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A CANONICAL FORM FOR H-UNITARY MATRICES

G. J. GROENEWALD, D. B. JANSE VAN RENSBURG AND A. C. M. RAN
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present paper. We miss his open mind, his inspiration, his keen interest in mathematical matters that were of
Joint interest to us, but most of all we miss his warm friendship

(Communicated by I. M. Spitkovsky)

Abstract. In this paper matrices A are considered that have the property that A*HA = H, where
H = H* is invertible. A canonical form is given for the pair of matrices (A,H) under transfor-
mations (A,H) — (S~'AS,S*HS), where S is invertible, in which the canonical form for the
A-matrix is the usual Jordan canonical form. The real case is studied as well.

1. Introduction and preliminaries

Let H = H" be an invertible Hermitian matrix. A matrix A is called H -unitary
if A“HA = H . Note that for an invertible matrix S the matrix S~'AS is S*HS-unitary.
The class of H -unitary matrices has been studied extensively, and canonical forms
for pairs (A,H) under the transformation (A,H) — (S~'AS,S*HS) exist both for the
complex case (see [6]) and for the real case (see [13] and [16]).

Such canonical forms were developed from the canonical form of pairs (A,H)
where H = H* is invertible and A is H -selfadjoint using the idea of the Cayley trans-
form, see [6], [14], and by direct methods in [17, 18], see also the early treatments
in [15] and [8]. These canonical forms do not have the matrix A in Jordan canonical
form, and even then the canonical form for the matrix H may be fairly complicated.
There are different approaches as well, for special cases. In [1], besides a canonical
form for the general case, the diagonalizable case was treated. Starting from a classifi-
cation of indecomposable blocks for H -normal matrices for the case when H has only
one negative eigenvalue, a canonical form for H -unitary matrices for that special case
has been developed in [7]. In [12, 13] H -unitary matrices are treated as a subclass of
polynomially H -normal matrices. The class of H -unitary matrices is a special case of
H -expansive matrices: a matrix A is called H -expansive if A*HA — H > 0. It is there-
fore possible to simplify the simple form for H -expansive matrices as described in [4]
even further to arrive at a canonical form for H -unitary matrices. Closest to the spirit
of our approach comes [1 1], although that paper does not result in a complete canonical
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form. However, several of the intermediate results we shall use in the treatment of the
real case are already available from [11].

We will consider both the real and complex cases. More precisely, we firstly dis-
cuss the real case, i.e., H = HT real symmetric and invertible and A real. Recall that
a real matrix A is called H -orthogonal if ATHA — H = 0. Clearly this is the real case
of H -unitary matrices, and we shall use the term H -unitary throughout the paper also
for the real case. We consider the complex case: H = H* complex Hermitian and in-
vertible and A complex in the final section of the paper, but start with an analysis of the
real case.

Obviously the H -unitary matrices form a subclass of the H -expansive matrices for
which ATHA —H > 0. Itis the aim of this paper to show that the methods we developed
to arrive at a simple form for H -expansive matrices (see [4] and [10]) may be carried
further for H -unitary matrices. We shall do this all the way through to a canonical form
for H, with A already in Jordan canonical form. This novel approach leads to a more
transparent canonical form for the matrix pair (A,H), with A in standard real Jordan
canonical form. The methods we use in the complex case are similar to the ones in the
real case.

We shall denote by J,,(A) the n x n Jordan block with eigenvalue A . Since we are
interested in the real Jordan canonical form, we shall denote the real Jordan block with

eigenvalues o +iff by J,(y), where y= [_(xﬁ b

, SO
o
v L
W= | )
.. 12
Y
Throughout, we shall also denote by roep(sy,---,s,) the upper triangular Toeplitz ma-
trix with the numbers sy, ---,s, on the first row.

Let us first recall some general properties of H -orthogonal and H -unitary matri-
ces. If A is H -unitary and A € 6(A) then (1)~! is an eigenvalue of A as well. If we
are considering a real matrix A, eigenvalues come in four different kinds:

1. Quadruples A, 2, 4, (A)~! with A ¢ R and |A| # 1.
2. Pairs A, % with L € R, A # +1.

3. Pairs A =a+if, o’ +B>=1,B+#0,50 |A| =1.
4. A=1lorA=-—1.

Let us agree to denote the (sum of the) root spaces corresponding to such a quadru-
ple, resp. pairs, resp. eigenvalue by %, (A). Then these spaces are mutually H -
orthogonal (see e.g. [2, 3, 6, 9] or [16]).

Thus we may restrict attention to matrices for which the spectrum is one of these
four kinds.
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It is proved in [13], see also [6, 16] and [8], that a pair (A,H), where H = H” is
invertible and A is H -unitary may be decomposed as follows.

PROPOSITION 1.1. Let H=HT be invertible and let A be H -unitary. Then there
is an invertible matrix S such that

sTAs=ek_A;,  STHS=a*_ H;, 2)

where in each pair (Aj,H;) the matrix H; = HJ-T is invertible, and A; is H;-unitary,
and each pair is of one of the following five indecomposable forms

(1) (real non-unimodular eigenvalues)

1
Aj=Jn,(A) B, (—

A)with/l;éj:L/IGR, H,:{OH”] (3)

H 0

(ii) (complex non-unimodular eigenvalues)

Aj= (@ (r ) €
where y = [ « ﬂ] with o>+ B> #1, B #0,
_ﬁ o
| 0 Hpp
=g "5

(iii) (unimodular non-real eigenvalues)
o _|o B gy 2 p2
Aj=Jn;(y) where y = Ba witho”+B°=1, B #0, (5)

(iv) (%1, odd partial multiplicity)

Aj=Jy;(£1), with nj odd, (6)
(v) (%1, even partial multiplicities)

Aj=Jn,(£1) D Jy,(£1) with nj even H;= {Hsz 0 (7)

0 H 12}

The matrices H;, and in particular the form of the matrices Hy> in (3), (4), (7)
may be further reduced to a canonical form as is described in the main results of this
paper.

In particular, note that even sized blocks with eigenvalue one or minus one come
in pairs. This was proved in e.g. [12], see in particular Proposition 3.4 there and its
proof, and also in [1], Proposition 3.1.

As a consequence of this, all one needs to do to arrive at a canonical form for the
pair (A,H) is to derive canonical forms for each of these five indecomposable blocks.
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In this approach, we begin with case (5), continuing with cases (6) and (7), which will

be treated together in one section, after which we discuss case (3) and finally case (4).
Before stating the result on the general canonical form, let us introduce some spe-

cial matrices. Whenever n > 1 is an odd integer, we define the following matrices

A

Py, By, By(A), P,(7) and P,(y) in Definitions 1,2 and 3, respectively.

il n—1
2
i=1,j=1

n—1

DEFINITION 1. We define for odd n > 1 the ! x =1 matrix P, = [p;}]
as follows:

—1

pij=0 Wheni—|—j<nT,
o "—717141 . l’l+1

pi%_iﬂ—(—l)2 forz_l,...,T—l,

o1 . n—1

p%j:(—l)f-z forj=1,..., 5

and all other entries are defined by p; j 11 = —(pij + pit1)-
R gl L
Next, define B, = [pj] i=21,j=21

we have p; j11 = pij+ Piv1j-

by pij = |pij|. Observe that for the entries of P,

To get a feeling for how such a matrix looks, we give P;; below:

(0000 —17

9

00012

7 16

., 00-1%-1
11 — 59 14
0 1-37-7
13 _ 45 ¢

2 2 2 2
11111

L 2 2 22 2

Also, Py is the submatrix of Pj; formed by deleting the last column and first row.

Observe that the recursion for the entries of P, actually holds for all its entries,
provided the first column and last row are given, or the last column and first row. Also
note that the recursion is the same as the one for Pascal’s triangle, modulo a minus sign.
The recursion p; jy1 = p;j+ piy1; for the entries in P, is exactly the same as the one
for Pascal’s triangle, but the entries in B, are not the numbers in the Pascal triangle
because the starting values are different: if we consider the entries in the first column
and last row of P, as the starting values, then the nonzero starting numbers are 1,%
rather than 1,1 as would be the case for the Pascal triangle.

For the numbers p;; and p;; we can give somewhat more complicated but still

J
k

m=((d)-(425)

explicit formulas. With the understanding that ( ) =0 whenever k <0 or j <k.
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N YIRS j—1
=3\ ()~ (siia) )

Indeed, it can be easily checked that these numbers satisfy the recursion and the initial
values given in Definition 1.

and also

DEFINITION 2. For A € R\ {—1,1} and n > 1 an odd integer, we define the

2 221 matrix P,(A) as follows:

ntl n—1
2

Pa(2) = [pygattii] 2 ®)

i=1, j=1
where p;; are the entries of the matrix B, introduced above.

For example, Ps(A) is the 3 x 2 matrix given by

0o At
Ps(A) = —%2 %)Lz
-2 1A

For y= [_ocﬁ g ] we define the following matrices:

DEFINITION 3. Let n > 1 be an odd integer, then the ”2i1 X % block matrices
P,(y) and B,(y) with two by two matrix blocks are defined as:

nt+l n—1
2072

N

Pa() = |pij(y) 5] with o2 B2 = 1, B #0; ©)

i=1, j=1

ntl n—1

R() = |pykiy | T T with a2+ A1 (10)
i=1, j=

. . . . 01
where p;; are the entries of the matrix P, introduced earlier, and K; = [1 O] .

For example, Ps(7) is the 3 x 2 block matrix given by

0o Ky
Ps(y) = —{fﬂz 2Ky
— 3Ky K17
‘We also introduce for odd n the % X % matrix Z, which has zeros everywhere,

except in the (%7 %) -entry, where it has a one. For instance, Zs is given by

000
Zs= {000
001
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We shall also make use of the matrices Z, ® I, which is the (n+1) x (n+ 1) matrix
which has zeros everywhere except in the two by two lower right block where it has

b, and Z, ® K|, where K| = [O ! i.e., the (n+1) x (n+ 1) matrix which has zeros

1 O] ’
everywhere except in the two by two lower right block where it has Kj .

Whenever n > 1 is an even integer, we define analogously the following matrices
On,y On, 0n(A), On(y) and Q,(7y) in Definitions 4,5 and 6, respectively

n

DEFINITION 4. For even n the 4 x 4 matrix O, = [¢;j] 2’7 ., is defined as fol-

i=1,j=1
lows:
n
qij=0 whenz—i—jgi7
n_; . n
ql%—i+l_(_1>2 forlzl,...,z,
i1 . n
q%,:(—l)J fOr]ZI,...,E,

and all other entries are defined by ¢; j+1 = —(qij +gi+1)-

Also define 0, = [4;/] ?:’ijzl by gij = |gij|. Observe that §; j+1 = §ij+ Git1;-

Again, we give an example: Qjg is given by

00O0O01
000-14
Oip=1001-36
0-12-34
1-11-11

Also, Qg is formed from this by deleting the first row and last column.

Note that the numbers involved, apart from a minus sign, are exactly the numbers
from Pascal’s triangle, so in this case, with n even, we can give a precise formula: when
i+j>%5+1 wehave

and also

DEFINITION 5. For A € R\ {—1,1} and n > 1 an even integer, then the 5 x 5
matrix Qn(A) is defined as follows:

0,(1) = gyt an

i=1, j=1

where ¢;; are the entries of the matrix Q, introduced earlier.

For y= [_(xﬁ g ] we define the following matrices:
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DEFINITION 6. Let n > 1 be an even integer, then the % x % block matrix 0y (y)
is defined as follows:

=

Ou(y) = [ayHo(y") |27 ) with o +B>=1, B #0; (12)

and the 5 x 5 block matrix Q,(7) is defined as:

ISR

7 with o2+ B2 £ 1 (13)

0u(y) = [qijKiy2 =] 1, j=1

1

01

where ¢g;; are the entries of the matrix Q,, introduced earlier, Hy = {_1 0

b

With all these definitions in hand we are now ready to state the main theorem of the
paper, giving a canonical form for a pair of real matrices (A, H), where A is H -unitary,
with A in real Jordan canonical form.

] and K| =

THEOREM 1.1. Let A be H -unitary, with both A and H real. Then the pair
(A,H) can be decomposed as follows. There is an invertible real matrix S such that

S'As = el A, STHS = !\ H),
where each pair (A;,Hy) is of one of the following forms for some n depending on 1

(i) o(A;) ={1} and the pair (A;,H;) has one of the following two forms:

0 0 O
0 —-0or'o
0 -0, 0 0
or o 0 o0

Case 1 (J,,(l)ﬁ: [Z’} P"]) with n odd, and € = +1.
P, 0
0
0
Case 2 | Ju(1)@® J,(1),

with n even.

(i) o(A;)) ={—1} and the pair (A;,H;) has one of the following two forms:

Case 1 (J,,(—l),g [P ({nl)T Pn(O—l)]> with n odd, and € = £1.
0 0 0 0u-1)

0 0 -0,(-DT 0

Case 2 | Ju(—1)®J,(—1), 0 ou(—1) 0 E) ) 0

Qn(_l)T 0 0 0

with n even.

(iii)) o(A;) ={a+iB} with o>+ %=1 and B # 0, and the pair (A;,H;) has one

of the following two forms with y = [—aﬁ g} -
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Zy®1 pn()’)]) .
Case 1 [ J,(7),e| A with n odd, and € = £1.
(sne [t

Case 2 (Jn(y),s {Qn?Y)T Q"é”}) with n even, and € = +1.

(iv) o(A) = {l,%} with A € R\ {—1,1} and the pair (A;,H,) is of the form

(Jn(l) @Jn(%), {H(iTz H(;ﬂ ) , where Hy; is of one of the following two forms,

depending on whether n is odd or even:

o Ze P(R)
Case 1 nisodd: Hyp = [Pn(%)T 0 } .
. 0 Qn(l):l
Case 2 S Hpp= .
ase 2 n is even: Hip [—ﬁQn(%)T 0

) o(A) ={a+iB,(a+if) '} with o> +B># 1 and B #0, and the pair (A;, H;)
is of the form (Jn(y) L (r Y, [HOT 1‘1012} ) , where H\y; is of one of the follow-
12

ing two forms, depending on whether n is odd or even:

Case 1 nisodd: Hy= [Z"@Kl Pn(?’)}

Py HT 0

- CH— 0 On(7)
Case 2 n iseven: Hjp = [—Y‘an(Y_l)T 0 ] .

Note that the columns of the matrix S in the theorem form a special real Jordan
basis for A.

The theorem should be compared with the canonical form obtained in [13], in
particular with Theorem 5.5 there.

The proof of the theorem will be given in the next sections. In Section 2 the case
of part (iii) is treated, in Section 3 parts (i) and (ii) are proved, in Section 4 part (iv) is
dealt with, and finally in Section 5 part (v) is proved.

The final section of the paper, Section 6, deals with complex H -unitary matrices,
i.e., the case where H = H* is an invertible Hermitian matrix and A satisfies A*HA =
H. A canonical form for this case, similar to the one in Theorem 1.1 is presented in
Theorem 6.1.

2. The case of non-real eigenvalues on the unit circle

In the construction of the simple form for the H -expansive case a number of lem-
mas were stated and proved and the lemmas in [10] and [4] are also applicable in the
H -unitary case. For the convenience of the reader, we state the lemmas without proofs.
The proofs can be found in Section 2 of [4] (see also Section 3.2 in [10]).
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2.1. Preliminary lemmas

For a matrix X, we usually use the notation X;; to denote the (i, j)-th scalar entry.
We denote a block matrix X by X = (X; ;), where X; ; is the (i, j)-th block entry of X .

Let A be H -expansive and assume that A is in real Jordan canonical form (e.g., see
[6], Section A2 and [19], Chapter 6). Furthermore, let A = az+if3 be a pair of complex
conjugate eigenvalues of A with |[A| =1 (i.e. o>+ B?=1) and assume 3 # 0. We
therefore look at the case where the eigenvalues lie on the unit circle, but are not +1.

With this notation we have the following lemmas which will be used in the deriva-
tion of the canonical form.

LEMMA 2.1. Let y= [_aﬁ g] be such that B #0 and o + B> = 1. If
hiy hia
H=
[hu h22]
and Y"Hy—H >0, then Y'THy—H = 0and H = hy\1.

The following notation is used in the sequel:

& = {al +bHy|a,b €RY, Hy— [_01 (1)} .

LEMMA 2.2. If K,L € & then:

KL =LK (14
KK = KTK = (K}, +Kk2,)I. (15)
LEMMA 2.3. Let y= [_aﬁ g] be such that B #0 and o + B> = 1. If
Y — {yn y12:|
Y21 Y22

is any non-symmetric real matrix with yY'Yy—Y =0, then Y € &. Conversely, if Y € &
then yY'Yy—Y =0.

For convenience we introduce Ky = [(l) _Ol] and K| = [(l) (l)} .

LEMMA 2.4. Let y be defined as before, let X, Y be any 2 X 2 real matrices not
necessarily symmetric and suppose that )/TX + J/TYJ/— Y =0. Then X =x11Ky+x12K] .
Furthermore if X = x111 + x12Hy, then it follows that X = 0 and yTYy— Y =0 and
thus Y € &.
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o
be of the form al + bHy and let Z be any 2 x 2 real matrix such that

LEMMA 2.5. Let Y= [_Ocﬁ ﬁ] be such that o> + B> =1, and let X, Y and W

Wy 'Y+ Xy+y Zy—Z=0. (16)
Put ¥ = —yz. Then,
X=%'y—y'w,  Xy+y'vy=—w, yzZy-z=0 (17)
and Z € &.

Setting W = 0 in Lemma 2.5 yields the following corollary.

a B
-Ba
x12Ho, Y =yl +y12Ho and let Z be any 2 X 2 real matrix, satisfying

COROLLARY 2.1. Let y= be such that o> + B> =1 and X = x111 +

Xy+y'Y+y'zy-z=o0. (18)

Put ¥ = —y*. Then X =Y'Y and Y =YX . Furthermore, Xy+y'Y =0 and y' Zy—
Z =0, hence Z € &. In particular, if Z is symmetric, then Z = cl for some constant c.

Observe that an H -unitary matrix A is in particular also H -expansive. Recall that
in order to derive a canonical form for H -unitary matrices we only need to consider
the indecomposable blocks. In this section we are concerned with the case where A
consist of one Jordan block with non-real eigenvalues o + i on the unit circle, i.e.,

with y= [_aﬁ a} , where o> + B2 =1 and B #0, and

Yy L

a=| (19)
.

Furthermore, let H be denoted by

n
H= [th] ij=1 20)
where each H;; is a 2 X 2 matrix. Then the simple form obtained for the matrix H
in the H -expansive case can now be simplified even further. From the H -expansive
case we have, for example when n = 5, that our matrix H has the following form (see
Section 3.1.1in [10]; also [4]):

0 0 0 0 c3(P7)?
0 0 0 397 *
H= 0 0 I = *
0 ¥ x =« *
aP? o« % % *

21
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However, using Lemma 2.1, Lemma 2.3, Lemma 2.4, and Corollary 2.1 the entries
denoted by * can now be determined in the H -unitary case to obtain a canonical form
for H.

2.2. On the structure of H -unitary matrices: results that hold for any Jordan
basis

The following relations for the block entries in the matrix H in (20) can be derived
from Lemma 2.1, Lemma 2.3, Lemma 2.4, and Corollary 2.1, namely

Hj j = ai;jl + bjjHo, aij,bij € R, (22)
_ T T
Hiji1 =Y Hip1j— v Hij (23)
and
H,-J =cil, (24)

where ¢; = (H[%H%])” and i < [25] or j < [%H]. Moreover, it was shown in [4]

and [10] that Lemmas 2.1, 2.3, 2.4, and Corollary 2.1 imply that H; ; =0 for i+ j <n.

The following lemma gives a useful expression for the (i, j)-th entry of ATHA —
H , which is needed in the sequel.

LEMMA 2.6. For an H -unitary matrix A, with A as in (19), and H as in (20) we
have for i > 1, j > 1

0
0
0=(A"HA—H);j=1[0---01Iy"0---0|H i —H;j
0
_0_
=Hi1j1+H1;y+ 7 Hijo+y Hijy—Hij. (25)

We will show by induction that the relations (22),(23) and (24) hold for all 7, j =
1,...,n in the H -unitary case. Relation (24) follows from (22) and the fact that H must
be symmetric. Assume (22) holds for i+ j < k (and k& < n). We now show that (22)
also holds for i+ j < k+ 1. By Lemma 2.6, replacing j by j+ 1, we have

0= (A"HA—H);jo1 =Hi 1 j+Hi 1 joy+ Y Hij+ v Hij1y—Hi

From our induction hypothesis we know that H; | ;,H; 1 ;41 and H;; are in &, i.e.,
they are of the form al +bH), for some a and b. Hence we have from Lemma 2.5 that

YTHi.,j+1Y— H;j1=0.
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Thus, from Lemma 2.3 we have H; ;1 € &, i.e.,
H;jv1 = a;jr1l + b;j1Ho.

Now consider (23). This relation holds for all blocks, but it is only of interest for
the nonzero block entries. Assume (23) holds for i+ j < k. We now show that (23)
also holds for i+ j < k+ 1. Again by Lemma 2.6, replacing i with i+ 1 and j with
j—+1, we have

0=(A"THA—H)ir1 jo1 =Hij+H jo1 v+ ¥V Hior j+ Y Hiot jor Y — Hist jo1-

Since (22) holds, (we have that H; ;, H; ;11 and H; ; are in &) we immediately have
by Lemma 2.5 that
Hijy1 =Y Hiy j— v Hij.

Hence (23) holds for i 4 j < k+ 1. This establishes (22), (23) and (24) for all i and j.

The blocks H; ;1 have a partlcular structure because of (23). Indeed, for those
blocks we have H; ;1 = wT Hi1;—v H,7, Using (24) and the fact that H; ; = Hw+1
we see that H; ;1 satisfies

T
11+1 \P Hl Ji+1 =Y ¢

This leads us to consider matrices that satisfy this equation.

LEMMA 2.7. If H = al + bHy satisfies H=YTH" —y"c for some ¢ € R then
b= % + %a. In particular, in that case

= “”(2[3 ﬁ) (m BY )HO

Proof. Insert H = al +bHy in H =¥THT —yT¢, using ¥T = —(y7)? = (B%> -
o)+ 2aBHy, y' = o — BHy, to see that

al +bHy = ((B? — o)l +20BHy) (al — bHy) — (ol — BHy)c
= ((B* = a®)a+20aPb— ac)l+ (—(B*>— a®)b+2aBa+ Bc)Hy,

where we also used Hg = —1. It follows that

a=(B*—oa*)a+20Bb—ac
—(B*—o®)b+20Ba+ Pe.

Now recall o + %=1, so

(e +B%a = (B> — o®)a+2afb—ac
(o> +BHb = —(B*— a®)b+2afa+ PBe.
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This is equivalent to

20%a—2aBb = —oc
2B8%b —2aBa = Be.

Dividing the first equation by o and the second by —f, we see 2aa —28b = —c from
both equations. This gives b = 55 + Fa as claimed.

Next, the first form of H now follows directly. To see the second, consider
BHHy = aBHy— (¢ +aa)l = —a(ad — BHy) — scI = —ay" — Lcl. Thus,

H=2

7,7 Ho + <

2B

Hy
as desired. [

When n is even, we have H%% =0, and so from (24) cp = 0. Hence by (23)
Hnn
22

1= ‘{’TH%T’%Jrl — c%yT = ‘PTH%T%H. Thus we have, applying Lemma 2.7 with
3= 0 that

1= [_ﬁag}d,

Since every H; ; is determined by blocks in the antidiagonal on which it is, and on
the antidiagonal above it by (23), we see that from (24) and (26) the matrix H is com-

pletely determined by at most n real parameters, one for each non-zero antidiagonal.
We now rephrase Lemma 2.7 in the following manner.

Cc

H

S
IS

(26)
for some real number d = % .

LEMMA 2.8. Let v = [_aﬁ g] , and let X be of the form al + bHy such that

X +y'XT +eI=0,

(27)
for any real ¢, then ¢ =2(bp — act).

Proof. Let y and X be as in the lemma. A straightforward calculation yields

X+ 7XT = 2(0050—17[5)

0

2(aoc—bP)|"
Hence, ¢ =2(bff —aa). O

2.3. Towards a canonical form

Up to this point we have considered the form that H has for any real Jordan basis
for A. However, by choosing an appropriate Jordan basis it is possible to achieve a
canonical form for H.
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First we give a more general form for the new Jordan basis to be constructed.

Again we consider the case of one Jordan block A = J,,(y), where y = [_aﬁ g } with

o? +B2 =1, B #0. Let x,x2,...,X,_1,X2, be the basis. We denote by X{,X>,...,X,
the 2n x 2 matrices with columns x1,x2; X3,X4; ...} X2,—1,X2,, , t€spectively. Note that

AX) =Xy, AX; =X;jy+X;_for j=2,...,n.
Construct a new Jordan basis as follows: Let
Zy = X\hy, Zp = Xohy +X1hy, Z3 = X3hy +Xohy + X1 h3, etc,

where the /;’s are 2 x 2 matrices of the form al + bHy. So, in general

J
Zi=Y Xihj_i1.
i=1
From the specific form of 4; we have that yh; = h;y (see Lemma 2.2). Thus indeed
for j=2,...,n we have

-1
AZj = AXjhi + Y AXihj_ii
i=1
-1
= Xjyhi + X thi+ Y (X v+ Xio )i+ Xivhj 14
i—

i1 i1
= Xjhiy+Xjo1hi+ Y, Xihj—ic1y+ Y, Xi—thj—iv1
i-1 i=2

j—1 =2

= (thl + inhj—i+1)7+ (Xj_lhl + inhjfi)
i=1 i=1

= j)/+Zj_1.

With respect to this new Jordan basis we have a new form for H. Indeed, let S =
[Z1Z, ...Z,] be the 2n x 2n matrix formed with the Z;’s as block columns. Then

S~'AS = A and we compute S"HS = [(STHS); j]?;_, . The (i, j)-th entry then is

(STHS)i ;=27 HZ,

. T .
i J
(Z thi—k+1> H <2thj—l+l>
k=1 =1

i J
= Y b Hithjoisa (28)
k=1i=1
Using these relations it may be possible to choose the matrices h;, for j=1,...,n—

1, such that STHS is brought into a canonical form.
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Observe that the relation of the new basis to the old one is well-understood: Z =
X -toep(hy,hy,---,hy), i.e., the basis transformation is achieved by multiplying with a
2 x 2 block Toeplitz matrix.

We now state two more new lemmas that are of importance in the derivation of the
canonical form of H.

LEMMA 2.9. If H € & and the number c is such that diag (Hy) = —Acl, and
H=WT'HT — )/Tc, then there exists a matrix h € & so that

1
H+ (h+n"PT) = —ECYT
and any such h is given by
1
h=—3H+ dy"

forany d € R.

Proof. Consider, for i € & the expression
Hy+ (h+h"¥Tyy=Hy+ (hy—h"y") = Hy+ (hy—y'h1).

Now hy—y"h' is skew symmetric, so the diagonal of the matrix above is the same as
the diagonal of Hy, which is —%cl.

It remains to show that the 4 may be chosen so that the off-diagonal of Hy+
(hy —y"hT) is zero. Setting H = al + bHy and h = a;I + b Hy then the (1,2)-entry
of Hy+ (hy—y"hT) becomes

ap+ba+2(bia+aif)=a(b+2b))+ Bla+2ai). (29)
Obviously, one choice of aj,b; that makes this zero is a; = —%a and b; = —%b SO
that h = — %H . Since (29) is a linear equation in two unknowns, there is one degree of

freedom. One checks that setting 7 = — %H +dy" gives all solutions. [J

LEMMA 2.10. Given a diagonal matrix c\1 and a number 0 # ¢, € R, then there
exists an h € & such that

el +cr(Wh+h"9T) = 0. (30)

Proof. Let h = al + bHy, then
Wh+h"¥T =2((B — o®)a+2aBb)I.
In order to obtain equation (30), we have to choose a, b such that

c142¢2((B* — o)a+2aBb) = 0.
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We may take either @ = 0, then b = 4C oc[3 providing that o8 # 0. Or, if b =0 then
4= ")
matrix . [J

if B # +a. Obviously, still one degree of freedom remains in the

From here on we distinguish between the cases where n is odd or n is even. We
start with the case that n is odd.

Proof of Case 1, part (iii) of Theorem 1.1. An important observation to be made
is that from equation (23) it follows that in order to prove part (iii) in Theorem 1.1 it
suffices to show that, by an appropriate change of basis,we can make the block H, ngl ngl

o
equal to €/, make the blocks H; ; with j > "H equal to zero, make the block H, nyt, %3
equal to —£§y and finally, make the blocks Hjy; with j> ”H also equal to z
Indeed, once this is accomplished, all other entries can be deduced using (23).

Recall that we already know that the central 2 x 2 block entry H ngl nit is a mul-

tiple of the identity. Now take S| = toep(h,0,---,0), where h; € & is invertible, and
put H)) = STHS; . Then by (28) we have that

Hnir)l ntl :h{H"+l %h :hlhTH% %

So we see that we can scale the entry in the (%5}, 2EL) -position to el where & = £1.

Once that is done, we can pull out € in front of the whole matrix H, and this way
(1

ntl n
2

\./

we may assume without loss of generality that H = I,. From now on we shall

wtl
T
assume that this is the case.

Next, we shall construct in a sequential way matrices
S;=toep(h,0,---,0,h;,0,---0)

with a matrix /2; € & on the jth diagonal such that H) = STHU=1S; has the form
as described in part (iii) of Theorem 1.1 at least for the block entries H,Ejl') with k+1 <
n+j.

First we consider the block entry in the position (%, 53). By (23) we know

1 1 1
H&m:\y &m_YTH&Ll'
202 2 2 2 02

Using H'Y, ., = (H"Y, , )T and H"), .., = I, this becomes
ath

By Lemma 2.7 it follows that H ,(113 iy = (ﬁ + %)/T)Ho for some real number a. In
i

particular
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(1)

so diag (H ,(,1+ w3 ¥) = —%IQ. Hence Hn .13 satisfies all conditions of Lemma 2.9.
o )

2
By (28), with Sy = toep(I,h3,0,--- ,0) we have for H?) = sTH()s,

2 1 1
H£,+)1 w3 =ha+ H£,+)1 i3 T thf(z—)l nt3
Using (23) again to determine H ,(, ) .3 =T, we have that
T
2 1
H% s :h2+H% vt

One also easily checks that for i+ j < n+ 1 the entries H;; @ — gV,

ij
Next, we turn our attention to the block entry in the (w, M) position. Consider

S5 = toep(l,0,h3,0---,0) and put H® = STH)S5;. By (28) we have

3 2 2 2
H.5 uis :H& nt3 +Hf(¢3 uh3+h3TH& 43
777 77 7507 7
2 2 2
=HZ L +HE hs R HP )T
2 0 2 2 02 2 02
Now H;( )3 -1 :H£,1+)3 p =P, s0
T 2 T2
3 2
H%# :H% o+ Phy ST

Since H,(l +)3 wa is a symmetric matrix in &, it is a multiple of I, say c¢;/, for some
real number c1 Hence, applying Lemma 2.10, we see that s3 can be chosen so that
HY) .5 =0. Inaddition, by (28) H\) = H for i+ j <n+2.

n+3 nt
2 02

The next step is to consider the block entry in the position (“42,%43). Put
S4= Z‘Oep(l270707h4707 e 70)7

and H® = STHB)S,. Then by (28) we have

4 3 3 3
HY oo = HOs ya HHEs yaha+ HEHD, .
T2 T2 PRt ot

We have already established that H ,(, s = PT, and by (23) we have

L =Y.

T

&}
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Since H,(i) _; =0, this gives H,( ) _, =¥2. Hence
A SRt
HY L =HYL L+ Wy + RWT
2 02 2 2
Equivalently,
4 3
H% s :Hf%)% Why + hL (P72, 31)
In addition, we know by (23) that
3 3 3 3
(H% ws) :Hg nts :‘PTHg i3 _YTH& 3>
2 02 2 2 202 202
and since H'> )3 1oy =0, this gives (H, )T =wTHP, . So
3 3 3
H»(i)a ws V=" THE’L)S w3 = _(H»(i)z s V)
202 202 202

which shows that the diagonal of H ,(f& .5 Y 1s zero. So, H ,(323 .5 satisfies the condi-
tions of Lemma 2.9 with ¢ = 0. Hence, there is an /1 € & such that
H%%_S +h+h¥T =0.

Comparing with (31) we see that taking Why = h, i.e., hy = PTh, yields H,(l )3 =0

LS
ot
as desired. Also note that for i+ j <n+3 we have H; @ =H, (3)
Finally, we provide an induction argument to ﬁmsh the proof for the case where
n is odd. Suppose 51,9, ...,S; have been chosen so that H (!) has all the entries Hi(’];)

with i+ j <n+k—1 as in part (iii), Case 1, of Theorem 1.1. Put
Sk+1 _toep(l27 5" 0 hk+17 I 70)7

and H*¥) =T H®S, | Then by (28) we have
k+1
B = (SLAHS )i
= Y+ HY ey +hL G HE RGBS, . (32)

1

We claim that "™ = H") for i+ j <n-+k. Indeed, if i+ j <n+k, then i+ j—k<n

and so H()k—O l(kz{j—O and H(ij ¢ = 0. Now consider i+ j=n+k+1.

Then still Hi(_z{.j_k =0. Also i+ j—k =n+1, so the entries Hl.(.]? Hl(n> iy1-> and
Hl@c’ = Hi(fzm 4x_iy1 are on the main anti-diagonal. By the argument above they are

equal to the corresponding entries of H!), and so they are equal to the corresponding
entries in the form of part (iii), Case 1 of Theorem 1.1. From this, one has that

n+1

k —i
HYL = ()
k n+1 itk
Hl(fzn k—i+1 — (\PT) . .
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Then (32) becomes

k+1 nfl ntl
Hi(,nik)Jrl i = Hl(n)+k+1 i ()T Ty + b, (BT (33)

Now we distinguish between k even and k odd. When k is odd we are interested
in the entry with n+k+1—i=1i+1, i.e., the entry just above the main diagonal. For

this entry we have i = ”erk so the equation above becomes

k+1 k+1
H(Jc_ 3+k+2 - HE:;A n+/2c+2 + (\P ) hk+1 + hk+1 (\PT)

202

L=} k=1L
:Hr(1+)k nrk+2 +¥2 hk+1+h£+1(qlT) 2 "PT-
s

(k)

In addition, because H, ik ik

. = 0 by the induction hypothesis, we have that the diag-

onal of H ,(1 +)k wiks2 Y 18 zero. Then we can apply Lemma 2.9 with ¢ = 0 to ensure the
A

existence of an £ such that
HY) g +h T =0
B

. k—1 . .
Taking h =¥ 7 hy 1, we arrive at the desired zero entry.

When £ is even we are interested in the entry with n+k+ 1 —i =1, i.e., the entry

on the main diagonal. For this entry we have i = ’”2@, so the equation (33) becomes

k+1 =k k
H,(l+/2c+f nkil _HEI+)§+I nkil + (\PT) 2 gy +h1{+1(\PT)2

& &
= H;(z+)—’2‘+l etk W2 g+ (PT)?2.

Since H ,(1 +)k 41 piil is on the main diagonal, it is a symmetric matrix in &, and therefore

itis of the form c 11> for some real number ¢;. By Lemma 2.10 there is a matrix 4 such
that
k TyT
H£,+)k+1 TS +¥h+h ¥ =0.

Now take fgy1 so that W'k = h, ice., heyy = ($T)T°h, to obtain that for this

choice of hy,; we have the desired H E,]f[il) ki1 =0.

This proves part (iii), Case 1 in Theorem 1.1. O

Before turning to the proof in the case when 7 is even, we prove a lemma that will
be useful.

LEMMA 2.11. Given a diagonal matrix cl, there is a matrix h € & such that

eI+ (y'h—hTy)Hy = 0.
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Proof. Let h = al + bHy, then one computes
(Y'h—nTy)Hy = 2(Ba — o)L,
Taking a = —f35 and b = o5 this becomes zero. []

Proof of Case 2, part (iii) of Theorem 1.1. For the case when n is even, it suffices
to prove that we can make the block-entry H» ., equal to €Hyy" , make the blocks
H;; with j > 5 equal to zero, and finally, make the blocks Hj;; with j > 7 also
equal to zero. Indeed, again all other entries can then be deduced from (23).

The equation (23) relates the block entries H%%H and H%H% = H;%H :

Hyngy =Y Hyyn—y Hy o =V Hy

[SE

n n
2:2
because H
we obtain

12=0.1In particular, multiplying by y and using the commutativity of &,
YHy s ==Y Hyp g =—(vHy s )"
So, YH 1841 is skew-symmetric. It follows that yH 1A= = cHy for some real number
c,l.e.,
H%%-&-l = CH()’)/T.

To achieve the form in Case 2 of part (iii) in the theorem for this entry we need to show
that it is possible to make ¢ = =£1. This can be achieved as follows.

Put S| = toep(hy,0---,0), for some hy in & and H") = STHS,. Then Hl-(j-) =
(1)

hhTH; ;. Taking by = WI we obtain Hy y ,; = = eHyy" , with € = +1. Taking € in
front of the matrix we may assume in the remainder of the proof that H ,(1 )n = =Hyy".

Next, we consider the entry of H(!) in the position (5+1,5+ 1). Since this is
on the main diagonal it is a multiple of the identity. Put Sy = roep(L,h,,0,---,0) and
H? = SsTHUS,. Then by (28) we have

Y =1+ 1Y) b+ B+ nIH) h.

(2) ( )

As in the case when n is odd we see from this that H;'; fori+j<n+1,asin

this case H. )

i1 = OH(j)l—Oand ()111—0 Forl—]—2+1weobta1nthat

@ g0 (1) T (1)
Hg+1.,2+ H—+1"+1+Hg+1,gh2+h2Hg7g+1
—Hﬁ,jl o1+ YHS b+ 1S Hoy!
1
= Hy'l\ 4, +H3Y" Ho— yhoHy

= HE’-E—I n_,’_l (YThg —hz'y)HO

It is an easy check that (yThg — hpY)Hy, being the product of two skew-symmetric
matrices in & is actually a diagonal matrix. Then by Lemma 2.11 it is possible to

choose /, so that H,(“)rl 141 = =0.
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Next, let us consider the block entry in the position (5 + 1,5 +2). First, by (23)

(2) T 17(2) T ry(2) T 17(2)
Hy o ny =Y Hy o =V =Y HY

Multiplying by ¥ to obtain
(2) _ g® (2) T
YHy np= ~Y'H winar =~ (YHy  np)

2
So, Hy 41342

HG) = STH( )S3. Again by (28)

= cHyy" for some real number c. Put S3 = toep(l,0,h3,0,---,0) and

3 2 2 2 2
Hi(,j) = Hi(,j) +Hi(,j)72h3 + thi(f)Lj + thi(f)Lj72h3'
It follows that for i+ j < n+2 we have H S l-(j). Also,
(3) (2) (2) (2)
Hylyno = Hy g g HHY L st EHYZ .
Now H2+) 1.4 = —Hoy, and by (23) we have
(2) _wlg2 _ T _ T
Hy |y =YTH = Hoy" T = —Hy(¥*)T.
>0 ) @)
Toy Tl
Hy v go=Hyly nyn—HoYhs +h3 Hoy' ¥

Now use the fact that H'> = cHyy" to rewrite this as

5+1,5+2

3
HE') |y 1 = cHoY" = Hohs + 15 Hoy" " = Hoy' (el +Whs +h}¥T).
Applying Lemma 2.10 we see that there exists an h3 € & such that H '(U)r 1542 =0.
As in the case when 7 is odd, we now proceed with induction. Suppose S1,82, ..., Sk

have been chosen so that H®) has all the entries H ( -) with i+ j <n+k—1 asin part
(iii), Case 2, of Theorem 1.1. Put

Sk+1 _toep(l27 5" 0 hk+17 I 70)7

and H*D = ST H® S, .. Then (32) holds again, and so H(kH) ( ) for i+ j <

n+k.Now consider i+ j=n+k+1. ThenstlllHl.() +=0.Also i+j— k n+1,so

the entries H; ; (k ) L= Hl(,,) ir1-and H,( 3( J Hi(ch,nJrkf

By the argument above they are equal to the corresponding entries of H(!), and so they
are equal to the corresponding entries in the form of part (iii), Case 2 of Theorem 1.1.
As before, one has that

i1 are on the main anti-diagonal.

Hi(,];)fiﬂ = (=1 Ho(y" ) ¥
k 4—i n+1-2i
HE pipion = (D H (o 20k
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Then (32) becomes

k+1 n_g n+1-2i
B = e (S D Ho (Y e
+ h]arl(—l)%_i+kH0(’)/T)n+l_2i+2k.

Now we distinguish between k even and k odd. For k even we are interested in
the off-diagonal block with i+ 1 =n+k+1—i, ie., i = 24k and the block entry is

2
H E,If[l,z e For this entry (32) becomes
21

k+1 k _k — k
B = B g+ (G072 Ho(r ) s +h (<) 2 Ho (/)
k k -
= H) pay + ()2 (Hor s = i (7)) Ho#)
k _ _
= (k%)k %kHJr(—l)Z(HoJ/‘ g+ (Ho ™ g ) T,

(k)

Also, because of (23) applied to H ®) one easily sees that H, ok kg satis-
2 072

n+k n+A+1
fies the conditions of Lemma 2.9. Applymg that lemma there is an i € & such that
H@ sty T + (h+h"¥T) = 0. Now take A1 so that i = (—1)2 HyY* sy, which

(k+1)

nik ngk g = =0 as desired.

is possible, to achieve H

When £ is odd, we are 1nterested in the diagonal block with i =n+k+1—1,1.e.,

i = "+ For this entry (32) becomes

k+1 k=1 _ k=1
HE:+Z+I) n+l2c+1 _Hr(w)lzcﬂ n+é+l +( 1) 2 HO(YT) khk+l +h£+1(_1) 2 HO(YT)k
= H£z+)lz<+1 n+126+1 + /J/(hk+l thrl YT)k)HO'

(k+1) -0
ntk+1 )1+12€+1 -

as desired. This concludes the proof of Case 2, part (iii) of Theorem 1.1. [

Applying Lemma 2.11 we see that it is possible to choose /| so that H

3. The case of eigenvalues +1

We consider now the case where A is H -unitary and o(A) C {£1}. As stated in
the introduction, the indecomposable blocks are the ones where either A is similar to
one Jordan block with odd size, or to a pair of Jordan blocks with equal even size.

Recall from the introduction the definition of the matrices P,, P,(—1), O, and

Qn(_l)'

THEOREM 3.1. (i) Let A be H -unitary and 6(A) = {1}. Then the pair (A,H)
can be decomposed as

S'AS=a) A,  STHS=@ol H,
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where the pair (A;,Hy) is of one of the following two forms for some n depending on 1

Case 1 (J,,(l),s L{? I(’),,]) with n odd, and € = +1.
0 0 0 0
0 0 -0 0 )

Case 2 | J,(1)®J,(1), 0 -0, 0 0 with n even.
or 0 0 0

(ii) Let A be H -unitary and 6(A) = {—1}. Then the pair (A,H) can be decom-
posed as
s'as=el A,  STHS=e! H,

where the pair (A;,Hy) is of one of the following two forms for some n depending on 1

Case 1 (Jn(_1)7£ [P ({nl)r Pn(o_l)]> with n odd, and € = +1.
0 0 0 On(—1)

0 0 —-0.,(=DT 0

Case 2 | (=D@H(-1),| o 50 0 E) ) ’

Qn(_l)T 0 0 0

with n even.

Proof. (i), Case 1. There is an invertible matrix S that decomposes the pair to
a block diagonal where the blocks with odd size n in A are similar to J,(1), and the
remaining blocks of even size are similar to J,, (1) & J,(1).

We start with the case n odd. We may assume that A = J,(1) with respect to a
basis {xi,...,x,}. Denote H = [Hij]zjzl (so H;j = (Hxj,x;)). From [10], see also
[4], we know the following:

H;; =0 when i+ j <n,

and
Hij+H;jr1+H1;=0. (34)

For sake of convenience, denote ¢ := Hu.1 »41 . Then ¢ is real as H is real sym-

metric. Also, since H is invertible, ¢ # 0. By repeated application of (34) we have
that along the main anti-diagonal of H the entries alternate between ¢ and —c, that is,
Hip1-i= (—l)nTH*'c. This determines all entries H;; for i+ j <n+2. In particular,

the 2! x 2t upper left corner of H is given by ¢+ Z,.

By (34) we have
Hﬂ%—FH%_H% +Hn7+1%+1 =0.
By symmetry of H we have that Hu1 ni1 = Hugi na . Combining these two brings
2 2 2 2
up that
1
Hag ot = =3¢
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Repeated application of (34), combined with knowledge of the entries on the antidiag-
onal i+ j = n—+ 1 now determines the entries on the antidiagonal i+ j=n+2. We
obtain for i =2,..., % that H; 10 = Ping3_ic. This determines all entries of H;;
fori+j<n+3.

If we show that there is an invertible S such that S~'AS = A and the right lower
corner of STHS is zero, then by repeated application of (34) the bottom row of the
right upper corner of STHS has entries alternating between — %c and %c. From there
on going up, again by repeated application of (34) proves that the upper right corner
of STHS is given by c¢- P,. This proves Case 1, upon realising that by scaling of the
Jordan chain we can make ¢ = +1.

So it remains to find such an §. We do this by changing the Jordan basis step by
step. First we define a new Jordan basis as follows: let

25-2) =xj, for j=1,2, and 25-2)

Here 5, is a real number to be determined. Observe that this is indeed a Jordan basis.

Set
NES {z?) zf) Zglzq .

=xj+hox;_o for j > 2.

Then 3 'AS, = A. Put H®) = STHS,. Then for i+ j < n+3 one checks that H;) =
H;j. Moreover, by the scalar analogue of (28) we have

2
Hoip s = Hugs gz 4o (Hugg a4 g )
= H@ nt3 — 20h2
2 2
Obviously, taking hy = ch 143 a3 We obtain that Hg wa =0
Using (34) we also have
_g? 2) )
0 —H# s —FH,,2i3 " +H”T”+1”§3
2
_2H£z_42~)_3 nt3 41
It follows that H ,(i) w3y = 0. Using (34) this determines all entries Hl-(jz) with i+ j <
R

n+35.
Next, define a new Jordan basis by setting

4 2 . 4 2 2 .
9 =22 for j=1,2,3,4, and 2 = 2% 4 hi2®, for j > 4.

Put Sy = {ZY‘) 25,4)} Then S, 'AS; = A. We define H*®) = STH?)S,. Then one

@ _ @

easily checks that H;;” = H;;" for all entries with i+ j <n+5, and that by the scalar

analogue of (28)
4 2 2 2
HY L =HZ, L +h (Hﬁ+5 M4+HE,254,,+5>
2 2 2 2 2 2 2 2
2
= H% s 20y
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= 0. Now we can con-

= 0. Using (34) this determines all entries Hl.(j)

g2

nts n
2

\A

ns We obtain that H _)5
2 2

Obviously, taking hy = —icH

nts
2

gY

tinue as above to show that H, s , . s
BRI

with i+ j<n+7.
Continuing this way, by induction suppose that for some j we have already made
the diagonal entries /1,241 n12/+1 Zero by consecutively using S3,84,...,52;. It then

= 0. Then construct S, such that the next

follows as above that also /4241 n2j+1 +1
2 2

diagonal entry is zero, and hence also the entry adjacent to it on the first super-diagonal.
Then S = S,-15,-3---S45> such that the lower right corner of STHS is zero. Indeed,
by construction the diagonal and first super-diagonal are zero. Repeated application of
(34) then proves that the second super-diagonal is zero. But then again applying (34)
this can be lifted to the third super-diagonal. By induction we get that the full lower
right corner of STHS is zero.

(ii), Case 1. This case is proved analogously, replacing everywhere the use of (34)
by the use of
Hij—Hjji1—Hiy1j=0, (35)

which follows immediately from ATHA = H .

(1), Case 2. We may assume, based on [12] that in this case

o HO
A=J,(1)®J,(1), H= [(H(O))T 0
for an invertible n x n matrix H(®. By [4], see also [10], we have that Hi(;-)) =0 for
i+ j < n.Moreover, from ATHA = H we have that

Jn(l)TH(O)Jn(I) = H(O)a

and so

1O+ 5O+ 1O,

N+ HY =0, (36)

(compare (34)). However, in contrast with the case when n is odd, here H ©) is not a
symmetric matrix.

Consider S =S& S, where § and S are n x n upper triangular Toeplitz matrices.
Then S~!AS=A, and

Tpre 0 STHOS

We shall show that it is possible to take S = I and to choose S so that S”H(®) has the
form given in part (i), Case 2 of the theorem, that is,

5T _ | 0 On
postan -] 0,9
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In order to achieve this, it suffices, in view of (36) to show that S can be chosen
such that

Hyg =1,

~ . n
%+j%+j:O’ for]:l7...,§7

- . n

H%_H-%_,_H_IZO, f0r]:1,...,§—1.

Let $ =toep(hy,---,hy,), and compute H;; = (STHO));;:

N 0 ifi4+j<n,
Hij= 37)
WH + O i i > n

Put Sy =hil,, and HY =STHO)  Take i+ j=n+1landi=%, j=2+1. Then

(n  _ (0)
Hyy y=mHyy,
Because of the invertibility of H () we can take h; so that % =H éoi g and hence
22

Y =1. By (36) this ensures that the entries of H!) on the anti-diagonal i+ j =

35+1
n+ 1 are alternatingly +1 and —1.
Now put S, =roep(1,hy,0,---,0), and let H?) = STH(") Then for i+ j >n

(2) _ () (1)
Hij _Hij +h2Hij .

In particular, if i+ j =n+ 1 we have

+h2H( ) H.(l)

@  _ g
H, =H; 1n+1-i in+1-i’

in+1—i int+1—i

and so Hi(?) ( ) for i+ j<n+1.Further, for i+ j =n-+2 we have

@ g (1)
Hin+2 i Hzn+2 z+h2H In+2—i°
Now H( >1n+2 ;= *1. In particular, for i = 5 + 1, we have
() _ g (gD
Hyprgn =Hybng thollyg =Hppgo the
Choosing hy = '(“)rl n, We see that HSz_?_l 1y = = 0. Together with (36) this also

determines the values Hl.(j)

of the theorem.
Next, put S3 = toep(1,0,h3,0,---,0) and H®) = S3TH(2). By (37) we have for
i+j>n

with i+ j =n+2, and they are exactly as in the statement

3) 2) 2)
Hl.(j :Hl.(j +h3H?) P
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Ifi+j< n+2th1sg1vesH() (since i+ j—2 < n, sothatH() —O) For

i+ j=n+3 we obtain

lj’

@ _g@ 2)
Hin+3 i Hzn+3 z+h3H 2n43—it
Take i = 5+ 1, then
(3) _ @ (2)
H§+1 1427 H%+1%+2+h3Hg 1342
Since H,g )1 1= = —1 we can take h3 = H%zll 142 to obtain H,(,ll 12 = = 0. Note that

this also determmes all entries Hl.(?) with i+ j =n+3 by (36).
Now we can continue as before by induction to finish the proof.

(ii) Case 2 can be proved in the same way. []

4. Real non-unimodular eigenvalues

We consider now the case where A is H -unitary and c(A) = {4, %}, where A is
real and A # 0, +1. Since A is invertible, A # 0. The indecomposable blocks are the
ones where A is similar to a direct sum of two Jordan blocks of the same size, one with
eigenvalue A, the other with eigenvalue % . So we may assume that A is of the form

A=B (M), (%)

As is known from [9, 2, 5] the spectral subspaces corresponding to the eigenvalues
A and % are H -neutral, but their sum is H -nondegenerate. Thus H has the following

form
0 le]
H =
I
for some n x n matrix Hj,. Writing out ATHA = H in the blocks, we obtain that Hj,
satisfies the following

() Hiody (%) — Hy,. (38)

EXAMPLE. Consider the case n = 3. Then, denoting Hj, = [h; ] (38) be-

comes

i,j=1"

A 007 [hiyhiahi3] [£10 hiy hia his
120 h21 h22 h23 0 % 1| = h21 h22 h23
0 1 A] [h31 hsahas] [0 0 h31 h3y has

This gives nine relations for the entries, which we consider row-by-row. The three
identities for the entries in the first row are
hiy = hi,
Ahyy+hiz = hy,
Ahya+ hy3 = hys.
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While the first of these identities is uninteresting, the second and third give us
hi1 =0, hip=0. (39)

Next, we consider the entries in the second row, again giving three identities:

1
—hi1 +ho = hay,

A
1

hiy+Ahy + Ihn +hop = hao,
1

hi2 4+ Ahoy + —hiz + hoz = hos.

A

Using (39) the second of these equations implies
hyy =0, (40)

while the third gives
hiz = —A%hy. (41)

Finally, the entries in the third row again give rise to three identities:

1
—ho1 +h31 = h3y,

A
1

ha1 + Ahz + Ihzz +h3p = h3,
1

hao + Ah3o + —hy3 + h3z = h3s.

A

Using (40) the second of these identities gives

1

h3| = —ﬁhn (42)
The third identity finally can be rewritten as
1

hoo + Ah3p + IhZB =0. (43)

. 0 le

So, for any Jordan basis of A we have that H = HT o | where
12
0 0 —A%hy,

Hyy = 0 2y ha3
—shyy —3hn — 37hy h3s

for some real numbers h»;, hy3, hiz. Conversely, for any choice of these numbers the
matrix A is H -unitary. g
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Returning to the general case, we may now consider what canonical form we can
obtain for H by choosing a particular Jordan basis. Suppose S is an invertible 2n x 2n
matrix such that S™!AS = A. and write

S11 812
S = .
[521 522]
Then from SA = AS we obtain fourrelations: S11J,(A)=J,(1)S11, ngJn(%):Jn(%)ng,
Sodn(A) = Jn(%)Szl, and Slzln(%) = Ju,(A)S12. The last two equations imply that
S12 =0 and S>; = 0, while the first two equations imply that S;; and Sy, are upper

triangular Toeplitz matrices.
Now consider H; = STHS. Then it is easily seen that A is H| -unitary. Also,

0 ST H12S22
H =STHS = 1 .
! ST, HS1 0
Thus we see that .
HY = ST HipSy, (44)

and we can use the freedom in selecting S;; and Sy, to obtain a desired form for Hy; .
Note that this gives us 2n variables, as each of S|; and Sy, is determined by n real
numbers.

Example continued. We continue the analysis of the case n = 3. Take S;; =1,

and let Sy, = Toep(sy,s2,s3). Then Hl(;) = H{»57,. Let us denote

0 0 —A%)
1 1 1
S o'
_ﬁhn hyy  his

where according to (43)

1 n, L qa
)+ An) + %hgf =0.
We shall show that it is possible to take si,s7,s3 such that the following three
conditions are satisfied:

1

1 1 1 1 1
hg3) = O»hgz) = 1»h§3) = _5/17}1%2) = o

First observe that the latter three of these conditions are cosistent with (43).

Indeed, in order to show this, we consider the third column of Hl(é) = H252,
which gives

—Ay ] T-a2 53
WY | =|-3A| =Hp |s|. (45)
hglg) 0 S1

Since Hj, is invertible, it is obvious that this equation is solvable for sy,s7,53.
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Thus we arrive at the following canoncial form for the pair (A,H):

1 0 Hp
A=LA k| = H=
where
0 0 —-A?
Hp=| 0 1 -2
L _1
Az 22

Compare this with the case A = J3(1), where we can achieve a canonical form for
the corresponding H as
0 0 —1
1
H=1|0 l1 =51
-1-1

and observe the resemblance.
Also compare with the case of two unimodular non-real eigenvalues, and observe
the resemblance. O

Returning to the general case, consider the equation (38), and denote Hi,= [h,- j] "

The equality (38) becomes for the entries in the first row:

ij=1"

0

~

o

=

=

[38)
oOM— — O

0

where there are j— 2 zeros on the top. This is equal to

0
0
1 h ifj=1
Alhy bl [ [ =40Y Ly (46)
T lhljfl-f—hlj if j>1
0
_0_

This implies
hyj=0forj=1,2,....,n—1. 47)
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Next, consider row i with i > 1, then (Jn(k)THan(%))ij = h;; becomes

0
0
[0...0110...0][{12 } =
A
0
_0_
0 e
0 0
1 1
= [hicir o hicaa] [ | A A i i) | 1] =
A A
0 0
_0_ _O_
1 . .
Thi-11+hi =h; fj=1
_J 11+11 1 .1.] (48)
hi_lj_l+Ihi_1j+7thij_1+hijZh,'j if j > 1.
This implies
hiy =0, for i=1,....n—1, (49)
1
hifljfl‘f'zhi—lj‘f'xhij—l =0. (50)

Observe that (47) and (50) together determine Hj, once the last column of Hy; is
given. Observe also that these two relations hold for any Jordan basis of A. We can
now change the Jordan basis in such a way that a canonical form for H is obtained,

using (44). We can do so by using Sy, only, taking Sy; = 1,. Then ng) = H{252.

Since Sy, = Toep(sy, - ,s,) is completely determined by its last column, and H fé) =

[hfjl )} ~ is also determined by its last column, in principle we can select a canonical
ij=

form by specifying the last column, and solving the equation

A

Sn 1n
Ho | t| =]
sil o [
Note that by invertibility of Hi, there is a unique solution.
However, in order to stay close to the canonical forms developed for the cases

where the eigenvalues are on the unit circle, we shall make a different choice. We shall
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take n conditions on the entries in ng) : for n odd these conditions are

3
hi,=0 fori:n+ SN,
2
. n+3
h#j:O for j= > yeens
hn+l ntl — 1,
T
Ragt nys = —%A
2 2

while for n even the conditions are
.on
hi,=0 for i= §+17...,n,

hi

n
2

+1;=0 for j:g—i-l,...,n,

h% '714’,1 B 1.

Note that in both cases there are indeed precisely n conditions which are linear in the

entries of H fé), leading to n linear relations on si,...,s,. (Which we do not state

explicitly here!)

EXAMPLE. For n =4 this would mean that

0 0 0-A?
g _ 0 0l 1 -4
12 0 -0 0
1 1
2w w00
Again, compare with the case where the eigenvalues are on the unit circle to see the
resemblance. O
It remains to show that it is possible to choose si,...,s, so that the conditions

formulated just before the previous example are satisfied. However, this is in principle
easy: we just retrace what these conditions imply for the entries in the last column of
H fé) . We have already seen that the last column of Hl(;) can be stipulated at will, and
that given any choice for that there is a unique choice for sy,...,s, that will give the
desired ng) .

To make this argument precise, we first recall from the introduction the matrices
P,(A) and Q,(A) given by (2) and (5).

Recall also the definition of the matrix Z, as the
entries everywhere except for a one in the right lower corner.

”%1 X % matrix with zero

THEOREM 4.1. Let A be H -unitary and 6(A) ={A, 1}, with A € R\ {0,1,—1}.
Then the pair (A,H) can be decomposed as

S'AS=a) A,  STHS=@al H,
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HL 0
on l, and where Hyy is of one of the following two forms, depending on whether n is
odd or even: Z B)
. n n
Case 1 nisodd: Hp= [P,,(%)T 0 }
0 &Mq
_ ﬁ On ( % ) T 0 :

where the pair (A;,Hy) is of the form (J,,(?L) @Jn(%L [ }), with n depending

Case 2 n is even: Hip = [

Proof. First observe that the entries in the matrices given in Case 1 and Case 2,
respectively do satisfy (50). This is easily checked by induction.
Case 1. We continue the argument given before the definition of P,(1). Let A,

be the last column of P,(A), and let y be the vector in R" given by y = [h"] . Solve

0
Hips =y and set Sy = Toep(sy,--- ,s,), Where s; is the j-th coordinate of the vector
s. Then by our arguments from before the proof we get that
(1) Zn  Pa(R)
Hpy' = HppS»n = [ ;
12 P, ( %)T 0

as desired.
Case 2 is proved in the same way. [

5. Non-real non-unimodular eigenvalues

We consider now the case where A is H -unitary and 6(A) = {4, %,i, %}, where

A is non-real and non-unimodular. In this case, the indecomposable blocks are the
ones where A is similar to a direct sum of two real Jordan blocks of the same size,
one corresponding to the two eigenvalue A, A, and the other corresponding to the two

——1
eigenvalues A~!, A . Let A = ov+ i3, and set as usual y = [_aﬁ g} . Note that

1

% — #ﬁz(a—iﬁ) and that 7/_1 = 212

{g _aﬁ } is exactly the two by two matrix

——1
with eigenvalues 2 ~!, 1 .
So we may assume that A is a 4n X 4n matrix of the form

A=d (e .

As is known from [9, 2, 5] the spectral subspace corresponding to the pair of
eigenvalues A, A, as well as the one corresponding to the pair of eigenvalues % and 717

is H -neutral, while the sum of these two spectral subspaces is H -nondegenerate. Thus
H has the following form
Y [ 0 le]

HL, 0
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for some 2n x 2n matrix Hi;. Writing out ATHA = H in the blocks, we obtain that
H,, satisfies the following
TN Hiady(y™") = Hia. (51)
Denoting Hy» = [k, J']:'lj: |» Where each #; ; is a two by two matrix, (38) gives n?
relations for the entries. The identities for the entries in the first row are

,YT

1 .
v o1 ) [Yl} =hy;for j> 1.

hiay ' =hy,

The last of these conditions can be rewritten as follows by working out the matrix
product and then multiplying on the right by y:

Y hij1y+y hyj—hyjy=0. (52)

Next, we consider the identities for the first column, except the first entry:
hici1|  —1
I d T = hi )
|: Y ] |: hi,l :| Y ,1
which, after working out the matrix product and multiplying by y on the right leads to

hic11Y+ 7Y hiyn —hiy=0. (53)

Finally, the identity for an entry not in the first row or column becomes
hi—ij—1 hi—j| | 1
Iy »J 5] " =h
7] [ hijr hij [yt

for i > 1 and j > 1. Again, working out the matrix product and multiplying by 7 on
the right gives

Bit ja Y+ Y hijo1y+hioyj+ Y hij—hijy=0. (54)

5.1. Intermezzo

Before proceeding, we need several lemmas, most of which are easily proved by

brute force computation on two by two matrices. Recall that Ky = [(1) _OJ and K} =

10 _10l The set of matrices of the form x{Ky + x,K; where x;

and x; are real, will be denoted by %", the set of matrices of the form a;l + ayHy is
denoted by & as before.

[O 1} while Hy= | 0 !

LEMMA 5.1. Let y=al+bHy be in &, and let X = xoKy+x,K, be in . Then
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a. Xyisin A,
b. Y'X =Xy.
c. Forany 2 x 2 matrix X (not necessarily in ), if Y' X = X7y, then X € ¥ .

d. Forany 2 x 2 matrix X (not necessarily in % ), Y X —Xyisin &.

LEMMA 5.2. Suppose X is in & and suppose Y is a 2 X 2 matrix satisfying
YIXy4+9y'Y —Yy=0, with y#0 in &. Then X =0 and Y isin J# .

Proof. By part d in the previous lemma, y'Y —Yy € &, while Y’ Xy isin # by
part a of the previous lemma. Since the intersection of & and %  consists of only the
zero matrix, and since Y is not zero and in & implies that 7 is invertible, we obtain that
X is zero, and that Y'Y — Yy = 0. Then part ¢ of the previous lemma implies that Y is
in. O

LEMMA 5.3. Let X,Y,Z be in ', let v be invertible and in &, and let W be

any 2 x 2 matrix such that
XY 1
T w
'] [z W} [y‘l] -

Xy+2Zy+Y =0. (55)

Then W is in & and

Proof. The condition is equivalent to
Xy+y'Zy+Y = —(y'W —wy).

By the assumptions on X,Y,Z and by Lemma 5.1 the left hand side is in % and the
right hand side is in &. Hence both parts are zero. Again by Lemma 5.1 we then have
W e 2. Also ' Zy=Zy*, giving (55). O

5.2. Results for general Jordan basis

We resume the argument we started before the intermezzo. Consider the entries of
Hj, in the first row, and remember that for those entries we have (52):

Y hijoay+ v hj—hijy=0.
Applying Lemma 5.2 inductively we see that
h17j:0f0rj= 1,...,1’1—17

and that hy , isin 2.
Likewise, considering the entries in the first column we have (53):

hio 1Y+ hiy—higy=0.
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Again, by induction and using Lemma 5.1, part b, and Lemma 5.2, we have that #; | is
in JZ . As in the proof of Lemma 5.1 we see that

hmZO for i=1,...,n—l7

and Ay, isin 2.
Now consider entries that are not in the first row or column. For those we have
(54)
Rit jr Y+ Y hijo1y+hioyj+ ¥ hij—hijy=0.

Using the fact that entries in the first row and column are in .Z~ (and most of them are
zero anyway), we can use induction on the row index and column index to obtain from
Lemma 5.3 that h; ; is in %" for all i and j, and that

Bictjo1Y+hij1 Y +hio1j =0, (56)

or equivalently
Biotjo1+hijo1y+hioyjy ' =0. (57)

Using this, and the fact that all but the last entries in the first row and column are zero
we have
hij=0fori+j<n+]1.

Also, on the main skew-diagonal, we have h;_1 12 = —hj it 1)/2, sothat h; ;11 =
(= 1)y 20,

5.3. Results for specific Jordan basis

Returning to the general case, we may now consider what canonical form we can
obtain for H by choosing a particular Jordan basis. Suppose S is an invertible 2n X 2n
matrix such that S~'AS = A. and write

S11 812
S= .
[521 522]

Then from SA = AS we obtain the following four relations: S1J,(y) = Ju(¥)S11,
Sodn (Y1) = Ju(y D822, Sa1n(y = Ju (v 1)S21, and S12J, (Y1) = J,(7)S12. The last
two equations imply that S;» = 0 and S»; = 0, while the first two equations imply that
S11 and Sy are upper triangular block Toeplitz matrices, with entries that are 2 x 2 ma-
trices in & . The latter statement holds because for a complex Jordan block the matrices
that commute with it are upper triangular Toeplitz matrices with complex entries.

Now consider H; = STHS. Then it is easily seen that A is H| -unitary. Also,

0 ST H12S22
H, =STHS = 1 :
! ST H;2S 0

Thus we see that 1
) =T HpSy (58)
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and we can use the freedom in selecting S;; and Sy, to obtain a desired form for Hy; .
Note that this gives us 4n variables, as each of S| and Sy, is determined by n real two
by two matrices in & .

Observe that Hj;, is determined by (57) as soon as the last block column of Hi,
is specified, i.e., as soon as h;, are given, we can retrieve the entries #; ; from the last
column and the first row. Note also that these two relations hold for any Jordan basis
of A. We can now change the Jordan basis in such a way that a canonical form for
H is obtained, using (58). We can do so by using S, only, taking S1; = »,,. Then

Hl(é) = H(2S2. Take S» = Toep(si,---,sx), where each of the s;’s is a matrix in

&. Then Sy, is completely determined by its last column, and H fé) = [hflf)]_ - is

Jlij=
also determined by its last column. So in principle we can select a canonical form by
specifying the last column of Sy, and solving the equation

sil o [l
Note that by invertibility of H, there is a unique solution.
This is a similar argument as in the case of two real non-unimodular eigenvalues.
Again, we wish to stay close to the canonical forms developed for the cases where
the eigenvalues are on the unit circle. We shall take n conditions on the block entries

in ng) : for n odd these conditions are

hin=0 for i:@,...,n,
’ 2
h#dzo for j=——,...,n,
Pogt ot =K1 = [(1)3)]7
a2 = =37

Recall that we have already shown that each #;; is in 2", motivating our choice for
As an aside, let us compute what the latter two conditions imply for 4,43 »s1 . By

Rt
(57) we have

hn+3 ntl Y+h71+l 3y +hn+l ntl :0,
202 20 2 202
which implies that /.43 »41yY = —%Kl . Hence hpy3 w1 = —%Kly_l.
2 5 2 202

For n even the conditions are
n
hin=0 fori:z—i-l,...,n,
)
h%+17j:0 fOr J:§+1,...,l’l,

h%7%+1 =K.
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Again as an aside, let us calculate what the last two of these conditions imply for
th’% . By (57) we have

hys13Y+hy gy +hyy =0
which gives hu 1y + Ky~ ' =0, 50 that hy oy s = —Kiy2.

Note that in both cases n is odd and 7 is even there are indeed precisely n condi-
(1)

tions which are linear in the entries of H,,’, leading to n linear relations on s, ..., sy,
which, again, we do not state explicitly.
It remains to show that it is possible to choose si,...,s, so that these conditions

are satisfied. However, this is in principle easy: we just retrace what these conditions

imply for the entries in the last column of H 1(;) .

To make this argument precise, we first recall the following notations.

Let n > 1 be an odd integer, then the "+ x “=1 blok matrix P,(4) with two by
two matrix blocks is defined as follows:

Ray) = |pijays ] T (59)

where p;; are the entries of the matrix B, introduced earlier.
Let n > 1 be an even integer, then the 5 x 5 matrix Q,(y) is defined as follows:

0n(y) = [qijKyy2 1] ij:f =1 (60)

where ¢;; are the entries of the matrix O, introduced earlier.

Recall also the definition of the matrix Z, as the ”2i1 X % matrix with zero

entries everywhere except for a one in the right lower corner.

- —1
THEOREM 5.1. Let A be H -unitary and o(A) = {A,A,A"1, 1}, with A non-
real and non-unimodular. Then the pair (A,H) can be decomposed as

S'As=al_ A, STHS = !\ H),

0 Hpp .
Hsz 0 }) with n depend-

ing on 1, and where Hyy is of one of the following two forms, depending on whether n
is odd or even:

Case 1 nisodd: Hy = [

where the pair (A;,H,) is of the form | J,(y) ®J,(y 1), [

Zn (9 K 1 P n (Y)
Py H" 0 |
. 0 Qn(y)]

Case 2 n is even: Hjp = _ _ .

2 [—7 0y )"0

Proof. First observe that the entries in the matrices given in Case 1 and Case 2,
respectively do satisfy (57). This is easily checked by induction for the upper right and
lower left corners. The fact that these two match has been proved already by showing

that h.3 w1 = —3K1y~" forodd n, and that hy .y » = —K;y > foreven n.
202 ’
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Case 1. We continue the argument given before the definition of P,(y). Let A,
be the last column of P,(1), and let y be the vector in R" given by y = [}6"] . Solve
Hios =y and set Sy = Toep(sy,--- ,s,), Where s; is the j-th block two by two matrix-
coordinate of the block-vector s. Then by our arguments from before the proof we get
that

(1 _ Z, QK Pn(y)
Hyy = Hi28»n = [PH(Y—I)T o |

as desired.
Case 2 is proved in the same way. [J

6. The complex case

The case where H = H* is an invertible complex Hermitian matrix, and A is
a complex H -unitary matrix (A*HA = H) has been studied using Cayley transform
techniques in [5, 6, 13, 16]. In all these papers the goal is to bring H in as simple a
form as possible, at the expense of losing the Jordan canonical form for A. As in the
real case we shall treat here an approach that keeps A in Jordan canonical form, leading
to a transparent canonical form for the pair (A,H).

The first observation we make is that now there are only two types of indecompos-
able blocks, instead of the multitude of cases we had to study in the real case: one with

——1
a pair of eigenvalues A,A  with |A| # 1, where A is similar to J,(A) & J,(4A ),

. . 0 H . .
while H is simultaneously congruent to [ 12|, and the other one with a single

H{, 0
eigenvalue A on the unit circle, where A is similar to a single Jordan block J,(1).
As in the real case, we shall treat these two cases separately. The final result is the

following theorem.

THEOREM 6.1. Let H be a complex Hermitian invertible matrix, and let A be
H -unitary. Then the pair (A,H) can be decomposed as

S'AS=@al A,  S*HS=@al | H,
where the pairs (A;,H;) have one of the following forms with n depending on 1
——1
(i) o(A)={A,A } with |A|#1, and

——1 OH12
A =J,(A) DT (A H:{* }’
=R RAT)  Hi= g T

where Hyy has one of the following two forms depending on whether n is odd or
even:

Z,  PiA)

Case 1l Hip = -
P(A )

when n is odd,
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0 0ud) _
Case 2 Hip = | 1 7 when n is even.
—=0u(A )" 0
A
(i) o(A;) ={A} with |A| =1, and the pair (A;,H;) has one of the following two
forms
Case 1 (Jy(A),€ [P,,(an)T Pnél):l) with € = +1 and n is odd,

0 iAQu(A)

Case 2 (Jy(2).2 [—QOT 0

]) with € = +1 and n is even.

The columns of the matrix S in the theorem form a special Jordan basis for A.

To give an idea of how the matrix H looks when #n is even in the canonical form
in part (ii), consider the case n = 8, then

—7
0 0 0 0 —il
-5 —6

0 0 0 A —3id
-3 -4 -5

0 0 —id 2id —3id
— 2 =3 —4

0 il —id iAo —i)
0 —-iA 0 0 0
iz Az oo
0 —id>=2i2*—id> 0 0
AT 3iA® 3iA° At 0 0

S oo O O O
oo o o O
o o o O

o

0
0 0
0 0
0 0 |

——1
Proof. (i) From A*HA = H, with A =J,(A)&J,(A ) and H = [HO [“82] we
12

compute that

1
Ju(M)TH 2 (A ) =Hy,. (61)
Write Hyp = [hij]:‘l,j:r Then (61) means that for i > 1, > 1

_1  _
hi—vj—1+hi—1jA  +Ahjj—1 =0, (62)

while hy;=0for j=1,---,n—1and h;; =0 fori=1,---,n—1.

Now compare (61) with (38), and (62) with (50), also compare (47) and (49) for
the entries in the first row and column of Hj,. Observe that the equations are exactly
the same, replacing A by A. The proof for the first part now runs exactly as in Section
4.

(ii) For the case where 6(A) = {1} with |A| =1, we first make an observation
that holds independently of whether n is odd or n is even. Let A = J,(1), then one
easily computes that

(A"HA);j =H; 1 j 1 +AH;_ 1 j+AH;j 1+ |A|*H;.
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Using A*HA = H, and |A|*> = 1, we obtain
Hi yj 1+AH; 1+ AH;j 1 =0. (63)

Also recall that we already know that H; ; = 0 whenever i+ j<n+1.
For n odd the entry H nyl ngl is a real number, because H is a Hermitian matrix.

By scaling (which is in fact a similarity transformation with S = s;/) we can take that
number to be either plus one or minus one. We denote that entry by €, and put that in
front of the matrix H, so that we may assume without loss of generality from now on
H ngl ng1 = 1. Remaining with n odd, we then see from (63) that

In other words, Re (AH yi1 it

wilnil ) = —3, 80 that Hith(—%—l—ir)?[ for some
2 2 2

2
real number r.
For n even, (63) with i — 1= j—1= 7, using Hyny = I-_I%H% (because of the

fact that H is Hermitian), and H% y = 0, we obtain Re (AH 8 %H) = 0. This means that
H% 141 = ei/l_(l +7r), where r is some real number, and € = +1. Again, we put € in

front of the matrix, so that we can take from now on Hy s =iA(1+7).

Next, the proof proceeds by constructing inductively a special Jordan basis for
which the pair (A,H) has the form specified in part (ii) of the theorem with respect
to this basis. Recall that changing one Jordan basis to another is equivalent to the
transformation (A,H) — (S~'AS,S*HS) with an upper triangular Toeplitz S. In such
an upper triangular Toeplitz matrix S = roep(si,s2,--+,s,) we have n numbers at our
disposal for the construction.

‘We shall use these in the case n is odd to make H,+1 nt1 = €, Hﬂ nl g = —%/l_,
2 2 2

and then for j =" 41, ntomakeH,—Oandfor]—"H-l-l n—1to
make H;;,1 = 0. Observe that these are precisely n entries in the matrix H, and that
together with (63) these choices determine H completely. Note that in fact the first step
has already been taken when we scaled H nylngt to €, using s7.

For n even, we use these n degrees of freedom in the choice of S to make
H%%H =iA, for j=25+1,---n to make H;; =0, and for j=5+1,---n—1 to
make H;;;1 = 0. Again, observe that these are precisely n entries in the matrix H,
and that together with (63) they determine H completely.

From now on we shall stay with 7 is even until further notice. Let S| = s;/, and
consider H!) = STHS; . Then for all i, j we have

= |s1|*Hj;.

In particular, H)(z 1y = |s1[2%iA (1 +r). Taking s; = \/%H we obtain Héliﬂ — il as
22

desired. This ﬁxes all entries Hl.(,.) with i+ j<n+1 via (63).
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Next, take Sy = toep(1,52,0,---,0) and consider H?) = §5H1)S,. Then one
computes that
2 1 _
Hz(j):‘s2‘2Hi(7)1j71+52H( ) +S2H(,)1+H( )
Observe that for i+ j <n+1 we have H;; @ —gW in particular this holds for i =

ij >
()

5,J =5+ 1. We shall choose s, so that H, N =0. Indeed, using the fact that HWY

is Hermitian

=2Re(s:HY) )+ H) ,  =2Re(—sid) +HY)

2)
Hy Z+15 241541 SH15+1

241841

Obviously, this can be made zero by an appropriate choice of s, (to be precise, we may

take 57 = __’)LH"H )

Having H,(“)rl n,q =0 also fixes H,g ;)1+2 by (63) and H% % — i/, in fact we will
have 5
@ _ 7
H% 1= —il .

This now fixes all entries Hl.(;) with i+ j < n+2 via (63).

In the next step we take S3 =roep(1,0,s3,0,--- ,0) and consider H®) = $5H?)s5.
We have
= I53PH2) L+ 53H) 4 s3HE , + HY .

Observe that for i+ j <n+2 we have H () _ Hl(Jz), so that entries fixed in the previous

steps retain their values. We shall use s3 to consider H ’(1421 1o and show that it is

possible to choose s3 so that this is zero.

Hy)

2@ (2) (2) (2)
B840 T s |H" 1"+S3H" 12 +2+S3H"+1"+H2+1"+2

[N

The first of the four terms on the right hand side is zero, H ,(1 ) Tinp = —i?[ (using (63)
(2)

this is easily computed), and H,, tin = —iA . So the equation above becomes
2

H(3) ng?L — $3iA +H

Bi1442 +1 3+2°

It is readily seen that s3 may be chosen so that this becomes zero (e.g., setting this to

(2)

Tli42 T
=0, and all the entries with i+ j <n+2 fixed

3)
)1 )1+3

zero and mutiplying the resulting equation with A gives —2iRe (1%s3) +AH,

3)

0, which is solvable). Having H, IESPET

as well in (63) determines all entries Hl.(j) with i+ j <n+3. In particular, H can

=3
now be computed to be equal to il .
Next, consider Sy = toep(1,0,0,s4,0,---,0), and put H® = S;HG)S,. As in the
previous steps one checks that

4
Hi(j)2‘54‘2 31 3+S4H( )3]+S4H(j)3+H()
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and in particular it follows from this that Hl.(;.‘) = Hl.(;) for i+ j<n+3. We use 54 to

make H( lz iy = = 0. Indeed,

(4) 2 (3) (3) (3)
HZJr2 = |S|Hn . +S4Hn Tyn +2+S4Hn+2n 1—l—H 1m0

-3
The first term being zero again, this becomes, using H ,(1 )1 142 = —id

e

142040 = s4il3 — 54id —|—H( ) = 2Re (s4i1°) +HY

22542 2425420

and it is easily seen that s4 may be chosen so that this is zero. Using (63) this determines

—4
all entries Hi(;-‘) with i+ j < n+4. In particular H(+)1 143 = 0, and H,(l ,)1+4 =—il .
Continuing in this way results in the form descrlbed in the theorem part (ii), Case
2.
Finally, we consider the case where n is odd. In this case, we consider Sy, =
toep(1,57,0,---,0) as above, and put H? = S3H()S,, assuming that H()) = |5, > H
already has been modified to have 1 in the central entry (after pulhng out € = =1 in

©)

nlngty L= 7L in agreement with

front of the matrix). We shall select s, so that H

the statement of the theorem. Indeed, as in the case where n is even we have

Hi(;) = \Sz\zHi(_l)u—l + §2Hi(—l)1j +S2Hi(;11 +H"(;)'

For i =1 j =21 41 this amounts to
) 2D = () (1) (1)
H,y il = |2 Hnﬂ,l i1 T 2Hm,1 il | +soH, 0 0 HH,G il |
2 2 2 2 2 2 2 2 2 2

)
=—1 H& al = —7L So the equation becomes
2 2
2 1)
H% vy =2k +S2—|—HE,% nior
Recall that for some real number r we have that H ,(Ii) il g = (—% + ir)?[ , so that we
7z 7
arrive at
H? ok st (—tir)A
stagha =20 TR '

This is equal to — —7L if and only if

_2 _
—52A +s5+irA =0.

Multiplying this equation by A we see that this in turn becomes equivalent to 2Im (spA ) +
r =0, which is solved by taking for instance s, = — %ilr.
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Next, take again S5 =toep(1,0,s3,0,---,0) and consider H®) = §5H?)S5. Choose

3)
s3 so that H%H”ziﬂ

by taking Sy = toep(1,0,0,s4,0,---,0), and considering H*) = S;H?3)S,. Choose s4
so that H ,(,4)1 w1~ = 0. Now take S5 in the obvious way, define H (5) as usual, and
L )

(5)
milimglyn
the entries along the main diagonal and the one above it are zero. In that case by (63)
the entries of the final H will be given as in the theorem part (ii), Case 1. [J

= 0. Without going into details: this can be done. Continue

prove s5 can be chosen such that H = 0. Continue in this way proving that
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