — @i 8 (Ej ) Egri — @i Eip O (Ejre ). (2.12)
If k* = k, by Eq. (2.12),
—aii0(Eit) = aw S (Eit)Ei i — i 0 (Eit) Exie — @i Eig 6 (Ep.)-
Multiplying Ey; from the right of this equation gives
0= a6 (Eii) ik — air Eix 6 (Ep) Exi-
By Lemma 2.6,

0 = a6 (Eii)Ejx — @i E 0 (Epx) Exg = arkCiEiiJ Eis i — i EjckEgid Exy,

= apciaii Ejx — ajjrcragkEjg.

Since a;;+ # 0 and ay, = ay # 0, we get ¢; = ¢k
If k* =k+ 1, by Lemma 2.4 and Eq. (2.12),

0 = ak+10(Eii) Ei i1 — @it O (Eig) Ex 141+
Combining this with Lemmas 2.5 and 2.6, we have

0 = ak+16(Eii) Epj1 =i 6 (Eig ) Exy 1541 = i1 0 (Eii) Ejjy1 — @i Eig O (Eg) Ex 1541
= A+ 1CiEi Eir g1 — Qi Eip kBl Exy 11 = Qi1 Cildiir Eigep 1 — @i Crige1 Eigge1 -

Since a;+ # 0 and agry; = age # 0, we have ¢; = ¢¢.
Case 2. ag+ #0.
This case can only happen when k* =k =i+1, thus ay #0 and a;; 1 = a; = 1.
It follows that (@i Ei; — Eit)JEw = 0. Since 6 is derivable on Z(J,0),

O(amEii — Eit) Ex] = 0 (awEii — Eix) Exic + (aEii — Eix) 0 (Exk)-
By Lemma 2.4,

O0(—Ei) = 0(aEii)Ex — 8 (Eix) Erie — Eit0 (Eg)-
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Multiplying Ej; from the right, we get 0 = a8 (Eii)Exx — Eix O (Exr)Exi - By Lemma
2.6,
0= a6 (Eii) Exk — Eix6 (Exx) Exx = amrciEii Exy — EipciEpad Eg
= agciaipkip — cramEix = anciby — cragEi.

Therefore, ¢c; =c¢,. U

Proof of Theorem 2.1. The statement is clearly true when n = 1, so we assume
n > 2. With one direction being clear, we only need to prove that if & € L(.#,,,.#,)
is derivable on #Z(M,0), for some M € .#,, then 0 is a generalized derivation with
6(I) = cM, for some ¢ € C. By Lemmas 2.2 and 2.3, we can assume 0 satisfies Eq.
(2.0) and § is derivable on Z(J,0), where J is a Jordan matrix of M. Let S= §(I) and
define S, € L(Ay, #,) by S,(A) =AS, VA€ #,. Let t=205—S,. Then 7 is deriv-
able on #(J,0) and, by Lemma 2.7, 7(E;;) =0, V j =1,2,...,n; in particular, T sat-
isfies Eq (20) . For any ] <n, by Lemma 2.5, T(Eij)EjJrljJrl = EijT(Ej ')Ej+1j+1 =
0. Thus, by Lemma 2.4, T(Eij) = T(Eij)(Ejj +Ej+1j+1) = T(Eij)Ejj, N j<n and
T(Ein) = ©(Ein)Eny . 1t follows that for any i, j, 1,

T(E,'J'E”) = T(E,'J')E”. (213)
We will show 7 is a derivation by showing for any i, j, k,/,
T(EijEkl) = T(Eij)Ekl +EijT(Ekl). (214)
Eq. (2.13) implies Eq. (2.14) holds for k =1.
If j# k then by Lemma 2.4 E;jt(Ey) =0. By Eq. (2.13), 7(E;j)Ey =
T(Eij)E;jEq = 0. Thus Eq. (2.14) holds for j # k. In particular, if k # [, then
T(EuEn) = T(Eq)Ex + EaT(Ex). (2.15)

It remains to show Eq. (2.14) holds for j =k and k #1. Let J = (a;;).
If ai; # 0, then EyJ(ayEy — aEy) = 0. Since 7 is derivable on 2(J,0),

T|Ei(anEy — awEny)] = ©(Ei)(anEn — aEn) + ExT(an Eq — acEy).
Applying Eq. (2.13) to this equation, we have T(EjEy) = T(Eix)En + ExT(Ex) -
Similarly, if aj # 0, then (ayEx — aEi)JEy = 0. Since 7 is derivable on
#(J,0),
Ol(auEx — akEir) En] = 6 (aiEix — aEi)Ew + (aiEi — aricEi )0 (E)-
Combining this with Eq. (2.15), we get T(EyEy) = T(Eg)Ewn + ExT(Ey) .
Suppose ay = ay = 0. If a; # 0, then note (ayEy — awEi)J (Ey + Ey) = 0.
Since 7 is derivable on Z(J,0),
t[(anEi—awEq)(Eq+En)) = t(anEx—awEq ) (Ex+En)+(anEj—awEq) T(Ex+Ep).

Combining this with Egs. (2.13) and (2.15) gives T(EyxEy) = T(Eig)En + ExT(Ey) .
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Finally, if a;; = O then for any positive integers s, < n, EgJE; = 0. Since 7T is
derivable on Z(J,0),

T(Elelt) = T(Esl)Elt +ESZT(Elt)~ (216)

T(ExExn) = ©(Eq)En = ©(Eq)EnEn = [t(EgEn) — EqT(En)]Ex
= T(Eix)En — EqT(Enx)Exq = T(Eix)Ex — EaEnT(En)En
= T(Ei)Exy — Ex|[t(ExnEw) — T(En)Ex)E = T(Eix)Exg — Ei[0 — T(Ex ) En
= T(Ei)Eq + EixT(Ex).-

The equation §(I) = ¢J for some ¢ € C is proved in Lemma 2.7. [

COROLLARY 2.8. A linear map 8 € L(M,, M,,) is a generalized derivation iff
O0(AB) = 6(A)B+AdS(B), for all A,B € ), satisfying AS(I)B = 0.

2.1. Remarks

For an algebra &/ and an </ -bimodule .# , we call a relation %, C o/ X o
a derivational set of L(</,.#) if whenever 6 € L(<7,.#) is derivable on %, it
implies 0 is a derivation. For &/ = .# = .#, and any 0 # M € ./, , Theorem 2.1
implies Z(M,0) is a maximal non-derivational set of L(.#,,,.#,) as illustrated in the
following corollary.

COROLLARY 2.9. Given any 0 # M € M, every relation Z on M, such that
H#(M,0) C % is a derivational set of L(My, My).

Proof. If 8 € L(A,,, 4#,) is derivable on Z then it is derivable on % (M,0). By
Theorem 2.1, § is a generalized derivation such that §(I) = ¢M, for some ¢ € C. Thus
O0(AB) =0(A)B+AdS(B) —cAMB for all (A,B) € .#, x My . In particular, 6(A;B;) =
6(A1)Bl +A15(Bl) —CA1M31 for any (A],B]) € % and (A17Bl) @f %(M,O) On
the other hand, since 0 is derivable on %, 8(A|B;) = 6(A|)B; +A16(B;). Thus
¢A1MB, =0. Since (A1,By) ¢ Z(M,0), c=0. O

For a Banach algebra o/ and M € <7, let #Z.;(M,0) = {(A,B) € &/ X o/ : AMB =
0}.

2.2. Question

For what Banach algebra ./ does it hold that 6 € L(</, ) is a generalized
derivation iff & is derivable on Z.,(M,0) for some M € </ ?

In particular, we do not know if the above holds when &7 is a C*-algebra, a von
Neumann algebra, a CSL-algebra, a nest algebra, even B(H ), the algebra of all bounded
linear operators on a Hilbert space H .

Acknowledgement. The author would like to thank the referee for careful reading
of the paper and corrections of several typos.
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