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PSEUDOSPECTRUM AND CONDITION SPECTRUM

G. KRISHNA KUMAR AND S. H. LUI
(Communicated by L. Rodman)

Abstract. For 0 < £ < 1, the &-condition spectrum of an element A € C¥*V | a generalization
of eigenvalues, is denoted by ¢ (A), and is defined as ([7]),

O¢(A) = {z € C:zI —Ais not invertible or ||z — A||||(z —A) || > é} .
Several results on spectrum and € -pseudospectrum are generalized to € -condition spectrum.
The € -condition spectrum is a useful tool in the numerical solution of operator equations. In [3],
the authors have given an analogue of the Spectral Mapping Theorem for condition spectrum.
This paper is a continuation of the papers [5] and [3], generalizing the Spectral Mapping Theo-
rem for eigenvalues. In this paper we are studying size of the components of condition spectrum
of a matrix. The main contribution of this paper consists of asymptotic expansions of quantities
which determine the size of components of condition spectral sets. A relation connecting pseu-
dospectrum and condition spectrum of a matrix is given as set inclusions. Using this relation a
weak version of component wise condition Spectral Mapping Theorem is given. Examples are
given to illustrate the theory developed.

1. Introduction

Let A € CV*N | The set of all eigenvalues or spectrum is denoted by ¢(A) and is
defined as

6(A) ={z€ C:zI —Ais not invertible}.

Let f be an analytic function on some open set Q containing o(A). By functional
calculus, f(A) is defined as

F(A) = Zim /F F) (e —A)dz,

where T is any closed contour containing ¢(A). The Spectral Mapping Theorem is a
fundamental result in functional analysis of great importance. Given a matrix A and a
function f which is analytic on an open set containing 6(A), the theorem asserts that

f(o(A)) =o(f(A)).

There are several generalizations of the concept of the spectrum in literature such as
Ransford spectrum [8], pseudospectrum [9], condition spectrum [7], etc. It is natural
to ask whether there are any results similar to the Spectral Mapping Theorem for these
sets.
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DEFINITION 1. Let A€ C¥*N and 0 < € < 1. The &-condition spectrum of A is
denoted by 0¢(A) and is defined as,

1
o:a) = {zeC: -l -4y > 1},

with the convention that |z — A||||(zf —A)~!|| = e, if zI — A is not invertible.

Note that because of the above convention, 6(A) C o¢(A) for all 0 < e < 1.
Whenever z ¢ 0¢(A), we are guaranteed a stable solution to the linear system (A —
zl)x = b. This fact makes the €-condition spectrum a useful tool in the numerical
solution of operator equations.

In [5], asymptotic expansions of the sizes of components of pseudospectra are
given using some tools developed in [1]. In [3], the authors gives an analogue of the
Spectral Mapping Theorem for condition spectrum in Banach algebras. We state the
main theorem proved in [3], removing an unnecessary assumption there that f must be
1njective.

THEOREM 1. (Condition Spectral Mapping Theorem) Let A be a complex Ba-
nach algebra with unit e. For a € A that is not a scalar multiple of the unit, 0 < € < 1
sufficiently small, Q a bounded open subset of C containing o¢(a) and [ an analytic
Sfunction on Q, define

1
oe) = 152‘5@{ IFA) = F@IFA) — f@] ] }

If f(a) is not a scalar multiple of unit, then ¢(g) is well defined, 0 < ¢(€) < 1,
lin(l)q)(e) =0 and for € satisfying ¢(€) < 1, we have
E—

f(oe(a)) C Ope) (f(a)).

Furthermore suppose there exists & with 0 < & < 1 such that og,(f(a)) C f(Q). For
0 < e < g define

1
€)= sup { - }
vie) wefr1(oe(fanne UL —allll(w—a)~1|

Then y(e) is well defined, 0 < y(e) < 1, ling) y(e) =0 and for 0 < € < g satisfying
£—
y(e) < 1, we have

0e(f(a)) € f(Oy(e)(a)-

When A is a normal matrix, its €-condition spectrum is union of closed disks
containing eigenvalues. For a non-normal matrix, its €-condition spectrum may be
much larger than this union.

Let A € CV*V with distinct eigenvalues {A;: j=1,....k} each having some pos-
itive algebraic multiplicity. When € is small, 6.(A) consist of k disjoint components
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each containing an eigenvalue. In the condition Spectral Mapping Theorem, the sizes
of condition spectra are characterized by one pair of functions ¢ and y. Our first
order business is to characterize each component by functions ¢; and y;, offering a
sharper bound than the one in the condition Spectral Mapping Theorem. The functions
¢; and y; are continuous and monotonically non-decreasing and depends only on the
eigenvalue A;.

The following is the outline of the paper. In Section 2, the general theorem (The-
orem 2) in the form of two set inclusions for each component is stated and proved.
In the theorem, we derive the exact expression for ¢; and y; mentioned in the above
paragraph. We derive the usual Spectral Mapping Theorem from this general theorem
(Remark 2). We also consider a normal matrix and analytically find the values of ¢;
and y; and illustrate the theory developed (Example 1). In Section 3, we determine the
size of each component of condition spectrum of f(A) for a diagonalizable matrix A
(Corollary 1) and a more general case (Corollary 2). In section 4, we derive the asymp-
totic expansion of f(A) for a diagonalizable matrix (Theorem 5) and a more general
case (Theorem 6). We give some examples to illustrate the given theory. In section
5, an improved relation connecting pseudospectrum and condition spectrum is proved
(Lemma 1). A weak version of the Spectral Mapping Theorem for each components of
condition spectrum is proved (Theorem 8) using the component-wise relation connect-
ing pseudospectrum and condition spectrum of a matrix (Theorem 7). Some examples
are also given to illustrate the theory.

2. A component-wise condition Spectral Mapping Theorem

The following is a sharper version of the condition Spectral Mapping Theorem
for complex analytic functions discussed in [3]. The proof is similar as that in [3]
for the original theorem and is included here for completeness. The proof is an easy
consequence of the definition of the functions in the statement of the theorem.

As already mentioned in the introduction, when ¢ is small, 0¢(A) is a disjoint
union of sets each containing exactly one eigenvalue. Denote the component containing
the eigenvalue A; by 0¢(A,A;). Throughout this paper, we shall be assuming that the
parameter € is sufficiently small so that the components of condition spectral sets are
pairwise disjoint. The value of € may need to be restricted further, this point will be
elaborated upon later. In case f(A;) = f(Ax) for some A; # A;, we identify the two
components 0g(f(A),f(A;)) and oc(f(A), f(A)), for all 0 < & < 1. Let I be the
identity matrix and . = {od : a € C}.

THEOREM 2. Let A € CNVN\ .7, {Ay,..., A} be distinct eigenvalues of A and
f be an analytic function defined on an open set Q containing o(A). For each j and
0 < € < 1 sufficiently small, define

1
oo gejjf,m{ /&= N TTE—7A) ] }

If f is a non-constant function then ¢;(€) is well defined, 0 < ¢;(e) <1, lin(l) 9j(e)=0
£—
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and for € satisfying ¢j(€) < 1, we have
f(0e(A,4))) € Oy,(e) (f(A), f(A)))-

Furthermore, suppose that there exist gy with 0 < &y < 1 such that og,(f(A)) C f(Q).
For 0 < € < g, define

1
vi(e) = sup { - }
! wer(oe(rar sy na Ul = Al [ (uI —A)~1|

Then yj(€) is well defined, lin(l) v;(€) =0 and for € satisfying y;(e) < 1, we have
E—
Oe(f(A),f(A)) € f(Oy,(e)(A,A)))-

Proof. First we show that for each j, ¢;(¢) is well defined. Define g : C — R by,

1
@I FAIN @I = FA)HT

Then g is continuous [3]. Next for 0 < € < 1, 0¢(A, ;) is a compact subset of C and
0j(e) =sup{g(z) : z€ 0g(A,A;)}. Hence ¢;(e) is well defined, that is, finite. It is
easy to observe that ¢; is a monotonically non-decreasing function and ¢;(€) goes to
zero as € goes to zero. Now let € be sufficiently small so that 0 < ¢;(e) < 1 and let
z€ 0¢(A,Aj). Then g(z) < ¢;(g). Hence

8(2)

R
g(x) = 9j(e)’

LF @I = AN = f(A) ] =
This means that f(z) € Oy, (e)(f(A),f(4;)). Thus
f(GS(A7A’j)) - G¢j(5)(f(A),f(;Lj))

Next assume that there exists & with 0 < & < 1 such that og,(f(A)) C f(Q). We
show that for each j and 0 < € < &, y;(€) is well defined. Define 4 : C — R by,

B 1

|l = Al (ud = A) =M

Then A is continuous [3]. Since h(u) <1 forall u € C, y;(e) is well defined and
0 < yj(e) < 1. Itis also observed that y; is a monotonically non-decreasing function
and y;(e) goes to zero as € goes to zero. Now let € be sufficiently small so that
0<wyj(e) <l.Letze oe(f(A),f(A))) C0og(f(A),f(A;)) C f(L). Consider u € Q
such that z = f(u). Then pu € f~'(0g(f(A), f(;))), hence h(u) < y;(€), that is,

It = AL =) = s > s

Thus it € 0y;(¢) (A, Aj). Hence z = f(1) € f(0y;,(e)(A,A;)). This proves
Gs(f(A%f(x’j)) - f(Gu/j(e)(A7Aj))~ O

h(u)
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REMARK 1. Combining the two inclusions, we get

f(0e(A,2))) € Oy,(e) (f(A), f (A7) € S (Oy;4;(e)) (As A)),

and
0c(f(A), f(A))) C f(Oy;(e)(A, 4))) C O, (y;(e)) (F(A), F(A)).

NOTE 1. In[3],itis shown by an example that the assumption f(A) is not a scalar
multiple of the identity cannot be dropped in Theorem 2.

REMARK 2. Since forevery A € CV*N\ .7, lim 0;(e)=0= lim v;(€), we have
E— E—

At= ) oeA,2).
O<e<l
Thus the usual Spectral Mapping Theorem can be deduced from Theorem 2.

REMARK 3. Let A € CNV*N\ .# and f(z) = a + Bz where o, are complex
numbers with 3 # 0. Then

Oile)= o - ﬁAIIH(ﬁzl BAY T

1
= sup
reop(any) 1 = All [l —A) 71|

= €.

In a similar way we have yj(€) = €. Thus og(od +BA,00+ B A;j) = a+ Boe(A,A)).

In the following we consider a 2 X 2 normal matrix and give estimates for the
functions ¢; and ;.

10
0—1
worked out analytically. The eigenvalues are A; = 1, A, = —1. Take f(z) = 7> +2z.
First consider A; = 1:

o1(e) = sup [ F(EN—FAITTIFE - fa)~ ™

EXAMPLE 1. Let A = [ } . The matrix is normal and everything can be

éEGg(A.,l)
-1
~ [§2+25—3 0 H‘ [5%25—3 0 ]1
Ecoe(Al) 0 E2+28+1 0 E2 428 +1
2 0f
= sup %:6(2—6),
sen( 1t %)
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where D(z,r) is the disk of radius r and center at z. Hence o¢(A,1)? +20¢(A,1) C
Oy, (e)(A*+24,3). Also

vi(e) = sup il = Al | (ur —A)~H
U22ucce (A2424,3)
—1
~ [ﬂﬂi—z 0 Hl [\/1 -2 0 ]1
Ueoe(A242A,3) 0 ARt 0 VI+u
= sup %”12':1— 1—e¢.

Hence 0¢(A? +2A,3) C Oy, () (A, 1)> + 20y, (¢)(A,1). Next, consider the eigenvalue
Ay =—1.

0a(e) = sup [FEI=FA)ITHIFEN - FA)THT

¢eoe(A,-1)

= sup [52“‘25—3 , 0 }1 {524—25—3 i 0 ]1 -1
Eeoe(A,—1) 0 E2402E41 0 €206 41

= sup \éz+2§+u: e
560(*5177*:22)7%) E2+28 3] 1-2¢

Hence 0¢(A,—1)?+20¢(A,—1) C Gq,l(g)(Az +2A,—-1). Also

wa(e) = sup o [ul—Al T (- A) 7
UIH2UECE (A2424,~1)
_ -1
- [VH#—Z 0 H [m-z 0 ]
HETE(A>24,~1) 0 Vitu 0 JVIith
_ WI+ul
— sup NiEEs] =t.
/vteD<_*(“32E >74_s2> v
1—¢ 1—¢

3. The size of condition spectral component of f(A)

In this section we estimate the size of each component of the condition spectrum
of A and f(A), where f is analytic. The N x N identity matrix is denoted by I. For
m < N, the m x m identity matrix is denoted by /,,. For any set S, the boundary of the
set is denoted by dS. We start our discussion about the size of the condition spectrum
components of a diagonalizable matrix near an eigenvalue.

THEOREM 3. Let A€ CN*N and {2y, ..., A} be the distinct eigenvalues of A. Let
A € 6(A) be of algebraic multiplicity m > 1. Let A be diagonalizable and A = QDQ ™
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ALy,
P ")

and A ¢ 6(Ds). For 0<e <1 and z € dog(A, 1),

where

0 -
cal=elrte[*5, ] 07 +oe

where P is the projection onto the eigenspace ker(A — AI) along the range of A— A1 :
_ Im -1
P=0 [ 0] o .

Proof. Let z € dog(A,A). Observe that
|zl — Al = ||f = AL+ AI—A||
= [[A1 = Al + O(]z— A)

_ HQ [0 MN_m_DJ 01|+ 0(c - 4)).

From Theorem 3.1 of [5],

|zl —A)7Y| = HQ [(Z—l)llm

_ el
e~ Al

—1
(ZIN—m - D2)_1:| Q

+0(1).
Since z € dog(A, 1),
= = [l - Al - 4)"

0 -1
e ®s, ny 0
- 2= 4]

+0(1).
This implies that

+0(e?). O

_ 0 -1
cal=elPle | 4 ) @

COROLLARY 1. Let A € CN*N and Ai,..., A be the distinct eigenvalues of A.
Suppose A is diagonalizable and A = QDQ~ for some diagonal D. Assume f is
analytic on some open set containing o(A). Let A be any eigenvalue of A and m be
the multiplicity of f(A) as an eigenvalue of f(A). Define

P=o M| o,
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assuming that all eigenvalues | so that f(1) = f(A) are placed in the first diagonal
entries of D. Let 0 < s < 1. Then for any § € dos(f(A),f(1)),

+0(s%).

c-swi= P10 | s o] 2

Proof. Note that
_ ) In
(D)= [ f (Dz)}

where D, is diagonal so that f(u) is distinct from f(A) for any diagonal entry p of
D, . The result now follows from a direct application of Theorem 3. [J

In Corollary 1, suppose A is an eigenvalue of multiplicity m. If A has an eigen-
value p distinct from A so that f(u) = f(1), then /i > m. Otherwise it = m.

Next we consider a matrix A belonging to a more general class and study the
size of the components of condition spectrum of A and of f(A), where f is analytic.
The index of an eigenvalue is the size of the largest Jordan block associated with the
eigenvalue.

THEOREM 4. Let A € CN*N and Ay,---, A be the distinct eigenvalues of A. Let
A€ {A1,--, &} of index m > 1 and suppose there is exactly one Jordan block associ-
ated with A. Let A =QJQ~ ", where

ey

be a Jordan block of A with first block mxm and A ¢ o(J2). For 0 < & < 1 sufficiently
small and any z € dog(A, 1),

1/m

o= Al =/ N/ + o),

0 -1
N1+Q |: AINm_J2:| Q

where

Mm=0| o1l |Oon )
0
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Proof. Let z € dog(A,A). Observe that

el —A| = || — AT+ AI—A|
= [AI-All+O0(lz—4])

_ 0 -1
— ’N1+Q |: AINm_J2:| Q

From Theorem 3.3 of [5],

+O0(|z—A|).

12 =A)" = 2= A[T"IN? ™ 4+ 02— A7),

Since z € dog(A, 1),

1 -
= =l =All T - 4)7

0
|y 9 |—m| aym—1 -1 _q|l-m
—le-are e 0, Lot ode- i,
This implies that
e— AP =e N M+o | 07|+ 0(e [ Al)
! AMy—m— > ' ’

and the result now follows. [

In the above theorem, we assume for ease of exposition that there is only one
Jordan block of size m for the eigenvalue A. The result also holds if there are k > 1
such Jordan blocks. In this case first diagonal block in (2) must be replicated k times.

COROLLARY 2. Assume the hypotheses of the above theorem. Let f be ana-
Iytic on some open set containing 6(A) so that f'(A) # 0. Suppose f(L) # f(u)
for every eigenvalue 1 of A distinct from A. For 0 < s < 1 sufficiently small and

¢ €das(f(A), f(2)),

1/m

(m—1)
0—/(h) - — Lot

1§ — £ = 1 Q)| g s 0(s2/m)

0 —F()
0

[f ) Iy — F(]2)
where N is defined in (2).

Proof. Since { € dos(f(A), f(1)),

% = 1= fAIET = fa) = llegr— fne e — U)o
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Let J; be the first diagonal block of (1). Recall that

) £12) -

(m—1)
P = FOt S Ot Tt = |
- FA) F)
F(A)
Thus we have,
181 FA)ll = 11— AN+ F )T = f(A)|
= IFG)I = FA)I+00E = F(R)])
, (m=1)
0 _f (A') _f(m—l()?)
= 0w +0(1¢ = f))).
0
f(A)IN—m _f(-]2)

From Corollary 3.4 of [5],

1CT= A =1 A HINEHE = FA)" 018 = F(A)[F).
Thus

(m—1)
0 —f'(A) - ,%

% = PNy IE=FOI" +0(8 = F)I™),

0 -1
0

|f(l>1N*m *f(lz)

from which the desired result follows. [

We next indicate briefly what happens in case of the hypotheses in the above fail.
For instance, assume f(A) = f(u) for some eigenvalue p with largest index m >
m. Suppose f’(u) # 0. Then the dominant behavior comes from the Jordan block
corresponding to ¢ of dimension 7. In this case, we obtain for § € dao,(f(A), f(1)),

1/

(1)
0 —f'(A) - — L

_ I PINTES P Y Vi 2/
IC—fA) =1 Q) m N 0 —f(A) s+ 0(s™M),
0

[fA) v — F(12)

where N is the nilpotent matrix associated with the Jordan block of u of size 7 and
fA) ¢ o(f(n)).

Next we assume that the hypotheses of Theorem 4 holds, except that f/(1) =0
and f”(A) # 0. First assume that the index of A is odd: 2k + 1. The dominant term
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of ({1, — f(J1))~" occurs in the top right corner and is 2% f”(A)*6 %1 4+ 0(|8]|7%)
where 6 = § — f(A), see [5]. This leads to, for § € dos(f(A),f(1)),

‘f//( )| k/(k+1)
|C f( )| /(k+1) ( ) ||Nin_1Hl/(k+l)(Xl/(k+l)+0(S2/(k+1))
2 b

where o :=

F)Iv=m — f(12)

If the index of A is even: m = 2k, then the dominant term of ({1 — f(A))~! is
O(|8|7*%) and it occurs at the (1,m—1),(2,m) and (1,m) entries of the matrix if m > 4.
If m = 2, then the dominant term occurs at the (1,2) entry ([5]).

4. Asymptotic expansions

In this section, we give asymptotic expansions for the functions ¢; and y; in
Theorem 2. We first discuss the case of a diagonalizable matrix.

THEOREM 5. Let A€ CNN\ .Z and Ay, ..., A be the distinct eigenvalues of A.
Suppose the algebraic multiplicity of Ay is m > 1 and A = QDQ~" where D is diago-

nal:
_ 2flIm
o= ")

and D, is diagonal with Ay ¢ 6(D2). Let D3 be diagonal whose diagonal entries are
the diagonal entries [t of D so that f(A1) # f(1). Let [ be an analytic function in
some open set containing 6(A). For small 0 < g <1,

0
[7)lIPl| e } 0!
€ 0 AL +0(€?),  f'(M)#0;
1P| { } o1
o(e) fw)OzN_m o))~
2 l2g0l py2 Q{ ' _D}Q'
5 e 2 +O0(€), f(M)=0, f" (M) #0;
1P| 0!
[ f(xnzw—fwg}

where P and P are as defined in Theorem 3 and Corollary 1, respectively, and i is
the algebraic multiplicity of f(A1) as an eigenvalue of f(A). For 0 < s < | sufficiently
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small,
S171 Q[O N )} Q"‘
feen 1201 o), 7).
T Q{ Ao 2"
vi(s) = e
S|P Q{ 0!
M)In—wn— f(D y
r (l)) o/ +0(s),  f'(M)=0, f"(A) #0.
] Q[ i _DJ 0!

Proof. By definition,

1
WO = T~ T G~ F@) ]

1
" b TOG@I=FD)0 Q@I — (D) 101"

Define 1 = f(z) — f(A1) for z € doe(A,A;). Note that

|:nln"1

f()I—f(D)= FOD) v —f(Dg)] + [0 nIN—rh:| '

Hence

17 HQ [ f(A)In-n f(D3)} o

o(f(@)1 = F(D) Q' Q(f ()1~ F(D)) Q"] = il

If f/(A4) #0, then

+o(1).

1= -+ ole—mP)=erirfe [, 1ot +oe,

by Theorem 3. Hence,

elf' (M) [P HQ [O /IIIN—m—D2] o

171 HQ [0 f(M)INm—f(Ds)] o™

Now assume that f/(A;) =0 and f”(A;) # 0. Then

AN

+0(&%).

oi1(e) =

O(lz—MP).

The expansion for ¢;(€) follows easily from Theorem 3.
Next we find the asymptotic expansion for y; assuming f'(A;) # 0. Let {; =
f(A1) and § = f(z) for z € do,(A, A1) for some small 0 < r < 1. The inverse function
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theorem states that the inverse of f is well defined near {;. We define f~!({) as the
unique element near A;. Let § = f~1({) — f~1(¢)). By definition,

1
ey T AT —A)T]

1
’g@f“p Lo I T I=D)o o (&) =D) "0 1]

ofr =", o e (r - M DZDAQ*1

ne =

zef!

—1 -1

= sup ‘

Geos(f(A).61)
-1
- gerrju(p) &) ¢ <[61'" Ady-m = D2+ 81y >Q71
1 B
= sup . +0(‘6‘2)
seauwar o 05 p ] 0
) gup 1€ =&l

seatia rGoiieie [ o QIH“’(C‘M

sHPHHQ { FOA) v f(Ds)} ol
L7 ne| HQ [ ;LIImefDJ e

JCC,( )+0(|C ¢1?) and Corollary 1. Now

assume that f'(A;) =0 and f”(4;) # 0. Note that

N

+0(s%).

In the above we use the fact that 0 =

C=C=rf)—f(h)= Olz= M)

Given ¢ in a small neighborhood of f(A;), there are elements z+ = f~!({) in a small
neighborhood of A; . They satisfy

=42
|z — M| = W*‘O(K— Gil)-
Consequently,
wils) = su e
ceatrinng e © el Al [zl —A) 1]

1

= sup max

tealtn g 1€ HQ . ]Q e
1

X

(2 = A1) -
Q{ lllN—m*DZ‘F(Zi*ll)I] o
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1 .\Zi—ll\

= sup max +0(z — M
seatranen=er1©) || o [0 o1 Il e~ Al)
MIN-m —D>
&= &[/?
= sup +0(/¢—-&1l)
S(£(A).61) /L")l 0 .
e 7 HPHHQ { )l«llem—D2j| o
120 5)11/2 0 12
S2B) . -
_ sOIPIT e [ f(ll)Ime—f(Dﬁ] 0 +0Gs)

1 0
VESfe [* 0 p 2

using Corollary 1. O

REMARK 4. An immediate consequence of the above theorem is that

s+0(s), J'(A1) #0;

hlvi(s) = {s+o<s3/2>, F1(2a) =0, (A1) £0;

and
vi(91(g)) = e+0(e),
as long as f'(A1) and f”(4;) are not both zero.

EXAMPLE 2. Consider the Example 1 again, where A; = 1,4, = —1 and f(z) =
72 +2z. We have f'(A;) #0 and

o1(e)=2e—¢€> and yi(e)=1-V1—-€e==4—+---
Thus the results agree with Theorem 5. Note f/(A;) =0, f”(A2) # 0 and
¢a(e) =€>+2e3+--- and yn(e) =€/
Thus the results agree with Theorem 5.
THEOREM 6. Let A be an eigenvalue of the matrix A € CN*N of index m > 2
and A = QJQ~', where J is a Jordan form defined in (1). Let f be a function analytic

in some open set containing 6(A) and satisfying f'(A) #0. Suppose f(L) # f(u) for
any other eigenvalue W distinct from A. For small 0 < € < 1,

’ M +Q |:0 AIN—m _J2:| Q71

(m—1)
0 —f/(ﬁ,) _f(m—l()?)

01(e) = £ ()& +O(e ),

0 —f()
0

) IN-—m— f(J2)
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where N1 has been defined in (2). For small 0 < s < 1,

0—f/() - Lo
0 —f(n)
0
J)Iy—m— f()2) s 1l
(0] m).
Fay o)

vi(s) = ‘

0 -
N1+Q |: AINm_J2:| Q !

Proof. Let § = f(z) — f(A) = f/(A)(z— A) + O(|z— A[?) for z € doe(A,1). By
definition

1

N = e @I T @I— )T
= su !
o OG- Fne TIeG@T—Fy o]
5 m
_ sup . - ‘ ‘ f(mfl)(x) +O(‘5‘m+l)
o (A) 0 —f'(4) - — =
7 m—1 m—1
DI N
0
f(l)Ime 7f(‘]2)—
(A (z— A)|m
= sup - ‘{C( ) f)("”*”(k) +0(|z— A"
coe(A) 0 —f'(A) - ==y
7 m—1|| ym—1 . B
0
f(l)Ime 7f(‘]2)-

0
N +0 [ B ] o'
- My n = £ (W)l +0(e"+m),

Ny (m—1) (),
0 _f/(l) _j(mflg!)

0 )
0

F) I — f(J2)

by Theorem 4.

Next, we find an asymptotic expansion for yi(s). Let § = f~1({) — (&)
where ¢ € do,(f(A),&) and {; = f(1). Again, f~!({) is unique in a small neigh-
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1
vi) = sup .
: er-lo(pa)c) 1 — Al 1 —A)~H|
sup !
ceon o TR T — N0 07 (QT—7) 0]
S o +o(j3")
ceat@ payeive i wve 05, Lot
~ b= bif +O(¢ -G
¢80 | pr () | N1 | N1+£?[ Al —JJ o
(m—1)
0—f(&) -~
0 —f'()
0
_ J) I — f(2) S ot

using Corollary 2.

O

An immediate corollary of the above theorem is that

Yi(91(e)) = £+ 0(e"" ) and 61 (yi(s)) =5+ 0(s' ).

Again for the ease of exposition, we assumed that there is only one Jordan block corre-
sponding to A of size m. The result also holds in the general case of k > 1 such Jordan
blocks. Using the fact discussed immediately following Corollary 2, a similar analysis
also works for the other cases where f(A) = f(u) for A # p or when f'(1) =0.

EXAMPLE 3. Let A =

01
00

. The eigenvalue A; = 0 has index m = 2. Take

f(z) = 7> +z. Observe that f/(0) =1 and f(A) =A. Itis easy to check that

1—¢

0e(A,0) = 0e(f(A), f(0)) = {Z eC:lzI < M}
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Now
oi(e) = sup | f@I—FAI (I fA)
2€0¢(A0)
2|22 + 27

- Sup 2 2 2

IZK@ 142|224z + /14422 +7]
2|22 +7?
= sup

NG 1+2‘22+Z‘+1+2|Z2+Z‘2+
o< 7=

= sup |zZPle+ 1P+

£(1+2¢)
lel<¥ ==

—e+0(?).

In the calculation of y; below, let z = f~1({) = (=1 4+ /1+4{)/2 ~ { —{? fora
small ¢ .

vi(s) = sup o = A7 I 2 =)~
e o f4).6)

= sup (= E)=AITI((C = - A) T+ o(1EP)

Z:EO-S(A7O))
2l¢ - P
— ¢ _+o(¢P)
ICK\/xglizs) 1+2|8— 822+ /1448 — &2
2l¢ - P

= 0 3
e TP TP T2 D)

T—s

= s+ 0(s*/?).

This example illustrates the correctness of Theorem 6.

5. Component-wise Weak Spectral Mapping Theorem

In [2], a relation connecting pseudospectrum and condition spectrum of an ele-
ment in a complex unital Banach algebra is given as set inclusions. In this section
we give an improved estimate on the relation between pseudospectrum and condition
spectrum in the matrix algebra (Lemma 1). For a sufficiently small €, a relation be-
tween each component of pseudospectra and condition spectra near an eigenvalue of a
matrix is also given (Theorem 7). The functions ¢; and y; defined in the Theorem 1
are continuous and monotonically non-decreasing but it appears to be difficult to find
the values of these functions explicitly. In this section, we replace these functions ¢;,
y; with the functions y;, o) ;, respectively, that are relatively easier to estimate. Using
these functions, an analogue of the Spectral Mapping Theorem for the components of
condition spectrum is given (Theorem 8). We also give some examples to illustrate the
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theory. For A € CV*V | the minimum singular value of A is denoted by spmi,(A). For
€ > 0 the e-pseudospectrum of A € CV*V is denoted by A¢(A) and is defined as

Ae(A)={z€C: |[(edd—A) Y =2e '} ={z€C: smn(al —A) <€}

The component of Ag(A) near the eigenvalue A; is denoted by A¢(A,4)).

LEMMA 1. Let A€ CN*N and {Ay,A2,..., A} denote the distinct eigenvalues of
in: lz— A

A. Define p :=max ||A;1 —A| and o(A) = sup M Then for 0 < € <
J 2€0¢ (A) Smin (2] —A)

1/a(A),

1
Proof. By definition, for 0 < e <1, 0¢(A) := {z €C: ||z — Al ||zl —A)~1| = E}
Thus,

0:(A) = {z€ C:spmin(zl —A) < € ||z2f — A}

- {z € C:spin(zf —A) < & (min|z—Aj| + ||7L.,'I—A)}
J

- {Z € C:spin(zef —A) < € (min |z — A} +max||7LjI—A)}.
J J

Note that o/(A) > | and
0:(A) C{z€C:smin(edd —A) < e (p+ a(A)smin(zl —A))}

Ep
= : min - gi .
{ZG(C Smin (2] —A) l—oc(A)s}
Thus for 0 < e < 1/a(A),
Gg(A)gA ep (A)

1—eoa(A)

Let z € A%(A). Forall j=1,2,....k,

141 = Al < [A) = 2|+ ||zl = Al

Therefore
|z —All = max [A; —All —|24;—1]
or
max |51 A < [T Al + |2~ 2] < 2L -A.
J
Thus

P
1 —All > =
et —a)|> 2
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and
(=T =A) || eI — A =

SIS

2
p
Therefore

0e(A) D Aep(4). O

oS

The following theorem gives a relation connecting each component of pseudospec-
trum and condition spectrum of a matrix near an eigenvalue. Let D(z,r) denote the
closed disk in the complex plane with center z and radius r.

Fix A; € 6(A). We know that there are positive €; and r; = r;(g;) so that for all
0<e<gj, 0¢(A,Aj) CD(Aj,rj) and D(A},r;) has a trivial intersection with all other
components of the condition spectrum: D(A; i) Nog(A,Ay) = @, forall g+ j.

A
THEOREM 7. Let A€ CN*N and Aj € 6(A). Define aj(A) = sup M
j J
<€oe(AA;) Smin(2—A)

Then for 0 < € < 1/min{c;(A), &},

Acppji-a) (A, A7) C 0e(A ;) C Aejaji-ag (A, 4)).
2

l—sorj(A)

Proof. Let r; be as defined in the paragraph before the statement of this theorem.
Then

0e(A,A;) = {z € D(Aj,rj) : smin(2l —A) < € [l2I - A }
C {z€D(A;j,r)) tsmin(2l —A) < & (|2 A + [|A4;1 = A|) }.

Note that o/j(A) > 1 and
0e(A,4j) € {z € D(A;,1;) : smin(2f — A) < € ([[ A1 — Al + 0i(A) smin (2] — A)) }

g||A; 1 — Al
= {zeD(l/,rj%Smin(Zl—AK #%.(A) :
Thus for 0 < € < !
us 1or T A e
min(oj(A), €;)
Oc(A,Aj) C Aejaji-ay (A, ).

l—eaj(A)

Let z € Aej;i-a (A,A;). Then
el

|1 = Al <l = Al +]z— 2] <2 21 - 4],

and so
|21 =4l

1 —All >
et -]l > 2
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Consequently,

|Ai-A] 2 !

2 e MI-A] €

e = All l[(2 = A) 7| >

and it follows that
Oc(A,A)) 2 Aejaj-a) (A, 4;). O
2

Using the relation proved between components of pseudospectrum and condition
spectrum of a matrix near an eigenvalue, we give the following theorem, which is a
weak version of Theorem 1. It is weak compared to Theorem 2 because in this theo-
rem we assume that f is injective and also analytic in a bigger neighborhood. More
importantly, the functions describing the sizes of the condition spectra are larger than
the corresponding ones in Theorem 2. We follow the approach in [4].

THEOREM 8. (Weak Condition Spectral Mapping Theorem.) Let A € CVN*N and
Ai€o(A). Let p,o(A),0(A) be as defined in Lemma 1 and Theorem 7. Let 0 < € < 1
be sufficiently small and Q be an open subset of C containing 6_cp__(A). Let f be

S
an injective analytic function defined on Q. Assume further A, f(A) are not scalar
multiple of the identity. Define

el —Al }

l—ea(A) )’

8||f(7tj)1—f(A)||}
1—ea;(f(A) J°

y(e) = sup{f<A+P> ) 1Pl <

5(e) = sup{Q FA+0) — FA)]| <

2= f(4))]
where o;(f(A)) = sup —_—
! ceae((4).£(2y)) Smin (2 = f(A))
the following two assertions hold:

. Then lim 7;(g) = 0 = lim 5
hengli%yj(s) 0 £1_1}1(1)(5,(6)and

1. Let 0 < e < 1/min{cj(A),g;} be such that ij;{% < 1. Then

f(Oe(A,2)) €O aye)  (F(A),f(4)));

1FAHI=FA)

2. Let 0 < e < 1/min{a;(A),&;} be such that % < 1. Then

oc(f(A), f(4))) € f (0“ 25,(¢) (Aﬂlj)) ~

TA; 14T

Proof. Since the map A — f(A) is continuous, we obtain ling) 7i(e) =0. Since f
E—

is injective on Q the inverse of f exist on Q. Let g: f(Q) — Q be the inverse of f.
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Since the map B +— g(B) is continuous, we obtain lim §;(¢) =0. Let € > 0 be such

E—
27"(8)( <1 and z € 0¢(A,A;). Recall that for any r >0,

that. e

AA)=Ho(A+E), |E| <r}.

€ ||/l Al

I —eo;(A)
B). Then by the Spectral Mapping Theorem, f(z) € G(f(A +B)) =0(f(A)+0O),
where C = f(A+B) — f(A), which satisfies ||C|| < yj(€). By Theorem 7,

[(2) € Ay (f(A), f(2))) € Gu e (f(A), f(45))-
TONI—TA

By Theorem 7, there exist B € CV*V with ||B|| < such that z€ (A +

This proves 1.
Let z € 0:(f(A), f(Aj)). Then by Theorem 7, z € o(f(A)+ D) for some D €
CN*N with ||D|| < € Hf(z'j)l_f(A))”
—ea;(/(A)
exist a unique P € C¥*N and & > 0 such that ||P|| < & and f(A+P) = f(A)+D.
Thus by the Spectral Mapping Theorem there exists u € o (A + P) such that

fu)=z€0(f(A+P))=0(f(A)+D).
Claim: § € 0 25, (A,4;). Observe that

7 =AT = /\H

. By the Inverse Mapping Theorem ([6]), there

ellfA)I - fA)]

1P =l£A+P) = F Al <« = —F o7y

‘We can take

&1 = 6j(e) = sup{nQn A+ ) — fa)| < LA -] }

1—ea;(f(A))
Now by Theorem 7, it € Ag(e)(A,Aj) € 0 25;) (A,A;). This proves the claim. Hence

1 AH

=f(u)ef (G 25ie) (As A )) . This proves 2. 0O

14 - —Al

REMARK 5. Suppose the injective function f has a bounded Fréchet derivative in
a neighborhood of o¢(A) and the inverse f~! also has a bounded Fréchet derivative in
a neighborhood containing o (f(A)). Let (Df) A and (Df~ ) y denote the Fréchet

derivative of f at A and Fréchet derivative of f~! at f(A), respectlvely. Define

eH?LI A}

Lj(e) = sup{(Df)PHi PeCh, |P-a| < —ea;(A)

Li(e) = sup{(Df_l)p : PeCVNIP—f(A) < ellf(ANI - fA)] }

I —ea;(f(4))
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Then 7;(€),0;(€) can be estimated as

ellAL—AllL;(e)
1 —eoj(A)

ellf ()1 = F(A)] L;(e)
I—ea;(f(A))
In the following, we consider a general 3 x 3 diagonal matrix A with positive

entries and analytically find the values 7;(A),8;(A) in the weak condition Spectral
Mapping Theorem for the function f(z) = z°.

wle) < and 8(e) <

EXAMPLE 4. Consider a 3 x 3 diagonal matrix with distinct eigenvalues A; >
22> A3 >0 and f(z) = 2. We have

A A}
A=| XL and f(A) =A% = 23
A3 A3
We have [|A|| = 24, and ||f(A)|| = ||A%|| = A}. For z € C,

llef = Al| = max{|z — A1, [z — 2o, [z — A3]},
12 = F(A)| = [l =A%) = max{|z— A}|, |e— A7, ]z — A3}

For z € 6¢(A, A1) with & small, we have spin(z/ —A) = [z— A1| and spin (2l — f(A)) =
Smin (2 —A?) = |z— A?|. This implies,

|z — Al
o(A)= sup ———=1,
i) Smin(@ — A)
2= A1
w(A2) = sup LML
2€0¢(A2,A2) Smin(z — A2)
Thus
glMmI-A|
E) = A+P 2_A2 ip) < EMMI=Al
e|lMI—-A
= sup{jappa £ ) < AL
el A
< {2||A 1P|+ 1P : |1P < A
_ 2e M || Ml — Al N (e[| 2] — A])?
1—¢ (1_8)2 )

where || — Al = max{|A; — A2|,|A; — A3]}. Hence by the Weak Condition Spectral
Mapping Theorem, for sufficiently small €,

(GS(A7A'1))2 Co 2y (e) (szx’lz)7
IFADI=fA)
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where [|/(A1)] — f(A)]| = |A? — A% = max{|A? ~ 42].]A2 ~ 23]} Also,

B _ 2 M
aute) =sup {1011 14+ 07 - 4% < AL
sx2l—A2
=sup{Q:||AQ+QA+Q2||<11_78”}
e||A2T — A2
= sup{Q 240 - [1o)FF < %}
— 2_M
Nll x’l 1—8 °

Hence by the Weak Condition Spectral Mapping Theorem we have,

2
Gg(Az,xlz) g (O- 25 (g) (A7A'l)> 9

A 7=A]

where || A1 — A||,||A21 — A?|| are defined above. In a similar way we can estimate
the values of y;j(€),0;(¢g) for j =2,3 and a weak version of component-wise Spectral
Mapping Theorem near the eigenvalues A», A3 can be derived.

Next we consider a general 2 x 2 upper triangular matrix A and estimate the values
7j(A),6;(A) in the Weak Condition Spectral Mapping Theorem for the function f(z) =
2
z°.

EXAMPLE 5. Let A= [g Z} such that a,b > 0. The eigenvalues are | =a,A; =

a* (a+b)c

b. Take f(z) = z%. First consider 4; = a. We have f(A) =A% = {O p2

J. we

have

ja? + 16 +[e* + /(lal? +[62 + |c[2)2 — 4]a[*[5]2

A =
Al -

lal = Al = \/la = b+ |c]?

|21~ A% = \/la® — (a+ b)el+ |a? — 22

For z € C close to a,

lz—al? 4+ |z—=b> +|c> = /(z—a? +]z— b2+ |c[})2 —4|z—a[*|z — b|2

Smin (Zl A) )

| T VAl Ol

Smin (ZI_Az) = )
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By definition,
|z—al|
o (A) = sup ————,
260¢ (A a) Smin(zl —A)
2
(04 A2 = su |Z—7a‘
) ZEO-S(AI;7a2)smin(ZI_A2)
Thus
€llal —A||
&= A+P)?—A?:||P| € ——%
e (A I 1 1—eoy(A)

ellal — A
= sup{ ||[AP+PA+P?| :||P|| < ”7}

1—€e04(A)

< sup

—

gllal — A
20 Al 1P|+ 1P| 1P| < —=—L R
AP+ 1P [P I—eam(A)

Thus by the Weak Condition Spectral Mapping Theorem, for a sufficiently small €,

(0e(A, 11))* € 0 aye) (A% AD).

a21-A2]|
Also,
2 2
N . 2 A2 <£||L_AH
di(e) SUP{IIQII-(A+Q) s T eam)
= sup< [|Q]| : [AQ+ QA+ Q°|| < AT
— sup : S 1—eay(A?)
el — A
~ :2]|A —lolP< T3
sup{nQn ANl - ol < £ )

Q

IA| = 1 /|IA]12 - M
1 — g0y (A?)

Thus by the Weak Condition Spectral Mapping Theorem, for a sufficiently small €,

2
Gg(Az,le) - (O’zgl(g) (A,Ll)) .

[lal=A]

In a similar way we can analytically find the values of Y (g),0,(¢). Thus a weak
version of the component-wise Spectral Mapping Theorem near the eigenvalue A, = b
can be derived.
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