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ON FUNCTIONAL IDENTITIES OF DEGREE 2 AND
CENTRALIZING MAPS IN TRIANGULAR RINGS

YU WANG

(Communicated by P. Semrl)

Abstract. Let R be a triangular ring with center Z(R). Let Fi,F>,G1,G> : R — R be maps such
that
Fi(x)y+F(y)x+xGa(y) +yGi(x) € Z(R)

for all x,y € R. The aim of the paper is to give a solution of this functional identity in cer-
tain triangular rings. As applications, centralizing additive maps of certain triangular rings are
determined.

1. Introduction

Let R be an associative ring with center Z(R). The functional identities of degree
2 are
Fi(x)y+ Fa(y)x+xGa(y) +yGi(x) =0 (D

for all x,y € R and a slightly more general one,
Fi(x)y+ F(y)x+xG2(y) +yGi(x) € Z(R) @)

for all x,y € R. In 1995, Bresar [3] investigated both (1) and (2) in prime rings, which
initiated the theory of functional identities (see the book [5] for a full account on this
theory).

In 2013, Eremita [9] gave a solution of (1) in certain triangular rings. As appli-
cations he discussed commuting additive maps and generalized inner biderivations of
certain triangular rings. It should be mentioned that (1) was considered in the context
of nest algebras by Zhang, Feng, Li and Wu in [14]. In 2015, Eremita [10] gave a so-
lution of (1) in a much wider class of triangular rings. Recently, the author [12] gave a
solution of (1) in arbitrary triangular rings. As applications commuting additive maps
and generalized inner biderivations of arbitrary triangular rings are determined.

In the present paper, we shall give a solution of (2) in certain triangular rings. As
consequences, the solution of (2) in upper triangular matrix rings and nest algebras are
determined. As an application of our main result, centralizing additive maps of certain
triangular rings are determined.
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2. The main result

A unital ring R with a nontrivial idempotent e is a triangular ring, if eRf is a
faithful (eRe, fRf)-bimodule and fRe = 0, where f =1 —e. Each triangular ring R
has the so-called Peirce decomposition:

R=¢Re®eRfD fRf.
The result [6, Proposion 3] tells us that the center of R is
Z(R)={a+b€ceRe+ fRf | am =mb forall m € eRf}.

Furthermore, there exists a unique ring isomorphism 7 : Z(R)e — Z(R)f such that
am =m7t(a) for all m € eRf and for any a € Z(R)e.
We set [x,y] = xy —yx for x,y € R. Let S be a subset of R. we set

Z(S)={aeS|[[a,x],x] =0forall xeS}.

We begin with the following technical result, which will be used in the proof of
the main result.

LEMMA 2.1. Let A be a unital ring such that
(i) Zr(A) =Z(A);
(ii) A does not contain nonzero central ideals.

Suppose that there exist a,b € A such that
ax+xb € Z(A) (3
forall x € A. Then a= —b € Z(A).

Proof. Letting x =1 in (3) we get that a+b € Z(A). Set ¢ =a+b. It follows
from (3) that
[a,x]+xc € Z(A)

forall x € A, which yields that [[a,x],x] =0 forall x € A. Hence, a € Z(A) =Z(A) and
hence b € Z(A). Consequently, (a+b)A C Z(A). Since A does not contain nonzero
central ideals, we get that a+b =0 and then a = —b € Z(A). O

A map F: R — R is said to be additive modulo Z(R) if
Flx+y) = F(x) = F(y) € Z(R)
for all x,y € R. For each map F : R — R and each positive integer n we define a map
OnF : R" — R by
On (X1, s Xn) =F(x1 4+ +x,) —F(x1) — - — F(xp).

Obviously, 6, r(R") C Z(R) if F is additive modulo Z(R) (see [9, Lemma 3.1]).
Using the same arguments as in [9] we are ready to give the main result of the
paper.
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THEOREM 2.1. Let R be a triangular ring such that
Z(eRe)=Z(R)e and Z(fRf)=ZR)f.
Assume that one of the following conditions is satisfied:
(i) Zr(eRe) = Z(eRe) and eRe does not contain nonzero central ideals;
(ii) Zo(fRf) =Z(fRf) and fRf does not contain nonzero central ideals.
Suppose that Fi,F,,G1,Gy : R — R are arbitrary maps such that
Fi(x)y+ F(y)x+xG2(y) +yGi(x) € Z(R)

forall x,y € R. Then there exist p1,p2,q1,92,71,72 € R and maps 0,0, : R — Z(R)
such that py+ py =r1+r € Z(R), pilx,y| — [x,y]ri € Z(R), i=1,2, and

Fi(x) = xq1 — p1x+ 0 (x)
Fy(x) = xq2 — pax + on(x)
G (x) =xrp — gox — 04 (x)
Gy (x) = xr; — q1x — 0 (x)

forall x,y € R.

Proof. Let
H(x,y) = Fi(x)y + F2(y)x +xG2(y) +yG1(x)

for all x,y € R. We claim that Fy,F>,G,G, are additive modulo Z(R). Since H (x; +
x2,y) —H(x1,y) —H(x2,y) € Z(R) forall x;,x2,y € R we see that

&7, (x1,%2)y + 62,6, (x1,%2) € Z(R)
for all x;,x,,y € R. In view of [8, Lemma 3.1] or [9, Lemma 3.1] we obtain
O F (x1,x02) = =0 6, (x1,X%2) € Z(R)

for all xj,x, € R. Thus, both F; and G; are additive modulo Z(R). Similarly, we
obtain that both F> and G, are additive modulo Z(R).
Since H(x,1) € Z(R) and H(1,x) € Z(R) we get
Fi(x)+G1(x) + Fa(1)x+xG2(1) € Z(R)

4
F>(x) + Ga(x) + F1(1)x+xG (1) € Z(R) @
for all x € R. From eH (x, f)f = 0 it follows that

eF\(x)f +eFy(f)xf +exGa(f)f =0

and so

eh\(x)f = —eFy(f)xf — exGa(f)f (5)
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for all x € R. Analogously, we get

eby(x)f = —eF1(f)xf —exGi(f)f
eGi(x)f = —eF(e)xf —exGy(e) f
eGy(x)f = —eFi(e)xf —exGi(e)f

(6)

forall x € R. Since H (exe, fyf) € Z(R) we get

Fi(exe) fyf + Fa(fyf)exe + exeGy(fyf) + fyfGi(exe) € Z(R)

for all x,y € R. That is,

eFi(exf)fyf + fFi(exe) fyf + eFa(fyf)exe + exeGy(fyf)e
+exeGy(fyf)f + fyfGi(exe)f € Z(R)

for all x,y € R. Then [6, Proposition 3] tells us that

eFi(exf)fyf +exeGy(fyf)f =0

forall x € R and so

[Fi(exe)fyf +eFy(fyf)exe + exeGy(fyf)e+ fyfGi(exe)f € Z(R)

for all x € R. This implies that

(eFa(fyf)exe +exeGa(fyf)e) + (fFi(exe) fyf + fyfGi(exe)f) € Z(R)  (7)

for all x,y € R. Without loss of generality we may assume that the assumption (i) is
satisfied. It follows from (7) that

eF>(fyf)exe + exeGy(fyf)e € Z(eRe)

forall x,y € R. By Lemma 2.1 we get

eF(fyf)e = —eGy(fyf)e € Z(eRe) (8)

for all y € R. Using (8) togather with (7) we get
[Fi(exe)fyf + fyfGi(exe)f =0

forall x,y € R. Letting y = f in the last relation we get that fFj (exe)f = —fG1(exe) f
and then

fFi(exe)f = —fG(exe)f € Z(fRf) )

for all x € R. In an analogous manner, we get

eFi(fxf)e = —eG(fxf)e € Z(eRe)
fFa(exe)f = —fGa(exe)f € Z(fRf) (10)
eF(fxf)e = —eGa(fxf)e € Z(eRe)
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forall x € R. From H (exe,eyf) € Z(R) it follows that

eFi(exe)eyf + eFr(eyf)exe + exeGy(eyf)e + exeGa(eyf) f

+eyfG(exe)f € Z(R) (11)

for all x,y € R. On the one hand, we get from (11) that
eF(exe)eyf +exeGy(eyf)f+evfGi(exe)f =0

forall x,y € R. Consequently, using (6) we get

eFy(exe)eyf — exeFi(e)eyf —exeyfGy(e)f +eyfGi(exe)f =0
for all x,y € R. Using (9), it follows that

(eFi(exe)e — exeFi(e) — exet ' (fGy(e)f) + 1 ' (fGi(exe)f)) eyf =0

for all x,y € R. Since eRf is faithful as a left eRe-module we obtain

eF(exe)e = exe (Fi(e)e+ T (fG, (e)f)) — T (fGy (exe)f) (12)
for all x € R. Analogously, we obtain

eF(exe)e = exe (Fa(e)e + ! (fGale)f)) — T 1(fGa(exe)f)
for all x € R. On the other hand, we get from (11) that

eF>(eyf)exe+ exeGy(eyfle =0
for all x € R. This yields that
eFy(eyf)e = —eGa(eyf)e € Z(eRe)

for all y € R. Analogously, we obtain

eFi(eyf)e = —eGi(eyf)e € Z(eRe)
TFRi(eyf)f =—fGi(exf)f € Z(fRf) (13)
IE(eyf)f =—fGaeyf)f € Z(fRf)

for all x € R. Since H(exf,eyf) =0 we have
Fi(exf)eyf + Fa(eyf)exf +exfGa(eyf) 4+ eyfGi(exf) =0
and hence, using (13), we get
(eFi(exf)e—1 ' (fFi(exf)f)) evf + (eFa(eyf)e — T (fFa(evf)f)) exf =0

for all x,y € R. It follows from [9, Lemma 2.1] that

eFi(exf)e = Tﬁl(fFl (exf)f)
eF(exf)e = 7;_1(fF2(exf)f)

(14)
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forall x € R. Since eH(fxf,eyf)f =0 we have

eF\(fxf)eyf +eFa(eyf)fxf +eyfGi(fxf)f =0

for all x,y € R. Using (6) togather with (10), it follows that

eyf (t(eF1(fxf)e) = (t(eF1(f)e) + fGi(f)f)fxf + fG1(fxf)f) =0
forall x € R, y € R. Since eRf is faithful as a right fRf-module we get

JG1(fxf)f = (2(eFi(f)e) + fGi(f)f)fxf — t(eFi(fx[)e) 15)
for all x € R. Analogously,

FGa(fxf)f = (2(eFa(f)e) + fGaf)f)fxf — t(eFa(fxf)e)

for all x € R. Note that

TEXN)f + PR Ixf + [xfGa(f)f + fGi(fxf)f =H(fxf, /) f

and hence, using (15), we obtain

TR(fxf)f = =(FB()f + FGi(N)f + t(eFi(f)e) fxf — fxfGa(f)f

16
L t(eFi(fxf)e) + H(fxf ) f (10)

for all x € R.
We are now ready to describe Fj. Using (5), (9), (12) and (16) we get

Fi(x) = eFi(x)e+eFi(x)f + fFi(x) f
= eFj(exe)e+ eF\(exf)e+ eFi(fxf)e+ eF\ (x)f + fFi(exe) f
+ fF(exf)f + FRI(fXf)f + 83 F (exe, exf, fxf)
= exe(Fi(e)e+1 ' (fGi(e)f)) = T (fGi(exe)f) +eFi(exf)e
teFi(fxf)e—eFy(f)xf —exGy(f)f — fGi(exe) f + fFi(exf)f
— (RN +FGiI(N)f +t(eFi(fe)fxf — fxfGa(f)f
+ 1(eFi(fxf)e) +H(fxf, f)f + 8 F (exe,exf, fx[)

for all x € R. Define a map oy by
o1 (x) = (eFi(exf)e+ [Fi(exf) ) + (eFi (fxf)e+ T(eFi (fxf)e))
— (T (fGi(exe) )+ fGi(exe) ) + & , (exe, exf, fxf)
for all x € R. According to (9), (10), and (14) we see that ot (R) C Z(R). Thus,
Fi(x) = exe(Fi(e)e + 77 (fGi(e)f)) — eFa(f)xf — exGa(f) f

— (RN +FGiI(N)f +t(eFi(fe)fxf — fxfGa(f)f )
+H(fxf,f)f +oulx)
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for all x € R. Note that

ebB(fexf = eF(f)ex —xeF(f)e,

since eF>(f)e € Z(eRe). We can now rewrite (17) as

Fi(x) =x(Fi(e)e+ T ' (fGi(e)f) — Go(f)f +eFa(f)e)
—(B(f)f +fGi(f)f +1(eFi(f)e) +eF(f)e)x
FH(fxf f)f +ou(x)

for all x € R. Moreover, since

—Gy(f)f +eFa(f)e = —Ga(f)f —eGa(f)e = —Ga(f),
E(f)f +eF(f)e = Fa(f)

Thus, we can rewrite (17) as

Fi(x) =x(eFi(e)e — Go(f) + 7' (fGi(e)f))

—(fG1(f)f+E(f)+t(eFi(f)e))x+H(fxf, f)f + o (x)

for all x € R. In an analogous manner we get

B(x) = x(eFs(e)e — Gi(f) + 1 1 (fGa(e)f))

—(fG2(f)f+Fi(f) +t(eFa(f)e))x+H(f, fxf)f + on(x)

for all x € R, where

o (x) = (eFa(exf)e+ fFa(exf)f) + (eFa(fxf)e+ T(eF2(fxf)e))

— (‘L'_l(sz(exe)f) + fGa(exe) f) + 03, (exe,exf, fxf) € Z(R).

Now, using (4) we have

Gi(x) = —Fi(x) — F2(1)x —xGy(1)
= —x(eFi(e)e+ Ga(1) — Ga(f) + 1 (fGi(e)f))
+(fG1(N)f — B2(1) + Fa(f) + T(eF1(f)e))x
—H(fxf,f)f — oa(x)

and

Ga(x) = —F(x) — Fi(1)x —xGy (1)
= —x(eF(e)e+Gi(1) = Gi(f) +T ' (fGale)f))
+(fG2(f)f = Fi(1) + Fi(f) + t(eFa(f)e) )x
—H(f, fxf)f — oa(x).

491
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Note that A, u € Z(R). Using (6) and (10), we see that

A—q1=eF(f)e+t(eF2(f)e) + fGi(e)f — Fi(e)e + Ga(f)
=1(eF2(f)e) + fGi(e)f — Fi(e)e+eGa(f)f + fGa(f) f
=1(eF2(f)e) + fGi(e)f — Fi(e)e —Fi(e)f — fGi(e)f + fGa(f)f
= fGa(f)f + t(eFa(f)e) — File).

Similarly, using (6) and (10), we obtain

U —q2=eFi(f)e+t(eFi(f)e) + fGale)f — Fa(e)e + Gi(f)

e

;q

— 2(eF\(f)e) + [Ga(e)f — Fr(e)e +eGr(f)f + fGi(f)f
=1(eF1(f)e) + fGale)f — Fa(e)e — Fale) f — fGale) f + fGi(f)f
= fGi(f)f +t(eFi(f)e) — F2(e).

Therefore,

TGi(Nf+F(f)+1(eFi(f)e) = — g2+ Fa(e) + Fa(f)

TGN f+Fi(f)+t(eFa(f)e) = A —qi+Fi(e) + Fi(f)
eFi(e )€+G2( )= Ga(f)+ 1 (fGile)f) = Ga(1) +q1,
eFy(e)e+Gi(1) = Gi(f)+7 ' (fGale)f) = Gi(1) + qa-

Consequently, (18)-(21) can be rewritten as

Fl(X)—xcn (b= g2+ Fa(e) + B2 (f)x+ H(fxf, f)f + 0u(x)
Fy(x) = xq2— (A —q1 + Fi(e) + Fi(f))x + H(f, fxf) f + ea(x)

Gi(x) = — ( 2(1) +a1 =+ 8p(e,f) — qox— H(fxf, ) f — ou(x)
Go(x) = —x(Gi(1) + 2= A + & (e, /) —qix—H(f, [x[) [ — oa(x)

for all x € R. Setting

pPr=U—q+F(e)+F(f),
p2=A—qi+Fi(e)+Fi(f),
ro=-Gy(1)—q1+U—&pef),
rn=-Gi(1)—q+A—3rlef).

and

n(x) =H(fxf,.f)f and n(x)=H(f,fxf)f
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for all x € R. Now, (2) yields
p1xy + payx —xyry — yxra + 11 (x)y+ (y)x —xna(y) —y1 (x) € Z(R)  (22)
for all x,y € R. It suffices to prove that p;+ p, =r;+r € Z(R), 11 =1, =0, and
pilx,y] — [x,y]ri € Z(R)

forall x,y € R, i=1,2. Forevery r € R, letting x = frf and y = f in (22) we obtain
(pr+p2)frf—frf(ri+12) € Z(R)

for all r € R. This implies that e(p; + p2)f = 0 and
fpr+p2)frf—frf(ri+r)=0

for all r € R. Hence, f(p1+p2)f = f(ri+r2)f € Z(fRf). Similarly, letting x = ere
and y = e in (22) we obtain

(p1+ p2)ere —ere(r1 +12) € Z(R)

for all r € R. This implies that e(p; + p2)e = e(r1 +r2)e € Z(eRe) and e(r;+r,) f =0.
Hence, p1+py=r1+nr.
Letting x =e and y = erf in (22) we get

pierf —erfry € Z(R)
for all r € R. This implies that
eprerf —erfrif =0

for all r € R. Thatis, epy-erf =erf- frif € Z(R). [0, Proposion 3] tells us that
epre+ frif € Z(R). Similarly, letting x = erf and y = ¢ we obtain epye+ frf €
Z(R). Thus, we have

e(p1+p2)et f(ri+nr)f € Z(R).

Since p;+pr, =r) +ry and e(p; + p2)f =0, we see that
pi+pr=e(pi+pr)e+ f(p1+p2)f € Z(R).

Replacing x,y by exf and fyf in (22) respectively, we see that

eprexfyf —exfyfrif —exfn(y) € Z(R) (23)

for all x,y € R. Since epie+ fr1f € Z(R) we get from (23) that exf1(y) = 0 for all
x,y € R. Since eRf is faithful as a right fRf-module we obtain 7, = 0. Similarly,
replacing x and y by fxf and eyf in (22) respectively, we obtain 7; = 0.

Now, (22) yields

P1Xy + payx — xyry — yxry € Z(R) (24)
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for all x,y € R. Let Y= p; + p>. Then (24) implies

P1XY + payx — xyry — yxry = (Y — p2)xy + payx — xyry — yx(y —r1)
= (Y= p2)xy+ (p2 — Y)yx — xyri + yxr|
= pl[x7y] - [xvy}rl € Z(R)

and similarly ps[x,y] — [x,y]r2 € Z(R) forall x,y€ R. O

LEMMA 2.2. Let R be atriangular ring. Then R does not contain nonzero central
ideals and Zy(R) = Z(R).

Proof. In view of [1, Lemma 2.6] we see that R does not contain nonzero central

ideals. Let a € Z(R). We have
[[a,x],x] =0 (25)
for all x € R. Letting x = f in (25) we get eaf = 0. Thus, a = eae+ faf. Letting
x=-erf+ f in (25) we get
eaerf —erfaf =0

for all » € R. This implies that eae + faf € Z(R). Hence, a € Z(R). This implies that
Z»(R) C Z(R). The inclusion Z(R) C Z,(R) is trivial. Therefore, Z;(R) =Z(R). O

As a consequence of Theorem 2.1 we obtain the following result.

COROLLARY 2.1. Let S be a unital ring and let n > 3. Let T,(S) be the ring of
all n X n upper triangular matrices over S. Suppose that F\,F>,G1,G, : T,(S) — T,(S)
are arbitrary maps such that

Fi(x)y+ F2(y)x+xGa(y) +yGi(x) € Z(S) -1
Sor all x,y € T,(S). Then there exist pi,p2,q1,q2,r1,12 € T,(S) and maps 0,00 :

T.(S) — Z(S) - I such that p1+pr =r1+r € Z(S) -1, pilx,y] — [x,y]ri € Z(S) -1,
i=1,2, and

Fi(x) =xq1 — p1x+ o (x)
Fy(x) = xq2 — pax + 0 (x)
G1(x) = xry — gax — 0 (x)
Ga(x) = xr1 — q1x — 0 (x)

Sorall x,y € T,(S).

Proof. Let e =e1) and f=1—ej;. Itis easy to check that 7,(S) is a triangu-
lar ring. Clearly, Z(T,(S))e = Z(eT,(S)e) and Z(T,(S))f = Z(fT,(S)f). Note that
ST.(S)f = T,-1(S) is a triangular ring. By Lemma 2.2 we see that f7,(S)f does not
contain nonzero central ideals and Z(fT,,(S)f) = Z(fT,(S)f). Thus, all assumptions
of Theorem 2.1 are met. Then the conclusion follows from Theorem 2.1. [
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COROLLARY 2.2. Let S be a unital noncommutative prime ring. Suppose that
FI,F,G1,G; : To(S) — Ta(S) are arbitrary maps such that

Fi(x)y+ F2(y)x+xGa(y) +yGi(x) € Z(S) -1
Sor all x,y € T»(S). Then there exist pi,p2,q1,q2,r1,12 € To(S) and maps 0,00 :

Tr(S) — Z(S) -1 such that py+p, =r1+r € Z(S) -1, pilx,y] — [x,y]ri € Z(S) -1,
i=1,2, and

Fi(x) =xq1 — pix+ ou (x)
F(x) = xq2 — pax + 0(x)
Gi(x) =xr2 — gax — 01 (x)
Gy (x) = xr; — q1x — 0p(x)

Sorall x,y € Tr(S).

Proof. Let e = e and f = ey. Note that fT7>(S)f = Sf is a noncommutative
prime ring. In view of a well-known result of Posner [11, Theorem 2] we get that
FT>(S)f does not contain nonzero central ideals and Z (fT»(S) f) = Z(fTa(S)f). Thus,
all assumptions of Theorem 2.1 are met. Then the conclusion follows from Theorem
2.1. O

A nest A is a totally ordered set of closed subspaces of a Hilbert space H such
that {0}, H € 4, and ./ is closed under the taking of arbitrary intersections and
closed linear spans of its elements. The nest algebra associated to .4 is the set

T(N)={T € BH)|TNCN forall Ne N }.

A nest algebra .7 (A") is called rrivial if .4 = {0,H}. A nontrivial nest al-
gebra can be viewed as a triangular algebra. Namely, if N € 4"\ {0,H} and E
is the orthonormal projection onto N, then A4 = E(.4") and A5 = (1 —E)(A)
are nests of N and N, respectively. Moreover, .7 (AN]) = ET(AN)E, T(N;) =
(1—E)7(A)(1—E) are nest algebras and

_(TM)ET(N)1-E)
ﬂ(,/V)_< ! 7(45) )

We refer the reader to [7] for the general theory of nest algebras. Note that
Z(7(AN))=Cl1 [7, Corollary 19.5].
As a consequence of Theorem 2.1 we have

COROLLARY 2.3. Let AN be anest of a complex Hilbert space H with dimcH >
2. Let (AN) be a nest algebra. Suppose that F\,F»,G1,Gy : T(N) — T (N) are
arbitrary maps such that

Fi(x)y + F2(y)x +xGa(y) +yGi(x) € Cl



496 Y. WANG

Sorall x,y € 7 (N). Then there exist p1,p2,q1,q2,71,r2 € T (A) and maps o, 04 :
T(N) — C1 such that py + pa =r1+r2 € Cl, pi[x,y] — [x,y]r; € Cl, i=1,2, and

Fi(x) = xq1 — p1x+ o (x)
Fy(x) = xq2 — pax + on(x)
G (x) =xrp — gox — 0 (x)
Gy (x) = xr; — q1x — 0 (x)

Sforall x,y e T(N).

Proof. If .4 is a trivial nest, then .7 (.A4") = Z(H) is a prime ring and hence
the conclusion follows from [3, Theorem 4.8]. Thus, we may assume that .4 is a
nontrivial nest. Since dimcH > 2 it follows that either dimcN > 1 or dimcN*- >
1. If dimcN > 1, then either .7 (.47) = Z(N) is a noncommutative prime ring or
T (M) is a triangular ring. Similarly, if dimcN* > 1, then either .7 (45) = B(N*)
is a noncommutative prime ring or .7 (.43) is a triangular ring. In view of a well-
known result of Posner [1 1, Theorem 2] and Lemma 2.2 we see that all assumptions of
Theorem 2.1 are met. Then the conclusion follows from Theorem 2.1. [

3. Centralizing additive maps

Let R be a ring. Recall that an additive map F : R — R is said to be commuting
if [F(x),x] =0 for all x € R. An additive map F : R — R is said to be centralizing if
[F(x),x] € Z(R). In 1993, Bresar [2] determined commuting and centralizing additive
maps on prime rings. Commuting maps appear in many areas and have been studied
intensively (see the survey article [4]).

In 2001, Cheung [6] described the form of commuting linear maps for a certain
class of triangular algebras. Later, a similar result [1, Remark 2.8] was obtained for
another class of triangular algebras. In 2013, Eremita [9] described the form of com-
muting additive maps for yet another class of triangular rings. In 2015, Eremita [10]
described the form of commuting additive maps for a much wider class of triangular
rings. Recently, the author [12] described the form of commuting additive maps for
arbitrary triangular rings.

In 2012, Du and Wang [8] described the form of k-commuting linear maps for a
certain class of triangular algebras. In particular, they obtained a description of cen-
tralizing linear maps for a certain class of triangular algebras (see [8, Theorem 1.1]).
Recently, the author obtained a description of centralizing linear maps for a more gen-
eral class of triangular algebras (see [13, Proposition 2.1]).

Using Theorem 2.1 we obtain a description of centralizing additive maps for a
certain class of triangular rings.

THEOREM 3.1. Let R be a triangular ring such that
Z(eRe)=Z(R)e and Z(fRf)=ZR)f.

Assume that one of the following conditions is satisfied:
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(i) Zr(eRe) = Z(R)e and eRe does not contain nonzero central ideals;
(ii) Zo(fRf) =Z(fRf) and fRf does not contain nonzero central ideals.

Suppose that a map F : R — R is additive modulo Z(R). If F is centralizing, then there
exist A € Z(R) and amap 7T : R — Z(R) such that

F(x) = Ax+1(x)
forall x €R.
Proof. Since F is additive modulo Z(R), the linearization of [F(x),x] € Z(A) for

all x € R, gives
F(x)y+F(y)x—xF(y) —yF(x) € Z(R)

for all x,y € R. Now, Theorem 2.1 implies that

F(x) =xq— px+ oy (x)

—F(x) =xr—gx— op(x) (26)

for some p,q,r € R and maps o, 0, : R — Z(R). It follows from (26) that
x(q+r)—(p+q)x€Z(R)

for all x € R. In view of [8, Lemma 3.1] or [9, Lemma 3.1] we get that g+r=p+q €
Z(R). So, r = p. Setting ¢ = p+ g we get from (26) that

F(x) = gx+xq—cx+ oy(x)
for all x € R. Since [F(x),x] € Z(R) forall x € R we get
[gx +xq,x] € Z(R) 27)
for all x € R. Letting x = ¢ in (27) we obtain that eqf = 0. Thus,

q=eqe+ fqf.

For every r € R, letting x = e +erf in (27) we get

[gx+xq,x] = [(eqe + fqf)(e+erf) + (e +erf)(eqe+ fqf),e +erf]
= [2eqe + eqgerf +erfqf,e+erf)
= —eqerf —erfqf +2eqerf
=eqerf —erfqf € Z(R)

for all » € R. This yields that egerf —erfqf =0 and so eqge-erf =erf- fqf for all
r € R. Hence,

q=eqe® fqf € Z(R).
Consequently, p € Z(R). Setting A =g — p and T = o we conclude that F(x) =
Ax+1(x) forall xe R. O

As consequences of Theorem 3.1 we have
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COROLLARY 3.1. Let S be a unital ring and let n > 3. Suppose that a map
F : T,(S) — T,(S) is additive modulo Z(S)-1. If F is centralizing, then there exist
AeZ(S)-I andamap t:T,(S) — Z(S) -1 such that

F(x) =2Ax+1(x)

Sorall x € T,(S).

COROLLARY 3.2. Let S be a unital noncommutative prime ring. Suppose that a
map F : T,(S) — T»(S) is additive modulo Z(S)-1. If F is centralizing, then there exist
A €Z(S)-I andamap t:T(S) — Z(S) - I such that

F(x) =2Ax+1(x)
Sorall x € T5(S).

COROLLARY 3.3. Let A be anest of a complex Hilbert space H with dimcH >
2. Let T (N) be anest algebra. Suppose thatamap F : T (N) — T (N) is additive
modulo C1. If F is centralizing, then there exist A € C1 and amap v: T (N ) — Cl
such that
F(x) = Ax+1(x)

SJorall xe T(N).

Proof. If .4 is a trivial nest, then .7 (.A4") = Z(H) is a prime ring and hence
the conclusion follows from [2, Theorem A]. If .4 is a nontrivial nest, then the result
follows from Theorem 3.1. [
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