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MODEL SPACES AND TOEPLITZ
KERNELS IN REFLEXIVE HARDY SPACE

M. C. CAMARA, M. T. MALHEIRO AND J. R. PARTINGTON

(Communicated by I. M. Spitkovsky)

Abstract. This paper considers model spaces in an H, setting. The existence of unbounded
functions and the characterisation of maximal functions in a model space are studied, and de-
composition results for Toeplitz kernels, in terms of model spaces, are established.

1. Introduction and notation

In the theory of complex functions and linear operators, there has been a signif-
icant body of work attempting to understand the structure and properties of kernels
of Toeplitz operators, or Toeplitz kernels, and to describe them (or at least determine
their dimension) explicitly for some concrete classes of symbols (see, for example,
[1,2,7, 11,18, 19]).

Linked with this is the theory of model spaces, which have generated an enormous
interest; they provide the natural setting for truncated Toeplitz operators and are relevant
in connection with the study of a variety of topics such as the Schrédinger operator,
classical extremal problems, and Hankel operators (see for instance [10] and references
therein).

Model spaces constitute a particular type of Toeplitz kernel whose properties are
in general more fully understood. Indeed, denoting by D the unit disk, Beurling’s
theorem characterises the nontrivial subspaces of H?(ID) which are invariant under the
(unilateral) shift S as consisting of the H?(ID) multiples of some inner function 6,
i.e., as being of the form @H?(D). The so-called model spaces Ky are the nontrivial
invariant subspaces for the backward shift S*; they are the orthogonal complements in
H?(D) of the shift-invariant subspaces O H?(ID).

An equivalent definition, which is better suited to the context of the Hardy spaces
HP with p € (1,%), p # 2, in which the Hilbert space structure is absent, is to say that
Ky is the kernel of the Toeplitz operator whose symbol is 6, the complex conjugate
of the inner function 6, assumed to be non-constant. This approach to model spaces
in HP(D), or in H,} := H?(C") which will be our main setting (here C* denotes
the upper half-plane), provides a simple operator theory point of view, as well as a
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functional analytic description of S*-invariant subspaces which is almost as simple as
Beurling’s description of S-invariant subspaces: Ky consists of the H,,” multiples of 6
which belong to H, (using the notation H;- for H?(C¥)).

This paper’s results take further some ideas introduced in [2], looking at model
spaces and Toeplitz operators in a general H, context (1 < p < o), rather than simply
H,, and working on the upper half-plane rather than the disk. One advantage of this
choice is that some formulae are simpler in the half-plane context, although they can
generally be translated to analogous results on the disk; some questions, however, are
meaningful only in a half-plane context.

The themes considered in this work include near invariance (a property of all
Toeplitz kernels, and model spaces in particular), the dependence of a Toeplitz kernel on
the symbol of the corresponding Toeplitz operator and the H), space where it is defined,
some associated factorisation and decomposition results, and the existence of a maximal
Sfunction in every Toeplitz kernel that uniquely defines the latter. The results also gener-
alise some properties of model spaces to general Toeplitz kernels and show that we can
use model spaces to “quantify” (in a loose sense of the word), for infinite-dimensional
kernels, some properties relating the dimensions of finite-dimensional kernels.

More precisely, the structure of this paper is as follows. The first two sections are
of an auxiliary nature. In Section 2 we present some results on Toeplitz kernels and near
invariance in an H; context, very much in the spirit of [2]. In Section 3 we turn our
attention to model spaces, regarded as Toeplitz kernels of a particular kind, and present
their basic properties and some factorisation and decomposition results. The main re-
sults of the paper are contained in the next three sections. Section 4 addresses the
question when model spaces consist entirely of bounded functions, i.e., form subspaces
of H} ; the answer for the half-plane turns out to be significantly more interesting than
in the disk case and provides an example where results on the disk do not carry over to
the upper half-plane and vice-versa. Then in Section 5 we are mainly concerned with
characterising maximal functions in a model space, i.e., those which are contained in
no smaller Toeplitz kernel. Finally, in Section 6 we establish decomposition results
relating two Toeplitz kernels determined by symbols that differ only by an inner factor.

We take 1 < p < and H}, H, to be the Hardy spaces of the upper and lower
half-planes C* and C~ respectively. We write L, to denote L”(R).

The class of invertible elements in HZ is denoted by ¢H= . Similarly for ¥L...

We write P*: L, — H; for the projection with kernel H,,".

For g € Lo(R) and 1 < p < co, the Toeplitz operator Ty : H, — H, is defined by

Tofr =P (gf+), (f+ €Hy,).

We shall require the functions

A(E)=E+i and  r(&)=2", (L.1)

and write S for the operator 7, on H; of multiplication by r, with §* the operator T7.
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2. Near invariance and T-kernels
DEFINITION 2.1. [2] Let & be a proper closed subspace of H; and 11 a complex-

valued function defined almost everywhere on R. We say that & is nearly 1 -invariant
if and only if, for every f, € & suchthat nf, € H}, we have nf, € &; thatis

n@@ﬁH;rC@@. (2.1)
If & is nearly 1 -invariant with 1 € L.., then we also say that & is nearly Ty -invariant.

We abbreviate “nearly 7 -invariant” to “n. 1 -invariant”.

We denote by .4}, the set of all complex-valued functions 7, defined a.e. on R,
such that every kernel of a Toeplitz operator (abbreviated to T-kernel) in H ;r isn. n-
invariant, i.e., such that for all g € L.. we have

nkerT, NH, CkerT,. (2.2)
It is shown in [2] that .4}, D e/I/; , where
Mp={n:L,NnH, CH,},
and that many well-known classes of functions are contained in J/; , amongst them
Lom = A™HZ for all m € Z, the set of all rational functions with poles belonging to
C*URU{e}, and H, forall p € (1,e0).
On the other hand, if we extend the notation for T-kernels, defining
kerTy :={¢. €H, :gp. € H,} (2.3)
for all complex-valued g defined a.e. on R, it is clear that we also have

nkerT, NH, CkerT, 1, (2.4)

if n*! are defined a.e. on R (whether or not they belong to A5). We have moreover:

PROPOSITION 2.2. If n € fl{, then kerT, -1, CkerTy forall g € Le..

Proof. Let ¢, € Hf and n~'gp, =¢_€H, . Then go, =n¢e_€L,NnH, C
H, ,sothat ¢4 € ker7,. [

Taking (2.4) into account we have thus:

COROLLARY 2.3. Ifn € J/; g € L., then

nkerTyNH, CkerT, 1, CkerTy. (2.5)
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The inclusions in (2.4) and in Proposition 2.2 may be strict or not. Regarding the
first inclusion, it is easy to see that if O is outer in H;! then

0 'kerT,NH, =kerTy, g, (2.6)
and in particular
hy € 9HL = hykerT, =kerT, 1. 2.7)
+ 8
On the other hand, for any non-constant inner function 6, if ker T, # {0} then

OkerTy, G ker Ty (2.8)

since either ker Ty, = {0} and (2.8) is obvious, or ker Ty, # {0} and (2.8) follows from
(2.4) and the proposition below.

PROPOSITION 2.4. If § is a complex-valued function defined a.e. on R, kerT; #

{0} and O is a non-constant inner function, then OkerT; is not a n. 6 -invariant sub-
space of Hy .

Proof. For & = OkerT;, we have & = kerT; C H, . Butif kerT; C &, then
for any ¢ € kerT; we would have ¢, = Oy, with y, € kerT; and, repeating this
reasoning, ¢ would be divisible in H ;r by arbitrarily large powers of 6, implying
that ¢ =0. O

We remark however that @ ker T; is a n. S*-invariant subspace of H,/ if (i) # 0.
Indeed if ¥ 10¢, € H;r, with @, € kerT;, then we must have ¢4 (i) = 0, so that
rloy €eHS and grlo. =r'o_ with ¢_ € H, ,implying that r !¢, € kerT; and
r10¢, € OkerT;.

Regarding the inclusion in Proposition 2.2, we have the following two results.

PROPOSITION 2.5. If n*' € .4, and g, Ng € L.., then kerT, 1, =kerT,.

Proof. From Corollary 2.3 we have, on the one hand, ker Tn—l ¢ C kerT, and, on
the other hand, ker7, = kerTn(nqg) C kerang. O

In particular, if O_ is outer in H,, then
kerTp_g = kerT, (2.9
and

h_e€%9H,_ = kerT;,_, =kerT,. (2.10)

PROPOSITION 2.6. If N = 07}, where 0 € HY is a non-constant inner function

and 1| € A, then
kerT, -1, & kerT,

if ker Ty # {0},
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Proof. If kerT, 1, = {0}, the inclusion is obviously strict. If ker7, -1, # {0}
then, by an analogue of Theorem 2.2 in [2] and Proposition 2.2 above,

kerTy, -1, =kerTys-1, & kerT-1, CkerT. U

Note that studying T-kernels is closely related to studying sets of the form 71 ker 7, N
H;r since we can write, for the kernel of any operator Tg in H,

kerTg =h (6, ker T, NH,) (2.11)

where hy € YHZ and 0,, 6, are inner functions, which may be chosen to be Blaschke
products ([7], Theorem 1).

3. Model spaces in H

DEFINITION 3.1. If 6 is an inner function, then Ky := H,} N 6H, , for p €

(1,00).

We omit the superscript p in Kg unless it is required for clarity.
This definition makes it clear that Ky is a T-kernel, since Ky = kerT. Model

spaces are thus n. 7 -invariant for all n € .4},; in the case of 1 € H_ , model spaces
are moreover Ty -invariant. A particular case is that of §* = 7,-1, where r is given by
(1.1), in which case the converse is true ([9]) and we can say that K C H; is a model
space if and only if K is S*-invariant.
Given p € (1,e0), to each inner function 8 we can associate a bounded projection
Py : L, — Kg defined by
Py =0P OP". 3.1

Its restriction to HI‘,Ir is also a projection onto Ky, which we denote in the same way.
We have Ko = PoH,} = PoL, and H,} = Ko © 6H,; (for p =2 this is an orthogonal
decomposition).

We also have Ky = P*(6H, ) and

Ko = 0 Kp. (3.2)

Given any non-constant inner function 6, we have Kg # {0}. An approach to
this result, which gives more information on the structure of model spaces, uses the
following factorisation result.

THEOREM 3.2. Given any non-constant inner function 8, we may choose a € R
and inner functions 0y, 6, where 0y is non-constant, analytic in a neighbourhood of
a and 6y(a) =1, such that 6 = 6,6,.

Proof. If 6 has an elementary Blaschke factor b, then the result is clear, taking
a=0 and 6; = b/b(0). So we may assume that 0 is a singular inner function.
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If the measure u determining 6 is an atom concentrated at oo, then we may take
a to be any finite point, and the result is clear.

Otherwise, let I be any open interval such that y(R\7) > 0, and choose a € 1.
Define a decomposition of p into positive singular measures by setting y = t; + U,
where p;(A) = u(A\I) and pp(A) = u(ANI). These determine inner functions 6;
and 6, with the required properties, and by multiplying them by unimodular constants,
if necessary, we may also assume that 0;(a) =1. O

It is easy to see that, if 6; be a non-constant inner function, analytic in a neigh-
bourhood of a point @ € R, with 6;(a) =1, and Ag, , is the function

0 -1
Ao .a(8) = &, EER, (3.3)
E—a
then Ag, , € Ky, . If, in addition, 6; is a singular inner function then Aer . € Kg, for
all u € (0,1].

So, if 6 is a Blaschke product, then E !

€ Ky for every zero z, of 0. If 0 is

+
a singular inner function, we can write 8 = 6,6, as in Theorem 3.2 and
rAgu, € Ko forall e (0,1].

Otherwise, 8 = oB.¥ where o € C, |a| =1, B is a Blaschke product and . is a
singular inner function, and it is easy to see that Kg D K.

In any case, we explicitly see that Ky is infinite-dimensional unless 6 is a finite
Blaschke product. In the latter case, we can write

0=h_r"h,, withhy e 9HE neN (3.4)
and Kp is an n-dimensional linear space described by
Ko=hsspan{A; ' : j=0,1,....n—1} = h K (3.5)

(recall that A4 (&) =& £1).

Thus, in the case where 6 is a rational inner function, it is clear from (3.5) that
Ky C /IJIH;r C H'. The question whether Ko C H! in other cases is fairly delicate
and will be dealt with later in this paper.

To have a better understanding of infinite-dimensional model spaces Kjy, it will
be useful to characterise some dense subsets. While Ky may not be itself contained in
H_ | there are nevertheless dense subsets of Ky contained in l;lHof . Indeed, for each
weCT, let .

i
kw(é)_zng_wv €€R7 (36)

and, given an inner function 6, let kg be defined for each w € C* by

i 1-0w)0(&)
Eié—w —Pka(é)' 3.7

k(&) =
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These are the reproducing kernel functions for K3, but they play the same role in Kg
foreach p € (1,e0), namely

R dx = f(w) forall f € K. (3.8)

Let also fke be the functions defined, for each k € Z , by

o 1 ao+a17t++...+ak7t_’ﬁ9
P _E_ )LJIiJrl ’

where a; = (al é)EQi)/j! , J=0,1,....,k—1. As in the case of reproducing kernel
functions, these are easily recognisable functions of Kg , providing the following den-
sity result. We have 9, ¢ € KN A 'HE forall w e Ct k€ Z§ and p € (1,0),
and

Kj = clos+ span{k® :we C*} = closy+ span{f? 1k € Z,§}.

DEFINITION 3.3. For inner functions 6; and 6, we write 6, < 60, if and only if
6, divides 6y, in the sense that 68, = 6,05 for some inner function 65.
We also write 6, < 0, if 6, = 6,05 for some non-constant inner function 65 .

The results in the next theorem may be considered as generally known; see, for
instance, [17].

THEOREM 3.4. Let 0,6, and 63 be inner functions. We have, for p € (1,00):
(i) 6 =0, ifand only ing2 C Kp1 ;
(ii) 6, < 6y if and only ing2 - Kgl ;
(iii) 6,05 < 0 if and only if 93K52 C Kg1 ;
(iv) 6 X 6; = 0,Kp, C Kq,9,, where the inclusion is strict if 0, is not constant.

An alternative short proof of (i)—(iii) is provided in Section 5 using the characteri-
sation of maximal functions in a model space instead of the H ; —H,;’ duality.
For any inner functions 6y, 6, we have

Ko, C Kgy9,, 01Kpg, C Kg,0,, (3.9)

and the two subspaces at the left-hand side of these inclusions provide a direct sum
decomposition
Ko, 6, = Ko, © 01K, . (3.10)

For p =2, (3.10) yields an orthogonal decomposition of Kg,g, .
We also have the following.
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THEOREM 3.5. Let 0,0, be inner functions and let n,m € N with n > m. Then
if
0" <r"6; (3.11)
then
Ko, = Kgs © esKgl/ex (3.12)

forany s€ Z5, s <n—m.

Proof. If (3.11) holds, let #"6; = 676 with 6 inner. Then
6, =6""(r""66") (3.13)

and, since 0, € H., we must have 0(i) =0 or 6(i) = 0. In any case, # ™66 is an
inner function and so (3.13) implies that 8"~ < 0;. Now (3.12) follows from Theorem
34 and (3.10). O

Inner functions and model spaces can be related by an equivalence relation as
follows.

DEFINITION 3.6. If 0, and 6, are inner functions, we say that 6; ~ 0, if and
only if there are functions hy € ¢ HZ such that

0, = h_6h,. (3.14)

It is easy to see that we have 6; = h_62/; and 6, = h_6)h, with he € YHE,
hy € 9HZ , if and only if Z—: = % =c € C\ {0}, and we can choose %+ in (3.14) such
that [l =} ]l = 1. _ _

Moreover, if (3.14) holds for given 6, 6,, then h_h, = h;l(h_)‘l; since the
left-hand side represents a function in H_, and the right-hand side represents a function
in H', both are constant and we have

hi=h"'e, h-=hi'c!, withceC\{0}. (3.15)

DEFINITION 3.7. If 6; and 6, are inner functions, we say that Kg, ~ Kp, if and
only if
Ko, =h,Kg, withh, € GHY. (3.16)

It is clear that
0, ~ 6, = K91 ~ K92 3.17)
since, by (2.7), (2.10) and (3.15), if (3.14) holds then

Ko, = kerTé1 = kerTh:I =hy kerTé2 = hKp,.

02h; !

If 6 is a finite Blaschke product, then Ky ~ Kj if and only if 6 is also a finite
Blaschke product of the same degree. However, model spaces associated with infinite
Blaschke products may be equivalent, in the sense of Definition 3.7, to model spaces
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associated to singular inner functions. In particular, for any singular inner function 6
there exists an infinite Blaschke product B such that

Ko ~ Kp. (3.18)
In fact the function
p= 2= (3.19)
T 1—ab '

is a Blaschke product for all a with |a| < 1 outside a set of measure zero [3, 8]. Thus
any inner function 0 can be factorised as

0 =h_Bh, (3.20)

where B is a Blaschke product and A € YHZE with

1

h_=14aB, h,= . 3.21
ab = s 3:21)

It follows from (3.20) that 6 ~ B and
Ky =hKp. (3.22)

If Kg, ~ Kp, then the two model spaces are isomorphic (although not usually
isometric in the case p # 2) and share several properties, namely that they are either
both contained in H} or they are not.

The projections associated with Ko, and Kg, are related as follows.

THEOREM 3.8. If Ko, ~ Kg, and hy € @GHY is such that (3.16) holds, then
Po, :=hyPah'PT (3.23)
is a projection from Hl‘f (or L, ) onto Kg, such that

P, | Ko, = Poy.- (3.24)

Proof. ﬁgl is obviously a projection and, for any ¢, € H; , ﬁgl ¢y € h Ko, =
Kpg, . Moreover, if @, € Ky, then h;lqur € Ky, , szhjrl(er = h;l(p+, and we have
Py, oy =h P,k '@y =0 O

4. Model spaces contained in H_

Let
Ky = HINOH 4.1

for an inner function 6. Since 6 € K7, we can extend the inclusion 6;Ky, C Kp ¢, in
(3.9) as follows.
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PROPOSITION 4.1. For any inner functions 01,0, we have

Kg; K92 C Kgl 6;- 4.2)
Proof. Let fi" €Ky, f; € Ko, Then f" £, € Ko, g, because f,"f, € H, and
010/ fy = (0uf)(0f)) €H, . T

Using the fact that model spaces are T-kernels and the n. 1) -invariance of T-kernels
forall N € K¢ = 0Ky ([2]), we also have

Ko, Ko, ﬂH;r C Ko, 6,5 4.3)

since K91 K92 = K91 (91K92) and 91K92 - K91 6, by (3.9).

From (4.3) we have Ko Kg, C Kp,¢, if cither Kq or Kp, is contained in H, as
happens when 6, or 6, are finite Blaschke products. The question whether there are
infinite-dimensional model spaces satisfying this boundedness condition has different
answers depending on whether the setting is the disk D:={z € C: |z| < 1} or the upper
half-plane.

4.1. The case of the disk

This is the easier case, and the following result holds, which we include for com-
pleteness.

THEOREM 4.2. Let 0 € Ho(D) be inner; then, for any p € (1,00), the model
space Ko = Hy,(D)NOzZH,(D) is a subspace of H..(D) if and only if € is a rational
function.

Proof. If 0 is rational then we have 8 = h_z"h, with hy h_ € YH..(D), hy =
h;Fl and n equal to the number of zeros of 6, taking their multiplicity into account. By
(2.7) and (2.10), Kg = ker Ty = h. ker Tz and it follows that Ko C Heo(DD).

Conversely, note that the reproducing kernel functions kg,, with

_1-6(w)6(z)

e weD,

Ko (z)
liein Ky, forany p € (1,e0). Indeed, their H,(ID) norm is bounded by a constant times
(1 —|w|)~"+1/P as can be seen by estimating the norm of 1/(1 —wz) directly — it is
enough to consider real positive w and do a direct calculation. This can be achieved
quite simply using an isometry with the H), space of the half-plane as in [16, Prop.
2.15].

However, if 0 is not a finite Blaschke product, then for each € > 0 we can find
a point w € D with |w| > 1—¢ and |6(w)| < 1/2. Thus, taking z = w/|w| we have
I > 1/(2(1 — |wl)). that is

ap M1l _
peATp

4.4)
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If every function in Ky is bounded then we have a natural embedding J : Ky — He (D).
But the closed graph theorem now implies that J is a bounded operator, contradicting
“44. O

4.2. The case of the (upper) half-plane

As in the setting of H, spaces of the disk, if 6 is a rational inner function then
K} C H, forall p € (1,00). Now, however, we may have K}, C H} for some classes
of irrational inner functions 8, as well as model spaces which are not contained in HJ .

Indeed, Dyakonov [4] (see also [5, 6]) gave the following necessary and sufficient
conditions for Kg C HZ (note that they do not depend on p).

1. 8/ ¢ H';
2. inf{|6(z)|:0<Imz<e}>0 forsome &>0. 4.5)

In particular, if for A € R™, ¢, denotes the singular inner function
e(§) =", EeR, (4.6)

then for any p € (1,e0) the (Paley—Wiener type) model space Ké’k consists of entire
functions and is contained in HZ .

However, if 0 possesses a sequence of zeroes tending to the real axis, or if 6 has a
singular inner factor other than e, for some A > 0, then the model space Kg contains
unbounded functions. This follows from the well-known fact that, for a singular inner
function determined by a measure v, the non-tangential boundary limits are 0 almost
everywhere with respect to v (see for example [3, Chap. 1]).

The following result gives an alternative, and occasionally more usable, necessary
and sufficient condition for the inclusion into HZ .

THEOREM 4.3. K} C H! if and only if

L—0(w)?
sup ———>— < oo,
weC+t Imw

Proof. Note that, by Dyakonov’s result, it is sufficient to discuss the case p = 2.
By the closed graph theorem a necessary and sufficient condition for Kg to embed into
HZ isthat, forall f e K2, we have f € HZ and there is a constant C > 0 such that

1flle < ClIf12 (4.7)

forall f€Kj}.

Since for f € K3 we have sup,,cc+ |[f(w)| = sup,cc+ |(f,k8)|, condition (4.7)
is equivalent to the condition that the L, norms of the k¥ are uniformly bounded,
independently of w. For p =2 we have

k8|5 = (kE.,kG) = |kS(w)]
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and the result follows from (3.7). [

The following refinement of (4.5) is an immediate consequence of Theorem 4.3
and (4.5) itself.

COROLLARY 4.4. We have Kj C H} if and only if

lim inf{|0(z)|: 0 <Imz < e} =1. (4.8)

-0t
Dyakonov’s condition that inf{|6(z)| : 0 < Imz < €} > 0 for some &€ > 0 has

appeared elsewhere in the literature, being applied to realization theory [15] and finite-
time controllability [14]. (The context is the right half-plane but it is easy to transcribe
the results for the upper half-plane.) In particular, for a Blaschke product with zeroes
An =Xn+iyn, n > 1, the condition is shown in [15] to be equivalent to the property that
infy, >0 and

sup < oo,

xeR ,1241 y n )
which in turn can be expressed as a Carleson measure condition on the measure U :=
Y1 Y0y, » tested on reproducing kernels k3 lying on a horizontal line.

A more general question, to which we do not know a complete answer except in
the case p = 2, is to ask when a T-kernel contains only bounded functions.

5. Maximal and minimal functions in model spaces

It was shown in [2] that for every @ € H,\ {0} there exists a T-kernel containing
¢4, denoted by J#in (@4 ), such that for any g € L., we have

¢4 € kerTy = Hmin(@4) CkerT, 5.1

and, if ¢ = I, Oy is an inner-outer factorisation of ¢,
t%/min((PJr) keI‘T1+0+/0+ (5-2)

Hmin(Q+) is called the minimal kernel for ¢, . It can be shown moreover that a
nontrivial, proper, n. §*-invariant subspace & of H, (1 < p < o) is a T-kernel if and
only if there exists @, € H, such that & = Fpin(@4), i. e., such that f, € & if and

onlyif f € H ; and 1, % f+ €H, ,where ¢ =10, is an inner-outer factorisation
of ¢, ([2]).

DEFINITION 5.1. If K = Jin (@4 ), we say that ¢ is a maximal function for K .

Being T-kernels, model spaces are minimal kernels for some of their elements.
Given a model space Ky, it is thus natural to try to characterise the maximal functions
for Kg.
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We start by remarking that, writing 6 = 6,6, asin Theorem 3.2 and defining Ag, ,
as in (3.3), we have (for any p € (1,0))

921\91 a € Koo, = Kp. (5.3)
Since Ag, 4 is outer, it follows from (5.2) that
%in(ezAgl ﬂ) = kerTm = Ke. (54)

Depending on the inner function 6 associated with the model space, other maxi-
mal functions can be defined for Ky, which may also be useful. The following theorems
describe, in different ways, the maximal functions of a given model space Ky .

THEOREM 5.2. Ko = #min(@+) if and only if ¢, € Hy and ¢, = 8¢_ with ¢_
outerin H, .

Proof. If Ko = Hmin(@1), then @, € Ko, so that ¢, € H, and 69, = ¢_ with
¢- € H,. If ¢_ is not outer in H,, , then ¢_ =IO where I is a non-constant
inner function in H_ and O is outer in H, . Thus ¢, € kerTi— & kerT; = Ky,
which contradicts the assumption.

Conversely, if ¢, € H) and ¢, = 8¢_ with ¢_ outer in H,, then ¢, € Kp.
Moreover, for any g € L., if ¢, € kerT, then g8¢_ =n_ € H,, so that

_n7
§=06—
(0

where @_ is outer in H, . Thus, for any y, € H; such that Oy, = y_ € H; , i.e.,
for any v € Ky, we have

EH;

51— n-v-
= 9 —_— =
8VY+ o Y+ o

because the right-hand side represents a function which is in L, and in the Smirnov
class .47 . It follows that y € kerT,. Thus Ky C kerT, and we have Ky = Zin (@ ).
O

REMARK 5.3. The result of Theorem 5.2 provides an alternative proof to some
properties in Theorem 3.4 that were proved using the L, — L, duality. Consider, for
instance, Theorem 3.4 (i) and assume that ng C Kgl . Let qogz be a maximal function

for ng, so that by Theorem 5.2 we have (pg2 = 6,0,_ where O,_ is outer in Hlj .
Since K C Kj , then 6,02 = 61y Wiﬂ_l V- €H, : if y_ =1_0_ is an inner-outer
factorisation (in Hp_ ) then it follows that 0,/_0O_ = 6,0,_ and, by the uniqueness of

inner-outer factorisations, we conclude that 6,1_ = 16 (A € C), whence 6, < 6.
The same reasoning can be applied to prove (iii) in Theorem 3.4.

As a consequence of Theorem 5.2 we also have:
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THEOREM 5.4. If Jnin(@y) is a model space Ky, then Jin(0¢,) is also a
model space and we have

f%/min(e(.o-&-) :Ke@ec%/min((,o-&-) :KGOI- (55)

Proof. If Jin(@+) =K, , where 0, is an inner function, then by Theorem 5.2 we
have ¢, = 6,¢_ with ¢_ outerin H, . Therefore 8¢, = 66, ¢_ and, using Theorem
5.2 again, Znin(0¢4) = Kgg, . Since Kgg, = Ko ® 0Kg, by (3.10), we conclude that
(5.5)holds. O

We have the following relation for maximal functions in model spaces that are

equivalent in the sense of Definition 3.7.

THEOREM 5.5. Let 01,0, be inner functions and let Ko, ~ Ky, . If (3.16) holds,
then @ is a maximal function for Ko, if and only if ¢ = hyy, where Yy, is a
maximal function for Ko, .

Proof. Let y, be a maximal function for K, and let y; = I, O be its inner-
outer factorisation. Thus

Ko, = Jmin(YVy) = kerTL@/m

by (5.2). On the other hand, if ¢ =h,y, then

Hmin(@+) = Hin (4 y) = kerT ;,5, =hikerT, o, =hiKe,

+ hyO4 + o
by (2.7) and (2.10). Now it follows from (3.16) that #7in (¢ ) = Kp, . Conversely,
if @ is a maximal function for Kg, then, from the first part of the proof,

'%/min(hjrl(p+) = h«T»lKel = K92

and thus k', is a maximal function for Kp,. O
If B is a Blaschke product vanishing at za“ € C*, we have from (5.2)
B
Kp=Hnin | 7— |- (5.6)
é — 3
Thus it follows from Theorem 5.5 and (3.17) that if 6 is any non-constant inner function

which can be factorised as in (3.20), a maximal function for Kg will be

, B
0% =nh.@f, with @f=_-— (5.7)

)
/lzg

where

A:(8)=¢ —z5 (5.8)
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and we assume that B(zj) =0.

Note that qof and (pf in (5.7), as well as the maximal functions in (5.4), do not
depend on p and belong to lle;‘ (whether or not Kg is contained in H.!).

We can also see that, given any inner function 6;, from (3.20) and (5.7) we have

6 =h-2 o} (5.9)

and that the decomposition Kgg, = Kg, ® 01Kg (where 0 is an inner function) can also
be written in terms of a maximal function for Ky, as

Koo, = Ko, ®h-2. ¢ 0 Ky. (5.10)

Another property relating model spaces with minimal kernels is the following.

THEOREM 5.6. Let @5, @), ..., @7 be such that Hin ((pf) = Kp, for each j =

1,2,...,n, where 0; is an inner function. Then there is a minimal kernel K containing
{(pj+ :j=1,2,...,n}, and for 6 =LCM(6,,6,,...,6,) we have

K=Ky = ClOSH;r (Kgl +---+Kp,) = ng &) GJ-Kee—j
for each j.

Proof. closy: (Ko, + -+ + Ke,) is a closed subspace of H, invariant for §* =
T,-1, so it is a model space K. Now Kj is a T-kernel, and K D {(pf,(p;,...,(pj}.

Since every T-kernel containing {@;", @;",..., @, } must be closed, and contain each
ng , it also contains K(;, so that the latter is the minimal kernel K .

Since K@ D) ng, we have 0; = 5, for every j, by Theorem 3.4 and, since 6 =
LCM(6y,...,6,), we have 68 < 0. On the other hand, K§ C Ky, since K(; C H; and
GK(; C Hp‘; therefore, 6 < 0. It follows that 6 = 6. [

As a motivation for the next definition, we remark now that if ¢4+ = 1.0 is the

inner-outer factorisation of a maximal function for ker 7, , so that ker T, = ker T7+5+ /04
it may happen that

0./0;=1,01,/01,, (5.11)
where I, is a non-constant inner function and O;. is an outer function in H; (take
for instance O, (&) = ([;Jr%)z ). In that case, we have

kerT, =kerT 5, =kerT Do 5.12
¢ Iy 8—1 Lyl Z}i ( )

where I, < Iyli+. This cannot happen, however, when ker7g, /0, = span{O, },

which is equivalent to saying that Oi is rigid in H;r/z ([2D). In fact, (5.12) would

imply that 1.1, 04 € kerTT o, and thus /1,014 €kerTy, ), = span{O }, which
+oy

is impossible for non-constant 0, .
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DEFINITION 5.7. If g € L.., we say that O is a minimal function for ker T, if
and only if for some inner function /. we have ker Ty = #nin (14 O4) and Hin(04) =

span{O }.

In H2+ , every non-trivial T-kernel has a minimal function ([18], [19]). The fol-
lowing theorem shows that this property also holds for model spaces in H ; ; whether
the same is true in general for T-kernels in H; is an open question, to the authors’
knowledge.

THEOREM 5.8. For any p € (1,o0) and any inner function 0, there exists a min-
imal function O+ in Ky.

Proof. With the notation of (3.20) and (5.7), it is enough to consider O = Aj

h
“0

Ay
and I, = Bﬁ. O
‘0

6. On the relations between ker 7, and ker Ty,

If 6 is a non-constant inner function, g € L., and ker T, # {0}, we have ker Ty, &
kerT, . We may then ask how much “smaller” ker Ty, is, with respect to ker7g, and in
particular when is it non-trivial.

DEFINITION 6.1. Let g € L., and 6 be an inner function. If ker7, # {0} and
kerTy, = {0}, we say that 0 annihilates kerT,.

It is clear that a necessary and sufficient condition for ker7, not to be annihilated
by 0 is that there exists ¢ such that

0, ckerTy, ¢ €H, \{0}, (6.1)
and in this case @ € kerTy,.

If O is a finite Blaschke product we have the following result from [1], taking into
account that in this case 6 ~ r*, where k is the number of zeroes of 6.

THEOREM 6.2. If g € L., and 0 is a finite Blaschke product, then
dimkerT, < oo < dimkerTpg < oo. (6.2)

We have dimker Ty < e if and only if there exists ko € Z such that ker T, , = {0} and,
in this case, dimkerT, < max{0,ko}. Moreover, if dimkerT, < oo, we have

dimker Ty, = max{0,dimker 7, — k} (6.3)

where k is the number of zeroes of 0 counting their multiplicity.
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Thus, in particular, if dimker7, = d < e and 0 is a finite Blaschke product such
that dimKy < d, then

dimker Ty, = dimker 7, — dimKj .

If 6 is not a finite Blaschke product and dimker7, < e, then kerTy, = {0}, since
0¢, < kerT, implies that 6;¢, € kerT, for all inner function 6; such that 6; < 6.
On the contrary, if ker7, is infinite-dimensional then ker 7y, may or may not be finite-
dimensional, and in particular it may be {O}. It is clear that 6 annihilates ker7, if
g € HZ is an inner function and 6 > g, but that may also happen when no such relation
holds between 0 and g, as in the example that follows.

EXAMPLE 6.3. Let g(&) =€//%, 0(E) = €. For p =2, we have

fr €kerTy, & f1 €Hy ,e*e/Sf, = f cH;. (6.4)
Using the isometry from H; onto H, defined by f+— f with (&) = % f (%),

we obtain from (6.4):
LS =f we b = (6.5)

(fx € H;). Since, by Coburn’s Lemma, we have kerTp, = 0 or kerTe—g =0, it fol-
lows from (6.5) that f, = 0. Therefore, in this case, kerT, is infinite-dimensional and
ker Ty, = {0}.

Condition (6.1) implies a certain “lower bound” for T-kernels not to be annihilated
by an inner function 6. We have the following.

THEOREM 6.4. Let g € L., and 0 € HY be an inner function. Suppose that
kerTp, # {0}, and let ¢, be a maximal function for kerTo,. Then, for any zo € C*
andany h_ € YH_,

kerTy O (h-Ay@: Ko NH, ) &ker T, (6.6)
where Ay (&) =& —z.

Proof. We have Ky = 0 Kg with Ky C e/I/; and we also have h_, A, € j/; Thus if

¢4 € ker Ty, , which is equivalentto 8¢, € kerTy, it follows that h_2,, ki 0o, c kerT,
for all k4 € Ky such that the left-hand side of this relation represents a function in H ; .
Thus (h-A,¢+Kg NH, ) CkerTy.

Clearly, we also have ker Ty, C kerT, . Moreover, as we show next,

h_ Ay 1 Ko Nker Ty, = {0}. (6.7)

To prove this, we start by remarking that kerTyp, = ker7, . 0g" Now assume that

Hmin(Q+) = kerTp, and @ = I, Oy is an inner-outer factorisation; let moreover
Vi =h Ay ki, with ky € Kg, be a function in H,; . Then

Yy €kerTy, & Yy € kerTIm/O+ = kerThilm/O+
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<~ l20k+0_+: y_ € Hp_

Therefore we have k, = @W—i € AN yNL,=H, and,since k, € H;f , it follows that
20
k+ =0. Thus

(h-2ey @Ko NH, ) NkerTgy = h Ay @y Kg NkerTog = {0} O

REMARK 6.5. Let h_ =1, zJ =i (so that A=A )andlet f=A @, A =

span{Pg(A;'r*) : k € ZJ}. The previous result implies that whenever kerTp, # {0}
we must have
kerT, O f X ©kerTy,, (6.8)

where f # 0 and % is dense in Kp.

Moreover, with the same assumptions as in Theorem 6.4:

COROLLARY 6.6. If h-A, ¢ Ke C H, then, for f =h_Ay @y, we have kerTy O
fKo ®kerTy,.

In particular, if g = 6, then kerTy, is a model space Kp, , and kerT, = Kgg, .
Choosing for Kg, a maximal function (pfl such that 6; =h_A,, (pf1 as in (5.9), we see
from (5.10) that the inclusion in Corollary 6.6 becomes an equality in this case.

Another case in which the inclusions of Theorem 6.4 and Corollary 6.6 can also
be replaced by equalities is the one that we study below.

We start by remarking that, in the case of an infinite-dimensional ker 7y, it follows
from Theorem 6.2 that, if 0 is a finite Blaschke product, then ker Ty, is an infinite-
dimensional proper subspace of ker7,. Thus it is not possible to relate their dimen-
sions as in Theorem 6.2 for finite-dimensional T-kernels. We can, however, present an
alternative relation which not only generalises Theorem 6.2 but moreover sheds new
light on the meaning of (6.3) when k < dimker7, < oo.

Let r (&) := 5:; and let

B=B,-B,---B,

with B; =/, j=1,2,...n,and k; €N, z; € C* foreach j=1,2,...n.
Let moreover

k=Y k;.

™

1

J
With this notation, we have the following.

THEOREM 6.7. Let g € Lo.. If dimkerT, < k, then kerTg, = {0}, if dimker T, >
k, then
ker T, = kerTp, ® A;, ¢ Kp (6.9)

where

(&) =8~u (6.10)
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and @4 is a maximal function for ker Ty, i.e.,

Hiin (01) = ker T, 6.11)

Proof. 1If dimkerT, > k, then ker7p, # {0} by Theorem 6.2; let ¢, be a maxi-
mal function for ker7p,. Since, for any inner function 6 € HI, Jmin(04) = ker T,
implies that 8¢, ¢ kerTg, whenever 6 is a non-constant inner function, we have that

Bo, € kerT, \kerTg, ifB=<B, B¢C. (6.12)

Let us define, for g € Lo,
(kerTy)— :=gkerT, CH, . (6.13)
It is easy to see that (kerT,)_ is nearly o, -invariant for all a;. € H.!, in the sense that
o (kerTy)-NH, C (kerTy)-. (6.14)

Let moreover
o =By, (6.15)

It is clear that ¢_ cannot have a non-constant inner factor (in H, ), i.e., ¢_ is an
outer function in H b otherwise there would be some non-constant inner function 6 €

HZ such that _ = 0¢_ with ¢_ € H, , and it would follow from (6.15) that @, €
kerTgpg & kerTpg, contradicting (6.11). Therefore,

¢_(z;)#0, forallj=1,2,...,n. (6.16)
From (6.15), (6.16) and (6.12) we also see that not only
¢_ € (kerT,)_ \FHP_ (6.17)

but also B
Bo- € (kerT;)-\BH, ifB <B, (6.18)

where B is an inner function.
Let now y_ be any element of (ker7,)_. We have

v-(21)
o-(z1)

where, by (6.14), §;_ € (kerT,)_ . Repeating the same reasoning k; times, we get (for
some constants ag,dr, ..., 1),

v — ¢ =r " € (kerTy) (6.19)

Yo = (a0—|—a1rz_11 +... +akl,1r;1(klil))(p, —|—§1l[/1_
=p, 9 +Biyi- (6.20)

where p_ ¢ € (kerTy) \BH, by (6.18), By € (kerTy)- and y;_ € (kerTy)_ by
(6.14).
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Analogously, for some constants by, by,...,by,_1, we have
= (b b —1 b —(kp—1) B
IV, ( O+ 1rZ2 +...+ k271r12 )(P,—F 2]1/2_
=p,0-+Bayr (6.21)
and substituting in (6.20) we obtain
v = (p,, +Bip,,)¢- +BiB2ys- (6.22)
with
(p, +Bips,)¢- € (kerT,)_\BH, (6.23)
BiByy, € (kerTy) . (6.24)

Assuming, for simplicity, that n = 2, (6.24) is equivalent to
By, € (kerT,)_ DEH;. (6.25)

Since
(p;, +Bip,)0- € A ¢0-Kp = A, 0_BKp

and
(kerT)- NBH, = B(kerT,),

it follows from (6.22), (6.23) and (6.25) that
(kerTy)— = B(kerTgg)— @ A;, 9 BKp.

Therefore
g '(kerTy)- =B 'g ' (kerTp,)- @ (B~ g 0 )1, Kp

< kerT, =kerTp, @ oA, Kp. O

REMARK 6.8. It is not difficult to see, using the n. 1 -invariance of T-kernels for
N € H , that the decomposition (6.9) still holds if we replace A;, ¢+ K by h_2A;, ¢ Kz,
forany h_ € H_ such that the latter is contained in Hl‘f , as happens in (5.10) for model
spaces. For p =2, we may ask whether, by choosing appropriate functions ¢ and A_
as in (5.10), we can make the direct sum in (6.9) orthogonal.

Theorem 5.4 implies that if ¢, is a maximal function for a model space Ky, =
kerTg , then 0 ¢, is a maximal function for the model space Kgg, = kerTgg- (Where
0 is any inner function). As a consequence of Theorem 6.7 we can now generalise this
result, when 0 is a finite Blaschke product, to any T-kernel.

THEOREM 6.9. Let B be a finite Blaschke product and let g € Le.. If @+ is a
maximal function for ker Ty, then BQ,. is a maximal function for kerTg, .
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Proof. Assume that B is a (non-constant) finite Blaschke product and let z; be

one of its zeroes. Assume moreover that ¢, is such that

Jmin (@) = ker T,

and let ¢4 = I, O be an inner-outer factorisation. Then, by (5.2),

ker T, = ker T7+5+/0+ and - Hnin(B@+) = kerT§7+5+/0+ :

So, from Theorem 6.7,
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