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FUNCTIONAL DECOMPOSITION THEOREMS
FOR C -MATRIX OPERATOR SPACES

TITARII WOOTIJIRATTIKAL, SING-CHEONG ONG AND JITTI RAKBUD

(Communicated by D. Hadwin)

Abstract. Let S be a nonempty set; and let ./ be a fixed c -algebra with state space s(.<7)
equipped with the relative weak " topology inherited from the dual space </ " of o/ . Let 2 be
the space of all functions x : § — ¢ such that @o (x x) € I (S) forall @ € s(/), and the map

@ — @o(x x) is weak  to norm continuous from s(7) to s (S). Elementary methods are used
to show that the space .# of o7 -valued functions on S x S that define bounded operators on 2"

. o L, [ .
contains a closed subspace .# such that the annihilator 2" isan ¢ direct summand of the dual

space A " of ;i.e., ./ contains an M -ideal. When 7 is specialized to the complex field,
this is a classical theorem of Dixmier. An analogue of the trace formula trace (AB) =trace (BA)
for a trace class operator A and a bounded operator B on a Hilbert space is proved.

1. Introduction

As defined in [1], a closed subspace J of a Banach space X is called an M -ideal
if the annihilator J~ of J is an ' direct summand in the dual space X" of X. That
is each bounded linear functional f on X has a unique ¢ decomposition f =g+ h,
where g = f' , h' =0, and ||f|| = |lg|| + ||| . Dixmier [2] proved that the compact

J J

operators form an M -ideal in the algebra of bounded operators on a Hilbert space. In
[4] it is proved that same is true for operators on the sequence spaces ¢, 1 < p < oo,
and ¢,. Many more examples have been constructed over the years. Most are related
to operators. Smith and Ward [7] proved that each M-ideal in a C” -algebra is in fact
an ideal, and an M-ideal in a Banach algebra must be a subalgebra. Much of the
recent work on M -ideals can be found in [3]. With a fixed c -algebra o7, we will use
elementary methods to construct a Banach algebra of &7 -matrix operators on a certain
o/ -valued function space that contains an M -ideal. The Banach algebra constructed is
nota C -algebra.
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For a fix a nonempty set S, denote by % (S), or simply .% if no ambiguity, the
family of all finite subsets of S directed by set inclusion. For a function x from S to a

Banach space X, the sum Ex(s) is said to converge to x € X ([5, p. 25]) if the net of
ses

finite partial sums, { 2 x(s)} , converges to x. When this is the case we write
s€F FeZ(S)

Y x(s) = x. Thatis,

seS

x=Yx(s) iff  lim =0.

= FEZ(S)

x— Y X(s)

seF

All the classical sequence spaces £ have their generalized versions £”(S) of spaces of
real- or complex-valued functions defined on §.

Fix a C -algebra o7 with identity 1 and state space s(.«7) (consisting of all states
on ¢/, that is all positive linear functionals @ with |@| = @(1) =1 [5, p. 257]).
With the relative weak  topology it inherits from the dual space ./ " of o, s(e) is
a compact Hausdorff space [5, p. 257]. Let 2" be the Banach space éfu(S,Jz% ) of
</ -valued functions x : § — 7 such that the map ¢ — @ o (x x) is weak to norm
continuous from s(.«7) to £'(S) [10]. A function A: S x S — « is said to define an
operator on 2 if foreach x € 2",

(Ax)(s) := Y, A(s,1)x(r) convergesin </, foreach s€S; and Ax€ 2 .
tesS

An o -valued function A on § x S that defines an operator on 2" is called an < -
matrix operator. Bach < -matrix operator is automatically bounded, and the space
M = M(Z) of all of - matrix operators is a Banach algebra [10, Theorem 3.4].
We will show that .# contains an M -ideal. (There are Banach spaces of .27 -valued
functions constructed from operators which contain M -ideals [8, 9]. But elements in
those spaces are not operators and there are no apparent way of defining product of the
elements.)

2. Notation and preliminaries

With a fixed nonempty set S, for each p € [1,0), denote by £”(S) := ¢"(S,C) the
space of complex-valued functions on S that are p-th power absolutely summable over
S. The norm on £”(S) is given by,

1/p

I, = [2 |x<s>|"] xel(s).

sES

The proofs for the classical ¢ spaces can be easily adapted to show that each ¢’(S) is
a Banach space with this norm.
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A C-algebra <7 with identity 1 and state space s(«7) will also be fixed along
with the set S. Each ¢ € s(«/) defines a semi-inner product: (a, b)(P = ¢(b'a), for
a,b € o [5, p. 256]. The induced semi-norm is ||a\|¢ =./(a, a)q), for a € o/ . Given

functions x,y : § — &7, the product Xy is defined pointwise: xy( ) = x(s)y(s) for
s €S. So is the involution ~ (the unary adjoint operation on .« ): x (s) = (x(s))" for
s € S. Foreach G C S, x,; denotes the function x;(s) = x(s) for s € G and x,(s) =0
for s€ S\G,ie., X; = XX, where . is the characteristic function of G.

We summarize results from [10] that will be used here. Let 2™ = Efu(& /) be the
set of all functions x : § — .7 such that go (x x) € EI(S) forall ¢ € s(<7), and the map

¢ — @o(xx) from s(.7) to él(S) is weak  to norm continuous. (This is equivalent
to uniformity (in @ € s(.«7)) of the convergence of the sum of the functions @ o (x x);

thus the subscript u in the notation.) Then, 2" = E*ZM(S ,<7) is a Banach space with the

norm
2
x| := sup Hq)o xx) L= sup EHX .
pes(o C(S)  ges(wr) \ses

The larger space of all functions x : § — & such that

Qo (x'x)= Hx()H(P € €2(S) forall ¢ € s(«)

(without continuity), is denoted by Ef(S ,<7), which is also a Banach space with the
same norm above. It is clear from the definition that Ef(&% ) DX = Efu(S,d ), and
the inclusion is in fact proper. Alternate descriptions of memberships of the spaces
Ef(&% ) and 2" = E;(S,d ) are given below.

THEOREM 1. [10, Propositions 5.1-2] Let x € &/ S (the space of functions from S
to < ). Then

(i) x€£(S,a/) iff sup
Fe7

< oo, and

Y (xx)(s)

seF

(ii) x€ Efu(S,szf’) =2 iff E(X*X)(S) converges in < .
sES
The following proposition shows some resemblance of the pairs (éfu (S,o), éf (S,))
and (¢ l,ém), in that each bounded linear functional on 2" has a unique Hahn-Banach
. 2
extension to all of £ (S, 7).

PROPOSITION 2. Foreach g € 2" = [Efu(S,;zf)]# (the dual space of Z"), there
. . ~ #
is a function g : S — &/ such that

g(x) =Y [g(5)](x(s)) converges forall x € Ef(&%).

sES
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Furthermore g € [((S,</)]" with g =g, and || = ||
Proof. Letge 2" . Foreach s € S, define [g(s)](a) =g(e(a)), where (e (a))(s) =
a and (e (a))(r) =0 for r # s. Then
lig()l(a)l < lglllle.(a)]| = ligll el

~ #
and hence g(s) €A".
Since for each x € 2", we have lin} )||x —Xx,|| = 0, thus, by continuity of g on
FeZ(S

2" and the definition of sums over the set S,

g(x)= lim g(x,)= lim (29 ): lim Zg

FeZ(S) FeZ (S SCF FeZ(S) s
= lim 2 g(x = Zg x(s)
FeZ(S \GF seS

That is the sum that defines g converges forall x € 2" and g=g on 2 .
Suppose that g(x) does not converge for some x € éf(S ,/). Then, by the Cauchy
criterion, there is an € > 0 such that

VY FeZ(S), 3G e F#(S\F) such that >e€.

> &()](x(s))

seG

Thus, inductively, there is a pairwise disjoint sequence {G,,G,,...} in .#(S) such that

Z [g(5)](x(s))| > € foreach k€ N.

SEGk

Let o, be the sum in the last expression without absolute value, and 3 = kilsgn(og()
(where sgn(§) =&/ || for € C\ {0}, and sgn(0) = 0). Define y: S — &/ by

Bx(s) ifse G, forsomek e N,

=3

U

k=1

¥is) = 0 if s€S\

We show that y € 2". Note that, by Theorem 1 (i), we have

M := sup
FeF

< oo,

> (xx)(s)

seF

Let n > 0. From the convergence of

oo

-
S 1A M=% m <
k=1
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> 2
thereis a k suchthat > |B| M <. Let
=

G, and FeZ(S\E).

C=s

E):

k=1

Now the finiteness of F implies the existence of a kK € N such that
3 K
FnlUG |<cUG.
ke=k, k=k,
Then we have, from the positivity of (y'y)(s) foreach s € S,

NN Y 18 &00)

K
k=k, s€G, k=k, ||s€G,

2.y y)s)

seF

oo

—im» Y el < S B M<n.

S€G, k=k,

Since 1 > 0 is arbitrary, this shows that { D v'y) (s)} is a Cauchy net in &/
seG Ge.Z(S)
and hence converges. Thus y € 2~ by Theorem 1 (ii), and hence

=2(y) = X 8(y(s))

seS

In particular, finite partial sums of g(y) are bounded [10]. On the other hand, we also
have

k
]}ﬂg(ycluczumuc hm Zg yG - hm Z ﬁ Z g _11}0 2 7

)
<=1 seG j=1 J

This is a contradiction, and it shows that the sum that defines g converges for every
xel(S,d).

The boundedness of g follows from a uniform boundedness argument. Define, for
each F € F

3,(x) = ;[g(s)](x(s)) forall x €€ (S, ).

Let xeﬁf(S,;af) and F € .Z . Since x, € 2, g(x,) = g,(x), and hence

~

18- ()| = le(xe)| < llgll x| < llgl 1x]l-
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That is

~ 2 # ~
g€l (S, «)] and HgFHVz(S

)]

< gl forall F e #.
# [j(]#

Thus, for each x € Kf(S,;af ), we have, by definitions of g(x), and the sum over an
arbitrary set,

= lim |g.(x
lim [2,(3)

n | X [3(6))(x()

g(x)[ = lim
7 |seF

<limsup g
FeF [6 (S,

)

. I < I\gl\m# I

and hence . ,
gele(s, ), and g, ,<lel ,-
(2 (s.e)] (2]

Since g=g on %,
IIgH[%]# < I\Q\[&WH#~
Therefore equality holds. [
An adaptation of the proof gives the following corollary, which will be used in the

proof of Proposition 13.

COROLLARY 3. Let h:S — <" be such that

flx) = Z[h(t)](x*(t)) converges forall x € 2.

tes

Then
f(y) = Z[h(t)](y*(t)) converges for all 'y € Ef(S,szf’),

tes

. ) . ) . i N
and f is a continuous conjugate linear functional on {_(S, o) satisfying
A =,
(s [65,(5.)]

Proof. Define f by

fx)=f(x) =Y (h(s))(x'(s)) forall xe 2.

seS

Then it is clear that f is a linear functional on 2. A routine uniform boundedness
argument, as in the preceding proof, shows that f is a bounded linear functional on

2 . Clearly h™ given by h'(s) = [h(s)]" (where, for each y € o7 ! v is defined by
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v (a) = y(a') for a € o [5]) is the representing function (from S to /") of fin
Proposition 2; and hence

—
5

(f)(y) = Z[h ($)](y(s)) convergesforall ye& Ef(S,;af).

seS

The norm equality follows directly also from the proposition and the fact that || f|| =

I @

3. o/ -duality between Ef(S,sz{ )and 2" = Efu(S,szf’ )

The following are analogues of the well known fact that a complex-valued function
x on S belongs to EZ(S) iff > x(s)y(s) converges forall y € EZ(S).

seS

THEOREM 4. [10, Theorem 5.3] Let a € /", Then
(i) > a(s)x(s) convergesin o ¥ x € éf(S,sz{) iff a* € Efu(S,sz') =2 and

seS

(i) Y, a(s)x(s) convergesin o Vx € ,%”:Efu(S,d) iff a* GEE(S,;%).

seS

Uniform boundedness arguments can be used to show that in each case, if converges,
the sum defines a bounded linear operator 7, from the respective space to .27, and the

operator norm is ||a’||. So there is an “.o7 -duality” between the spaces Kf(S,;af ) and
2. We will further explore this phenomenon. An immediate consequence of this result
is that the following definition is meaningful.

DEFINITION 5. For (x,y) € [(/(S, ) x 2U[2 x £(S,47)], define

(x, )= 2y (s)x(s)-

seS

In particular (-, -) is an & -valued inner product on 2" = éfM(S,sz’ ). We will see

in Lemma 16 that 2~ with (-, -} is, in fact, a Hilbert C -module over <7 [6, p. 4].
The state norm on </ is defined by

||a\|0 = sup |¢p(a)] forall a € /.
pes()

It is well-known ([5, p. 263]) that the state norm is equivalent to the C" -norm on & :
lall, < lla]l <2lla,  forall a€ ..

The following is another duality analogue. (It is routine to verify that this is exactly the
well known fact, when &7 is C.)
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PROPOSITION 6. For each x € Ef(S,sz’), we have
Ix]| = sup {[¢x, W)II, -y € 27, [yl < 1}.

Proof. Foreach F € .#, since x, € 2", we have
I, x )= sup o X x(s) = sup HXH =[x,
pes() seF oes( ) scF

and hence
x| = sup x| < sup {Iix, Y|, :y € 27, [yl <1}
eF

But for each y € 27, we have

) (2 y*(S)X(S)>
sES
12

< s S, 0l < s [zx ] [Zy@)nj,]

pes( ) sEs pes() | seS seS

< Xl - (1)

I, ¥)I, = sup
pes()

This implies that
x| = sup {[I{x, 9, -y € 27, [yl <1}

This together with the opposite inequality above, we have the equality. [
Since 2 C Ef(S,;af ), Proposition 6 holds in particular for x € 2". As an imme-

diate consequence we also have the following.

COROLLARY 7. The map (x,y) +— (X, y) is continuous from éf(S,sz) x X to
o .

Proof. For (x,y),(x',y’) € Ef(S,szf’ ) x 2, we have from inequality (1) above,

6, ¥) = (x', ¥ <=, ¥)— <X Y>H+H<X )~ ¥)l
-y
<2(H<X—XC DL+ y =3,
<2(|x =yl + <[ |y = ¥'])-

/

A function A : S x § — &7 is said to define an operator on 2" = Efu(S , ), if for
each x € 2" and each s € S, the sum

) := X A(s,1)x(t) )

tesS
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converges in </ and the function Ax, as defined in equation (2), is also in Z". Such a
function A will be called an &7 -matrix operator on 2 . It follows from the uniform
boundedness principle that such an operator is automatically bounded. Denote by .#
the space of all o7 -matrix operators on 2" . Then .# is a Banach algebra of bounded
operators on 2~ [10]. The following is an analogue of the adjoint of a bounded opera-
tor.

r

PROPOSITION 8. If A € .4 and A" € " is defined by A"(s,1) = (A(t,s))’
all (s,t) € Sx S, then A" is a bounded linear operator on éf(S,sz) and ||A| = ‘

Proof. Foreach € §,since e(1)e 2, Ale(1)) e Z . If z=A(e(1)), then z is
the function z(s) = A(s,z) for s € S. Foreach y € KZ(S,M), by Theorem 4 (i),

ZA#(t7s)y(s) =Y (A(s,1)) y(s) = 3. (2(s)) y(s) convergesin o7 .

seS seS seS

That is, for each y € EE(S , ), A#y defined by

A'y) (1) = S (A"(1,9))y(s) forallz €S

seS

is a well-defined function from S to & . Now we show that A"y € éf(S , o) forall y €
éf(S,sz%). Letxe Z andy € Ef(S,sz’). Since th} [x —x.|| =0, and A is continuous,
[S87

and (-, -) is continuous in both variables (Corollary 7),

{Ax, y) = lim {Ax;., y) = lim n >y (s) X (A(s,1)x(1)

SES teF
=fim 2, 2140 = Jim 3, 34" (15)3(5) x(0)
=Jim 3, ZA @yl x(0) = Jim 3, | 34 <s>>] x(1)
“teF ses teF | seS
=Y (A"y) (1)x() = X, A" nver
T Wx) = {x Ay} (convergey

It follows from Theorem 1 (i) that A’y € Ef(&% ). and hence &/ " is a bounded
&/ -matrix operator on EE(S ,<7). Furthermore, we also have
(x 4)

O

[A]l = sup ||Ax|| = sup sup ||{Ax, y)||_ = sup sup
Ixl<1 IxI<t yl<1 Ixl<t [yl<1

(x4} =«

(o)

= sup HA#y
o yli<t

= sup sup
[ylI<t [ix]<t
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For each A € .# and each G C S, denote by AG‘ the function given by

Als,t ift € G,
Ayl = A0
! 0 ifr¢G.

Similarly, A; is defined by

As(s,t) =

A(s,t) ifseqG,
0 ifs¢G.

We will also use A; to denote (A;),: thatis (Ag )(s,1) = A(s,r) if 5,6 € G and
(Ag )(s,1) =0iif (5,2) € (Sx )\ (G xG).

For each A € .# and each s € S, denote by A(s,-) the function from S to &/
given by # — A(s,t). The function A(-,7) is similarly defined for each 7 € S.

LEMMAO. Let A€ #,and GCH CS. Then

(i) Age A, A <la,] <lal;
(ii) Ag e, ||A, and
(iii) Ag €4, |ag] <||ay | <lal.
Proof. (i) For x € 27, since (A, )x_ o»and [|x || < < ||x|| by the defi-

<[lAyll < HAH-
(ii) First note that (A, )x —A(XG) = (AH‘)( x;) foreach x€ 2 and GCHCS.

Let € > 0. There is a unit vector x € 2~ such that ) ol —€< H(AG‘)XH . Thus

6] e < aorx] =Iacll = @] < ] Il <

(iii) For each € > 0, there is a unit vector x € .2 such that the following first inequality
holds, and hence the ones that come after it by definitions and routine verifications:

[ e <[liag)]| = [ag) x| < A,
= [[(4,) ()] = [[(4,) xG>1H|r=H<A )(x;)

4. The space .7~

A

Gl

H|

< ||A ]

H

We introduce the subclass % of the class .# of <7 -matrix operators and prove
some elementary properties of J# in this section. Analogous to the special case &/ =
C, we define

o} |

%::{AEJ// lim HA A
FeZ(S
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Notice that this is a coordinate dependent equivalent formulation of the compact opera-
tors on a Hilbert space, when the C" -algebra is taken to be C. Now we establish some
of the familiar properties of the compact operators for %~ that will be used later.

LEMMA 10.
(i) The subspace ¢ is (operator norm) closed in A .
o € K.
(iti) If A€ A and G € F, then A, E%

(ii) If A€ A and t € S, then A

Proof. (i) Let {A,} be asequencein .# such that |A, —A| — 0 forsome A € .# .
Let € > 0. There is an N such that

A, — Al < g foralln > N.

Since A, € JZ , there is an F, € .% such that

H(AN)F_, —Ay

Let F, C F €.% . We have

o

<§ forall FCF C.7.

<H(A—AN)ﬂ

€
33

A@ —AH =0, and hence A € ¥ .
(i) Since y := (4, ) (¢(1)) = A(e(1)) € 27, we have

lim ||y — =0.
Jlim [ly —, |
Thus for each € > 0, there is an F, € .# such that

ly—y,| <e  forall FCFeZ

Let FU{t} CF € % ;andlet x€ 2 . Then

[ (a0) ]

and hence HAU} ( {t}‘>

=y =y )OI < lly =yl Ix ()] < e x]l,

<eforall FU{r} CF € .7(S). Therefore A\ € .

(iii) For each x € 3&” and each s € S,

= 3 A(s,1)x EZ[A{/HX KZ%) 1

teG
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that is AG‘ = ZA{z}\' Let N be the number of elements in G and € > 0. By part (ii),
€G

for each # € G, there is an F, € .% such that

‘A{r} o <A{’}‘>£

€
<y forall FCFe 7.

Let F, = UE UG. Then F, € % ,and if F, C F € .%, we have
teG
‘AG_ (AG\> :Hz {A{r} B (A{t}\> ] < 2 HA{,}— (A{t}\) H <&
b teG L] teG i

Therefore AG‘ ex. O

PROPOSITION 11. If {G,}, oy is a pairwise disjoint sequence in F, {A,},cy is
a bounded sequence in ./ such that (A,), =A, and {o,}, cx is an I sequence, then

=

A:zZ%AHEX.

n=1

By assumption, each A, is adjointable, i.e., An is a matrix operator on 2.

Proof. Let € >0 and sup A, || = sup ‘A:H < M < oo. Thereis an N € N such that
neN neN

oo 2 m
Z o] < (%) .Letxe 2 andm>k>N.Let B= Zoann.
n=N n=k
mn #
Y oA, | x| =lBx| = sup |iBx, ¥, = swp ||(x B'y)
n=k [lyll<t [lyll<t °
yel (S,47) yel’ (8,47)

#
< sup x| By
lyl<1
yel (s,47)
Foreachne N and y € [éf(S,Jz%)L, since
# #
(A¥)(s) = (4,),y = ((4,))

the sequence {Afy} N has the pairwise disjoint sequence {G,} as supports, and

#

y:(O)#y:O forall s€S\G,

ne
hence,
) 1/2
4 Zo_ 4 o 2 #
I EE E [m Ay
n=k n=k
1/2 1/2
n 2 #E 2 n 2
<|Xlalfar] 18| <|Xial| mivi<e
n=k n=k




FUNCTIONAL DECOMPOSITION THEOREMS 583

From the previous inequality, we have ||Bx| < |x] €. Since x € 2" is arbitrary, ||B|| <
€. From arbitrariness of m > k > N, we see that the sequence of partial sums of (the

sum that defines) A is a Cauchy sequence and since each partial sum is in .#", we have
Aex. O

Note also that if ||A, || < M for all n, then, from the proof we also have the estimate

1/2

hnd 2
Al < M lE o4 ]
n=1

5. Extension from ¢ to .#

First we show that each element of %" is given by a double sum, and has a unique

Hahn-Banach extension to .# . (Recall that .2~ = K;(S,Jz% ) and . is the set of all
o/ -matrix operators on 2" .)

LEMMA 12. Let XEEj(S,JZf’) and s € S. Define B, : S x S — o by

B (u,v) = {(()X(V)) gu=s for (u,v) € SxS

otherwise,
Then
B&,x € %’ and | Bx#x g 2 ||XH °
Proof. Foreachy € 27, since
if u=s,
[B, .y](u) = v %) if .s forall uesS;
0 otherwise,

from inequalities (1) in the proof of Proposition 6,

1B,y = Iy, ) < 2liky. M|, <2yl Ix]-

Therefore B, € . with }

BS.X

<2[x|. 0O

We note in this connection that if x € Ef(S,sz’ )\ £, then Bjxes =x¢ %2 . Thus

B:X ¢ ./ and hence ./ is not a c -algebra with the most natural adjoint operation .
PROPOSITION 13.
(i) Foreach f € %#, there is a unique function f: Sx S — o such that

FA)=3 Y Fs,0)(A(s,1))  forall A€ 7. 3)

seS tesS
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Furthermore,

A) =Y, Zf(sj)(A(sJ)) converges forall A € A,

seS tes

and f is a bounded linear functional on .4 with Hﬂ‘ =l ,-
At -

(ii) Converselyif g:Sx S — o/" has the property that
> > g(s,1)(A(s,1))  convergesforall A € X,

seS tes
then the double sum defines a bounded linear functional on  (and hence on

M ).

Proof. (i) For (s,1) € Sx S and a € &, let E_, (a) be the function on S x §
defined by

_Ja if ( ): (S t)
[E(S‘,)(a)](u"’)—{o if (u,v) # (s,1)

Then a straightforward calculation shows that

E @) ex and |E (@) =lal.

Thus, for each f € " and each (s,0) €S %S,

(Fls.0))(@) = f(E,, (@) (ac)

is a well defined functional on &/ . Since

|(F.0)@| < I71||E,,@]| < I7llal ¥ aew,

~ N ~
f(s,t) € o/, and f is a map from S x S to o
To see the convergence of the inner sum, we first show that it converges for “rows”

associated with functions from 2" as in Lemma 12. For each x € 2" = éfM(S , ) and
each s € S, let B, be as in Lemma 12. Then B, x € ./, and

<«— B,

A‘XF

lim
FeF

— lim ‘ B
Fez I s0%)

Bs‘x_ (B_sx)ﬁ FeF

< lim 2{x—x.|| =0.
< lim 2x — x|
Thus B, € %, and hence f(B,,) exists. From the continuity of f,

S) = f3  Bri) = Ji3 (23 >—}g;1f (2% )

tel

im Y 0(x@)) = XIf(s:0)x (1) = X [F(s,0)](Biy(s.1)).

teF tesS tes
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That is, foreach s € S,

Z[f(s,t)](x*(t)) converges for all x € 2.

tes

Notice that for each A € % and each s € S, the function (A(s,-))" € 2", and hence

f(A,) =Y [f(s,0)](A(s,1))  foreach s€S.

T teS

By linearity the same is true for each F € .7 (S) in place of the singleton set {s}.
Continuity of f and the fact that

1A= Al =

<o

A—A]
[ b (S\F)

imply that f(A) is given by the double sum in (3) for each A € % .
Let A € .# . For each s € S, since A{S} € # , and, as a function on S, Am (s,)

has the property that

<<X, (Aﬁ(s,-))*>> = (Ax)(s) converges in ./ foreach x € 27,

thus (A, (s, ) € Ef(S , /) by Theorem 4 (ii). It then follows from Corollary 3 that
the inner sums all converge foreach A € ./ ; i.e.,

E(f(s,t))(A(s,t)) converges forall A€ .Z andall s€S.

tesS

Suppose the outer sum for f does not converge for some A € .. Then by Cauchy
criterion, there are an € > 0 and a sequence {F,}, . of pairwise disjoint (finite) sets in
Z(S) such that

> 2¢ forall n € N.

Y, Y n](Als1)

s€l, tes

For each n, the finiteness of F, givesrise to a finite G, € .%(S) such that

Y X sn]Als0)

sEF, t€G,

Z E.

Let o;, be the sum in the last expression without absolute value, and f3, = Sgnnﬂ . Define

BA(s,t) if (s,t) € F,x G, for somen € N

=

UExG)

k=1

Bls,t)=1, if (s,1) € (Sx 8)\
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Note that B= 3, B, ( ) , and each (AFn ) is adjointable with
Gl

)] [,

o il

<|lAll-

#
Since [(AF> ] = <[A#]F\> , and the sequence {F} is pairwise disjoint in .7 (S),
=Gl "G,
B € ¢ by Proposition 11.

=1
On the other hand, since 2 — = oo, for each M, there is a k¥ € N such that
ik
n 1 M K
2— — foralln > «. Let F = UFA,.Then
= k™ € Pt
K
PPN =3 3 X fs0)BAGS)
seF [teS k=1\€Fkt€GA
K1
:2% Y (A(s,1))| > M.
k=1 selﬂcteG
That is

= Y [f(s;)](B(s,r))  diverges.

seStes

This contradicts B € % . Therefore the double sum must converge for all A € .Z .

Now we use a uniform boundedness argument to show that fe " . For each
fixed s € S, and each F € .Z (S), define

=Y fs.t)(A(s,1)) forall A€ .Z .

teF

Then

’fst HHAst
=2Vhﬂﬂ%¢%ﬁﬂ<zwwmgw
F teF

8| < 3 |FlsA0)] < 3

EpALRAE
teF
and hence g_,. € t///# with ||g .|| < (Card F) - |f]|. Since, for a fixed s € S,
s, F s, F

Zf(s,t)(A(s,t)) converges forall A e .Z,

tesS

the net of finite partial sums g .(A is bounded and thus there is an M, such
p sF FeZ(s) A

that |g .(A)| <M, forall F € .%(S). Uniform boundedness principle implies that there
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isan M such that ||g .|| <M forall F € .Z(S). Thus the functional g, defined by

Efst (s,1)) Ae )

tesS

is bounded:

lg,(A)l[ = lim

FeZ(s)

g.r(A) <limsup|g [ [A| <MJA| ¥V A€
FeZ(s)

Using the convergence of the outer sum for f, a similar uniform boundedness argument
shows that f(A = g(A) is bounded on .7 .

SES
Let F€.%#(S) and A€ .# . Foreach G € .7 (S), < ||A]l by Lemma 9, and
Ay €X,
7] =| T S olAis0)| = Jim |3 3 1)
seFteS GEZ(S) |seF ieG
= lim | Uadg) [ = 1740] < A1 Al <A1 Al
Therefore
7(a)| = i = lim_|f(a,)| < Al forall Ac..
F| = tim |3 e @) = tim [740)| <11 14l
That is H <|fIl ,- Butsince f=f on 2, we see that H =|f[ , must
# > >

hold. Uniqueness of the function f: S xS — o is clear from the construction.
(i1) This follows from a uniform boundedness argument similar to the one used in
the preceding proof, and is omitted. [

An immediate consequence of this proposition is that we may, and will, just treat

A" asa subspace of ya
The trace formula, trace AB = trace BA, for a trace class operator A and a bounded
operator B on a Hilbert space has the following generalization.

PROPOSITION 14. Let £ :Sx S — o7 be a function such that

=Y YIE(s,0)](A(s,1))  convergesforall A€ X .

seS teS

Then

>, D&, (A( = DI A(s,1)) forallAe /.

seS tes teS ses
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Proof. Uniform boundedness arguments similar to that used in the proof of Propo-
sition 13 (i) show that g defines a bounded linear functional on .. Note that for each

A€ # andeacht €S, A{t}‘ € . By Lemma 10,

' [E(s,1)](A(s,)) converges for each A € .# and each fixed 7 € S.

seS

For each G € .% , define

A) =2 Y EEnlA6)) =3 YEEIAG))  (Ae).

teGseS seS teG

Again a uniform boundedness argument can be used to show that 7, € .# *. We claim

that {h;}._ is a Cauchy netin .. * . For otherwise, by the Cauchy criterion, there is
an € > 0 such that for all G € &, there are H_,K, € .% suchthat GC H :=H,;, G C

K :=K_, and HhH —hKH > 2¢. Thus there is an A =A% [], (the closed unit ball
of . ) such that

hy () = h (W) =[h @) =h ()] >
Denote by
o =sen [h[H\KJ () =hyy (A)} v oandlet  B=alA g — A -
Then, since (H\ K)N(K\ H) =0, we see that
1Bl < H(B)(H\K)\ + H(B)(K\H)\ = HA @l || T HAK\H
2]l <2

Note that, a straightforward calculation reveals that th (C, ‘) =
2
C e ./ andall F,F, € .7 ; consequently,

C ) for all

o (G

—A

[HAK) (B) _h[HAK] (OC [A(H \K)|

:)h A)—h_ (A)

(K\H)

wnl)

> E.
(H\K)

Since H,K O G, HAK = (H\K)U(K\H) C S\ G. Note also that the sum in

the previous expression involves only A(s,z) with t € HAK, and that h,, (A) =
hHAK(A(HAK)\) g(A) if A= AHAK
This shows that, under the assumption that {hG} Gez 1s not a Cauchy net, there

are an € > 0, and (with the set G above in each step taken to be the set in the previous
step) a pairwise disjoint sequence {H, }neN C .Z (in place of the HAK above), and a

sequence {B,}, .y € .# bounded by 2 in norm, such that

B,=(B

3 ")(Hn)\ and g(B)=h (B)>e forallneN.

H,
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— 1
By Proposition 11, B := 2 —B, converges in .# . On the other hand, since g(B,) =
n=1 n

h, (B,) > ¢ foreach n € N, we have
_ i g( S
n=1 g

This contradicts the fact that g(A) converges for each A € % .

Therefore {hF} Fe J is a Cauchy net in .#", and hence there is an i € .#" such
that hm A, — hH

Let A ex. For each G € 7, (since A, — (A;),, = (A—A, ), forall F € .7

< ||B| forall B € .#') we have A; € % and hence

19 = 3, TIEA() = Jiny [2 21 >]

se€G tes teF seG

—Fhen}h (Ag) = h(Ay).

SI(‘O

For A € ¢, since
<l

= |1 -agi,

< HA —AQH Ix| forallxe 2,

4 =ax|| =[lax - (ax),] = | (4x)s, 6

Glier%HAG—AH < Glier%HA—Ag H — 0. By the continuity of g and &,

8(4) = lim g(4,) = lim h(A,) = h(4)

That is h}% =g on % . From the convergence ||, — k| , — 0, we also have, for each
y M

Ae A,

h(A) = hm he(A) = lim » > (&( A(s,1)) =D Y (E(s,1))(A(s,1)).

FET [cFses 1€S5€S
Let g be the unique extension of g to all of .#, as in Proposition 13. Then

22 A(s,t)) forall Ae 4.

seStes
ForAe .# and G € 7 (S),
(8—he)(A) =8(A) —hy(A) = 3, ¥ (E(s,1))(A(s1) = 3 X (E(s,1))(A(s:1))

seStes seSteG

=Y T EEAln)) =T X EsN) A1),

SES1eS\G seStes
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where g(s,t) =&(s,1) if (s,) €S x (S\ G) and g(s,t) = 0 otherwise. By Proposition
13 again, we have

=0.

¥

Gim =l = tim s =] = tim fls—(h)

v

Thus g= lim h; = h. Hence, for all A € M , we have as asserted,
GeZ(S)

2 2IEDIA(s1) =g(A) =h(4) =3, 3 [E(s.1)](Als.1). O

seS tes teS ses

6. The Hilbert C -module 2 and adjointable matrix operators

In this section we will use the fact that 2~ = Kfu(S,;af ) is a Hilbert C -module
to establish a bound for the norm of block diagonal matrix operators, which will be
used in the Dixmier decomposition theorem (Theorem 19). In a Hilbert space we have

2 2 2
lx+y| = x| +|ly| for orthogonal vectors x and y; in particular for x, y € Ez(s)
with disjoint supports; i.e., x(s)y(s) =0 for all s € S. However, this is not true for

functions in 2" = Kfu(&% ) or Ef(&% ), as the following example shows.

EXAMPLE 15. With o7 = C[0,1] and S = N, there are x,y € 2 with disjoint
supports (i.e., forall n € N, x(n) =0 or y(n) = 0) such that ||x+yH2 < HXH2+ Hsz

Proof. Define x,y : N — &/ by

1-2t for 0<r< 3 0 for 0 <7<
(x(1))(r) = (y(2)(1) =

0 for%<t<l; 2t—1 for%<t<1;

L
2

and x(n) =0 for all n# 1 and y(n) =0 for n # 2. Then, since x(1) and y(2) are
self-adjoint elements in .7,

Ix+y" = sup [o((x(1)))+o((¥(2))] = sup o((x(1))’ +(y(2)))
pes() pes()

= @)+ v@)| =1 <2= Ik + Iy O

The Pythagorean property implies that the norm of a block diagonal matrix oper-
ator is the maximum of the norms of the blocks. The result remains true for operator
matrices on 2. The following is a proof of this fact by using properties of the Hilbert
C'-module 2" =€ (S, /) [6, p. 4].

LEMMA 16.

(i) The space Z = Efu(S,sz) (with the < -valued inner product (-, -)) is a Hilbert
C" -module over o .
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(ii) Each adjointable matrix operator A on Z" is right < -linear.

(To have the o7 -valued inner product linear in the second argument as in [6], just
define (x, y), = (y, x) forall x,y € 2".)

Proof. (i)Letx e 2 and a € o/. Let € > 0. Since ZX*(S)X(S) converges in
SES
</, there is an F, € .#(S) such that

£
2
lal”+1

Y x (s)x(s)

seF

forall F,CF € Z(S).

If £FCFe.Z(S), then

Ea*x*(s)x(s)a =|la [Zx*(s)x(s)]a SHCI H ZX*(S)X(S) [lall
seF seF seF
=[la| | X% (9)x(s)|| <&
seF

Thus
Za*x*(s)x(s)a converges in </, and hence xa € 2.
seS

That (-, -) is an ./ -valued inner product on 2" is routine to check. Therefore 2" is an
o/ -module (this is in fact an example in [6]).

(ii) This follows from the distributive property of the multiplication on <. For if
x € %2 an a € </, we have, foreach s € S,

[A(xa)](s) = X [A(s,)((x(1)a)] = 3 (A(s,1)x(t)) a = ((Ax)(s))a. O

tes tes

Denote by £(2") the set of all adjointable ¢ -linear bounded operators on 2.
Then £(Z) is a C -algebra with the operator norm [6, p. 8]. A routine verification
reveals that the adjoint operation on the adjointable <7 -matrix operators coincides with

# . . . .
the = operation here. For convenience of reference we state the following lemma in the
form that is more suitable in our situation.

LEMMA 17. [6, Lemma4.1 (p.32)] Let T be an <f -linear bounded operator on
X' . Then T is positive element of £(Z") iff {T'x, X) >0 forall x € 2.

LEMMA 18. Let A € .# . For each x € 2,

(Ax, AX) < A (x, X) in <.
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Proof. By Lemma 16, 2" = K;(S, o7 is a two-sided Hilbert C"-module. For each
FeZ(S), A

F

and hence (AF‘)#(AF‘) is adjointable. For each x € 27,

is adjointable with adjoint (AF‘)# (though A may not be adjointable),

{4, A% x) = (4, )x, (4,)x) >0 in .

#
) Ay

Thus (A

F

. is positive in the C -algebra £(2]) by Lemma 17. Since
|4, )x| = lal <Al < lAlllx] v xe 2,

||AH2 - (AF‘)#(AF‘) is a positive element in the C"-algebra £(2"). Applying Lemma 17
again, with the opposite implication, we have also, for each x € 2,

0 <{[II" — (4,) (4, )x. x) = {JlAl'x, x) = {(4,)"(4,)x, x)

= JAI” 6, )= { (A,)x, (4,)x) = ATt X)—(A(x,), A(X,)

That is (A(x,), A(x,)) < ||A||2<<x, x) forall F € .%(S) and all x € X. Since

- lin}S) [x,—x||=0 forall xe 2", and ¢, -) is continuous in both variables,
€7

we have

Ax, ¥y = fim {A). A} < lim AL G, ¥)= A1 6 %) O

7. A decomposition theorem for .7 !

Now we are ready to prove a decomposition theorem analogous to the Dixmier
decomposition theorem for the pair # and .4 ; i.e., £ is an M-ideal in .#Z . As
a subspace of the set of adjointable matrix operators .Z (= £(Z)N.#), & is an
M -ideal, by a theorem of Smith and Ward [7], simply because the space .Z, is a C -
algebra and 7" is an ideal in .#,. However, .# properly contains .#, and .# is not
a C -algebra, as noted following the proof of Lemma 12. It is not hard to show that if
J is an M -ideal in a Banach space X, and X is contained in a Banach space Y, then J
may not, in general, be an M -ideal in Y. However, in this case, we will show that ¢
is an M -ideal in .7 .

THEOREM 19. Each g€ % " hasa unique Hahn-Banach extension, also denoted
by g, toall of A with |g| , =gl ,. Foreach f € A", there are unique g € " (as
H M

a subspace of M #, via the uniqueness of extensions) and h € & * such that f=g+h
and ||| = llg|| + |-
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Proof. Uniqueness of Hahn-Banach extension of g € ¢ * is immediate from Propo-
sition 13. Let f € [///}# Then by Proposition 13, there isamap f: 5 xS — <" such
that

g(A) =Y, Y [F(s,0)](A(s1))

seS teS

converges for all A€ .#,and g=f on #. Let h=f—g. Then h=0 on %
and f = g+ h. Uniqueness is clear from the construction: for if another function
fliSxS— <" satisfies

gA)=23 YIf (s0)(Als.1)

seS tes

converges for all A € ./ and g’ = f on ¢, then, for each (s,2) € S x S,

[F(s.0)(@) = g(E,, (@) = F(E, (@) = ¢(E, (@) = [F(s,1)](a),
forall a € o/, and hence f' = f.
Since | f| < ||lg|| + ||%]|, it suffices to establish the nontrivial opposite inequality.
To that end, let € > 0. There are A,B € .# such that
€ €
Al =18l =1, g(A)>lgl-¢, and A(B)> ] )

From the convergence of g(A) to a positive number, there is an F, € .% such that

€ )
>8A)-=>lgl-35 Y FeF F2F.

R [2 Y (s.0)(As, 1)

seF teS§

From the finiteness of F, and the convergence of the inner sums in the last expression,
there is a G, € .7 such that

RN T T Fenaen)| >R 3 TFe@Ac)| -5 >ld-5. ©

seF1eG; seF1es

From the convergence of g(B), there is a finite subset (of S) F, 2 F, such that

Y Ys0lBs0)] <

SES\E, t€S

QN

Since B—BF2 e M,

Y Y0lBE0)=Y, ¥ Fls0lBs0),

SES\F, 1€ 1ES SES\F,
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by Proposition 14, hence there is a finite subset (of §) G, 2 G, such that

Y X fenlBen)|=| Y X [fsn0lBs0) <§- (6)
1€S\G, sES\F, SES\FE, 1€S\G,
Let
A=),  By=(B—By)—(B-By);, and  C=A,+B,

Then inequalities (5) and (6) are, respectively,

2¢e

R(g(4)) > gl - and |8(B))] <

For each x € 27, since G, C G,, we have

<< [AQ(XGI)LI ) [BO(XS\GZ)L\FZ>> =0 and
<< [BO(XS\GZ)L\FZ » {AO(XGI)LI >> =0,

since each pair of functions have disjoint supports. Thus, from Lemma 18,
(Cx, Cx)=((A,+ B))X, (A, +B))x)
=(Ax, Ax)+(AX, Bx)+(BxX, AX)+(Bx, Bx)
=(A): Ax) ) + (405, Bulx,))
+ (B %) A%) )+ (Bo(xo): Bo(xg) )

_ << [AO(XGI)LI , [AO(XGI)L1 >> + << [4,0x, >Ll : [BO(XS\GZ)L\FZ>>
n << [Bo(xs\(;z)L\Fz : [Ao(xq)}ﬁ >> + << [BO(XS\G)L\,,Z ’ [BO(XS\GZ)L\5>>
_ << [ A(XGI)LI , {A(XGI)]FI >> + << [B(XS\%)L\FZ’ [B(XS\GZ)L\FZ>>

< (A0, A0+ (B ). B, )

<% % )+ (X %6 ) < (%0 % )+ (X6, %06, )
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For each ¢ € s(<7), we have

Thus

lexl = sup ¥ o (€)' (9)(Cx)(s)) < X

pes() ses

and hence ||Cx|| < ||x||. Since x € 2 is arbitrary, we have ||C|| < 1.
Now, since A, € %, h(A,) =0. Since B, and (B_BFz)Gz\ are in %, and h

vanishes on %,
h(B,) = h(B~By)~h((B~By), ) = h(B).
These together with the inequality (4) we have

1712 1£(C)] =[8(4) +8(B) +h(A) +h(B)| > |s(A) +h(B)| - |s(B)
>R (3(4,) +h(B) — % = R(g(A) +R(M(B) 2

2¢e e €
> gl =5+l = ¢ — ¢ = el +11n] —e.

Since this argument holds for all € > 0, we have || f| > ||g| + |/%||. Combining this with
the triangle inequality, we have | f| = ||g| + ||2] as asserted. [
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