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MULTILINEAR VARIANTS OF
GROTHENDIECK’S COMPOSITION THEOREM

DuMITRU PorA

(Communicated by W. Ngai-Ching)

Abstract. In this paper we prove two multilinear variants of Grothendieck’s composition theo-
rem. We give examples which show that other natural multilinear variants of Grothendieck’s
composition theorem are not necessarily true. In addition we prove a new multilinear variant of
Grothendieck’s composition theorem.

1. Introduction and notation

The famous Grothendieck composition theorem asserts that the composition of
two 2-summing operators is nuclear, see [6, Theorem 5.31], [12, 17.6.4 Theorem]. D.
Pérez-Garcfa and 1. Villanueva in [11, Theorem 2.1] proven a multilinear variant of
Grothendieck’s composition theorem. In this paper we will prove two multilinear vari-
ant of Grothendieck’s composition theorem, Theorems 3, 4 and that, some of possible
multilinear variants of Grothendieck’s composition theorem are not necessarily true,
Proposition 2 and Proposition 3.

We start by fixing some needed notation. All spaces considered in this paper
are Banach spaces and all operators act between Banach spaces. Let X be a Banach
space and X* its dual. For a finite system (x;);;c,, C X and 1 < p < oo, we write

m P
wp ((xi)1<i<pn) to denote sup ( 1x*(x,-)”) )

<t \i=
Let 1 < p < oo. A bounded linear operator 7 : X — Y is p-summing if there
exists a constant C > 0 such that, for every choice of a finite system (x;);<;c,, C X
1
m P
the following relation holds (2 ||T(xi)||”> < Cwp (%) 1<jc) - In this case, we
i=1
define the p-summing norm of T by 7, (T') = min{C : C as above} and we denote by
IT,(X,Y) the class of p-summing linear operators, see [4, 6, 12].

One of the most successful generalization of the linear summing concept is the
multiple summing operator. This concept was introduced by M. Matos in [8], and,
independently, by F. Bombal, D. Pérez-Garcfa and I. Villanueva in [2], although the
origin of this class goes back to [14].
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Let 1 < p < co. A bounded k-linear operator 7 : X; X --- X Xx — Y is multiple
p-summing if there exists a constant C > 0 such that, for every choice of finite systems
C X; (1 < j < k) the following relation holds

1
p » 1
‘ S Cwp <(xi1)1<i1<m1> Y <<xﬁ> 1<ik<mk) '

In this case, we define the multiple p-summing norm of 7' by nl’,"”” (T) =min{C:C

as above } and we denote by Hl’f"l’ (X1,...,Xx;Y) the class of multiple p-summing
operators.
Let Hy,...,H;, H be Hilbert spaces. A bounded k-linear operator 7 : Hy X --- X

Hy — H is Hilbert-Schmidt if there is an orthonormal basis (¢ ) _ € H; (1<j <)
LHS

L . .
=

17l = ( ) Hr(e;l,...,eﬁ)uzy <o

i€l ..., i €l

(xij) I<ij<m;

(5" ()

llv-"vik:l

such that

The set of all Hilbert-Schmidt operators between H; X --- X H; and H is denoted by
HS(H,...,Hy;H) and the Hilbert-Schmidt norm of T, by ||T||;s-

We use the well known fact that HS (H,,...,H;H) = Hg’”l’ (Hy,...,Hy;H) with
the equality of the norms; for the linear case, see [4, 6, 12] and for the multilinear case,
see [8, 9].

A bounded k-linear operator T : Xj X --- X X; — Y is nuclear if there exists

(W), X7 (1< <k, Gy C ¥ such that 3 |y |-+ [yl < o and

T (X1, X0) = Y v (x1) - Wk () yu for (x1,...,x%) € Xq X -+ x Xg. Such a repre-
n=1

sentation is called a nuclear representation of 7 . In this case

nTnW:mf{z |\w;u--~||w:||yn},
n=1

where the infimum is taken over all nuclear representations of 7. This class is denoted
by (A, |l,ue) - see [7, Definition 1.26] and [3, page 123].

We observe that in the case k£ = 1 we get the well-known concept of nuclear (lin-
ear) operator, see [4, 6, 12].

If X is a Banach space by Ix : X — X we denote the identity operator on X,
Ix (x) = x.

We will need the pointwise multiplication of two sequences of scalars i.e. if
a= (an)nen, b= (by)nen are two scalar sequences, we write ab = (a,bp)pen -

Throughout in this paper by a diagram of the form

Xy X X X (AISAA')YI XX Yhz

we understand that all A; : X1 — Y, ..., A; : X; — Y, are bounded linear and T is
bounded k-linear.
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The notations and terminology used along the paper are standard in Banach space
theory, as for instance in [4, 6, 12].

2. A first multilinear variant of Grothendieck’s composition theorem

We need the following multilinear variant of Grothendieck’s composition theorem
proven by D. Pérez-Garcia and I. Villanueva, see [1 1, Theorem 2.1].

THEOREM 1. Ifin the diagram

X1><--~><Xk(A':>’Ak>Y1><---><Yk1>Z

all Ay, ..., Ax are 2-summing and T is multiple 2-summing, then T o (Ay,...,Ay) is
nuclear and || T o (A1, ..., Ar)| e < T (T) 2 (A1) -+ - T2 (Ay).

nuc

For a bounded (n + k) -linear operator 7 : X; X --- x X, X Xpr1 X X Xyip = Y,
we consider the bounded & -linear operator associated to 7 as T : Xj,11 X - -+ X X1 —
L Xy, XY),

~

T (Xnstsee s Xnak) (X1, ooy Xn) =T (X150 v oy X0, X s -+« 5 Xntk)

see [5]; the operator T associated to T as above is, in the notation of [5], the operator
7€, where C = {1,2,...,n}.
We also need, see [1, Theorem 1]

THEOREM 2. Let Hy,...,H,,H be Hilbert spaces, X, +1,...,X,+x be Banach spa-
ces, T:Hy X+ X Hyx X1 X -+ X Xyyix — H a bounded (n + k) -linear operator. Then
T is multiple 2-summing if and only if T : Xpt1 X - X Xpox — HS (Hy,... ,Hy3 H) is
multiple 2 -summing with respect to the Hilbert-Schmidt norm on HS (Hy,...,Hy;H).
In addition

s (f X1 X X Xpg — HS(Hl,...,Hn;H)> = g ().

Next we prove a first multilinear variant of Grothendieck’s composition theorem,
compare to Theorem 1.

THEOREM 3. (i) Let H,K be Hilbert spaces and Xy,..., Xy, Y1,...,Yx, Z Banach
spaces. If in the diagram
I AL Ag
H><X1><~-~><Xk(H7l—’>' A)HxY1><~-~><Ykl>K£>Z

all Ay,...,A; are 2-summing, T is multiple 2-summing and U is 2-summing, then the
composition Uo T o (Iy,Ay,...,Ax) is nuclear and

U 0T o (I, At oo A e < T2 (U) 75" (T) 71y (Ay) -+ T2 (Ar) -

nuc
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(ii) Let H,K be Hilbert spaces and Xy, X1,...,Xx, Y1,...,Yx, Z Banach spaces.
If in the diagram

Xo X Xy X -~ X X, HxYVx--xY, 5k%z

Ag is bounded linear, all Ay, ...,Ax are 2-summing, T is multiple 2-summing and U
is 2-summing, then the composition U o T o (Ag, Ay, ...,Ay) is nuclear and

1U T o (A0, ALy A) e < 72 (U) 5" (T) || Aol 722 (A1) - - - 72 (Ak) -

nuc

Proof. (i). Write S=UoT o (Iy,Ay,...,A;) and consider the diagram

(A1, AL)
—

XlX"'XXk YIXXYkLL(H,K)h—L/)L(H,Z)

where hy (B) = U o B. A simple calculation shows that we have the equality

S=hyoTo(Ay,...,Ar). (1)

Since T is multiple 2-summing from Theorem 2, ¥} X --- X ¥}, L Hs (H,K) is multiple
2-summing with respect to the Hilbert-Schmidt norm on HS (H,K) and

s (T Yi %o x Y — HS (H,K)) = gl ().

Further, since U is 2-summing, from Grothendieck’s composition theorem, for each
BeHS(H,K)=1II,(H,K) wehave UoB€ .4 (H,Z) and ||U©oB|,,. < 2 (U) m (B).
This means that HS (H,K) by AN (H,Z) is bounded linear and ||hy : HS(H,K) —
N (H,Z)|| < m(U). By the ideal property of multiple 2-summing operators, ¥; x
hUoT
XY =
JV (H,Y) and

(H,Z) is multiple 2-summing with respect to the nuclear norm on

mult (hUOT Y, x 'XYk_>f/V(HaZ)>
< mult(f Y ¥ XYk_>HS(H’K)> HhUHS(H,K)_)JV(HaZ)H
< mN(T)m (U).

Since all Ay,...,Ax are 2-summing, from Theorem 1 we obtain that X; x --- X X;

hyoTo(Ay,...Ay .
yeToldy,.A) A (H,Z) is nuclear and

HhUO?O(Al,...,Ak) 2X1 X XXk—>JV(H,Z)

nuc

< i (hUof:YIX...xquc/V(H,Z» 2 (A)) - 72 (Ag) -

By equality (1) we get that X; x --- x Xj ENy% (H,Z) is nuclear. From Proposition 2
in [11] it follows that S is nuclear and ||S||,,,. < 72 (U) m"" (T) m2 (Ay) -+~ 72 (Ag) -

nuc
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(ii). Since U o T o (Ap,Ay,...,Ay) has the factorization

Aoy, oo, ) (g Ay
X0><X1><---><Xk(oxl—> X")HxXlx--~><Xk(IH’A' Wy xoxv, LrkSz

the statement follows from (i) and the ideal property of nuclear operators. L[]

3. The failure of some possible multilinear variants of
Grothendieck’s composition theorem

In the following if a is a sequence of scalars by M, we denote the multiplication
operator which is defined on a space of sequences or on a cartezian product of sequence
spaces with values into another space of sequences. We write M, (x) = ax respectively

M, (x1,...,%,) = axy - - - x, . The following result is similar to that from [13, Proposition
2].

PROPOSITION 1. Let n > 2 be a natural number. For a € l., let M, : 1y X1 X -+ X [,
~—_—

n—1-times
— Iy be the multiplication operator defined by M, (x1,...,x,) = axy -+ - x,. Then M, is
nuclear if and only if a € 1.

Proof. 1f M, is nuclear, by definition, there exists () ey C 1 (l//,f )k e I
S
(2<j<n), (2%)gey C b such that kzl Wil v || 1zell < oo and My (xy,...,x,) =

2 Wl (x1) -yl () zg for (xp,.cxy) €1 X Do X - . Since n > 2, by Riesz’s

theorem there exists (yx)z ey C [2 such that for each k € N

||‘//1< H = ||y« and ll/k (v) = () fory e by.

oo

Thus M, (x1,...,x,) = 2 ( 1) (X2, y) l//,? (x3) -y () 2k for (x1,...,x,) €11 X Ip X
-x1Ily. Let me N, Then

lI/li (em) (em;yi) W/? (em) - Wi (em) (zx,em)

Mg

am = (Mg (em,....em) em) =

k=1

and

M

<

B
2

] |Wl§ (em)| |(ems )| }Wl? (em)| |y (em)| [(zrs em)|

w-
Il

IIWkHI em o) | |1V ||+ w114z em)] -

HMX
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By Cauchy-Schwarz’s and Bessel’s inequalities

S Janl < 3 W3]l 2 (i em i)l <zk,em>>
k=1 m=1

m=1

1 1

5 vt vl 1981 £ fewP) (£ en?)
A T TR BT
>

ANz AN

thus a € [ . If a € [, then from the equality
M xl, Zak xl,ek xmek)ekfor (X17 . n)El]Xng---Xlz

we get that M, is nuclear. [J

Next we show that one of possible multilinear variants of Grothendieck’s compo-
sition theorem is not necessarily true, compare Theorem | and Theorem 3.

PROPOSITION 2. (i) Let n > 2 be a natural number, a € I, and the diagram [; X
(J/Ilz’ J’z)

XXl — l2><l2><---><l2—”>l2. Then M, is multiple 2 -summing, J : 1| —
~_—— ~—_—

n—l-times n—l-times
Iy (the canonical inclusion) is 2 -summing, but M, o (J, I, ~-~,112) is nuclear if and only
ifacl.
(ii) Let n > 2 be a natural number, a € I, and the diagram Iy X1 X --- X I LA b Mq
~—_—
n—1-times
I, where P(x1,...,x,) = X1 -+ -Xn. Then P is multiple 2-summing, M, is 2-summing,
but M, o P is nuclear if and only if a € 1;.

Proof. (i) Since a € I, M, is Hllbert Schmidt and hence M, is multiple 2-
summing. Now My o (J,11,, ..., I, ) =Mq : Iy X [ x - - - x I — I, which, by Proposition
E/—/
n—1-times
1 is nuclear if and only if a € ;.

(ii) Since P: 1} — Hm"l’ (lhy...,r;1b) is 2-summing, we get that P is multiple 2-
summing, (see [8, Proposmon 2.5], [10, Proposition 2.5]). M, is 2-summing since is
Hilbert-Schmidt, a € [, . Also from the obvious equality Mo P =M, : [} xIp X --- XI5

ﬁ,—/

n—1-times
— I, by Proposition 1, M, o P isnuclear if and only if a € [;. U

Suggested by Theorem 3 we states
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QUESTION 1. Let n>2 be a natural number and Hy, ... ,H,,H,K Hilbert spaces

and the diagram Hy x --- x H, 5 ik If B is Hilbert-Schmidt and A is Hilbert-
Schmidt, then does it follow that A o B is nuclear?

and
QUESTION 2. Let n > 2 be a natural number, k a natural number, Hy, ..., H,,H
Hilbert spaces, X, 11, .., Xn+k, Yutl,--.,Yurx Banach spaces and the diagram

(IH s-lH, 7An+lv-~-7An+k)
1 n
Hy X X Hy X X1 X oo o X Xpgk —

Hix - xHyx Yy % x Yy 5 HSY

Ifall Ayiy,...,Apyy are 2-summing, T is multiple 2-summing and U is 2-summing,
then does it follow that the composition U oT o (Ig,,....IH,,Ant1, -..,Antk) is nuclear
and

||UO To (IHI 5 "'7IH,17A}’1+17 ""A”Jrk)Hnuc
< mU) " (T) 2 (Ans1) -+ T2 (Apsk)?-

It is not hard to prove that if the answer to the Question 1 is YES, then (with the
same technique as in the proof of Theorem 3) the answer to the Question 2 is also YES.
However, as we will prove in the sequel the answer to both Questions is No.

The fact that the answer to the Question 1 is No follows from the following exam-
ple. It is very possible that such an example be well-known, but we were not able to
find in the literature.

PROPOSITION 3. Let n > 2 be a natural number, (Aj);cy € la and xo, yo € I
with ||xo|| = ||yol| = | and the diagram

B A
lzX'~'Xl2—>lz—>l2
~—_—

n times

where B (x1,...,xn) = E Ai (x1,ei) (xo,ei) -+ (xu,ei) xo and A (x) = (x,x0) yo. Then B is
i=1

Hilbert-Schmidt and A is Hilbert-Schmidt, but Ao B is nuclear if and only if (A;);cn €
l.

o0 2 o0

Proof. We have 3. HB(e}I,...,e;;)H = 3 M <o, (A)en €L ie. B is
i yeensin=1 i=1

Hilbert-Schmidt. Also A is obvious Hilbert-Schmidt. Let us suppose that Ao B is

nuclear. By definition and Riesz’s theorem there exists <xl-’ ) N Ch (1<j<n),

IS

(Vi)jen C Lo such that _21 llxH|| -+ Il [lyil] < e and
i=

(AoB) (X1,.eyXn) = <x17xl-1> o (o, Xy v for (X, ey Xy) EL X - X o,

™

—

1



156 D. Popa

From the definition of A and B, ||xo|| =1 we get

= oo

N i (xi ) (xa,ei) - (nyei)yo = O (X1, )+ (X ) yi

i=1 i=1
and, by the continuity of the scalar product in the first variable

ifli@heiﬂxzm) “(n, €i) (vo,¥0) = i<X17xil>“'<xn,x?><yo7yi>

i=1 i=1

i.e. because [|yg|| =1

A,' <)C1,€,‘> <XQ,€,'> ce <xn,€i>

I

|
M

Il
-

<x1,x > xm > <y07yl> fOI' (xla ) S l2 XX l2 (*)

From this point the proof is similar to that of Proposition 1.

Let m € N. Taking in (%) x; = =X, = ey we get Ay = X (em,x}) -
i=1

(em, X! (yo,yi). Since n > 2 we deduce

Mx

Mfm‘ ’<em,x >’ em’ >‘ ‘<y07yi>|

Il
-

> [Cemxi )| [Cemax )] - [[7]] - I ol Lyl

N
M

Il
-

hence, by Cauchy-Schwartz’s and Bessel’s inequalities

m=1 m=1

3 Al < §|\x?|\ o ] (z e} [ (ems 2>;)

1

5 1 (5 et ) (£t}

m=1 m=1

N
M

Il
-

I
N \gk

2 b e IR e il < o=

thus (A;);cy € I1- If (i), € 11, then from the equality

oo

(AoB) (x1, .o Xn) = X, Ai (x1,€i) (x2,€i) -+ (Xn,€i) Yo

i=1
it follows that A o B is nuclear. [

To prove that the answer to the Question 2 is No we need the following result.
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PROPOSITION 4. Let n > 2 be a natural number, k a natural number, (A;); -y € 1
and T :lh x ---xXlhx1l} X---x1] — K defined by

k-times

n-times

=

7xn7xn+la~~~7xn+k) = E)LL <-xl7ei> e <xn7ei> <xn+l7ei> o
i=1

T(xl,... ~<x,,+k7e,->.

Then T is nuclear if and only if (A;);cy € 11

Proof. Let us suppose that T is nuclear. By definition and Riesz’s theorem there

exists (x{) Ch(1<j<n), ) CI (n+1<j<n+k), (04);cy C K such
ieN ieN
that 3. |lxi |- ||Vfl“l| v {[los] < oo and
T()Cl, s Xy Xn+1, .- xn+k)

= Z<x1, 1> xm Wn+1 (xn+l) W;,+k

(Xn4) €4

fOr (X1, eeey Xiy Xt 1y s Xak) E L X oo X X1 X -+ X 1 ie.

n-times k-times

I

Il
-

Ai(x1,ei) - (Xn, i) (Xnr1,€i) -+ (X, €i)

|
M

Il
-

(eraxd ) e X)W o) - W () 04

for (xl,...,xn,an,...,xn+k) Elhx---Xbhxlpx--x1[ (*)

n-times k-times

From this point the proof is similar to that of Proposition 1.

Let m € N. Taking in (%) x; = -+ = x4 = e, We get

Am =

™

—

<em,xl-1> T <em,x?> ‘VinH (em)--- ‘VinJrk (em) @i

1

Since n > 2 we deduce

Mfm| < Z|<emaxj1>| : em7 ‘| n+l em } ‘Win-‘rk(em)
i=1

|l

< 3 emat) el ]I - o e
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(If n =2, above and in the sequel the terms |[x?|| - - [x?|| do not appear). By Cauchy-
Schwarz’s and Bessel’s inequalities we deduce

vl (£ o 51

n+kH

X Pl < 3 et ffu |
m=1 i=1

oo

< Sl ey |

=1

<l (£ e >'2>% (2 ><em,x,z>f>%

= 3 [ I s - - ot <
i=1

thus (A;);cy € I1- If (i), € [1, then obvious T is nuclear. [J
The fact that the answer to the Question 2 is No follows from the following exam-

ple.

PROPOSITION 5. Let n > 2 be a natural number, k a natural number, (A;);cy € I
and xg, yo € I, with ||xo|| = ||yo|| = 1 and the diagram

X - Xlhxlyx--xIj bhXx--Xlhaxlhx-XI

n-times k-times n-times k-times

B A
)

where J : i < Iy is the canonical inclusion,

B (X1, ooy Xy Xng 1 oos k) = 0, i (X1 €0) -+ (s €3) (X1, €4) -+ (ks €4) X0
i=1
and A (x) = (x,x0)yo. Then: J is 2-summing, B is multiple 2-summing, A is 2-sum-
ming, but AoBo (Ilz, oty I, ...,J) is nuclear if and only if (A;);cy € 11

Proof. Since (A;);cy € 2 it follows that B is Hilbert-Schmidt and hence B is
multiple 2-summing. Let us note that since ||xg|| = 1 we have

[AOBO(Ilza 1127'17 7J):| (X17...,xn,xn+1,...,Xn+k)

= Zl xi,ei) - Xy €i) (Xng1,€i) - (Xnyksei) A (Xo)

= Zl (x1,€) - (Xn, i) (Xnr1,€i) - - Xngrs€i) Vo
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Let us suppose that Ao Bo (I,,....I;,,J,. ,J) is nuclear. By definition and Riesz’s

theorem there exists <x{> - Clh (1<j<n), (l[g) Cli (n+1<j<n+k),
1
(e o such a5 - 1] et T <o

[AOBO (Ilz,...,llz,.],...,.])] (xl,...,xn,an,...,xn+k)

<x1,x,-1> w2, X7 ) ‘VinH (1) ‘Vi“k (Xn+k) i

I
M s

1

for (xl,...,xn,an,...,xn+k) Elhx---Xbhxlx--x1[

n-times k-times

i.e.

™

Ai <x17ei> T <xn7ei> <xn+l7ei> T <xn+k,€i>y0
1

oot ) o XYW Conga) - W () i

|
M

Il
—_

1

for (xh...,xn,xn+1,...,xn+k) Elyx--xXlhxlix--x1Ij

n-times k-times

and by the continuity of the scalar product in the first variable and ||yo|| = 1 we get

or

Il
—_

Ai <X17€i> s <Xn,€i> <xn+17ei> s <xn+kaei>

|
M

—

<x1»x > <X, x7) W;l+l(xn+l)"'Wirl+k(xn+k) (vi,y0)

fOr (X1 eeey Xy Xnt 1y oy Xnak) E L X oo X X1y X -+ X[

n-times k-times

Since

I R 7 B i )

< Sl w4l < o

=

we deduce that the operator 7 : [y X --- X I x[1 X --- x I} — K defined by

n-times k-times
oo

T (X0 s ons Xy X 1y e Xnk) = O, i (X1, €0) <+ (s €) (X1, €0) -+ (s €4) -
i=1

is nuclear. By Proposition 4 it follows that (4;);cy € l1. If (A;);cy € 1, then obvious
AoBo (I,,....I,,J,...,J) is nuclear. [J
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4. A second multilinear variant of Grothendieck’s composition theorem

The following notion was suggested by the result which will be proved in Theorem
4 below.

DEFINITION 1. Let Hy, ..., Hy, H be Hilbert spaces. A bounded k-linear op-
erator T : Hy X --- X Hy — H 1is called nuclear of Hilbert-Schmidt type if there exists

(Wi)nen C HS(Hy .., HisK), (yn) e © H such that ;I | Wallasca K) [[ynll < e

Lyeees

and T (x1,...,x;) = 2 W (X1, -0y 1) yn fOT (X1,.005x¢) € Hy X -+ - X Hy.. Such a repre-
sentation will be called a nuclear Hilbert-Schmidt type representation of T. In this
case ||T||,ue_ps = 1nf{ > allusc, ... ) lvnll - where infimum is taken over all
n=
nuclear Hilbert-Schmidt type representation of T .
In the sequel we prove a second multilinear variant of Grothendieck’s composi-

tion theorem, which compared to Proposition 3, seems to be the best possible general
statement.

THEOREM 4. Let Hy, ..., H,, H, K be Hilbert spaces and the diagram H; X

<X Hy LN EN ¢ If B is Hilbert-Schmidt and A is Hilbert-Schmidt, then Ao B is
nuclear of Hilbert-Schmidt type and ||Ao B||,,..—ps < [|Allys ||1Bll gs-

Proof. Let us denote by (eé) - anorthonormal basis in H; (1 < j < k) and by

i€l
(¢j) jc, anorthonormal basis in H. Let (x1,...,xy) € Hy X -+ X Hy. Since B is n-linear
and bounded

B(x1,.Xn) = Y, <<x1,e}1>--- (2 (xn,€} ) B (e}, 4;)) )

i€l in€ly

From Cauchy-Schwarz’s inequality and the fact that B is Hilbert-Schmidt we have

> [Ge)] (Gl [B e el |

(i1 5eeyin) €L XXy

1
2
<( S (Bl e;;>|2)
(i1 yeesin ) €I XXy

(5 el

R/ )Ell XX Iy

1
2

= 1Bllas [l [l - [bea]l -
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From here, by a Fubini’s type result

5 ((oh) o (Z Gnetoteh st )

i1€l in€ly

= 2 <x1,el-11 ~-~<xn,e§’,,>B(e}1,---,e?,,)

(i1 yeeesin )EI} XX Iy

i.e.

B(X1y..yXn) = 2 <x1,e}1 <x,,7e >B( €5 egl).

(i1 yeeesin ) EI} XX Iy
Also B(x1,....x,) = ¥ (B(x1,...,x,) ,ej) e; from where
jel
A(B(x1,s2n)) = Y (B(x1,....,x0) e ) Ale;) . (2)
jel
Let us define Aj: Hy x -+ x Hy, — K by A; (x1,...,x,) = (B(x1,....x,) ,¢;) . From the
separate continuity of the scalar product and (1) we get
2 (61 ) = (B(x1,ee) €))

= X () Gweh ) (Blei i) e

(i1 semsin)EL XXy
Then
2 2
H)LJ'HHS(HI ..... HyK) — > |4, (eilu""eﬁz)’

(i1 yeesin ) €L XXy

= Y [(Blehe)en]

(i1 yeesin ) €L XXy
and from here

Slalisnno - T (S0l

(i1 50ensin) €L X XDy \JES

= X |Bleeh)

(i1 5ees in) €l X+ X1

2 2
= ”BHHS'

Again from Cauchy-Schwarz’s inequality we have

1 1
S Al H,,;K>|\A<e,->u<(zuwzm ,,,,, >) (z|\A<e,->H2)
jet jet jeJ
= |IB| s 1Al s -

Let us denote Jy = {j elJ| ||)Lj||HS(H1 .... i K) l|A (e # 0} and note that, as is well
known, J; is countable. Then from (2) we deduce

A(B(xi, .. = 2 A (x1,e) Afe)).

J€h
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By Definition 1, Ao B is nuclear of Hilbert-Schmidt type and |[Ao B, ys <
1Al s 1Bz - B
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