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In memory of Leiba Rodman

(Communicated by F. Kittaneh)

Abstract. Let K;,K, be two compact convex sets in C. Their Minkowski product is the set
KK, ={ab:a € K;,b € K,}. We show that the set K;K> is star-shaped if K; is a line segment
or a circular disk. Examples for K; and K> are given so that K| and K3 are triangles (including
interior) and K K> is not star-shaped. This gives a negative answer to a conjecture by Puchala
et. al concerning the product numerical range in the study of quantum information science.
Additional results and open problems are presented.

1. Introduction

Let Ki,K; be compact convex sets in C. We study the Minkowski product of the
sets defined and denoted by

K\ K, = {Clb rac€kK;,be KQ}.

This topic arises naturally in many branches of research. For example, in numerical
analysis, computations are subject to errors caused by the precision of the machines
and round-off errors. Sometimes measurement errors in the raw data may also affect
the accuracy. So, when two real numbers a and b are multiplied, the actual answer
may actually be the product of numbers in two intervals containing a and b; when
two complex numbers a and b are multiplied, the actual answer may actually be the
product of numbers from two regions in the complex plane. The study of the product set
also has applications in computer-aided design, reflection and refraction of wavefronts
in geometrical optics, stability characterization of multi-parameter control systems, and
the shape analysis and procedural generation of two-dimensional domains. For more
discussion about these topics, see [3] and the references therein. Another application
comes from the study of quantum information science. For a complex n X n matrix A,
its numerical range is defined and denoted by

W(A)={x"Ax:x € C",x"x=1}.
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The numerical range of a matrix is always a compact convex set and carries a lot of
information about the matrix, e.g., see [5].

Denote by X ® Y the Kronecker product of two matrices or vectors. Then the
decomposable numerical range of T € M,, ® M,, = M,,,, is defined by

WE(T) ={(x* @y T(x®y):x€ C",y e C" x* x =y*y =1},

which is a subset of W(T). In the context of quantum information science, this set
corresponds to the collection of (7, P® Q), where P € M,,,Q € M,, are pure states (i.e.,
rank one orthogonal projections). In particular, if T = A ® B with (A,B) € M, X M,,,
then

WPARB)={(x* @y )(A®B)(x®y):x€ C",yc C",x*'x =y*'y =1} = W(A)W(B).

So, the set W¥(A ® B) is just the Minkowski product of the two compact convex sets
W(A) and W(B). In particular, the following was proved in [8]. (Their proofs concern
the product numerical range that can be easily adapted to general compact convex sets.)

PROPOSITION 1.1. Suppose Ky,K> are compact convex sets in C.
(a) The set K| K5 is simply connected.
M®) If 0 € K1 UK,, then KK is star-shaped with O as a star center.

It was conjectured in [8] that the set K| K, is always star-shaped. In this paper, we
will show that the conjecture is not true in general (Section 3.1). The proof depends on
a detailed analysis of the product sets of two closed line segments (Section 2). Then
we obtain some conditions under which the product set of two convex polygons is star-
shaped (Sections 3.2). Furthermore, we show that K| K, is star-shaped for any compact
convex set K5 if K is a closed line segment or a closed circular disk in Sections 4 and
5. Some additional results and open problems are mentioned in Section 6. In particular,
in Theorem 6.2, we will improve the following result, which is a consequence of the
simply connectedness of KK, [8, Proposition 1].

PROPOSITION 1.2. Suppose K|, K, are compact convex setsin C and p € K| K;.
Then KK, is star-shaped with p as a star center if and only if K1K> contains the line
segment joining p to ab forany a € 0K| and b € dK,. Here, dK denotes the boundary
of K.

In our discussion, we denote by K(z1,22,...,2m) the convex hull of the set {zj,...,
zm} C C. In particular, K(z1,z2) is the line segment in C joining z;,z2. Also, if
K, = {a}, we write K1 K, = 0K, .

2. The product set of two segments

We first give a complete description of the set K;K, when K; = K(¢t,0,) and
K> = K(B1,B>) are two line segments. McAllister has plotted some examples in [7] but
the analysis is not complete. In the context of product numerical range, it is known, see
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for example, [0, Theorem 4.3], that W (T) is a line segment if and only if 7 is normal
with collinear eigenvalues. In such a case, W(T') = W(Tp) for a normal matrix T € M»
having the two endpoints of W(T') as its eigenvalues. Thus, the study of K;K, when
K1,K> are closed line segments corresponds to the study of W®(A® B) = W(A)W(B)
for A € M,,,B € M,, with special structure, and W®(A® B) = W® (Ao ® By) for some
normal matrices Ay, By € M,. We have the following result.

THEOREM 2.1. Let K1 =K(0t,00) and Ky = K(B1, B2) be two line segments in
C. Then K\K; is a star-shaped subset of K(oy By, 0432, 00B1,0053,).

In general, K(al,...,an)l((ﬂl,...,ﬁm) - K((xlﬁl,(xlﬁz,...,a,-ﬂj,...,anﬂm) be-

cause (;p,ﬂﬁ) (2 q.,»ﬁ,) _ (;Pﬂ]jaiﬂj>

and ¥,;p; =1 and ¥ ;q; = 1 imply that Zp,q, = 1. The key point of Theorem 2.1 is

the star-shapedness of the product of two hne segments in C.

We will give a complete description of the set KK in the following. If one or
both of the line segments K, K, lie(s) in a line passing through origin, the description
is relatively easy as shown in the following.

PROPOSITION 2.2. Let K; =K(a,00) and Ky = K(By, B2) be two line segments
in C.

1. If both K(0,04,0) and K(0,B1,B2) are line segments, then K K is the line
segment

K(ot 1,00 B2, 00B1,0008).

2. Suppose K(0,0q,0p) is a line segment and K (0, By, 3;) is not.

2.a)If 0 € K(oy,00), then K1K, = K(0,04B1, 001 82) UK (0,001, 0008,) is the
union of two triangles (one of them may degenerate to {0} ) meeting at 0, which
is the star center of K1K;.

(2b)If0¢ K(ou,00) then KiKy = K(ou i1, 01, 00P1,000,).

Proof. 1. There exist &, B,a1,az,b1,by € R such that K = {re'* :a; <r < by}
and K>, = {re’ﬁ tay < r< by}. So, we have

KKy = {re"®*P) . a3 < r < b3} for some as, by € R.

(2.a) Evidently, K1K, = K (0,0 )K, UK (0, c2) K and K (0, 04)Ka € K (0, 041, 0:32)
for i =1, 2. We are going to show that K(0,0;)K(B1,B:) = K(0,c,81,0:3,) for
i=1,2.

Clearly, 0 € K(0,04)K(B1,B2). If x € K(0,0;B1,0:5,) \ {0}, then there exist
s, t >0 with 0 < s+1 < 1 such that x = so; 81 +10;3; . Therefore, x = ab, where

s t
a:(s—l—t)aiEK(O,a,-) and b= mﬁl—f—mﬁzEK(ﬁl,ﬁz)
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Thus K(0,0ﬂi)K(ﬁl,ﬁz) = K(O,a,-ﬁl,a,-ﬁz) and K1K2 = K(07 (Xzﬁl,azﬁz) UK(07 (X]ﬁ],
o).

(2.b) Let x € K(a1B17a1B27a2[517a2[52). Then x = S(Xlﬁl —l—tOﬂlﬁz +ua2[31 +
vop P, for some s, 1, u, v>0 with s+7+u+v=1. Since 0 ¢ K(0q,00), ap =koy
for some k > 0, then x = (poy + (1 — p)on)(gBi + (1 — q)Ba), where

s+ uk

= [’ e
p=stt 4 s+t+k(u+v)

eo,1]. O

The situation is more involved if neither K(0,a;, ) nor K(0,B, ;) is a line
segment. To describe the shape of KK, in such a case, we put the two segments in
a certain “canonical” position. More specifically, the next proposition shows that we
can find o and By € C such that o 'K, and By 'K lie in the vertical line {zeC:
R(z) =1}.

PROPOSITION 2.3. Let Ky =K(0,00) and Ky = K (B4, B2) be two line segments
in C such that neither K(0,ay,00) nor K(0,B1,B2) is a line segment. Let

_ ool BB BB
“@m-m P hE By .

Then oy (respectively, By) is the point on the line passing through o and o (respec-
tively, B and B, ) closest to 0. We have

B _ 1+ boi 2)

Bo

o (04
A itai, 2 =1+ai &:H—bli,
o o

Bo

for some ay, ay, by and by € R.

Proof. The line passing through o and o is given by the parametric equation
r(t) = oy +t(o; — ), t €R. 0 in (1) is obtained by minimizing |r(r)|%>. Similarly,
we have . By direct calculation we have (2) with

0405 + oo — 2|0y |2 0405 + o — 2|0n|?
ay = . — — y a = - — —
(oo — opoy) (oo — oyon)
by = ﬁlEJrEzE—ﬂﬂﬂz by = ﬁlEJrEzE—ﬂﬂzP
i(B1B2 — B2B1) i(B2B1 — Bi1B2)

We can now describe K;K, for two line segments K; = K(0q,0p) and K =
K(B1,B>) in the “canonical” position. Because K (ot ,00)K(B1, ) is a simply con-
nected set, we focus on the description of the boundary and the set of star centers of
K1 K5 in the following.
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THEOREM 2.4. Let K| = K(O(l,az) and K> = K(ﬁl,ﬁz) with oq = 1+iay, op =
1 +iay, By = 14iby, B = 1+iby such that ay < ap and by < by. Assume a; < by;
otherwise, interchange the roles of K| and K. Then one of the following holds.

(a) a1 <ap; < by <by. Then K\K; is the convex quadrilateral K (o 1,01 B2,00B1,
02 32), which will degenerate to the triangle K (o B1,a1 B2, 00p:) if an = by ; see
Figure 1 (a) and (a.i).

(b) a; < by <ap, < by. Then K1Ky C K(0y P, 001 B2,0082), and the boundary of
KK, consists of the line segments K((Xzz,azﬁz), K(0nB2,01B:), K(ou B, 00p1),
K(0uBi,B?), and the curve E = {(1+s5i)?: s € [by,a2]} C C. Here, K(02,0203,)
lies on the tangent line of the curve E at o3, and K(B?, 04 B1) lies on the tangent
line of the curve E at BE. The set of star centers equals K(ou,B1)K (02, ),
which may be a quadrilateral, a line or a point; see Figure 1 (b), (b.i), (b.ii),
biii).

(c) Suppose a; < by < by < ay. Then the boundary of K1 K, consists of the line seg-
ments K(B3,caf), K(oufz.0uBi), K(ouPi,BiB2), K(Bif2.cuf), K(oupPs,
o Br), K(ﬂlz,alﬂl) and the curve segment {(1+si)?: s € [by,by]} C C. Here,
K(B3,002) lies on the tangent line of the curve C at B3, and K(BZ,0u 1) lies
on the tangent line of the curve C at 7. The unique star center is B Ba; see
Figure 1 (c).

(14 b2i)(1 + azi) (14 b2i)(1 + azi)

(1 + b1i)(1 + azi) (1 + bod) (1 + a1i)
(1+ azi)?

(14 b2i)(1 + ai1)

(14 b13)(1 + ai)

(a) a1 < as < by <l727

(1 + agi)(1 + bai)

(1+ b1i)(1 + bai)

(1 + azi)(1 + bri)i — (1+ ari)(1 + bai)

(14 a1i)(1 + azi)

(1+ ayi)(1 + byi)

(b) al <b1 < ag <b27

(14 a2i)(1 + ayi)

(a.i) a1 < ag = by < by.

1+ azi)(1 + bai)

(14 a2i)?
(1+ a1i)(1 + boi)

(1 + a1i)(1 + azi)

(1 + a19)?

(bl) a1 =by <ay < b27
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1+ agi)?

(1 + azi)?

(14 a2i)(1 + bi7)

(14 ari)(1 + azi) (1 + a1i)(1 4 azi)

(1+b1i)?

(1 + a13)(1 + byd) (14 a1i)?
(b.li) a1 < by <ag = bg, (b.iil) a; = by < by = as.

(14 a2i)(1 + bai)

(1 4 bai? (1 + a2i)(1 + bii)
2%

(14 byi) (1 + bai)

(1 +b14)2 (1 + a1i)(1 + bai)

(14 a1i)(1 + bi)

(C) a; < by < by < as.
Figure 1. The set K(1+ayi,1+axi)K(1+byi, 1+ byi) described in Theorem 2.4.

To prove Theorem 2.4, we need the following lemma that treat some special cases
of the theorem. It turns out that these special cases are the building blocks for the
general case.

LEMMA 2.5. Let a; < ay < by < by. Then

(@) K(1+ayi,14+axi)K(1+byi,1+Dbyi) is the quadrilateral (or triangle if ay = by ),
K=K ((14+ai)(1+b1i), (1+ari) (1+b2i), (1+axi) (1+bui), (14+a2)(1+bai) ).

(b) K(l+aji,1+ai)K(1+ayi, 1 +ayi) is the simply connected region bounded by
the line segments

L1:K<U+aﬂf(l+aﬂX1+aﬂ0, L2:K(u+uﬂfxl+anx1+ag0,

and the curve E = {(1+5i)?> : s € [a1,a2]}. The set Ly is a segment of the
tangent line of E at (1+a1i)?, and L, is a segment of the tangent line of E at
(1+ai)?.
Proof. (a) Suppose oj = 1+4aji and B; = 1+ bji for j = 1,2 are such that a; <
ay < by <by. Let K} =K(ay,0) and Ky = K(f1, ). It suffices to show that the
union of the line segments

U =Bk, bh=PpiKi, l3=0K), l4=ouk
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forms the boundary of the quadrilateral (or triangle) K, that is, the union is a sim-
ple closed curve. By simply connectedness and the fact that K1K, is a subset of
K, we get the desired conclusion. For the convenience of discussion, we will iden-
tify x+iy € C with (x,y) € R?> and (x,,0) € R?. Note that since arg(cyf) <
arg(op ), arg(oy Br) < arg(onfBs), it suffices to show that o3, and o are on op-
posite sides of the line ¢ passing through o 3; and o, ,. This is true if and only if

the cross product (01 — 02) x (o 1 — 0 f2) and (0 fr — aaBa) x (a1 B — 2 Ba)
are pointing in opposite directions, that is

det EK(OCzﬁl - Otzﬁz) 9{((11[31 — a2ﬁ2):| . det |:9{((X1ﬁ2 — (Xzﬁz) 9{(061[31 — O{zﬁz)
S(nfi —fr) S(oufi—op) S(aufr—pr) S(aufr—mpr)|

The expression on the left hand side is
[(b1 = b2)(az — ar)(az — b1)] - [(by — b2) (a2 — a1) (b2 — a1)]

= (b1 —b2)*(ay —a1)* (a2 — by) (b2 — ar)

Since ap; < by and by > ay, then we are done.

To prove (b), first note that L;,L, and E are clearly in KK . Direct calculation
shows that L; with equation x=1—a;(y—a;) and L, with equation x=1—a;(y—ay)
are tangent to the parabola E with equation x =1 — %2 at the points (1 — a%, 2a;) and
(1—d3, 2ay) respectively.

Since KK is simply connected, the region

2
S:{x—i—iy:l—yz gxgl—al(y—al),l—ag(y—ag)}, 3)

which is the region enclosed by Li,L, and E is a subset of K1K;. Now, suppose
x—+iy € K1K; . Then there exist » and s with a; < r,5 < ay such that

x+iyv=1+4ir)(1+is)=1—rs+i(r+s).
Note that
1—rs>1 1(+)2 1 i
x=1—-rs>21—=(r+s)"=1—=—
4 4
always holds. Also, if a <t < b, then (a+b—1)t > ab. Since
ay<r<s+r—ajands+r—ay; <r<ay,
we have rs > a|(s+r—ay), ax(s+r—az). Hence,
x=1l-rs<l—-a(r+s—a))=1—a(y—a;), and

x=1l-r<l—ar+s—a)=1—a(y—a).

This shows that KK lies inside S. Thus K;K; =S. 0O
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Proof of Theorem 2.4. Suppose K; = K(1+iaj,1+iay) and K, = K(1 +iby, 1+
iby) such that a; < ap,b; < by. We show that if K;K, can be written as the union of
subsets of the form in Lemma 2.5. In fact, if [a1,a2] N [b1,b2] = [c1,c2], then

K1K; = (o0fo) [(AC) U (AB) U (CC) U (CB)],

where C = K(1+cyi,14c2i), B=K(14b1i,1+byi)\C and A = K(1 +ayi,1 +api) \
C. By Lemma 2.5, we get the conclusion. []

By Theorem 2.4, we have the following corollary giving information about the
star center of the product of two line segments without putting them in the “canonical”
position.

COROLLARY 2.6. Let Ky =K(04,0) an K, = K(B1,B2), where oy, 00,1, €
C such that arg(oy) < arg(on) < arg(oy) + w and arg(f)) < arg(Ba) < arg(PBy) + .
Then KK, is star-shaped and one of the following holds.

(a) There exists & € C suchthat EK| C K,. Equivalently, the segments K (o, By, 0 32)
and K(opfy,000,) intersect at Eoq 0. In this case, £y 0y is the unique star-
center of K1K;.

(b) There exists & € C such that EKy C K. Equivalently, the segments K (o B1,00B1)
and K(0yBa, 0032) intersect at EB1Ba. In this case, EB1 B is the unique star-
center of K1K;.

(c) Condition (a) and (b) do not hold, and every point in K(Biop,Br0) is a star
center of K1K;

3. The product set of two convex polygons

In this section, we study the product set of two convex polygons (including in-
terior). It is known that for every convex polygon K; with vertexes Ui, ..., U,, then
Ky =W(T) for T = diag(U,...,Un) € M,. In Section 3.1, we will show that the
product set of two convex polygons may not be star-shaped. In particular, we have a
product set of two triangles that are not star-shaped. This gives a negative answer to the
conjecture in [8].

3.1. Products of polygons that are not star-shaped

In this subsection, we show that there are examples of convex sets K; and K> such
that K, K, is not star-shaped. The first example has the form K; = K, = K(oy, a1, 05),
where 0 ¢ R. One can regard K} = W(T) with T =diag (o, ot1, 02) € M3 so that the
set WO(T®@T)=W(T)W(T) is not star-shaped. We can construct another example
of the form K; = K, = K(0y, 01,00, 0), which is symmetric about the real axis, such
that K;K, is not star-shaped. One can regard K; = W(A) for a real normal matrix
A € My with eigenvalues o, (1,00, so that WO(A®A) is not star-shaped.
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EXAMPLE 3.1. Let K} = K(¢'3,¢7'3,0.95¢'7). Then K K; is not star-shaped.

Proof. Let oy =¢'5 and o = 0.95¢'% , Ky = K(ou,01,00). Then 1 = 0,07,
0.95%; = a22 € K1K;. We are going to show that a) if s is a star center of KK, then
s=1andb) (1 —1)+10.95% ¢ K,K; forall € (0,1).

Let § be a closed and bounded subset of 'C, with 0 € S. Suppose t € R and
Sn{re :r>0}#0. Let p5(¢) =min{r >0: re” € S} and p{(r) = max{r > 0:re" €
St.

Let Ly = K(0y,00), S; = KiK; and S, = LiL;. Since py'(6) = pt'(6) for

2 2
—g <0< g,it follows that pgl(e) =p32(9) for _?rc <0< ?n

Note that x+iy € S < 4(x+iy) € (2L;)(2L). Then, applying Lemma 2.5 (b) to

2L; = K(1 —iv/3,1+iy/3), we have

Sy ={x+iy: 14> <4x<1—V3(dy—V3), 1+V3(4y+V3)}

Figure 2. Plot of S» = L1L

a) Note that {pgl (0): 6¢ [—27t/3,27r/3]} - {ng(e) L0c [—2n/3,2n/3}}:

{z* : z€ Ly}. This means that the curve {z*> : z € L} is a boundary curve of S,. By
Proposition 1.2, if s were a star-center of S, then the segment K(s,z?) must be in S,
forany z€ L;.

If s = x+ iy is a star center of S1, then we must have

4x>1-V3@4y—V3), 1+V3(@dy+V3)=x>1

Since |z| < 1 forall z € Sy, we have s = 1.
b) Let L, = K(0y4,0p), Ly = K(01,0,). Then the boundary of the simply con-
nected set §1 = KK is a subset of Uj¢;<j<3LiL;.
Suppose 0 < 6 < 7 and pls1 (1) =r. Then re® € L,L3 U L3Ls. Direct calculation
2
using Lemma 2.5 and Proposition 2.3 shows that pleL3(9), p1L3L3(9) < pf{(l’%)(e);
see the following figures.
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Qo]

Plot of LaL3 Plot of L3L3 Plot of K1 K

Figure 3.

We conclude that K| K] is not star-shaped. [

Next, we modify Example 3.1 to Example 3.2 so that K; = K (0, 00,01, ;)
with o = ¢'3 and o = 0.95¢/% . In this case, one can regard K; = W(A) for some
real symmetric A € My. The product set K;iK> will be larger than the product set
considered in Example 3.1. Never-the-less, we can analyze the product of the sets
L;L; for i,j =1,2,3,4, where L = K(oq,01), Ly =K(oy,00), Ly = K(0p,05),
Ly = K(a,01) so that Ujgicj<aliL;j contains the boundary of the simply connected
set K1K;. Again one can show that the part of the boundary {z*:z € K(oy,01)} of
LyL; is also part of the boundary of K| K; sothat 1 = o 0; € K1 K] is the only possible
candidate to serve as a star-center for K K; . However, none of the set L;L; contains the
set {t+(1—1)0.95%:0 <t < 1/3}. Thus, the line segment joining 1 and o3 = 0.95%
is notin K;K;. Hence, 1 is not the star center of K;K;, and K;K; is not star-shaped.

EXAMPLE 3.2. Let K; = K(¢'3,¢'%,0.95¢/%,0.95¢ % ). Then K| is symmetric
about the x-axis but P = KK is not star-shaped.

2 e ¢
ooz '@z

Figure 4. The set P = KK, in Example 3.2 does not contain the segment K(1,03).
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3.2. A necessary and sufficient condition

In the following result, we establish a necessary and sufficient condition for the
product of two polygons to be a star-shaped set.

THEOREM 3.3. Let Ky = K(oy,...,0) and Ky = K(B1,...,Bm). Then KK
is star-shaped if and only if there is p € K\K» such that K(p,0;B;) C K\K> for all
I1<i<nand 1 < j<m.

Proof. Assume that K = K(o,...,,) and K = K(B,...,Bn). From Proposi-
tion 1.1 (a), we only need to prove that given any 1 <ij,ip <n and 1 < ji,jo < m,
K(p,q) C KiK> forall g € K(a,,04,)K(Bj,,Bj,). Without loss of generality, we may
assume that for r =1, 2, i, = j, =r, o = 1 +ia, and B, = 1 + ib, satisfy one of the
conditions (a), (b) or (c¢) in Theorem 2.4.

Since K(p, o) C K1 K, for r,t = 1,2, by the fact that K, K, is simply connected,
we see that

K=K(p,ouBi,01B2) UK(p,02B1,02B2) UK (p, 01 B1,02B1) UK (p, 01 B2, 0232) C K1 K>

If K(04,00)K(B1,B2) is convex, then K(p,q) CK forall g € K(o,00)K(B1,B2)-

If K(oy,00)K(Bi,B2) is not convex, then aj,az,b; and b, satisfy conditions (b)
or (¢) in Theorem 2.4. Let [ay,az] N [by,b3] = [c1,¢2], C=K(1 +¢yi,14+c2i), B=
K(1+4b1i,1+b3i)\C and A = K(1 +ayi,1+ayi)\ C. Since K1K, = (AC) U (AB)U
(CC)U (CB), and previous argument shows that K(p,q) C K1 K, for all g € (AC)U
(AB)U (CB), it remains to show that K(p,q) C K;K; for all g € d(CC). Let

V=_1+ci))K(1+cii, 1 4+c2i) U (1 +c20) K(1 +c1i, 1 4 ¢2i)

and
U={(1+si)?:5€ (c1,c2)}.

Note that Q(CC) =VuUand VC K((xlﬁl,(xlﬁz) UK(OCQﬁl,OCQﬁz) UK(OClﬁl,OCQﬁl) U
K(0q B2, 00B;). So it remains to show that K(p,q) C K1 K forall g € E® = {(1+si)?:
s€(c1,e2)}.

Suppose g € E°. Let L be the tangent line to E? at g and H the open half plane
determined by L and contains 0.

7))

7,

7

A

%

2

_

Figure 5.
Consider the following three cases:
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Case 1. If p € H, then there exists 7 > 1 such that s = p+1(qg— p) € V. Therefore,
K(p.q) S K(p,s) C KiK.

Case 2. If p e (C\H)N(CC), then K(p,q) C (CC) C K1K; because (C\H)N
(CC) is a triangular region containing g.

Case 3. If pe C\ (HU(CQC)), then there exists 0 <7 < | such that s = p+1(q—
p) € V. Therefore, K(p,q) = K(p,s) UK(s,q) CK1K,. O

We have the following consequence of Theorem 3.3.

COROLLARY 3.4. Let K| be a triangular region with K| = K|. Then K| =
K(r,a,a) for some r € R and a € C. The product set P = KK is a star-shaped
set with |a|? as a star center.

Proof By Theorem 3.3, it suffices to show that K(|a|?,q) € P for all g € {r?,ra,
2
ra,a’, @} .

1. For 0<t < 1, let f(t) = (tr+ (1 —t)a)(tr + (1 —t)@a) C P. Since f(0) = |a|?
and f(1) =r?, we have K(|a|?,r*) C P.

2. K(|a|*,ra) = aK(a@,r) C P.

(

3. K(|a]?,r(a) =aK(a,r) C P.

4. K(|a|*,a®) = aK(a,a) C P.
(

5. K(|a|*,@®) =aK(a,a) CP. O

Suppose A € M, is a real matrix. Then W(A) is symmetric about the real axis.
By Corollary 3.4, if A € M3 is a real normal matrix, then W(A)W(A) is star-shaped.
In fact, if A is Hermitian, then W(A)W (A) is convex; otherwise, |a|? is a star center,
where a, a are the complex eigenvalues of A.

4. A line and a convex set

In this section, we consider the product of a line segment and a convex set. In the
context of numerical range, we consider W(A)W (B), where A is a normal matrix with
collinear eigenvalues, and B is a general matrix.

THEOREM 4.1. Let K; = K(at, ) for some o, € C and K, be a compact con-
vex sets in C. Then K\K; is star-shaped.

We begin with the following easy cases.

PROPOSITION 4.2. Suppose that K1 = K(a, ) is a line segment and that K, is
a (not necessarily compact) convex set.
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(1) If 0 € K1 UKy, then K\ K, is star-shaped with 0 as a star center:
(2) If there is a nonzero & € C such that £;K, C (0,c0), then K\K; is convex.

(3) Ifthere is a nonzero & € C such that £|K; C K, then K\K; is star-shaped with
EraB as a star center:

Proof. (1) It follows from Proposition 1.1 (b).
(2) We may assume that §; = 1. Then KK, = Un<i<ptK2 is convex.
(3) Assume & = 1. Forevery p € K| and g € K;, we will show that

K(aﬁ7pq> - K(a,ﬁ)K(OC,B,q) C KiK.

To this end, note that

K(op,o?)=oK(o.p),  K(aB,p*)=PK(a,p),
K(aB,aq) = akK(B,q),  K(aB,Bq)=PBK(aq).

So, we have K(af3,v) € K(a,B)K (e, B,q) for any v € {a?, a3, g, 3%, Bq}, which
is the set of the product of vertexes of K(c,) and K(ct,3,q). By Theorem 3.3,
K(o,B)K(0,B,q) is star-shaped with off as a star center. Thus, K(af},pq) C
K(o,B)K(o,B,q) C K|K>.

If & # 1, then (§o0)(&B) is a star center of (&§K|)K, = &K K, by the above
argument. Thus, & (o) is a star center of K1K,. [J

From now on, we will focus on convex sets K; and K, that do not satisfy the
hypotheses in Proposition 4.2 (1) — (3). In particular, we may find &, and & so that
&Ky =K(a, b) and &K, is a compact convex set containing ¢,d and lying in the cone

€ ={tn¢+nd: 1,6 >0},

where @ = 1+ia, b= 1+ib,¢ =1+ic, d=1+id with a < b,c < d. There could be
five different configurations of the two sets ;K| and &K, as illustrated in Figure 6.
(Here, we assume that Proposition 4.2 (3) does not hold so that we do not have the case
c<a<b<d.) If K1,K, are put in these “canonical” positions, we can describe the
star centers of K;K> in the next theorem.

(a)a<b<c<d (b)a<ec<b<d (c)a<c<d<b (d)c<a<d<b (e)c<d<a<b

Figure 6. The above figures illustrate the canonical representations of a line segment
K| = K(a,b) and a convex set K, described in Theorem 4.3.



958 C.-K. L1, D. C. PELEJO, Y.-T. POON AND K.-Z. WANG

THEOREM 4.3. Let d=1+ia,b=1+ib,é=1+ic,d=1+id with a <b,c <d.
Suppose K1 =K (d,@) and K, be a compact convex set containing ¢é,d and lying in the
cone

C = {llé-l-tszZ t,l = 0}
such that the hypotheses of Proposition 4.2 (1) — (3) do not hold. Then KK, is star-
shaped and one of the following holds.

@ Ilfa<b<c<d,then bé is a star center:

®Ifa<c<b<d,then bé is a star center:

©Ifa<c<d<b,then éd is a star center:

D Ifc<a<d<b,then ad is a star center:

e)Ifc<d<a<b,then ad is a star center.

We need some lemmas to prove Theorem 4.3.

LEMMA 4.4. Suppose C =1+ itan6c, D= 1+itan6p and P = re'% with r >0,
T T
_§<6C<9P<9D<E-Let

—iP=C) _ i

B i(P—D)
p—c| ¢

d —~
an ‘P—D‘

—e® wih —F <0, 6<",
e’ wi > <0, 6 < >
Then there exists &1, & suchthat §;C=1+itan(6c—0,) and &P =1+ itan(6p—6y),
ED=1+ itan(6p — 6;) and EP=1+ itan(6p — 6,).
Consequently, we have

1. If R(P)< 1, then 6, <0< 6; and 6c— 0, < Op— 6, <Op <Op—6, <Op <
6p — 6.

2.If R(P) > 1, then 6, <0< 6, and 6c < O0c—6; < Op— 0, and Op — 0, <
6p— 6, < 06p.

Proof. First consider C and P. Then 6 is the angle from CD to CP. Then the
result follows from simple geometry.

Figure 7.

cosOc -

On one also can calculate directly with &; = m
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For the second statement, apply the above result on D and P, the complex conju-
gateof D and P. [J

LEMMA 4.5. Suppose a < c<d, p=t/(1+ic)+t:(1+id) is nonzero for some
t,lp 20, K =K(1 +la7l+ld), and K, = K(1+ic,1+id,p). Then K|K; is star-
shaped with (1+ic)(1+id) as a star center.

Proof. Let = 1+ia, ¢=1+1ic, d = 1+id. By Theorem 3.3, it suffices to show
that K(cd uv) C K, K> for each pair of elements (u,v) in {4, d} x x{¢, d,p}. fu=d,
then K(éd,dv) = dK(é,v) C K\K,. Similarly, if u = ¢, then K(éd,év) = ¢K(d,v) C
KiK. Thus, the only nontrivial case is when (u,v) = (&, p).

By continuity, we may assume that #;, o > 0. We consider two cases.

Case 1. Suppose R(p) < 1. Then by Lemma 4.4 and Theorem 2.4, K(4,¢)K (p,d)
is convex. So

K(éd,ap) C K(a,0)K (p,d) C K K.

Case 2. Suppose R(p) > 1. By Lemma 4.4, there exists ¢ such that ¢ =
1+cii and op = 1+ pyi such that ¢; > c¢. By Theorem 2.4, if p; > d, then éd is a
star center of K(a,d)K(¢,p). If py < d, then K(a¢,d¢) intersects K(ap,dp) and éd
lies inside the triangle with vertices dp, dp, ad (see Figure 8). Thus, K (écf7 dp) is in
the interior of the region enclosed by K (dp,éd) UK (éd,ad) UK (ad,ap) UK (ap,éad) C
KiK;.

Figure 8.

In both cases, we have K(écf, ap) CKiK,. O

LEMMA 4.6. Suppose a <b<c<d, p=t,(1+ic)+n(l+id) is nonzero for
some t,tp > 0 and Ky = K(1 +ia,1 +ib), and K, = K(1+ic,1+id, p). Assume also
that there is no & € C such that K| C EK;. Then K\K; is star-shaped and (1+ bi)(1+
ci) is a star center.

Proof. Leta=1+ia, ¢=1+ic, d =1+id. Similar to the previous lemma, it is
enough to show that K(Eé,dp) C KK, forany p= 116+ tod such that 71,1 > 0.
Let & € C such that £K(¢,p) is a vertical line segment with real part 1. If
EK(¢,p) Z K(a, b), then by Corollary 2.6, bé is a star-center of K{K (¢, p) and hence
K(bé,ap) C KiK. Otherwise, we have EK (&, p) C K(4,b) and KK (¢, p) is as shown
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in Figure 9(c) in the figure below. This will only happen if R(p) < 1. Since dp =
11(éa) + trda for some 11> > 0 such that 7, +1, < 1, then dp € K(Oid,dAd) and
bp € K(0,¢b,db). Note also that 0 and pa are separated by the line segment K (¢b, éd).
Hence, pa is in the quadrilateral K{K(é,d) and therefore K (ap,éb) C KK, . This fin-
ishes the proof that éb is a star center for KiK.

a

(a) K; = K(a,b) and K(¢,d,p) (b) K1K(¢,d)

Figure 9.

Proof of Theorem 4.3. Note that (d) follows from (b) by considering KK, . Sim-
ilarly, (e) follows from (a). Thus, we only need to prove (a)-(c).

To prove that s is a star center of K|K>, we show that for any p € K, s is a star
center of K\K(é,d,p). To accomplish this, it is enough to show that K(s,uv) C KK,
for all pairs (u,v) € {b,a} x {¢,d,p} by Theorem 3.3, where p = t;¢+tod for some
t1,1 2 0.

For (a), the conclusion follows directly from Lemma 4.6.

To prove (c), the only nontrivial cases to consider are when (u,v) = (d,p) or
(u,v) = (b,p). By Lemma 4.5, K(¢d,ap) C K(a,d)K(¢,d,p) C KiK. By Lemma 4.5
again, the product K (b,¢) K(¢,d, p), has éd as a star center. Thus, éd is a star center
of K(b,é)K(¢,d,p) and thus K(¢d,bp) C K(b,¢)K(¢,d,p) C KiK.

To prove (b), it is enough to show that K(¢h,ap) C K K, for all p € K,. We
consider two cases,

1. Suppose p =

nd+n
center of K(4,¢)K

for some 1,1 > 0. Then by Lemma 4.6, bé is a star-
(b, a

2b
d,p). Thus K(bé¢,ap) C K(a,é)K(b,d,p) C KiK.

2. Suppose p = 11b+1,¢ forsome 1,1, > 0. Then by Lemma4.5, bé is a star-center
of K(a,b)K(b,¢,p). Thus K(bé,dp) C K(a,b)K(b,é,p) CK1K;.

In both cases, bé is a star-center for KiK. O

It is clear that Theorem 4.1 follows from Proposition 4.2 and Theorem 4.3.
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5. A circular disk and a closed set

It is known that the product of two circular disks is star-shaped [3, 4, 7, 8]. In this
section, we will prove some unexpected results that if K; is a circular disk, then for
many closed sets K, the product set is star-shaped. We will use D(u,R) to denote the
closed disk with center € C and radius R > 0.

Note that if 0 € K|, then for every non-empty set K,, KK is star-shaped with
0 as star center. Suppose 0 € K, we can always scale K] so that it is a circular disk
centered at 1 with radius r < 1.

We have the following results showing that the product set of a circular disk and
another set would be star-shaped under some very general conditions. We begin with
the following observation.

LEMMA 5.1. Suppose r € (0,1] and b € D(1,r). Then the product D(1,r){b} is

a disk containing 1 — r*.

Proof. Let b € D(1,r). Then bD(1,r) = D(b,|b|r).

b= (1=r)? = (b~ (1-r)B~(1-r))
=6 = (b+D)(1 =)+ (117
= [bPr? = (1= ) (= [bP + (b+B) — (1 —r?))
= b = (1) (P = (b—1)(b—1))
< |b*r? because [b—1|<r<1. O

From the above simple proposition, we get the following.

THEOREM 5.2. Suppose Ky = D(i,R) does not contain 0. For every nonempty
subset S of Ky, the product set K\S is star shaped with star center (1 —r?), where
r=|u"'R|.

In the numerical range context, for every circular disk K, there is A € M, such
that A — (trA)I/2 is nilpotent and W(A) = K;. Moreover, B € M,, satisfies W(B) C
W (A) if and only if B admits a dilation of the form I ® A; see [1, 2]. By Theorem 5.2,
if A € M, such that (A —trAI)/2 is nilpotent, then W(A)W (B) is star-shaped for any
B € M, satisfying W(B) CW(A).

Next, we have the following.

THEOREM 5.3. Suppose r € (0,1] and b € C with R(b) > 1. Then the product
K(1,b)D(1,r) is star-shaped with 1 as star center.

Proof. Suppose b = 1+ Re'® with R >0 and -2 <0< 5. Let ceK(1,b).

Then ¢ = 1 +sRe™® for some 0 <s< 1. cK| = D(c,|c|r). Therefore, K(1,b)D(1,r) =
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U{D(c,|c|r):c€K(1,b)}. Let z€ K(1,b)D(1,r). Then |z— (1+sRe'®)| < |1 +sRe'|r
forsome 0 <s<1.Let0<r<1. Wehave

ltz+(1—1)— (1 +15Re®)
= [t(z— (14 sRe"®))|?
< 2|1 + sRe'®|*r?
= ((t +tsRcos0)* + (tsRsin0)?) r*
= ((1+tsRcos8)* + (tsRsin0)* — (1 —1)(1+1+2tsRcos 0)) r*
< ((1+1sRcos0)? + (tsRsin0)%) r*
= |1 +15Re 2.

Therefore, 17+ (1 —t) € D(1 +sRe'®, |1 +tsRe®|r) C K(1,b)D(1,r). O

THEOREM 5.4. Suppose S is a star-shaped subset of C with star center s such
that |s| < |z| for every z € S. Then D(a,r)S is star-shaped for every circular disk
D(a,r). In particular, if S is convex, then D(a,r)S is star-shaped for every circular
disk D(a,r).

Proof. 1f either S or D(a,r) contains 0, the result holds. So we may assume that
0¢SUD(a,r).
We may assume that s = 1 and D(a,r) = D(1,r) with 0 < r < 1. Then for every
. T T
z€S, z=1+Re™ for some ~3 <6< 5 By Theorem 5.3, the product K(1,z)D(1,r)

is star shaped with star center 1. Hence, SD(1,r) is also star shaped with star center
1. O

Apart from the nice results above, there are some limitations about the star-sha-
pedness of the product set of a circular disk and another set in C as shown in the
following.

EXAMPLE 5.5. Let S = K(l,Zeilll_zﬂ) UK(1,2e_i111_2”). Then S is star-shaped with
1 as star center. Let D(1, %) be the disk centered at 1 with radius % Then the product
set SD(1, %) is not simply connected.

= 2

Figure 10. The product set (K(1,2ei%) U K(1,2e*i1117” ))-D(1, %) is not simply connected.
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6. Additional results and further research

We have to assume compactness in most of our results. One may wonder what
happen if we relax this assumption. The following example shows that without the end
points, the product of two line segments may not be star-shaped.

EXAMPLE 6.1. Let K; = K> be the line segment joining 1+ and 1 — i without
the end points. Then K; K5 has no star center.

Verification. Note that the closure of K1K; equals S = K(1+i,1 —i)K(1+i,1—1)
has a unique star-center 2. The set KK, is obtained from S by removing the line
segments K(2,2i) and K(2,—2i). The only point in the closure can reach all the points
in K1K; is 2, butitis notin K| K. So, K| K> is not star-shaped. [

Recall that an extreme point of a compact convex set S C C is an element in §
that cannot be written as the mid-point of two different elements in S. If S is a polygon
(with interior) then its vertexes are the extreme points. We can extend Theorem 3.3 to
the following.

THEOREM 6.2. Let Ki,Ky; C C be compact convex sets. Then KK, is star-
shaped if and only if there is p € K1Ky such that K(p,ab) C KK, for any extreme
points a€ Ky and b€ K;.

Proof. If K|K, is star-shaped, then a star center p € KK, satisfies K(p,c) C
KK, for any ¢ € K;K,. Now, suppose there is p € K| K, satisfying K(p,ab) C K| K;
for any extreme points a € K; and b € K>. Let u = uyup with uy € Ky, lp € K». By
the Caretheodory theorem iy € K(ay,as,a3) and y, € K(by,by,b3) for some extreme
points ay,as,a3 € Ky and by,by,b3 € K. (Some of the a;’s may be the same, and also
some of the b;’s may be the same.) Suppose p = p1p, with p; € K} and p; € K, . Then
p1 € K(as,as,ae) and py € K(ba,bs,be) for some extreme points as,as,as € K; and
b4,bs,be € K;. By Theorem 3.3, K(p,uil2) C K(ay,...,a6)K(by,...,bs) C KiK.
Thus, p is a star center of K1 K, [

Another observation is the following extension of Proposition 1.1(b). Note that we
do not need to impose compactness conditions on Kj or K.

PROPOSITION 6.3. Suppose K| C C is star-shaped with 0 as a star center. Then
for any non-empty subset Ky C C, the set K| K, is star-shaped with 0 as a star center.

Proof. Let p=pip> € K1 K, with p; €K;,ps € K». Then K(0,p) =K (0,p1){p2}
CKK,. O

There are other interesting questions deserve further research. We mention a few
of them in the following.

P1 Find necessary and sufficient conditions on Kj and K> so that KK, is convex
or star-shaped.
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In the context of numerical range if A € M, then W(A) is an elliptical disk. So,
it is also of interest to study the following.

P2 Let K, K> be two elliptical disks. Determine conditions on K, K> so that K| K>
is star-shaped or convex.

One may also consider the following.

P3 Characterize those elliptical disks K| such that K| K, is star-shaped for all com-
pact convex set K5 .

More generally, one may consider the following.

P4 Characterize those compact convex sets K; such that KK, is convex or star-
shaped for any compact convex set K .

In connection to Problem P4, we have shown that if K; is a close line segment or
a close circular disk, then KK, is star-shaped for any compact convex set K>. These
results are are also connected to Problem P3 because a line segment and a circular disk
can be viewed as elliptical disks.

It is also interesting to study the Minkowski product of s (convex) sets Ki,...,K;.
The study will be more challenging. As pointed out in [8], the set K| - - - Ky may not be
simply connected in general. Nevertheless, our results in Section 5 and Proposition 6.2
imply the following.

PROPOSITION 6.4. Suppose Ki,...,K; CC.

1. If any one of the sets Ki,...,Ks is star-shaped with 0 as a star center, then
K --- K is star-shaped with 0 as a star center.

2. Suppose there is a nonzero number ) such that UK is a circular disk center
at 1 with radius r < 1.

(2.a) If there is 1 € C such that UK, ---K; C i1 Ky for i=2,....s, then K| ---K,
is star-shaped with (i)' (1 —r?) as a star center.

(2.b) If there is p € C such that UK, ---K; C{z€C:R(z) = 1} fori=2,...,s,
then K ---K, is star-shaped with (uip)~" as a star center.

It is also interesting to study the following problem.

PS5 Characterize those compact (convex) sets K such that K? is convex or star-
shaped.
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